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ABSTRACT. One of the aims of Functional Analysis is to develop general tools
on linear and/or topological spaces to tackle practical applications in Analysis.
This class will be devoted to a study of some selected topics in the field. In
the last part, some applications to the variational formulation and resolution
of partial differential equations will be given.

These notes are strongly influenced by the courses taught by the author at
Université de Lorraine (France) and the books cited in the references.
Prerequisite: Topology (especially of metric spaces), Topology of linear
normed spaces including projection on convex in Hilbert spaces, Differential
Calculus, Integration. Some reminders will be given during the lectures.
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Prologue: What is the purpose of this class?

Functional Analysis is a field in which we develop general tools on linear and/or
topological spaces to tackle practical applications in Analysis (see the introduction
of Rudin [6]). In these notes, we will present several classical tools and theorems
with numerous applications. Our leitmotiv throughout these chapters will be to
solve ordinary differential equations (ODEs for short) like

{ —u" = f(u) in an interval I (possibly R) (B)
+ boundary conditions

Of course, there is the famous Cauchy-Lipschitz Theorem (see Theorem 16.5) that
yields existence and uniqueness of solutions to such equations with initial boundary
conditions (namely «(0) and «/(0)). However, for some applications, it is natural
to investigate solutions on an interval like [0, 1] where u(0) and u(1) are prescribed.
And even sometimes on R where the limits at +oc are prescribed.

It will be convenient to rewrite (F) as a fixed point problem like v = T'(u), or as
a variational problem like F’(u) = 0. Here, the functions T and F are defined on
spaces of functions. It is at this point that Functional Analysis is coming into play:
to develop abstract setting to find, for instance, fixed points or critical points. For
instance, to find a critical point F’'(u) = 0, a good strategy is to minimize F', which
is convenient when we have some compactness properties... In finite dimensions,
we often use the Bolzano-Weierstrass Theorem that allows to make every sequence
converge (up to extraction) as soon as it is bounded: this is not true anymore on
spaces of functions that are infinite-dimensional. This is why we will study several
compactness issues, including the introduction of a weak topology for which a kind
of Bolzano-Weierstrass theorem holds.

These notes are organized as follows:

In Part 1, we study spaces of continuous functions with a stress on Picard’s/Banach’s
fixed point theorem and Ascoli’s Theorem. This will allow us to solve some differ-
ential equations.

In Part 2, we will focus on two classical theorems, namely Baire’s Lemma and the
Hahn-Banach theorems.

Part 3 will be about the use of continuous linear maps. It is a mix between
linear algebra and topology, the connection being made by norms. We will see the
method of continuity that allows to preserves bijectivity of maps, thus allowing to
solve ”continuously” some problems. We will also introduce the weak topology that
will let us be able to get a Bolzano-Weierstrass type property, which will allow us
to get minimization results .
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Part 4 will be devoted to Sobolev spaces , essentially in dimension 1. Here, the
differential equations will be written in variational forms, and the Hilbert structure
will be used.

Part 5 will be about the Fourier transform on R. This transform will change the
nature of ODEs by turning them (at least partially) into a polynomial form that
will be more convenient to handle when one works on a topological group like R.
The appendix is a collection of definitions, properties and theorem. They must
be considered as prerequisite.

Exercises are directly included in the text. Solutions are at the end of these notes.
These notes are strongly inspired by the classical references by Brezis [1], Dixmier

[2] and Rudin [6, 7] and the classes taught by the author in the Université de
Lorraine in the past years.



Part 1

Continuous fonctions






CHAPTER 1

Picard’s fixed point theorem

1. Completeness (quick review)

1.1. Definition.

DEFINITION 1.1. Let (X,d) be a metric space. We say that a sequence (zy), €
XN is a Cauchy sequence if

Ve > 03n. € N such that for all p,q € N, {p,q¢ > ne = d(z,,zq) < €}.

We say that a metric space (X,d) is complete if every Cauchy sequence in X con-
verges in X. A Banach space is a linear normed space complete for the associated
metric.

1.2. Examples:

e R, R™ (n > 1) and any finite-dimensional linear space is complete for the
unique normed space topology.

e Let X be a topological space and (Y,dy) be a metric spaces. We as-
sume that X is compact and that (Y,dy) is complete. Then C°(X,Y) is
complete when endowed with the metric

d(f,g) == sup dy (f(x),9(y)) for f,g € COX,Y).

We will often write C°(X) := C°(X,R).
e Let X be a topological compact space and (F, || - ||#) be a Banach spaces.
Then C°(X, F) is a Banach space when endowed with the norm

[ flloc = sup || f(2)|F for f € COX, F).
zeX

e Let (F,| - ||r) be a Banach space. Then C*(]0,1], F) is a Banach space
when endowed with the norm

k
1l o6 2= D I1f Pl for f € C*([0,1], F).
i=0

e The spaces (LP(Q),] - ||p) for 1 <p < oo.

1.3. Property.

Proposition 1.1. Let (X,d) be a complete metric space. We take F C X. Then
F' is complete (with the induced metric) if and only if F is closed in X.

11



12 1. PICARD’S FIXED POINT THEOREM

1.4. Decreasing sequences of closed subspaces.

Proposition 1.2. Let (X, d) be a complete metric space. Let (F,)nen be a sequence
such that

o F,, C X is closed for alln € N
o F, A0 for alln e N

e Foi1 CF, forallneN

o diam(F,) — 0 as n — +oo.

Then there evists v € X such that (), oy Fr = {7}

PRrROOF. For any n € N, we fix x,, € F,,. For p,q € N such that p > ¢, we have
that F), C F,, so xp,z, € Fy; and then d(zp,z,) < diam(F,). We fix ¢ > 0, so that
there exists go € N such that diam(F,) < € for all ¢ > go. Therefore d(zp,z,) < €
for all p > g > qo. Then (z,) is a Cauchy sequence in X that is complete, so it
converges to some x € X. We fix n € N and p > n: we have that x, € F,, C F,.
So x, € F,, for all p > n: since (z,) converges to « and F, is closed, we have that
r € F, for all n € N. Therefore z € 1,y Fr. We now take y € (1, oy Fi, s0
that y € F, for all n € N, and then z,y € F,, and then d(z,y) < diam(F;,) for all
n € N. Passing to the limit yields d(z,y) < 0, and then & = y. This proves that

Mpen Fn = {z}. O

1.5. Why do we need complete spaces?? In this notes, the objective is to
develop general tools to solve some problems in Analysis. ”Solving” often means
here ”finding a solution to”. With completeness, we get the existence of ”some-
thing”, and this will hopefully be a solution that we look for. But in general, you
will not know anything more than the existence.

Keep the following motto in mind:

"When you have a problem to solve a problem in Analysis, always start with
general theorems on completeness.”

For instance, think of the well-known statement: ”every nondecreasing sequence
bounded from above in R converges in R”. You have a limit, but you do not know its
value. To prove this result, you can prove that your sequence is a Cauchy sequence,
so it converges.

2. Statement and proof of the Picard/Banach’s fixed-point theorem

2.1. Definitions. Let 7' : X — X be a function from a set X into itself. A
fixed point for T is a point € X such that T'(x) = z. Let (X, d) be a metric space.
A contracting map on X is a map T : X — X such that there exists k € [0,1) such
that d(T(x),T(y)) < kd(z,y) for all z,y € X. In other words, T is a k—Lipschitz
map with k£ < 1.

2.2. Statement.

THEOREM 1.3 (Picard’s/Banach’s fixed point theorem). Let (X,d) be a com-
plete space and let T : X — X be a contracting map with ratio k € [0,1). Then T
has a unique fized point x € X. In addition, given a point z € X, we define the
sequence xg := z and x,41 = T(x,) for alln € N. Then (x,), converges to x in
(X, d) and we have the control

kn
1

(1) d(xp,z) < kd(ml,xo) for alln € N.
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2.3. Optimality of the hypotheses. The theorem does not hold if:
e T does not maps X onto itself. Example: T : [0,1] — [1, 3] with T'(z) =
1+ % forall z € [0,1]
e X is not complete. Example: T : (0,1) — (0,1) with T'(z) = § for all
€(0,1)
e T isnot contracting. Example: T : [0, +00) — [0, +00) with T'(z) = 22+1
for all z € [0, 4+00).

2.4. Proof of Theorem 1.3. We let 7' : X — X, k and (x,), as in the
statement of the theorem.

Uniqueness. Assume that z,y € X are fixed points. Then d(z,y) = d(T'(z), T(y)) <
kd(z,y), and then (1 —k)d(z,y) < 0. Since k < 1, we get that d(z,y) < 0 and then
x = y. This proves uniqueness.
Existence. Step 1: Forn € N, n > 1, we have that d(z, 41, 2n) = d(T(2,), T (2n-1)) <
kd(zy,z,—1). With an immediate recurrence, we then get that

d(Tpt1,Tn) < k"d(z1,20) for all n € N.

We now fix p > 1. Via the triangle inequality, we have that

p—1

A(Tpip,Tn) < Zd Tyttt Tngr) < Zk”+d 1, %)
=0 =0

1 _ kP
= d(x1,x0 Zk:l k"d(x1,x0) 1_12 since k # 1

k'ﬂ
1-k
Step 2: let us show that (x,) is a Cauchy sequence. We fix € > 0. Since |k| < 1,
then k™ — 0 as n — 400, and then there exists ng € N such that %d(xl, xo) < €
for all n > ngy. Therefore d(zy4p,x,) < € for all n > ng and p € N. So (z,) is a

Cauchy sequence. Since X is complete, then there exists x € X such that z,, — x
when n — +o0.

(2) < d(x1,p) since 0 < k < 1.

Step 3: let us prove that x is a fixed point. We have that z,41 = T(z,) for all
n € N. Since T is Lipschitz, it is continuous. Passing to the limit yields z = T'(z)
and z is a fixed point. Passing to the limit p — +o0 in (2), we get (1). This ends
the proof of Theorem 1.3.

Exercise 1: Let (X,d) be a metric space. We fix a sequence (z,), such that
x, € X for all n € N. We assume that (z,,) converges to some z € X. We assume
that there exists [ € X and a € R such that d(z,,l) < « for all n € N. Prove that
d(z,l) <«

2.5. A few direct applications.
e There exists x € R such that ¢ = /1 + x.

PRrROOF. Of course, we do not expect to square the identity to solve a
quartic... If there is a solution, then 2 > 0. Define T": [0, 400) — [0, +00)
such that T'(x) = v/ 1 +x for all x > 0. This is well-defined, differentiable

and 0 < T'(z) = 2\/T 1 for all z € R. It then follows from the Mean

Value Inequality (see Theorem 16.12) that [T(z) — T(y)| < 3|z — y| for
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all z,y € [0,+00). It follows from Picard’s theorem that there exists a
unique solution to & = T(z) = v/1 + 2. Remark: solving the quartic, we

have that z = 1+T\/g O

e Fix k € (0,1) and h € C*(R) be such that |1/ (z)| < k for all z € R. Define

¢p: R = R?
{ (z,y) = (z—"h(y),y—h(z))
Then ¢ is a C!'—diffeomorphism.
Exercise 2: Prove this statement. Here are some indications:

e Fix (X,Y) € R% Show that proving the existence of (z,y) € R? such
that ¢(x,y) = (X,Y) is equivalent to find a fixed point for a suitable map
T :R? - R2

e Using a suitable norm on R?, and the Mean Value Inequality, prove that
T is contracting.

e Use the Global Inverse Functions Theorem (see Theorem 16.4) to con-
clude.

2.6. More sophisticated applications: a (selective) review. The Pi-
card’s theorem is used in countless contexts:

e Proof of the Inverse Functions Theorem (see Theorem 16.3). Given
y around f(zp) in a suitable space, finding x close to g such that y = f(z)
rewrites x = T'(x) with T'(z) = z— f(x)+y. Assuming that df,, = Id (this
is always possible), T is contracting around xg: this yield local injectivity
and surjectivity.

e Proof of the Cauchy-Lipschitz Theorem for ODEs. In order to
solve z'(t) = f(z(t)) with z(0) = xo, we rewrite z(t) = xo + fot f(z(s))ds
for all ¢. Then the function x is a solution to x = T'(z) with T'(x)(¢t) :=
Zo + fot f(xz(s)) ds for all t. The difficulty is then to find a suitable space
X toget T : X — X that is contracting. See Exercise 3 below for a proof
in a specific case.

e In numerics, reducing a problem to a fixed point problem is often a
first step. Indeed, the speed of convergence is explicit, which is a good
thing. Unfortunately, this is not enough in general, and specialists have
to develop much better methods to get a better convergence.

e In economics, people often reduce problems to fixed point with contract-
ing maps. Since this is a big constraint, they are often asking for more
sophisticated methods: this is a job ad!

Exercise 3: The Cauchy-Lipschitz theorem in a specific case. Let f €
C°(R,R) be such that there exists K > 0 such that

[f(z) = f(y)| < K|z —y[ for all 2,y € R.

We fix 7o € R and we investigate the existence of § > 0 and = € C1([-§,J], R) such
that

z'(t) = f(x(t)) forallt e [-4,0]
(3) { z(0) =z

We let § > 0 be a positive number that will be fixed later.
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e Let z € C°([-4,6],R) be a continous function. Show that we have the
equivalence:

T is 1an solves x = X0 t xr(s S 10T a. —O0, .
{z is C' and sol (3)}@{(15) +/Of(())df llte[éd]}

Define
T: CO([757 5}7R) - OO([fév 5]7R)
x — (t — 2o + fot f(:r(s))ds)
e Prove that T is well-defined and that for 6 > 0 well chosen, it is a con-

tracting map when C°([—4, ], R) is endowed with the || - ||oo norm.
e Prove existence and uniqueness of solutions to (3).

2.7. Continuity with respect to parameters.

Proposition 1.4. Let (X, d) be a complete metric space and (E,T) be a topological
space. Let F': E x X — X be a continuous function (for the product topology, see
Definiton 0.5). We assume that there exists k € [0,1) such that for all A\ € E,
T(\, ") : X — X is k—Lipschitz continuous. For any A € E, it then follows from
Picard’s Theorem that there exists a unique x) € X that is a fixed point of T'(A, ).
Then the map X — x) from E — X is continuous.
Exercise 4: Prove Proposition 1.4. Before tackling the general case, start with the
following situations:

o (E,T) is a metric space (F,dg) and there exists L > 0 such that T

satisfies

d(T(\,x), T(N,2")) < Ldg(A\, \) + kd(z,2)
for all \,\ € E and z,2' € X.
e (E,T) is a metric space.
o General case.

Exercise 5: We take the notations of Exercise 3. Prove that the map (xo,t) — z(t)
is continuous on R x [—4, §], up to taking & > 0 smaller.

3. Application: attractive and repulsive fixed points

Let I be an intervalle of R and fix f € C*(I,I). We assume that there exists
a € I that is a fixed point of f. We define
A:={(xn)n/zn €I for all n € N and x,,11 = f(z,) for all n € N}.
We say that

e The fixed point « is said to be attractive if there exists § > 0 such that for
all sequence (), € A such that there exists ng € N such that |z, —a| <
d, then (z,,) converges to a.

e The fixed point « is said to be repulsive if any sequence (), € A that
converges to « is indeed stationary at « (that is there exists n; € N such
that z,, = « for all n > n;.

1. We assume that f is C! and that |f/(a)] < 1. Show that « is attractive.
2. We assume that f is C? and that |f’(a)| > 1. Show that « est repulsive.
3. Show that if f is C* and that |f/(a)] = 1, then anything can happen.

4. Generalize to f : U — U with U an open set of R™, n > 1.
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4. Newton’s method

Let [a,b] be a compact nonempty intervalle of R. Let f : [a,b] — R be a
C?—function. We assume that
(1) There exists a €]a, b[ such that f(a) =0,
(2) f'(z) > 0 for all x € [a,b].
We define
F: [ab] — R
r = x—1

1. Compute F’.
2. Show that there exists € > 0 such that for all z € [ — €, @ + €] C [a, ], then the
sequence (x, ), defined by {xg = z; p41 = F(x,) for all n} is well-defined and
converges to a.
3. We assume that f is in C3. Show that, up to taking ¢ > 0 small enough, there
exists K > 0 such that for all z € [& — €, + €], the sequence (z,) defined in 2.
satisfies

|2pi1 — a| < K|z, —al? for all n € N.
Deduce that K|z, —a| < (K|z—al)?" for all n € N. Is this convergence of interest?
Generalize to f € C2.
4. Generalize to f : U — R™ where U is an open subset of R".

5. Solution of the exercises of Chapter 1

Solution of Exercise 1: Via the triangle inequality, for any n € N, we have that
d(z,l) < d(z,zy,) + d(xp,l) < d(z,z,) + @ Fix € > 0. Then there exists ng € N
such that d(z,z,) < € for all n > ng. So for n > ng, we have that d(z,l) < € + a.
This is valid for all € > 0. Letting ¢ — 0 yields the result. g

Solution of Exercise 2: For (X,Y) € R? and (z,y) € R?, we have that

where
{ T: R?2 = R2
(z,y) = (X+h(y),Y +h(z))
We endow R? with the norm ||(x,y)||eo := max{|z|, |y|} for (z,y) € R%. The mean
value inequality (see Theorem 16.12) yields |h(z) — h(y)| < k|z —y| for all z,y € R.
Therefore, given (r,%), (z’,y") € R2, we have that

1T (2, y) = T(2",y") [l max{|A(y') = h(y)l; |h(z") = h(z)[}

kmax{ly’ —yl, 2" — 2[} < kll(z,y) — (@', ¥) ]l
Since 0 < k < 1, T : R? — R? is contracting for | - [|oc. Since (R?, || - [|oo), we
get that T has a unique fixed point. Therefore for any (X,Y) € R?, there exist a
unique point (z,y) € R? such that ¢(z,y) = (X,Y). Then ¢ is a bijection.

It is clear that ¢ € C1(R% R?) and the Jacobian is

IN

Jac(®) (z,y) = det(9x0,0,0) = | h}(x) _hl(y) =1-H(z)h(y) >1-k*>0.

S0 d(y ) is invertible for all (z,y) € R?. Since ¢ is 1—1 and ¢(R?) = R?, it follows
from Theorem 16.4 that ¢ is a C'—diffeomorphism. (]
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Solution of Exercise 3:
o (= ) We just write that for any t € [—0,d], we have that z(¢t) = x(0) +

[3a'(s)ds = o + [ fla(s))ds.

(<) Let z € C[- 57(5]7 R) be such z(t) = x¢ —|—f0 (s))ds for all t €
[-4,6]. Since f o x is continuous, we get that ¢ — fo x(s))ds is C'.
Therefore x € C! and 2/(t) = 0+ f(x(t)) for all t and z(0) = x —|—f00 =
xo-

e Since fox is continuous, then ¢ — fot f(x(s))dsis Ct, s0in C°([—4, 6], R).
Then T is well defined. For x,y € C°([-§,d],R) and t € [-4,d], we have

that
:vo+/f ds—(a:o+/f )’

(f(x( ) = F(y(s)) ds / fa (y(s)] ds

< K’/ Iz — ylloo ds
< K\t|||$ —Ylloo < Ké|lz = ylloo

[(T(x) =TI =

IN

) —y(s)| ds

Taking the supremum with respect to ¢t € [—4, §] yields
IT(2) = T(y) o < K|z — ylloc for all 2,y € C°([-5,0],R)

Then, with 0 < d < %, the map T is contracting.

e Since (C°([—4,0],R), || - |loo) is complete (even Banach), T' has a unique
fixed point z € CY([6,6],R), which is by the first question the unique
solution to (3).

O

Solution of Exercise 4:
e In the first case, for A\, \’ € E, we have that

d(;v)\,x/)\) = d(T()\,i)\) T()\l {E)\/)) < LdE(A,)\/) + kd(i)\,i)\/).

And then d(zx, 7)) < tZ:dg(A,N). Therefore A — x is Lipschitz con-

tinuous, and then continuous.
e Assume that (E,T) = (E,dg) is a metric space. For A\, \g € F, we have
that
d(:E)\, I)\o) = d(T(/\’ IA)v T(/\07 xx\o)) < d(T(A7 l‘>\), T()‘7 Iko)) + d(T()‘7 93,\0), T()‘07 17)\0))
k‘d(l‘)\, l‘)\o) + d(T(/\, Z‘)\O), T()\(), x,\o))

and therefore

IA

d(T(/\vxko)aT(Amx)\o))

1-k '
For A\g € E that is fixed, the map A\ — T(A,z,,) is continuous (since
T is continuous). Fix € > 0. Then there exists » > 0 such that for
A € E, then dg(A.X) <1 = d(T(N\ zx,), T (Mo, zx,)) < (1 — k)e, and
then d(zx,xy,) < €. So A xy is continuous.

d(zx,zx,) <
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e For a general topological space (E,T), the proof is similar except for a
tiny difference in the final argument. For A\ € E that is fixed, the map
A = T(A, xy,) is continuous (since T is continuous). Fix € > 0. Then
there exists an open set x, € U C E such that for A € U, we have that
d(T (A zx,), T( Mo, 7)) < (1 —k)e, and then d(zx,zy,) < €. So A — xy
is continuous.

O

Solution of Exercise 5: Define T'(zg,x) := {t — g —l—f(ffo:v(s) ds} for © €
C°([-4,0],R). Arguing as in Exercise 3, we get that
IT (20, 2) = T(yo, 9o < |0 = yo| + K0l — yllos for all ,y € C°([~5, 8], R).

So T :RNCY([-6,6],R) x C°([-46, 6], R) is continuous and for 0 < § < %, T(zo, ")
is Kd—Lipschitz. So we are in the first case of Exercise 4, and zp — {z

C°([-4, 4], R)solution to (3)} is continuous R — C%([—6, §],R). Then (zq,t) — x(t)
is also continuous. O

Solution of ” Application: attractive and repulsive fixed points”:

1. Fix k € R such that |f'(a)| < k < 1. Since f’ is continuous, there exists § > 0
such that for all € [a—d, a4+ 6] NI, we have that |f'(z)| < k. It then follows from
the mean value theorem that |f(z) — f(y)| < k|lz — y| for all z € [a — 0, + ] N I.
We claim that f (ja —d,a+06]NI) C [a—d,a+ NI, that is [« —J,a + ] N T is
stable by f.

We prove the claim. Take € [a —,c+ 0] NI. Then |f(z) —a| = |f(z) — f(a)] <
klx —a| < k§ < 4. Since f(I) C I, we then have that f(x) € [a — 0, + 6] NI and
the claim is proved.

Up to taking § > 0 smaller, [ — d,« + §] N I is a closed intervalle. Since f is
contracting on [« — d, « 4+ 6] N I which is stable, it follows from Picard’s/Banach’s
theorem that for all x € A, if there exists ng such that x,, € [« — d,a + §], then
T, — a as n — +o0o. So « is attractive.

2. We take k € R such that |f'(«)] > k > 1. Since f’ is continuous, there exists
d > 0 such that for all z € [a — §,a+ 8] NI, |f'(x)] > k. So wih the mean value
theorem, we have that |f(x) — f(y)| > klz — y| for all x,y € [a —d,a+ ] NI
Take (zp)n, € A such that x, — « as n — 4o00. Then there exists ng such that
Tp € [a— 0, + 0] for all n > ng. Then |z,y1 — a| = |f(zn) — f(@)] > K|z, — af
for all n > ng. So by induction, |z, —a| > k" P|z, — af for all n > p > ng. Since
z, — « and k > 1, letting n — +o0 yields z, = a for all p > ny. So (x,) is
stationary, and then « is repulsive.

3. Here are a few examples. In all these examples, f € C*(R), f(0) = 0 and
f(0)=1

e f(x) = x for all z € R. Then for all g € R, x, = x¢ for all n € N.
Neither attractive nor repulsive.

o f(r) =x—2°forx > 0and f(z) = z+2% for z < 0. Then 0 is attractive.
Indeed, as one checks, f([0,1]) C [0,1]. So take (z,)n € A be such that
0<20<1 Then 0 <z, <1foralln>1and v,11 =z, — 22 < 2,
so (z,) is non-increasing and nonnegative, so it converges to a limit that
is a fixed point of f, that is 0. This is similar if —1 < xy < 0. So for
—1 <9 <1, then (z,), — 0 and then 0 is attractive.
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o f(x) =x+a%forz>0and f(z) = x — 22 for < 0. Then 0 is repulsive.
Take (x,) € A be such that zg > 0. Then z,,11 = f(z,) = 2 + 22 >,
and then (z,,) is increasing. If it converges, let [ be its limit: we have that
I > xg and f(I) =1, which is { = 0. This is a contradiction so (z,) does
not converge and it goes to 4+o0o. Similarly, if 2o < 0, then (z,) — —oo.
This proves that 0 is repulsive.

4. On E =R", take a norm || - ||. Case 1 corresponds to ||dfs||g—r < 1. For Case
2, one must assume that ||dfo(x)||g > ||z|| g for all z € E\ {0}. O

Solution of ”Newton’s method”:
1. Since f € C?, then F is C' and we get that

Fla)=1-— fl(@) x fi(z) = f@)f"() _ f@)f"(@) o [a,b].

(f"(2))? (f"(2))?
2. Since f(a) = 0, we get that F(a) = @ and F'(«) = 0: it then follows from the
results about attractive/repulsive points that « is an attractive fixed-point for F,
which yields the existence of € (remember that a < o < b).
3. Since f is C®, then F' € C*([a,b]) and define M := max,c[q ) |[F"(z)] < +oc.
Given n € N, Taylor’s formula yields the existence of ¢, = ¢(zp, ) € (o, z,) such
that

F”(cn)
2

Tni1 = F(z,) = F(a)+ F'(a) - (2, — a) +
Since F'(a) = a and F'(a) = 0, we then get that
[Tyt — a| < K|z, — af? for all n € N with K := M/2.
Defining t,, := K|z, — a|, we then get that 0 < t,41 < t2 for all m € N. An
immediate induction yields ¢, < t3" for all n € N, and then
|z, —a| < K7Y(K|z — a|)? for all n € N.

Therefore, if |z — | < 1/K, we get a very fast convergence of x,, — a, much faster
than the rate for k—contracting maps (k™). BUT for this, we need a control of K,
which amount to get a good control on f, f/, f, f®).

If f € C? then F € C! and for n € N, there exists d,, € (z,,, ) such that

xn+1—a:F(xn)—F(a):F'(dn)~(mn—a):M-(xn—a)

(f'(dn))?

(xn - a)2

In addition,

[f(dn)] = [f(dn) = f(e)| < (r[%jal?lf'l)'\dn—al < (%g?\f’\)'lmn—a\ since dy, € (2, @)

and then, putting all these inequalities together, we get that
maX[Owl] |f/| . max[o’l] |f//| 2
: 7 (xn — )
ming, 1] |f |

and then we have an estimate similar to the case f € C2, and we can proceed with
the same strategy.

|xn+1 - CY‘ S

4. In the general case f : U — R" where U is an open subset of R", we assume
that some « € U is such that f(a) = 0, that f € C1(U,R") and that df,, € GI(R")
for all x € U. We then define

F(z) =z — (df,) "' (f(x)) for all z € U.
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Then all the previous analysis works by using several variables calculus.



CHAPTER 2

Stone-Weierstrass and density

Main issue:

Do we have “good” functions dense in C°? For instance smooth (C*) functions
or polynomials?

Apart for the conceptual interest of this issue, let us mention two reasons to get

interested in this question:

e Some properties that are true on smooth functions can sometimes be
extended to continuous functions via density arguments.

e In these notes, we will often use ”separable” metric spaces, that is metric
spaces that have a countable dense subset .

1. The Stone-Weierstrass Theorem
1.1. Statement.
THEOREM 2.1. [Stone-Weierstrass Theorem] Let (X, T) be a compact nonempty
topological space. We let H C C°(X,R) be such that

o R CH (in the sense that H contains the constant functions)
o Forallu,veH,u+veH anduww € H
o For all x,y € X such that © # vy, then there exists u € H such that

u(z) # u(y).
Then H is dense in C°(X,R) for the norm ||us = sup,cx |u(x)].

A ”compact” statement is that ” Any separing subalgebra of C°(X,R) contain-
ing the constants is dense.”

1.2. Proof.
1.2.1. We start with a Proposition:

Proposition 2.2. Let (X, T) be a compact topological space and H C C°(X,R) be
such that

o M is stable via sup and inf (that is for any u,v € H, we have that
sup{u, v}, inf{u,v} € H)

o foralxz,ye X and a,B € R (with a = B is x = y), there exists u € H
such that u(z) = « and u(y) = B.

Then H is dense in C°(X,R) for the norm ||u|s = sup,cx |u(x)].
Proor. We fix f € C°(X,R) and € > 0.

Step 1: We claim that for all 2o € X, there exists u € H such that u(zg) = f(zo)
and u > f —e.

21
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Proof of Step 1: For any y € X, there exists u, € H such that u,(y) = f(y) and
uy(x0) = f(zo). We define

U, = {z € X such that u,(z) > f(z) — €}.

As one checks, y € Uy and U, := u, ' ((f(z) —€,+00)) is open for all y € X.

Therefore X = Uye « Uy. Since X is compact, we extract a finite covering

X =Uy, U...uU,, for some yi,...,yn € X.

Define w := sup{uy,,...,uyy}. Then u € H (this deserves a little proof) and
u(zo) = sup{uy, (zo), ..., uyy (o)} = f(xo). Let z € X be arbitrary. Then there
exists ¢ € {1,..., N} such that x € U,,, and therefore u(z) < uy,(z) > f(z) — e
This yields Step 1.

Step 2: We claim that there exists v € H such that f+e>v > f —e.

Proof of Step 2: It follows from Step 1 that for any x € X, there exists v* € H
such that v*(z) = f(z) and v* > f — e. We define

V?:={z € X such that v"(z) < f(z) + €}.

As above, (V®),cx is an open covering of the compact X, so there exists a1, ...,y €
X such that X = V* U...U V" We define v := inf{v™,...,v"}. Arguing as in
Step 1, we get that v < f 4 €. Moreover, since v* > f —eforalli =1,..., M, we
have that f + ¢ > v > f —e. This yields Step 2.

Step 3: We fix R > 0 and we define the function p : [0, R] — R as p(t) = v/t for
all 0 <t < R. We claim thet p is the uniform limit of a sequence of polynomials.

Proof of Step 3: We define a sequence of functions as follows:

po(t) =0 forall t € R
Prt1(t) = pu(t) + 5(t — pn(t)?) forallt e Randn €N

Show that

e For all n € N| p, is a polynomial.
e Foralln € N, 0 < p,(t) < Vtforallt € [0,1]. Use an induction argument.

Solution: For n € N and t > 0, we have that

(@) o) = V= (n(8) = V) (1= 50a(0 + V).
We set the induction hypothesis HR,, := {0 < p,(t) < vVt forallt €
[0,1]}. Clearly HRy holds. Fix n € N and assume that HR,, holds. We
take t > 0. We have that p,(t) > 0 and t — p,(t)?> > 0, the definition
then yields p,1(t) > 0. The identity (4) then yields p,41(t) — vt < 0.
Then HR,, 11 holds. Therefore HR,, holds for all n € N and the claim is
proved.

e For all t > 0, (p,(t)), converges to v/t as n — +o0.

Solution:  The definition and 0 < p,(t) < vt yields 0 < p,(t) <
Pny1(t) < W/t for all n € N and t > 0. So the sequence (p,(t)); is
nondecreasing and bounded from above, and then it converges to some
limit, say poo(t) > 0. Passing to the limit in the definition yields po(t) :=
Poo(t) + 2(t — poc(t)?), and then poo(t) = v/¢. This ends the proof of the
claim.
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e Conclude with Dini’s Theorem (see Theorem 16.11).

Solution: It is straightforward.

e Generalize to [0, R] by writing that v/ = VR x \/%.

Step 4: Proof of the Theorem of Stone-Weierstrass. We define H := H
where H is as in the statement of the Theorem.

Exercise 6: We are proving that H satisfies the hypothesis of Proposition 2.2.

e Prove that for all uw € H, then |u| € H.

e Using that inf{u, v} = §(u+v—|u—v|) and sup{u, v} = F(u+v+|u—1v|),
prove that H is stable via inf and sup.

e Fix z,y € X such that z # y and o, 8 € R (with « = g if z = y). Let
u € H be such that u(x) # u(y). With a suitable choice of a,b € R, prove
that v := au + b € H and that v(z) = «, v(y) = . What about the case
r=yand a = (7

e Conclude to prove the Theorem.

2. Applications of the Stone-Weierstrass Theorem

2.1. Complex version.

THEOREM 2.3. [Stone-Weierstrass Theorem] Let (X, T ) be a compact nonempty
topological space. We let H C C°(X,C) be such that

o C CH (in the sense that H contains the constant functions)
o forallu,veH, u+tveH, weH andu e H
o For all x,y € X such that © # vy, then there exists u € H such that
u(z) # u(y).
Then H is dense in C°(X,C) for the norm ||us = sup,cx |u(x)].

A "compact” statement is that ” Any separing subalgebra of C°(X,C) stable
by conjugasion and containing the constants is dense.”

Proor. The idea is to use the real version by taking the real part. The main
remark is that the real and imaginary parts satisfy Re(f) = £(f+ f) and Im(f) =
2:(f = f) for all f € C%X,C). Define

H, = {Re(f)/ f € H} and H; := {Im(f)/ f € H}.

The steps of the proof are in the following exercise:
Proof of the complex density theorem

Prove that H,, = H N C°(X,R)

Prove that H,. is dense in C°(X,R).

Similarly, prove that H; is dense in C°(X,R).
Conclude to prove that H is dense in C°(X, C).
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2.2. Density of polynomials.

Proposition 2.4. The polynomials are dense in C°([0,1],R). In particular, C*(]0,1],C)
is dense in C°([0,1],R).

This is a direct application by taking H = R[X] N C°([0,1],R) (with a slight
abuse of notation).

2.3. Density of trigonometric polynomials.

Proposition 2.5. Define T := {t — P(e')/ P € C[X]} the space of trigonometric
polynomials. Then T is dense in CY_(R,C) (the set of 2m—periodic continuous
functions R — C) for || - ||co-

PROOF. The proof uses the notion of topology induced by a quotient, which is
not in the scope of this lecture. However, here are the main steps:

e Define the quotient T := R /3,7 and the canonical projection p : R — T
such that p(x) = Z (the class) for all z € R.

e We say that a subset Q C T is open if p~!(Q) is open in R. This defined
a topology on T for which T is a compact topological space.

e Define i : C°(T,C) — C9.(R,C) as i(f) := fop for all f € CT,C).
Then i is an isometry for the associated || - ||oo norms.

e Via Stone-Weierstarss’s theorem, p~1(7) is dense in C°(T, C).

e Via the isometry p, 7 is dense in C9 (R, C).

3. Solution of the exercises of Chapter 2

Solution of Exercise 6:

e For simplicity, we first assume that v € H. Then |u| = Vu2. Since u? is

continuous on a compact set, it is bounded and there exists R > 0 such
that u?(x) € [0, R] for all # € X. It then follows from Step 3 that (p,(u?))
converges to Vu2 = |u| uniformly on X as n — +oc. Since X — p,(X?)
is a polynomial and u € H, we get that p,(u?) € H for all n € N, and
then |u| € H = H.
We now tackle the general case u € H. We let (uy,), such that u, € H for
all n € N and u,, — u uniformly as n — 4o00. Since ||u,| —|u|| < |u, — ul,
we have that |u,| — |u| uniformly. It follows from the first case that
|un| € H, so |u| € H= H. This proves the claim.

e H contains the constants and is stable by product and sum, so au+bv € H
for all a,b € R and u,v € H. Since |u —v| € H for all u,v € H, we then
get the result.

e It is the resolution of the system au(z) +b = o and au(y) + b = 3, which
yields a = W")‘%ﬁ(y) and b = % When z = y and o = 3, just
take v = « (the constant function).

e The space H satisfies the hypothesis of Proposition 2.2. Therefore C°(X,R) =
H=H =H (H is closed).

O

Solution of Exercise ” Complex density Theorem” :
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e (C) take ¢ € H,.. So there exists f € H such that ¢ = (f + f)/2. Since
f €M, then f+ f € H. Since 1/2 € H, then ¢ € H. Since it is real
valued, we have that ¢ € H N C°(X,R).

(D) take ¢ € HN CO(X,R). So ¢ = Re(p) and then it is in H,.

e By writing H = H N C°(X,R), we get that it is stable via product and
sum (intersection of algebras). Take a constant A € R, so A € H and
A = Re()\) € H,. So it contains the constants. Let us deal with separation.
Fix  # y in X. Then there exists u € H such that u(z) # u(y). If
Re(u)(z) # Re(u)(y), then Re(u) € H, separates z and y. If not, then
Im(u)(z) # Im(u)(y). Since iu € H, then Re(iu) = —Im(u) € H,, so
Im(u) € H, separates x and y. Then we apply Theorem 2.1 to get that
H.. is dense.

e we can follow the same proof, but there is an easier way. Indeed, we have
that H, = H; by using the proof above. More precisely, take f € H;, then
f = Im(u) for some u € H. But iu € H and then Im(u) = Re(—iu) € H,,
so f € H,. This yields H; C H,. The converse is similar.

e Fix f € CY%X,C) and € > 0. Let f1, fo € CY(X,R) be such that f =
fi +ifs. Since H, = H; is dense in C°(X,R), there exists g,g2 €
H, = H; such that || fi — g1]leo < €/v2 and ||fo — g2|lec < €/v/2. Define
g=g1+igs € H. For x € X, we have that

I(f =) (@)? = ((fi —g1)(@)*+ ((fo— g — 2)(2))? < 262/2 = €%,
and then || f — g|lco < €, with g € H. So H is dense in C°(X,C).






CHAPTER 3

Relatively compact subsets and Ascoli’s
compactness theorem

1. Prologue

In previous analysis classes you have attended, compactness has been perma-
nently used. For instance to minimize a function (and then to find critical points),
or to get uniform continuity (Heine’s theorem): essentially, we use that we can
always extract a converging subsequence from a sequence valued in a compact set.
Keep in mind that this is what we want from the beginning of this lecture: ap-
proximate a problem, find a solution to the approximation, and manage to make it
converge. If you are in a compact set, this will work. So it is essential to know the
compact subsets of spaces of functions like C9(X).

DEFINITION 1.1. Let (X,T) be a topological space. A subspace A C X s
relatively compact if A is compact in X.

In finite dimension, there is a simple criterion

THEOREM 3.1. Let (E,| - ||g) be a finite-dimensional linear normed space en-
dowed with the induced topology. Then a subset of E is compact if and only is it is
closed and bounded. In particular, a set is relatively compact iff it is bounded.

As a consequence, combining the Bolzano-Weierstrass theorem (bounded se-
quence on R converge up to a subsequence) and the equivalence of the norms in
finite dimension, we have that

Proposition 3.2. Let (E,|| - ||g) be a finite-dimensional linear normed space en-
dowed with the induced topology. Then any sequence bounded in E converges up to
a subsequence.

The situation is much more intricate in infinite dimension where the above
statement does not hold due to Riesz’s theorem (The unit closed ball Bg(0,1)
is compact iff F is finite-dimensional). Here we will be interested in spaces of
continuous functions, for instance C°([0, 1], R).

Here is a classical example. For n > 1, we define f,, € C°([0,1],R) by
e f,(0)=0, f, (%) =1 and f, is affine on [O, ﬂ,
o fn (%) =0 and f, is affine on [%, %],
o fu(t)=0forte [2,1]
We have that f, € EHAHOC(O, 1). However, no subsequence of (f,), converges in
Co([0, 1], R).
Exercise 7: Prove that no subsequence of (f,), converges in C°([0, 1], R).

27
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2. Equicontinuous functions

2.1. Definition.

DEFINITION 2.1. Let (X,dx) and (Y,dy) be two metric spaces. We say that a
family F C C°(X,Y) is equicontinuous if
Voo € X, € >0, Jagy e >0 s.t. for all z € X {dx(z,20) < apy,e = dy(f(x), f(xo) <€ forall f € F}

Note that ay, . depends on both € and zg.

2.2. Examples. In C°(R,R), the set of 1—Lipschitz functions is equicontinu-
ous. Let (X, d) be a metric space and fix a € (0, 1]. We define the Holder space
CY(X):={uec C'X,Y)st. IK > 0 s.t. dy(u(z),u(y)) < Kdx(z,y)* for all z,y € X}
that we endow with the norm

dy (u(x), u(y
fullgnn = o+ sup LD 1)
z,yeX, r#y dX ($7 y)

Then the set {u € C**(X,Y)/ ||u||co.« < 1} isequicontinuous. Note that C*1(X,Y)
is the set of Lipschitz continuous functions from X — Y.

2.3. Uniform equicontinuity.

DEFINITION 2.2. Let (X,dx) and (Y,dy) be two metric spaces. We say that a
family F C C%(X,Y) is uniformly equicontinuous if
Ve > 0, 3ae > 0 s.t. for all z,y € X, {dx(z,y) < ac = dy(f(z), f(y) <e forall f € F}

Here, a¢ > 0 is independant of the choice of x or y. As for continuous functions,
we have Heine’s theorem:

Proposition 3.3. Let (X,dx) and (Y,dy) be two metric spaces. We assume that
(X,dx) is compact. Then any equicontinuous family in C°(X,Y) is uniformly
equicontinuous.

Exercise 8: Prove Proposition 3.3. This goes as the classical Heine’s theorem.

3. Ascoli’s Theorem
3.1. Statement.

THEOREM 3.4 (Ascoli’s Theorem). Let (X,dx) and (Y,dy) be two topological
spaces and let F C C°(X,Y) be a family of continuous functions. We assume that
(X,dx) is compact. Then the two following assertions are equivalent:

o F is relatively compact in CO(X,Y)
o F is uniformly equicontinuous in C*(X,Y) and for allz € X, {f(x)/ f €
F} is relatively compact in'Y .

A more convenient context is when (Y, dy) is a finite-dimensional

THEOREM 3.5 (Ascoli’s Theorem, version 2). Let (X,dx) be a compact topo-
logical space and let F C C°(X,R™), n > 1, be a family of continuous functions.
Then the two following assertions are equivalent:

o F is relatively compact in C°(X,R")
o F is bounded and uniformly equicontinuous in C°(X,R™).

Here, note the difference with finite dimension: being bounded is not enough
to ensure relative compactness.
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3.2. Proof. We do not prove the Theorem in its full generality here. We prove
that

F = {f € C"([0,1]) such that |f(x)] <1 and |f(z)—f(y)| < |z—y]| for all z,y € [0,1]}

is compact in (C°([0,1]), || - |leo)- Since we work on metric spaces, we are using the
sequential characterization of compactness. Let (f,)nen be a sequence such that
fn € F for all n € N. We are going to prove that a subsequence converges in F.

Step 1: separability. We claim that there exists (zj)ren such that xy, € [0, 1] for all
k and {x/k € N} is dense in [0, 1]. In other words, [0, 1] is separable.

Proof: The set D =QnNJ0,1] = {%/p,q eNand 0<p< q} is dense in [0, 1]. It

is countable since Q is countable. This yields the existence of (zy)x and yields the
claim. [l

Step 2: Cantor’s diagonal argument. We claim that there exists a subsequence
(fj(n))n such that for all k € N, then (f;(,)(zx))n converges when n — +oo.

Proof: Note that we have that |f,(z)| <1 for all n € N and all z € [0, 1]. We claim
that there exists jg, ji,... : N = N 7 such that for any k € N,

(5) (fjoo-jn(n)(Tk))n converges as n — 4-o00.

We prove this claim by induction:

o We have that f,(r9) € R and |f,(zo)] < 1 for all n € N. It then fol-
lows from Bolzano-Weierstrass’s theorem that there exists a subsequence
(fjo(n)(x0))n that is convergent in R.

e Similarly, we have that (fj,(n)(21)), is real-valued and bounded by 1.
Then there exists a subsequence (f;yoj, (n)(21))n that is convergent in R.

e We fix K € N and we assume that we have constructed jg, ..., jx such
that for all k& € {0,..., K}, (fjjo-.0j(n)(Tk))n converges in R. Again,
since (fjyo.-0jx (n) (LK +1))n is reals-valued and bounded, there exists n —
Jr+1(n) such that (fj o...cjx 1 (n)(Tx+1))n converges in R.

e By induction, this yields (5)"

We define j(n) := joojio---0ju(n) for all n € N. As one checks, j : N = N is
increasing and for any k € N, (fj(n)(2r))n is a subsequence of (f;yo...0j, (n)(Tk))n
for n > k. So it converges and this ends Step 2.

Exercise 9: Prove this latest assertions.

Step 3: Pointwise convergence. We choose (f;j(,)) given in Step 2. We claim that
for any x € [0,1], then (f;(n) (7)), converges as n — +oo.

Proof: We fix x € [0,1]. We are going to prove that (f;(,)(z))n is a Cauchy sequence
in R, so it will converge. We fix ¢ > 0 and we take p,g € N. We let k£ € N to be
fixed later. With the triangle inequality and using that f,, is 1—Lipschitz for all

1Indeed, there is still an argument to give here. We have proved that for any k € N, there
are jo, ..., jk that satisfy our hypothesis. However, we want a family (jx) defined for all k. The
key is to take a maximal family and prove via a countable Zorn’s Lemma that it is defined for all
index.
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n € N, we have that

fiw (@) = fiw@] < 1fiw (@) = fim @l + 1fim (@x) = fig (@)
i (@r) = fi (@)l
(6) 20z — x| + i) (2) = fitq) (1)
With the density of Step 1, we choose k = k, € N such that |z — 25| < §. Since
(fj(n)(@k))n converges (see Step 2), it is a Cauchy sequence, so there exists ng =
no(k, €) = no(x, €) such that for p, g > ng, we have that |f;)(zx) — fj(q) (zr)] < §-
Therefore, we have that

A

IN

€ €
| i) () = fiq)(x)] < 2 x 3tg=c¢ for p, g > no.

Therefore (fj(n)(2))n is a Cauchy sequence in R that is complete, so it converges
as n — +o0o. This ends Step 3. (]

However, since ny = ng(z, €) depends on z, this is not enough to get uniform
convergence. So we need to improve a little this proof.

Step 4: Uniform convergence (improvement of Step 3, indeed). The sequence
(fj(n))n converges uniformly in C°([0, 1]) as n — +oc.

Proof: We are going to prove that (f;(,))n is a Cauchy sequence in C°([0, 1]). We
fix e > 0. Since {xy/k € N} is dense in [0, 1], we have that

01 ={JB (Ikg) = :|35k - §,$k+§[ﬂ[0,1].
keN kEN

Since [0, 1] is compact, we then get that there exists ki, ..., ky € N such that
€ €
0.1=J }xki - Skt g[m [0,1].

i=1,...,

We fix x € [0,1]. Then there exists 4 € {1,..., N} such that |z — x| < §. We take
p,q € N. Tt follows from (6) that

|fJ(P)(x) - f](‘])(x” < 2|3j — T, | + |f](p)($7€1) - fj(q)(mki)

Since (fj(n)(wr,))n converges (see Step 2), it is a Cauchy sequence, so there exists
no(ki, €) € N such that for p, ¢ > no(ki, €), we have that | f; (zx,) = fiq (k)| < §-
Therefore, we have that

€ €
|fim) (@) = fiq(@)] <2 x g Tg=clorpag= no(ki, €).

We then take ng(€) := max{ng(k1,€),...,no(kn,€)}, so that
€ €
fi) (@) = fia) (@) < 2% 5+ 5 =€ for p,g 2 no(e),
which is valid for all z € [0, 1], so [|f;p) — fi(g)lleo < € for p,g > ng(€). So it is a
Cauchy sequence in the complete space C°(]0,1]). Therefore it converges to some
function f € C°([0,1]). This proves Step 4 . O

As one checks, f € F, so this yield the compactness of F. This ends the proof of
Theorem 3.4 in our particular case.

Remark: Step 3 can be skipped. Its sole objective is to outline the uniformity
that is needed in the proof.
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Exercise 10: Let (E, || - ||) be a finite-dimensional normed space. We fix o € (0,1)
and K, M > 0. By following the proof above, prove that

F :={f e C®0,1], E) such that || f(z)|| < M and ||f(z)—f(y)|| < K|z—y|* for all z,y € [0,1]}
is compact in (C°([0,1], E), || - |lo0)-

Exercise 11: Prove Theorem 3.4 in the general case by following the proof above.

4. Applications
4.1. An exercise. We consider the solutions u € C1([0, 1]) of the ODE

{ W(t)=t+ i i [0,1] } (B)

We take for granted that such solutions exist (this is a consequence of the Cauchy-
Lipschitz Theorem 16.5).

e We fix M > 0. We take u € C*([0,1]) that is a solution to (E) such that
|u(0)] < M. Show that there exists C' > 0 independent of u such that
|/ ()] < C for all t € [0,1].

We set
Ay = {u € C1([0,1])/ u is a solution to (E) and |u(0)| < M.}

e Show that Ay is relatively compact in C9([0,1]).

e We take a sequence (u, ), such that w, € Ay for all n € N. We assume
that there exists u € CY([0,1]) such that (u,) converges uniformly to u in
C°([0,1]). Show that (u,), converges uniformly to a limit f € C%([0, 1]).
Show that u € C1([0,1]) and that v’ = f.

e Show that Ay, is relatively compact in C1(]0, 1]).

Solution:
We have that 0 < u/(t) <141 = 2.With the mean value inequality
and the preceding result, we have that

[u(t)| < |u(t) —u(0)] + |u(0)| <2t + M < M + 2
for all t € [0,1]. So |lulleec < M + 2 and |u(t) — u(s)| < 2|t — s| for all

t,s € [0,1]. It then follows from Ascoli’s Theorem that A, is relatively
compact in C°([0, 1]). Since ul, (t) = t+ W for all t € [0, 1], then
u, — [ uniformly where f(t) =t + s for all t € [0,1]. Tt follows
from a classical theorem that in this situation, then v € C' and u’' = f.

However, we can perform a direct proof. For n € N and ¢ € [0, 1], we have

that .
Un(t) = un(0) + /0 <s + 1+u1n(5)2> ds.

Since (uy,,) converges uniformly to u, passing to the limit yields

¢ 1 t
£) = u(0) + b ) ds=u(0) + ds for all ¢ € [0, 1].
) =)+ [ (s ) =)+ [ fe)dsforail te o

Since f is continuous, then u € C1([0,1]) and v’ = f. Let (up)n be a

sequence of Ayy. Since Ay is relatively compact in C9([0, 1]), there exists
a subsequence (u;(,))n and u € C°([0,1]) such that (w;(,))n converges to u
uniformly. The preceding question then yields u € C! such that Uj(n) — U
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/
and W,
Ay is compact in C1.

)y = v’ uniformly. Therefore |u, — ul|cx — 0 as n — +o0. So

O
5. Solution of the exercises of Chapter 3

Solution of Exercise 7: Assume by contradiction that there exists a subsequence
(fj(n))n that converges in C°([0,1]), that is it converges uniformly in [0, 1] to some
function f. Note that for all x € [0,1], f.(x) — 0 as n — +00. Since uniform con-
vergence implies pointwise convergence, then f(z) = 0 for all = € [0, 1]. Therefore
Il ficylloo = Ilfitn) — flloo — 0 as m — +o0. Since ||fjn)llec = 1 for all n € N, we
get a contradiction. O

Solution of Exercise 8: We argue by contradiction and we assume that
Jep > 0, s.t. for any a > 0, o,y € X If € F s.t. dx(z,y) < a. and dy (f(x), f(y) > €.

We take o := %, n > 1, and we then get the existence of z,,y, € X and f, € F
such that

A (s ) < 1= = 0 and dy (fa(n), () 2 o,

Since (X, d) is compact, we then get the existence of subsequences (x;(,)), (¥jn))
that converge to Zoo, Yoo € X respectively. Since dx (zn,yn) — 0 as n — +o0, we
get that oo = Yoo. Since F is equicontinuous, there exists a = a,_ > 0 depending
on I such that

for all 2 € X, {dx(z,200) < & = dy (f(@), f(2s0) < %0 for all f € F}

Therefore, for n > ng large enough, dx (), 7o) < @ and dx (Yj(n), Too) < @, and
then

€0 €0
dY(fJ(n)(x](n))a f](n)(xoo) < § and dY(f](n)(yj(n))vf](n)(xoo) < §
Then for n > ng, we have that
dy (fim) (@) fimy W) < Ay (i) (Tjn))s fin) (To0)) + Ay (fin) (Too)s Fi(n) (Wi (n)))
€, % _ 2%
33 37
contradicting dy (f;(n)(Zjn))s fitn)(¥jn))) > €. This proves uniform equicontinu-
ity. (Il
Solution of Exercise 9: For n € N, we have that
J+1) = oo dulnsr(n 1) > oo ga(n+ 1) sincejusa(n+1) > n+1
> o0 dn(n) = () since jo, s ju
So j is increasing. Fix k € N. For n > k, we have that
j(n) =joo..ofk(fr+1 0 0dn(n)) = joo..0jk(Pr+1(n))
where @ (n) := jr410...0J,(n) for all n > k. As above, @y, is increasing, and then

(fitn)(@k))n>k is a subsequence of (fjo...0j, (n)(Tk))n, SO it converges. O

Solution of Ezxercise 10:
Step 1: We have already proved that there exists (x)ren such that xj € [0,1] for
all k and {z/k € N} is dense in [0, 1].
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Step 2: Cantor’s diagonal argument. We claim that there exists a subsequence
(fj(n))n such that for all k € N, then (f;(,)(zx))n converges when n — +oo.

Proof: Note that we have that ||f,(z)|| < M for all n € N and all z € [0,1]. We
claim that there exists jg, j1,... : N — N 7 such that for any k£ € N,

(7) (fjoo-jn(n)(Tk))n converges as n — 4-o0.

We prove this claim by induction:

e We have that || f,(zo)|| < M for all n € N. Since E is finite-dimensional, it
follows from Proposition 3.2 that there exists a subsequence (f;,n)(%0))n
that is convergent in E.
e Similarly, we have that (fj,(n)(%1))n is real-valued and bounded by M.
Then there exists a subsequence (f;yo5, (n)(21))n that is convergent in E.
e We fix L € N and we assume that we have constructed jo,...,jr such
that for all I € {0,...,L}, (fjpo-.0ju(n)(®1))n converges in E. Again,
since (fjgo--0j, (n)(TL41))n is valued and bounded in E, there exists n
jr+1(n) such that (fj e...0j, .1 (n)(TL+1))n converges in E.
e By induction, this yields (7) (see the remark in the preceding proof)
We define j(n) := jooji0---0ju(n) for all n € N. As one checks, j : N — N is
increasing and for any k € N, (fj(n)(21))n is a subsequence of (f;yo...0j, (n)(Tk))n
for n > k. So it converges and this ends Step 2.

Step 4 (Step 3 is skipped): Uniform convergence. We claim that the sequence
(fj(n))n converges uniformly in C°([0,1], E) as n — +oc.

Proof: We are going to prove that (fj(,))n is a Cauchy sequence in C°([0,1], E).
We fix € > 0. Since {z/k € N} is dense in [0, 1], we have that

o= 5 () ") - U Jon = (5) " ant (5) " | o

Since [0, 1] is compact, we then get that there exists ki, ..., ky € N such that

0,1= U }xki—(?j{)l/a,xkiJr(3;)1/&%[0,1}.

i=1,....N

We fix 2 € [0,1]. Then there exists i € {1,..., N} such that |z — zy,| < (3%)1/(1.

We take p,q € N. We have that

1fim) (@) = fi @I < Ifim (@) = fim @)l + 1 fim (@) = fiq @)l
Hfi) (@r) = Fi (@)l
2K |z — x| + || fi(p) (k) = fi(q) ()]

Since (fjn)(Tx,))n converges (see Step 2), it is a Cauchy sequence, so there exists
no(ks, €) € Nsuch that for p, ¢ > ng(ks, €), we have that || f; ) (2x,) = fj(q) (Tr)]| < §-
Therefore, we have that

IA

€ €
Ilfimy () = fiq ()] <2 x 3 + 37¢ for p,q > no(ki,€).
We then take ng(e) := max{no(k1,€),...,no(kn,€)}, so that

€ €
| fiw) () = fiq(@)] < 2 x 3 + 37¢ for p, ¢ > no(e),
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which is valid for all x € [0,1], so || f;jp) — fi(g)lleo < € for p,q > mno(e). So it is
a Cauchy sequence in the complete space C°([0,1], E). Therefore it converges to
some function f € C°([0,1], E). This proves Step 4. O

As one checks, f € F, so this yield the compactness of F. This ends the proof of
Theorem 3.4 in this case. O

Solution of Exercise 11: We take a sequence (f,), such that f, € F for all n € N.
We are going to prove that it has a limit in C%(X,Y’) up to a subsequence.

Step 1: separability. For any N € N, we have that X = (J .y B(z, ﬁ) Since X

is compact, there exists zk, ..., vaN € X such that

kn 1
X =| | Bzl,, ——).
Define D := {25/ N € Nand i = 1,...,kx}. Then D is countable as the countable

union of finite sets. We claim that D is dense in X: we fix x € X and ¢ > 0. Take

N € N such that ﬁ < e. It follows from the definition of the mﬁv’s that there
< €

exists 49 € {1,...,kx} such that z € B(xé{},ﬁ), and then d(z,z'y) < ﬁ
with 2y € D. So D is dense in (X, d). For convenience, we write D := {xy/k € N}.

Step 2: Cantor’s diagonal argument. We claim that there exists a subsequence
(fj(n))n such that for all k € N, then (f;(,,)(zx))n converges when n — +oo.

Proof: We claim that there exists jg, j1,... : N = N 7 such that for any k € N,
(8) (fioo-jn(n)(Tk))n converges as n — 4-o0.

We prove this claim by induction:

e Since {fn(x0)/n € N} is relatively compact in Y (hypothesis of the the-
orem), then there exists a subsequence (fj,(n)(20))n that is convergent in
Y.
e Similarly, we have that {f; ) (z1)/n € N} is relatively compact in Y.
Then there exists a subsequence (fj,o5, (n)(Z1))n that is convergent in Y.
e We fix L € N and we assume that we have constructed jo,...,jr such
that for all I € {0,..., L}, (fjpo..-05s(n)(21))n converges in Y. Again, since
(fjoo...ojL(n)(a:L+1))n is relatively cpompact in Y, then there exists n —
jr+1(n) such that (fj o...0j, 1 (n)(TL+1))n converges in E.
e By induction, this yields (8) (see the remark in the preceding proof)
We define j(n) := jpojio---0j,(n) for all n € N. As earlier, j : N — N is increasing
and for any k € N, (fj(n)(2r))n is a subsequence of (fjo...0j, (n)(Tk))n for n > k.
So it converges and this ends Step 2. O

Step 4 (Step 3 is skipped): Uniform convergence. We claim that the sequence
(fj(n))n converges uniformly in C°(X,Y) as n — +oc.

Proof: We are going to prove that (f;(n))n is a Cauchy sequence in C°([0,1], E).
We fix € > 0. Since F is uniformly equicontinuous, there exists J. > 0 such that
for all z,y € X and all f € F,

dx(z,y) <0 = dy(f(2), f(y)) <

w| m
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Since {zy/ k € N} is dense in X, we have that
X = B(xxd).
keN
Since X is compact, we then get that there exists ki, ..., ky € N such that

X= |J Bxn.d).
=1 N

We fix € X. Then there exists i € {1,..., N} such that dx (z,zy,) < §.. We take
p,q € N. We have that

dy (fi) (@), fig(@) < dy(fim (@), fi (@r) + dy (fi) (@k), fiq)(@k))
+dy (fip) (k) fiq) (@)

€ :
< 2x 3 +dy (fip)(@r), fi(q)(xr)) since dx (z,xp,) < de

Since (fj(n)(wx,))n converges (see Step 2), it is a Cauchy sequence, so there exists
no(ki, €) € N such that for p,q > ng(k;, €), we have that dy (f;)(zr, ), fq) (Tr,)) <
5. Therefore, we have that
€ €
dy (fip)(z) = fi(q(z)) <2 3tg=¢ for p,q > no(ki, €).
We then take ng(e) := max{no(k1,€),...,no(kn,€)}, so that

dy (fip) (@), fi(q) () < € for p,q > ng(e),
which is valid for all z € X, so deo(fj(p), fi(q) < € for p,q > ng(e). So it is a

Cauchy sequence in the complete space C°(X,Y). Therefore it converges to some
function f € C°(X,Y). This proves Step 4.

As mentioned above, since we work on a metric space, Step 4 yields the compactness
of F. |
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Baire spaces and Convexity






CHAPTER 4

Baire’s lemma and applications

1. The lemma and a few corollaries
1.1. Statement.

THEOREM 4.1 (Baire’s Lemma). Let (X,d) be a complete space. Let (Op)nen
be a countable family of open dense subsets of X. Then N,enOy, is dense in X.

Remark: countable is essentialllll For instance, for any = € R, define I,, := R\ {z},
which is open and dense in R. But Ny erl, = 0.

1.2. Version with closed sets.

THEOREM 4.2 (Baire’s Lemma version 2). Let (X, d) be a complete space. Let
(Fy)nen be a countable family of closed sets of X. We assume that Int(F,,) = 0 for
all n € N (the interior is empty). Then UnenFy, has empty interior.

PROOF. We define O, := X \ F,, for any n € N. Then O,, = X\ F, =
X \ Int(F,,) = X. Then O,, is open and dense for all n € N, and Baire’s Lemma
yields that N,enO,, is dense in X. So

X = ﬂnEN(Qn = ﬂneN(X \ Fn) =X \ UnENFn =X \ Int (UnENFn) 3
and then Int (UpenFy) = 0. O

1.3. A very useful and common corollary.

Corollary 4.3. Let (X,d) be a complete space. Let (Fy,)nen be a countable family
of closed sets of X such that UpenFy, has nonempty interior. Then there exists
ng € N such that Int(F,,) # 0.

2. Proof of Baire’s Lemma

Let (X,d) and (O,), be as in the statement of Theorem 4.1, and define O :=
NpenOrn. To prove that O is dense, we are taking U € X an open set and we are
going to prove that O NU # ().

Step 1: construction of balls included in each other. Since Oy is dense and U is
open, then OygNU #. Moreover OyNU is open as a finite intersection of open sets.
So there exists g € X and pg > 0 such that

B(z0,p0) C OgNU.

ro = min{%,l}.

39

We define
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To construct the next point, for the same reasons as above, we have that O; N
B(xg,70) is open and nonempty, so there exists 1 € X and p; > 0 such that

B($17p1) cOi N B(xo,’l“o).

1
71 = min &77 .
272

We construct the following terms via an induction. Given k > 1, we set the assertion

We define

dx1, .z € X, p1y.e., pr > 0 8.8
H;, = B(zi,pi) C O; N B(xi—1,7:—1) and r; := min{%, %
for1<i<k

It follows from the above construction that H; holds. Given k > 1, we assume
that Hy holds, and we take x1, ...,z and p1, ...px as in the assertion. Since Q11N
B(zg,rk) is open (finite intersection) and nonempty (density), then there exists
241 € X and pri1 > 0 such that B(zg41, prt1) C Okg1 N B(zg, 7). Then Hyqq
holds. The induction then yields that Hy, is true for all k.

Then, (see Cantor’s diagonal process , there is a little point to clarify here, see the
footnote) we get a sequence (zx)reny € X and (p)r > 0 such that for all k
Pk

1
B(zg, pr) C O N B(xp—1,7k—1) and 1y 1= min{Q, Qk} forall k >1

Step 2: We claim that (zy)y is a Cauchy sequence in X.

Proof: Since ry, < pi for all k > 0, we have that B(zg,rr) C B(xg_1,7%—1) for all
k > 1. So by induction, we have that B(zqp, "k+p) C B(zg,ri) for all k,p € N,
and then x1, € B(xy,ri) for all k, p € N, which yields

1
A(Tppp, Tr) <7 < o8 for all k,p € N.

Then (xy)k is a Cauchy sequence in (X, d). O

Since (X,d) is complete, then (), converges, and we let © € X be its limit as
k — +o0.

Step 3: We claim that z € B(xg, pi) for all k € N.

Proof: We have noticed that x4, € B(zg, 7). Passing to the limit p — 400,
we get that © € B(zg,rr) C B(xk,rg) for all k € N (Watch out: in general, the
two sets are not equal). Since rp < pg, we then have that © € B(ay, px) for all
keN. O

Step 4: Conclusion of the proof. It follows from the definition of the balls that
B(zg, pr) C O for all k € N, so z € Oy, for all k € N and then = € O. Moreover,
x € B(zg,po) CU,s0x € ONU and then ONU # (. This is valid for any U
nonempty and open in X, so O is dense in (X,d). This ends the proof of Baire’s
Lemma.
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3. Application 1: Banach-Steinhaus Theorem
3.1. Statement.

THEOREM 4.4 (Banach-Steinhaus theorem, or ”uniform boundedness” theo-
rem). Let (E,|.||g) and (F,|.|r) be two normed spaces. Let (T;);cr be a family
such that T; : E — F is linear and continuous for alli € I (T; € L.(E,F) for all
i €1I). We assume that (E,| - || g) is a Banach space abd that

for any x € E, then {T;(x)/i € I} is bounded in F.
Then there exists M > 0 such that
IT:(2)||r < M||z||g for allz € E and i € I.

If you are more used to norms for spaces of linear functions, the conclusion can
be read as ||T;||g—r < M for all i € I, so there is a uniform bound for all the norms
of the T;’s.

3.2. Proof of the Banach-Steinhaus Theorem. Welet (E, ||.||g), (F,||.||r)
and (T;);cr as in the statement of the Theorem. Given N € N, define

Fy:={z € BE/|Ti(z)|r < N for all i € I} = MierT; ' (Br(0,N)).

Step 1: We claim that UyenFy, = E.

Proof: Fix x € E. Since {T;(x)/i € I} is bounded in F, there exists M, > 0 such
that ||T;(x)|| < M, for all ¢ € I. So, taking N, € N such that N > M,, we have
that ||T;(z)||r < Ny for alli € I, so x € Fy, C UyenFp. Then E C UyenFy,. The
reverse inequality is clear. [l
Step 2: We claim that Fy is closed for all N € N.

Proof: Indeed, since T; is continuous for all ¢, then Fy is the intersection of the
preimages of closed sets by continuous functions, so it is continuous. O
Step 3: Application of Baire’s Lemma and conclusion.

Since (E, | - ||g) is complete and UyenF,, = E has a nonempty interior, then the
”closed” version of the Baire’s Lemma (Theorem 4.2) yields the existence of Ny € N
such that Int(Fly,) # 0. So there exists z¢g € F and r > 0 such that

B(mo,T) C FNO-

Let z € E be such that ||z||g = 1. Then

xo—l-gzeB(mo,r) C Fy, = ’

T (20 + fz)H < N, for all i.
2 7llF
Therefore, since z¢ € Fh,, we have that
2 4N .
IT:(2) || F < . (1T (xo)|| 7 + No) < TO for alli e I.
Then, with M := 230 we have that ||T;(2)||p < M for all |[z]|p = 1, and then

|Ti(z)||r < M|z||g for all z € E and i € I. This ends the proof of the Banach-
Steinhaus Theorem.
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3.3. An interesting corollary. You have been taught that the uniform limit
of continous functions is continuous, but that this does not hold for pointwise limits.
For linear functions on a Banach space, this is working:

Corollary 4.5. Let (E,||.||g) and (F,||.||r) be two normed spaces such that (E, || -
lE) is a Banach space. Let (Ty,)nen be a sequence for functions such that T, : E —
F is linear and continuous for all n € N. Assume that there exists T : E — F such
that for all x € E, (T,,(x))n converges and

lim T,(x) =T(x).

n—-+oo

Then T : E — F is linear and continuous.

Exercise 12: Prove this corollary.

Exercise 13: Let (E, ||-||g) and (F, ||-||r) be two Banach spaces. We endow E x F'
with the norm ||(z,y)|| := ||z|lg + ||y|lF- Let B: E x F — R be a bilinear form.

e Arguing as in the characterization of continuity for linear functions, prove
that B is continuous iff there exists M > 0 such that |B(z,y)| < M||z| gyl r
forallz € Fand y € F.

e Arguing as in the proof of Exercise 12, prove that B is continuous if and
only if

{B(z0,~): 1; : B(ai,y) } and { B(o) - f : B(f]fyo)}

are continuous for all xo € F and yg € F'.

4. Application 2: Open mapping theorem
4.1. Statement.
THEOREM 4.6 (Open mapping Theorem). Let (E, || -|g) and (F,| -||r) be two
Banach spaces. Let T : E — F be a function such that

o T is linear
e T is continuous
e T is onto (that is T(E) = F).

Then there exists ¢ > 0 such that Bp(0,¢) C T(Bg(0,1)).
4.2. Corollaries.

Corollary 4.7. Let (E,||-||g) and (F,||-||F) be two Banach spaces. LetT : E — F
be a linear continuous function such that T(E) = F. Then the image by T of any
open subset of E is an open subset of F'.

Exercise 14: Prove this corollary.

Corollary 4.8. Let (E,||-||g) and (F,||-||r) be two Banach spaces. LetT : E — F
be a linear bijection. Assume that T is continuous. Then T™' is continuous. In
other words, T is an homeomorphism.

Exercise 15: Prove this corollary by using Corollary 4.7.
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4.3. Proof of the Open Mapping Theorem as an exercise.

(1) For any n € N, we set F}, := T(Bg(0,n). Show that F' = J,,cy Fn- Then
show that there exists ¢ > 0 such that

BF(O, 26) C T(BE(O, 1)
(2) Fix y € Br(0,c¢). Show that there exists 1 € Bg(0,1) such that
12y = T(z1)llF < e

(3) Using an induction, show that there exists a sequence (x,,),>1 such that
xn € Bp(0,1) for all n > 1 and

# (i (25))],

(4) Show that there exists € Bg(0, 1) such that y = T'(x).
(5) Conclude.

< cforall n>1.

4.4. The closed graph Theorem.

THEOREM 4.9. Let (E,|| - ||g) and (F,| - ||r) be two Banach spaces. Let T :
E — F be a linear map. Then the two following assertions are equivalent:

o T is continuous
o G(T):={(z,T(z)/ x € E} is closed in E x F (with the product topology).

Proof: When T is continuous, one gets that G(T') is closed by using the charac-
terization of open sets via sequences. We now assume that G(T') is closed and we
prove that T is continuous.

We define ||z| := ||z||g + [|T(z)||r for all x € E.

Prove that || - || is @ norm on E and that (E, || - ||) is a Banach space.
Show that Idg : (E,||-||) = (E,|| - ||g) is linear and continuous.

Show that the map Idg above is a homeomorphism and deduce that T is
continuous.

5. Application 3: Existence of nowhere differentiable continuous
fonctions

The purpose of this section is to prove the following theorem:

THEOREM 4.10. There exists real-valued continuous functions on [0,1] that

are nowhere differentiable. More precisely, the set of such functions is dense in
C°([0,1]) for the norm || - || o-

The proof goes as follows. For k € N, define
Oy :={f € C([0,1]) | Vx € [0,1], Ty € [0,1] such that |f(z) — f(y)| > k|z —y|}.
1. Show that Oy is open in (C([0,1]),] - ||s) for all & € N. Hint: prove that
Fy = C([0,1]) \ Oy, is closed.
2. Given n > 1, we define the function f, : [0,1] — R by:
° fn(%) =0 pour tout £k =0,...,n
° fn(k+1/2) =1 pour tout k =0,....,n—1

n

e f, is continuous and affine in [£ M] and [M k1] for suitable k.

n? n n 7’ n
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Draw the function f,. Show that for all z € [0, 1], there exists y € [0, 1] such that
[fn() = fn(y)| > nlz —yl.

3. Using that Lipschitz-continuous functions are dense in C([0,1]) (why?), show
that Oy is dense in C([0,1]) for all k € N.

4. Using Baire’s Lemma, Prove Theorem 4.10

Remarks:
e This proves the existence of nowhere-differentiable functions, but there is
no explicit expression. There are explicit examples, like the Weierstrass
example ) a™sin(b"x) for suitable a,b > 0.
e When you have to prove the existence of something ”exotic” or "strange”,
think of using Baire’s Lemma: a dense set is nonempty.

6. Solution of the exercises of Chapter 4

Solution of Fxercise 12: The linearity of T is a direct consequence of the pointwise
convergence. Fix ¢ € E. Since (T, (z)), converges, it is bounded in F. It then
follows from Theorem 4.4 that there exists M > 0 such that [|T,,(2)||lr < M|z|g
for all n € N and z € E. Passing to the limit n — +o0 yields |T(z)||r < M|z||g
for all x € E. Then we get the continuity of the linear function T'. O

Solution of Exercise 13: e Assume that B is continuous. Then 0 € B~1((—1,1))
open in E x F, so there exists 1,7 > 0 such Bg(0,7r1) x Br(0,73) € B~1((—1,1)).

1
Take v € E and y € F that are # 0. Then (rlm,mﬁ) € Bg(0,r1) x
Br(0,72) and then

Mg regr— )| <1 = [Blay)l < — | .
(12||x||E 22|y||F>’ Byl < —lallzllylle

Conversely, assume the existence of M as in the statement. Given (zg, yo), (z,y) €
FE x F, we have that

|B(2,y) — B(xo, y0)| |B(z,y) — B(zo,y)| + [B(xo,y) = B(o, y0)|

<
< Mz —xollellyllr + Mllzolllly — yol £
By letting (x,y) — (z0, yo), we get the continuity of B.
e Set I := {z € E such that |z||g = 1} and define T, := B(x,-) for all z € I. Then
for all g € I, we have that T, = B(xo,-) : F' — R is linear and continuous. Now fix
yo € F and take x € I: we have that T, (yo) = B(z,y0) = B(, yo)(x). Since B(-,yo)
is continuous, then there exists M, > 0 such that |B(-,yo)(z)| < My, ||z||g = My,,
S0
sup{|Tx(yo)|/ z € I} < My, < oo.

It then follows from the Banach-Steinhaus Theorem 4.4 that there exists M > 0
such that |T,(y)| < M||ly||r for all x € I and all y € F. Now for any « € E \ {0}
and any y € F', we have that

x
5 ()| = el T 0] < Ml ol

@]l

[B(z,y)| = llz| =

which yields the continuity of B. ([

Solution of Exercise 14: Let O C F be open. If T(O) = (), it is open. Assume
that there exists yo € T(0O). Then there exists g € O such that T(xzg) = yo.
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Since O is open, then there exists r > 0 such that Bg(xg,7) C O. We take ¢ > 0
as in Theorem 4.6. We claim that B(yg,cr) C T(O). We prove the claim. Take
y € B(yo,cr). Then there exists z € F such that ||z||p < ¢ and y = yo + rz.
Since z € Br(0,c), there exists © € Bg(0,1) such that z = T(z), and then y =
yo + rT(x) = T(xg +ra) C T(Bg(xo,r)) C T(O). This proves the claim. So T'(O)
is open and the Theorem is proved. ([l

Solution of Exercise 15: Let O C F be any open subset in F. To prove that
T~!: F — E is continuous, it is enough to prove that (T~!)~1(O) is open in F.
Since (T71)71(0) = T(0) is open due to Corollary 4.7, we then get that 71
continuous. (]
Solution of the Proof of the Open Mapping Theorem:
(1) Take y € F. Since T is onto, there exists © € E such that T'(z) = y.
With n € N such that n > ||z||g, we have that x € T(Bg(0,n)) C F,, C
Unen Fn- So F C U, en Fr- The converse is clear. Since F' is complete,
the closed version of Baire’s Lemma (Theorem 4.2) yields the existence of
no € N such that F,,, has a nonempty interior.

So take yo € F and r > 0 such that Bp(yo,r) C Fn, = T(Bg(0,n0).
We claim that Bp(0, 5-) C T(Bg(0,1). We prove the claim. Since yo €
Br(yo,r) C Fy,, there existe (z,,) € E such that ||z,||g < no and T'(z,) —
Yo as p — +oo. Take x € Bg(0, ﬁ) then yo + 2nox € Br(yo,r) C F,,
there existe (Z,) € E such that [|Zp]|p < no and T(Zp) — yo + 2nox as
p — +o0o. Then T(z" “2) — xasn — +oo and |50 p < RgEno =1,
This proves the claim. We conclude with ¢ = m

(2) Since 2y € Bp(0,2¢) and ¢ > 0, the existence of z follows from the
definition of the closure.

(3) The existence of z1 was in the preceding quetsion. Assume that x1, ..., z,
are constructed. Then

ont1 <y T (i g)) € Bp(0,2¢) C T(Bg(0,1)),

i=1

and since ¢ > 0, there exists x,,11 € Bg(0,1) such that

on+1 <y -7 (Z a;)) — T(2ni1)

And x,41 € FE satisfies the requirements. Then the induction holds for
all n > 1. Here again (see the footnote before), there is an argument to
get the full result.

(4) With (z,), defined above, we set

Xn :zn:%v

i=1

<c

F

so that ||y — T(X,)||lr < 27™c for all n > 1. Since ||z;||g < 1 for all i, we
get that for any n > 2

+-="——— <+

|$1||E |$1||E I [zl +1
+Z 5 5

[ Xnlle <
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Then the series is normally converging in a Banach spaces E, so there
exists ¢ € E such that X,, — x as n — +oo. It follows from the above in-
equality that ||z||g < ”“”TEH < 1,soz € Bg(0,1). Since T is continuous,
we get that T'(z) = y.

(5) Soy=T(x) € T(Bg(0,1)). Then Br(0,c) C T(Bg(0,1)).

Solution of the proof of Theorem 4.10:

1. Set Fy := C([0,1]) \ O. Let us prove that F}, is closed. We take a sequence
(fn)n and f € C([0,1]) such that f,, € Fy for all n and f,, — f uniformly in [0, 1].
Since f,, € Ok, we have that

Jx,, € [0,1] such that for all y € [0,1], |fn(zn) — fu(W)| < klzn — Yyl

Since [0, 1] is compact, there exists a subsequence (z(,)) that converges to z, €
[0,1]. We have that

9) Ifitn) (@imy) — fim)@W)| < klz, —y| for all y € [0,1].

We write that [ () (2(n)) = f ()| < |fj(n) (Tj(n)) = F (@) [+ f(@i(m)) — f(2e0)| <
Il fitn) = flloo + [f(2jn)) — f(®oo)|- Since (fj(n)) converges uniformly to f and f
is continuous, we then get that f;,)(zjn)) — f(Zeo) as n — 4o00. Passing to the
limit n — 400 in (9), we get that

|f(@) = f(W)| < klzes —y| for all y € [0,1]
and then f € Fj. So F}, is closed and Oy, is open.

2. Since the function is affine with coefficient +2n, we get that for x,y € [%, k+$/2]
orzx,y € [kJrTl/Q, EE1] then |f,(z) — fu(y)| = 2n|z —y|. We then get the conclusion.

3. Polynomial are dense in C([0,1]) and polynomials are Lipschitz continuous on
the compact [0, 1], which yields the density in C([0,1]). Fix f € C([0,1]) that is
M —Lipschitz, £ > 1 and € > 0. Take n € N to be fixed later. We have that
f+efn € C([0,1]) and [[f = (f = €fn)lloc = €

We claim that for n large enough, then f+e¢f, € Ok. For z,y € [0, 1], we have that

[(f+efn)(@)=(F+efn) )] = |f (@)= F(y)+e(ful@)=Fa())] = el fu(2) = fu(y)|=M|z—yl.

It follows from 2. that for all « € [0, 1], there exists y € [0, 1] such that |f,(x) —
fu(y)| > n|z — y|. Therefore

I(f +efn)(@) = (f + efu) ()] > (en — M)z —y].

We choose n such that en — M > k, so that |(f +efn) (@) — (f +€fn)(y)| > K|z —yl,
and then f 4+ €f,, € Ok. Therefore Oy is dense in the set of Lipschitz continuous
functions that is itself dense in C([0,1]). This proves the result.

4. Since (C([0,1]), ]| - lloo) is complete, it follows from Baire’s Lemma that O :=
NkOy, is dense in C([0,1]). Let f € O be a function. We claim that f is nowhere
differentiable. We prove the claim by contradiction and we assume that there exists
xo € [0, 1] such that f is differentiable at xq, so

i 1) = £@0)

T—To Tr — X9

= f/(‘ro)a
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and then there exists a > 0 such that for all z € [0,1] N [xg — o, 20 + @, | f(z) —
f(zo)] < (1 +|f (x0)|)|z — zo|. For z € [0, 1] such that |z — x| > «, we have that
f@) = fzo) | _ 2| flloo

T — T - a
Therefore, there exists K > 0 such that | f(z) — f(zo)| < K|z —zo| for all z € [0, 1].
So for k > K, f & O, contradicting f € O. So f is differentiable nowhere. Then

O C {diff. nowhere fcts} C C(]0,1]), and since O is dense, so is the set of nowhere
differentiable function. O







CHAPTER 5

Hahn-Banach’s Theorems and applications

1. Analytic form
1.1. Statement.

THEOREM 5.1 (Hahn-Banach, Analytic form). Let (E,| - ||) be a normed space
and let p: E — R be such that
o p(A-z) = Mp(z) forallx € E and A > 0
o p(z+y) <p(x)+ply) for all z,y € E.

Let F C E be a linear subspace of E and let f : F — R linear be such thal
f(z) <p(x) for all x € F. Then there exists f : E — R linear be such that

i ij =f
o f(z) <p(x) for allz € E.
1.2. Proof in finite dimension. The proof in its full generality uses Zorn’s

Lemma. However, in finite dimension, Theorem 5.1 is not trivial and the proof is
a good step before tackling the general case.

Let E,F,p and f as in the statement of Theorem 5.1 and assume that E is
finite dimensional. Define

d := max {dim(G)/F C G C E and Jg : G — R linear s.t. { o) < p?lag f_orf(;H veC }}
Exercise 16: (1) Prove that d is well-defined. What happens if d = dim(E)?
(2) We assume that d < dim(F) and we let FF C G C FE linear such that
d = dim(G), g : G — R such that gjp = f and g(z) < p(z) for all z € G.
Since G C F and G # E, we fix g € E'\ G and we let a > 0 to be fixed
later. Define

h: G@R(L’o — R
z+trg — glx)+ta

(3) Prove that h is well-defined and that it is an extension of f.
(4) By cousidering the cases t > 0 and ¢t < 0, prove that h(z) < p(z) for all
z € G ® Rz if and only if

(10) 9(y) = p(y — x0) < a < p(x +x0) — g(x) for all 7,y € G.

(5) Prove that for all z,y € G, we have that g(y) —p(y—x0) < p(z+x0)—g(z).
(6) Prove that there exists o € R such that (10) holds.
(7) Get a contradiction and prove the Theorem.

49
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1.3. Proof via Zorn’s Lemma. We need to find a maximal element, and
Zorn’s Lemma, is a convenient tool for this:

DEFINITION 1.1. We say that an ordered set (X, <) is inductive if every subset
of X that is totally ordered has an upper-bound in X.

THEOREM 5.2 (Zorn’s Lemma). Every nonempty inductive set has a mazimal
element.

This is equivalent to the Axiom of Choice. In order to prove the Hahn-Banach
Theorem, we introduce

X = {(G,g)/F C G C E and Jg : G — R linear s.t. { o) Sp?‘xlg forfiall oG
On X, we define the following order: given (G, g), (H,h) € X, we say that (G, g) <
(H,h)if G C H and hg = g.
Exercise 17 (Proof of Theorem 5.1): (1) Prove that (X, =) is an ordered set.
(2) Prove that (X, <) is inductive.
(3) It then follows from Zorn’s Lemma that there exists F C G C E, g: G —
R linear such that g(x) < p(z) for all z € G such that (G, g) is a maximal
element of X.
(4) Arguing as in the finite-dimensional case, prove that if G # E, then g can
be extended.
(5) Conclude.

1.4. Corollaries. Here and in the sequel, we adopt the following notation.
For (E, | -||g) and (F,]| - ||)r two normed spaces and f : E — F linear, we define

fllpor = sup ML@Ie
sep\(oy l7le

Proposition 5.3. Let (E,|| - ||) be a normed space and let FF C E be a linear
subspace of E. Let f € F' be a linear continuous function. Then there exists an
extension f : E — R such that

° fe E’ is linear and continuous

e f |F = f

o [[fllz—r = [lfllr-r-
Exercise 18: Prove this proposition by using a suitable function p depending on
-1l

Proposition 5.4. Let (E,| -||) be a normed space, E # {0}. Then for all x € E,
there exists f € E' such that f(z) = ||z|| and ||f||p—r = 1. In particular,

|f ()]

|zl = sup —r——,
rerr, f20 || fllE—r

and the supremum is achieved.

Exercise 19: Prove Proposition 5.4 by constructing an extension of a linear func-
tion defined on Rz.
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2. Geometric form
2.1. Separation.

DEFINITION 2.1. Let E be a vector space. A set H C E is a hyperplane if
H = f~'({a}) for some a €R, f: E — R linear and f # 0

Proposition 5.5. Let (E,|| - |g) be a normed space. Let f : E — R be linear and
a be a real number. Then H = f~1({a}) is closed iff f is continuous.

PROOF. If f is continuous, then H is closed as the preimage of a closed set via a
continuous map. Conversely, assume that H is closed and assume by contradiction
that f is not continuous. Then it is not continuous at 0, and then

Jdep > 0 s.t. for all v > 0 there exists € E s.t. ||z||g < v and |f(z)] > €.

For simplicity, assume that o = 0. By taking v := 1/n for n € N, n > 1, we get
that there exists x, € E such that z,, — 0 as n — 400 and |f(x,)| > €. Define
Yn = ﬁxn for n > 1. We then have that y, — 0 as n — 400 and f(y,) =1 for

all n > 1. Since y,, — y1 € Ker f is closed, we get that —y; € Ker f and f(y1) =0,
which is a contradiction. So f is continuous. O

Exercise 20: Prove the result for a € R arbitrary.

DEFINITION 2.2. Let E be a vector space and let A, B C E be two subsets. We
say that a hyperplane H separates A and B if there exists f : E — R, f # 0, linear
and o € R such that

fla) <a< f(b) forallac A andb e B

and H = f~1({a}). We say that H separates strictly A and B if, in addition to
the above assertion, there exists € > 0 such that

fla)<a—e<a+e< f(b) forallae A andb e B
2.2. Statements.
THEOREM 5.6 (Hahn-Banach, Geometric form 1). Let (E, | - ||g) be a normed

space. Consider A, B C E be such that

e A B are convex and nonempty
e ANB=10
e A is open.

Then A and B are separated by a closed hyperplane.
THEOREM 5.7 (Hahn-Banach, Geometric form 2). Let (E, | - ||g) be a normed
space. Consider A, B C E be such that

e A B are convex and nonempty
e ANB=10
e A is compact and B is open.

Then A and B are strictly separated by a closed hyperplane.
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2.3. The gauge.

DEFINITION 2.3. Let (E,| - ||g) be a normed space. Let C C E be such that
e C is open and nonempty
e C is conver.
Assume that 0 € C. Define the gauge as

p(x) := inf {oz > O/g € C’} forallz € E.

Proposition 5.8. Let (E,| - ||g) be a normed space. Let C C E be a nonempty
open convex of E such that 0 € C' and p: E — R be its gauge. Then p satisfies the
following:

o There exists M > 0 such that 0 < p(x) < M||z||g for allx € E

o p(A-z) = Ap(x) forallz € E and A >0

* p(z+y) <p(x) +p(y) for all z,y € E.
Moreover,

(11) C = {x € E such that p(z) < 1}.
Exercise 21: The proof goes through several steps. Given x € F, define
I, := {a > 0 such that o 'z € C}.

Fix § > 0 be such that Bg(0,9) C C.
(1) Prove that for any = € E, then I, is an open interval and that there exists
ay > 0 such that I, = (ag, +00).
(2) Give a relation between o, and § for all x € E.
(3) What is the relation between p(x) and «,?
(4) For the triangle inequality, use that for any z,y € F and € > 0, then

(W’ W) € C and use the convexity of C' with a suitable barycen-

ter.
(5) Prove the proposition.

2.4. Proof of the first geometric form. The proof is using the analytic
form and the gauge. We start with a Lemma:

Lemma 5.9. Let (E,| - |lg) be a normed space and let C be a nonempty open
convex set. Assume that there exists o € E\ C. Then there exists f € E' such
that f(x) < f(xo) for all x € C. In particular f # 0.

Exercise 22 (Proof of the Lemma): (1) We first assume that 0 € C' and we
introduce the gauge p of C. For any ¢ € R, define g(txo) := t. Prove that
g(x) < p(z) for all z € Rz and use the Hahn-Banach Theorem to get the
existence of f.
(2) Deal with the general case by introducing C := C — y, for some y, € C.

Now here goes the proof of the geometric version. We let A, B as in the statement
of Theorem 5.6. Then
e C=A—-B={a—-b/a€ Aandbe B} is open, convex, nonempty and
0gC
e It follows from the Lemma that there exists f € E’ such that f(x) <
f(0)=0forall z € C.
e The conclusion holds by taking a := sup{f(a)/a € A}.
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Exercise 23: Prove Theorem 5.6 by following the structure above.

Solution to Exercise 23:

e Since A, B are nonempty, then so is C. Fix xg = ag — by € A — B with
ap € A and by € B. Since A is open, let r > 0 be such that B(ag,r) C A.
We claim that B(xzg,r) C C: indeed, take z € B(xg,r), we then get
that  + by € B(ag,7) C A, so xg = (z 4+ by) — bp € A — B and then
B(zg,7) C C. So C is open. Convexity is a direct consequence of the
convexity of A and B. If 0 € C, then there exists a € A and b € B such
that 0 =b—a€ A—B,soa=b¢c AN B =, which is absurd. So 0 & C.

[ ]

e Take a € A and b € B. We have that a — b € C and then f(a —b) < 0 so
f(a) < f(b). Fix by € B (nonempty), so f(a) < f(bo) for all a € A, and
then « := sup{f(a)/a € A} is well defined and f(a) < « for all a € A.
For any b € B, we have that f(a) < f(b), so f(b) is an upper bound of
{f(a)/a € A}, so f(b) > « for all b € B. This proves the Theorem.

d

2.5. Proof of the second geometric form. Let A, B be as in the statement
of Theorem 5.7. We claim that there exists ¢ > 0 such that ||a—b|| > ¢ for alla € A
and b € B. Assume this is not true: then there exists (a,), € AY and (b,), € BY
such that ||a, — by,||0 as n — 4-00. Since A is compact, there exists a subsequence
(aj(n)) that converges to a € A. Then (bj(,))n converges also to a, and since B is
closed, then a € B. So a € AN B = (): absurd: this yielsd the conclusion.

Define 41 :={a+2/a € Aand z € B(0,§/3)} and By := {b+2/b € Band z €
B(0,6/3)}. As above, since B(0,6/3) is open, then Aj, By are open. They are
convex since A, B, B(0,d/3) are convex. With the definition of ¢, then A; N B; = 0.
It follows from the geometric Theorem 5.6 that there exists f € E', f # 0, such
that f(a1) < a < f(by) for all a; € Ay and by € By. Since f # 0, take z € B(0,46/3)
be such that f(z) > 0. Then

fla+2z)<a< f(b—=z) forallae Aandbe B.
And then f(a) < a — f(z) and f(b) > a+ f(z) for all a € A and b € B. Since
f(z) >0, we then get the strict separation
2.6. A corollary.

Corollary 5.10. Let (E,| - ||g) be a normed space and let F' C E be a subspace
such that ' # E. Then there exists f € E' such that f £ 0 and f(x) = 0 for all
rzeF.

Solution: Choose 29 € E'\ F. We apply Theorem 5.7 to F' (which is closed and
convex) and {xo}. So there exists f € E', f Z0, a € R and € > 0 such that

f(x) <a—ceforall z € F and f(zg) > a +e.

Fix t > 0. Since I is a vector space, then for any « € F', we have that tx € F and
then tf(z) = f(tx) < o —e. Letting ¢ — 0 and ¢t — 400 yields o > € and f(z) <0
for all x € F. Since —x € F for all x € F, we then have that —f(x) = f(—x) <0
for all z € F, and then f(x) = 0 for all z € F. In addition, f(zq) > a+€ > 2¢ > 0,
so f # 0 and the corollary is proved.
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3. Solution of the exercises of Chapter 5

Solution of Exercise 16:

(1)

This is well-defined since E is finite-dimensional. If d = dim(FE), then
there exists g : E — R that is an extension of f satisfying g(z) < p(z) for
all x € E. So the Theorem is proved.

Since xy # 0, the expression of Rxy makes sense. For x € G, h(x) =
h(z4+0-29) =g(z)+0-a=g(x). It is an extension of g, and then of f.
Linearity is not a problem.

What we need is that g(x) +ta < p(z+txg) for all x € G and ¢t € R. This
is true for ¢t = 0 since g(z) < p(z) for all z € G.

Let us deal with the case t > 0. Then

{9(z) +ta <plx +txg)Vz € G, t >0} < {tg (%) —l—tagtp(%—i—xo) V:EGG,t>O}

x x
— < —
& {g(t)+a_p(t+mo) VmeG,t>0}
< {g(y) +a < p(y+ o) for all y € G}
For the case t < 0, we write s = —t > 0 and then

{9(z) +ta <p(z+txg)Vz € G,t <0} < {g(z)—sa<p(zr—sxy)VreqG,s>0}

& {59(%)fagsp(gfxO>Vx€G,s>O}
& {g(%)—agp(g—xO)VxeG,s>0}
& {g(y) —a < p(y — x0) for all y € G}

So the claim is proved.
For z,y € G, we have that g(x + y) < p(x + y). With the triangle
inequality, we then get that

g(@)+9(y) = glx+y) <plx+y)=plE+r0+y—20)
< pl@+ o) + py — o).

Which yields the desired inequality.
Define

a :=sup{g(z) — p(x — z0)}.

zeG

The above question yields g(z) — p(x — x0) < p(0+ z0) — g(0) = p(xp) for
all x € G. So the set is nonempty and bounded from above: this yields
the existence of & € R such that g(x) — p(x — x¢) < a for all x € G. Fix
now y € G: we have that g(z) —p(x — o) < p(y+2x0) —g(y) for all z € G,
so @ < p(y+ xo) — g(y). Then this choice of o works.
The function h is a linear extension of f on a space H = G @ Rxg of
dimension d + 1, and it satisfies h(z) < p(z) for all z € H. This con-
tradicts the maximality of d for the dimension of such a space. So our
initial hypothesis d < dim(E) is wrong, so d < dim(FE), and, see the first
question, this proves the theorem in finite dimension.

O

Solution of Exercise 17:
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(1) Take (G,g),(H,h),(K, k) € X.
e We have that (G, g) < (G, g), there is no difficulty
e Assume that (G,g) < (H,h) and (H,h) = (G,g). In particular
G C HCG,s0G = H. Since hjg = g, then h = g and then
(G.g) = (H, ).
e Assume that (G,g) < (H,h) and (H,h) < (K,k). Then G C H C K,
so G C K. Take x € G, so v € H and g(x) = h(x) since hig = g.
Since x € H, we have that h(z) = k(z) since k| = h. So g(x) = k(x)
for all g € G and then ki = g, and (G,g) = (K, k).
Then (X, <) is an ordered set.
(2) Let A C X be a nonempty totally ordered subset of X. We write A =
{(Ga,94)/ a € A} for convenience. Define G := |, 4 Go- It is nomepty
since A is nonempty. We define

g: G — R
x — gqlx)ifge G,

acA

To make this definition consistent, we must prove that for any z € G,
g(z) is independent of the choice of a. Take a,b € A be such that z € G,
and z € Gp. Since A is totally ordered, either (Gg,9.) =< (Gb,gp) Or
(Goygp) = (Gay94)- It (Ga,94) 2 (Gp,gp), then since x € G,, we have
that gq(z) = (9)|c, () = gu(x). This is similar if the reverse inequality
holds. So g, () is independent of the choice of a and the definition makes
sense.

We claim that G is a linear space and that g is linear. Take z,y € G
and A, u € R. Then there exists a,b € A such that z € G, and y € Gj.
Since A is ordered, we can assume that (G,, 9,) = (Gp, g), 80 G, C Gp.
Then z,y € Gy which is linear, so Ax + py € Gy C G, and then G is
linear. Moreover, gy(Az + py) = Agp(z) + pgs(y) and then g(Ax + py) =
Ag(z) + pg(y), so g is linear.

Fix x € F. Takea € A # 0, so that x € FF C G, C G and then
9(x) = ga(x) = f(x), s0 F C G and g = f.

Fix € G. Then there exists a € A such that z € G,. Then g,(z) < p(z),
and then g(z) < p(z) for all € G. These points prove that (G, g) € X.
Take a € A. Then for z € G,, G, C G and we have that g(z) = g,(x).
So (Ga,94) < (G, g). Then A admits an upper bound.

3

(4) This is exactly what was performed in the finite-dimensional case.

(5) So G = F and g : E — R is an extension that satisfies the conclusion of
the theorem.

(]
Solution of Exercise 18 Since f is continuous, then |f(z)| < M|jz||r = M||z| g
with M = ||f||p—r for all x € F. Define p(z) = M|z||g. We apply the Hahn-
Banach theorem to f and p, which yields the existence of f : ' — R linear such
that

f(z) < p(z) = M||z||g for all 2 € E and fr = f.

So we have that —(f)(z) = f(—z) < p(—z) = M|| — z||g = M||z||g for all z € E,
and then |f(z)| < m|jz| g for all z € E. Therefore f is continuous and || f||p_r <
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M = ||f||p—g. For z € F, we have that |f(x)| = |f(z)|, so we get that ||f|zor >
Iflr=gr- So we have equality. O
Solution of Exercise 19: Fix x € E. For f € E’, we have that |f(x)] <
lflE=rllz] £, so the supremum exists and

f(z

sp O
resr, f20 [l fllB-r

Let us prove the existence of f € E’ nonzero such that |f(z)| = ||flle=rlz|E,

which will porve equality an dthe the supremum is achieved.

If © # 0, define g(tx) = t||z|| for all ¢t € R, which defines g : Rz — R as a
linear map. Moreover |g(y)| < |ly|| for all y € Rx. We apply the Hahn-Banach
Theorem with p(y) = ||y|| for y € E, which yields f : E — R linear such that
f(z) = g(x) = ||z|| and f(y) > |ly|| for all y € E. Applying this to —y yields
—fy) = f(=y) < [ =yl = llyl, and then |f(y)| < [ly[| for all y € E, so f is
continuous and ||f||lg—r < 1. Since % = 1, we then get that || f|lg—r = 1 and

|f(2)] = ||z||. Then the supremum is achieved.
If x = 0, take some g # 0 such that o € E, and f € E’ such that |f(zq)| =
[lzoll # 0. So f # 0 and the supremum for x = 0 is zero, and it is achieved. O

Solution of Exercise 20: if H # (), take zg € H, that is f(z9) = a. Take the
sequence (y,) as above. Then y, — y1 + 20 € H that is closed, so —y1 + 20 € H,
and then f(—y1 + 2z0) = «, so f(y1) = 0, which is a contradiction. If H = () (which
is closed), then f =0 (otherwise f is surjective), and then its is continuous. In all
cases f is continuous. ([l

Solution of Exercise 21:
(1) We have that I, := f*(C) where

{fmz (0,40) — H
1

« = o
Since f, is continuous and C is open, then I,, = f*(C) is open in (0, +00),
which is open in R, so I, is open in R. Assume that o € I, and take 8 > a.
Then we write

Z (1_ﬂ>0+5 fECsince0<%<1and0,§€C,
so B € I,. This proves that I, is convex and unbounded on the right,
which yields the existence of ag > 0.

(2) Fix 2 € E\ {0}. Then 2 r € B(0,0) C E, s0 267"|jz| € I,, and then
gy <2671 |x].

(3) p(z) = ap < 207 z].

(4) Since p(z) + € > p(x) = ay, then
We write that

Tty p(z) +e x p(y) +e y
)+

p(@) +p(y) + 26 p(@)+p(y) + 26 p p(z) +p(y) +2ep(y) + ¢

since C' is convex. So p(x) + p(y) + 2¢ > a4y = p(x + y) for all € > 0.
Letting € — 0 yields p(z) + p(y) < p(x) +p(y)-

2 le

€ C, and similarly eC.

Y
p(m)+€ p(y)+e
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(5) The three items are consequences of the definition and the questions above.
We prove (11):
(Q): wetake z € C. Soz/1 € C and 1 € I, = (g, +0), 80 p() = @y <
1.
(D): we take z € E such that a, = p(z) < 1. Since I, = (o, +00), we
have that 1 € I, and then z € C.

U
Solution of Exercise 22:

(1) Note that p(xg) > 1 since ¢ ¢ C. The inequality is clear for ¢ < 0. For
t > 0, we have that g(txo) =t < p(xo) = p(tzo). It follows from Theorem
5.1 that there exists f : H — R linear such that f(z) < p(x) for all z € E
and f(z) = g(x) for all x € Rzg. So f(zo) = g(z9) = 1. For x € C, then
f(z) < p(z) < 1. Moreover, for x € E, f(z) < p(z) < M||z|: doing the
same for —x yields |f(z)| < M||z| for all z € E, and then f is continuous.
(2) We have that zop —yo € £\ C and 0 € C. So there exists f € E’ such
that f(z) < f(zo —yo) for all z € C. So for all z € C, z — yo € C and

f(x —yo) < f(xo — yo) and then f(z) < f(zo).
(]






CHAPTER 6

Intermission: ODEs with continuous coefficients
via Zorn’s Lemma. A version of Arzela-Peano’s
theorem

The Cauchy-Lipschitz existence Theorem 16.5 requires the coefficient to have a
certain Lipschitz regularity. For instance, in Exercise 3, you proved the following:

THEOREM 6.1. Let f € CY(R,R) be such that there exists K > 0 such that

(12) |f(@) = f(y)| < K|z —y| for all z,y € R.
Then there exists & > 0 such that for all zo € R, there exists u € C1([-9,6],R)

such that
w'(t) = f(u(t)) forallt e [—6,0]
u(0) = xg
Moreover, such a solution u is unique.

In the proof, you got an explicit value of §, for instance 6 = ﬁ is fine. Then, if
your function is not Lipschitz continuous, this would yield K = co and then § = 0...

so the method does not work here.

In this chapter, we are going to deal with continuous functions only. We already
know that there is no uniqueness: the function

R — R
. 0 ifx <0
t 22 ifz>0

is a solution to y’ = 24/]y|, but so is the null function. They both vanish at 0: so
there is no uniqueness.

Here, we are going to show a particular case of the Arzela-Peano Theorem:

THEOREM 6.2 (see Arzela-Peano). Let f € C°(R) be a continuous bounded
function in R and let to,zo € R be parameters. Then there exists u € CY(R) such
that:

(13) { u'(t) = f(u(t)) forallt € R

u(to) = X9

Here are the steps of the proof. We take such a function f and we take M > 0 be
such that |f(z)| < M for all 2 € R. For simplicity we take tg = 0.

Step 1: regularization. We approximate f by a C!—function. The standard way is
to take a mollifier (p,), (we say ”approximation of the unity”) such that

e p, € CL(R) for all n € N,

59
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e p, >0 forallneN,

e Supp pp, C]—1/(n+1),1/(n+ 1) for all n € N,

o [ppndr=1forallneN*
and we take the convolution f, := f x p, for all n € N. It follows from classical
approximation theorems (see undergraduate classes and Theorem 12.4) that

o f, € CY(R) for all n € N,

e For any R > 0, (fy)n converges to f uniformly on [—R, R] as n — +0o0.

e For all z € R and n € N, we have that |f,(z)] < M.

Step 2: application of the Cauchy-Lipschitz Theorem 16.5. Here we satisfy the hy-
pothesis of the Theorem, which yields the existence of solutions to the approximate
problem that are defined around 0. Since f, is bounded for all n € N, then exten-
sion theorems for ODEs show that our solution can be extended to R. Therefore,
there exists u, € C*(R) unique such that

{ uh (t) = fu(un(t)) forallteR
un(to) = X0

Step 8: Ascoli’s Theorem. Fix R > 0.
e With Ascoli’s Theorem, we get that {u,/n € N} is relatively compact in

C°([-R, R)).
e Letting u € C°([—R, R]) be the limit of a subsequence, we get that u €
CY([-R, R]) and
{ u'(t) = f(u(t)) forallte|[—R,R]
u(to) = X0

Be Careful: u is not necessarily unique!!!!

Step 4: Application of Zorn’s Lemma. Define the set

X:={<u,R>/Re<o,+oo] and u € C(] - R, R]) s.. {z’é?)—: fudt) Vo€~ B, R }

(It is important to tolerate R = +00). On X, define the order:
(u, R) = (v,8) if R < .S and v_g g = u.
Then

(X, <) is ordered, non-empty, and it is inductive.

e Zorn’s Lemma yields a maximal element (u, R) avec 0 < R < +o00.

e Assume that R < +o0o. Then u(t) has a finite limite (say ) as ¢t — R.
Hint: first show that (u(t;)); is a Cauchy sequence for all (t;); €] — R, R[N
going to R. This is classical in ODE theory.

e Assume that R < +oc. Then there exists v € C*(JR—1, R+ 1[) such that
v(R) =1let v'(t) = f(v(t)) forall t )R —1, R+ 1].

e Assume that R < 4+00. Define @ :]— R, R+ 1[— R par a(t) = u(t) if t < R
and v(t) if t > R. Then @ € C*(] — R, R+ 1]) is a soltion to @' = f(a).

e Assume that R < +o00. Arguing similarly for —R, we get that there is an
extension on | — R —1, R+ 1[. This is a contradiction with the hypothesis
R < +o0.

e Then R = +o00 and we get a solution to (13).

Remarks.
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e When f € C(R), the uniqueness in ODEs yields that (X, <) is totally
ordered.

e The local existence of solutions to v’ = f(u) is valid when f is continuous,
but not necessarily bounded. It is more intricate, see Quéffelec-Zuily [5].
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Continuous linear functions






CHAPTER 7

The method of continuity

This chapter is strongly inspired by Part II, Chapter 2, Exercise 9 in the book
by Gonnord and Tosel [3].

1. Continuity with respect to the parameter
1.1. The space GI.(E, F).
DEFINITION 1.1. Let (E,||-||g) and (F, ||-||r) be two normed spaces. We define
Gl.(E,F) :={u: E — F linear, continuous, bijective and u™" is continuous}.
In other words, this is the set of linear homomorphisms. This set might be empty.

Remarks:

e If F and F are finite-dimensional, the continuity is given for free.

e If ¥ and F are finite-dimensional, but not of the same dimension, then
Gl.(E,F) = 0.

e [t follows from Corollary 4.8 that when E, F' are Banach spaces, the con-
tinuity of w~! is automatic if v is continuous.

Let us recall the following classical result:
Proposition 7.1. Let (E,||-||g) be a Banach space. We endow L.(E) = L.(E,E)

with the norm || - ||e—g. Then B(Idg,1) C GI.(E). As a consequence, Gl.(E) is
open in L.(E).

1.2. Statement.

THEOREM 7.2. Let (E,| - ||g) and (F,| - ||r) be Banach spaces. Let A €
C°([0,1], L.(E, F)) be a continuous function such that

(1) There exists ¢ > 0 such that
(14) AN [z]||F > c|lz||g for all z € E and all X € [0,1],
(2) A(0) € Gl.(E,F).
Then A(X) € GI.(E,F) for all X\ € [0,1].
In other words, the invertibility is preserved along [0,1]. This is telling you
that

e If you can pass continuously from a problem to another problem,
e if you have a good control on potential solutions to the continuum of
problems

then if one of the problem can be solved, then the other can be too.

65
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1.3. The proof. For simplicity, we first assume that F = F' and that A(0) =
ldg.

e By using Proposition 7.1, show that there exists g > 0 such that A(\ €
Gl.(E) for all X € [0, ¢€p).

e By using Proposition 7.1 and (14), show that there exists « > 0 such that
for any A € [0,1] such that A(\) € Gl.(F), then A(n) € GI.(E) for all
w € [0, 1] such that |A — p| < a. The difficulty is that « is independent of
the choice of A.

e Define

Ao :=sup{\ € [0, 1] such that A(u) € GI.(EF) for all u € [0, \]}.

Using the two preceding steps, show that Ag > 0, and then that \yg = 1
(argue by contradiction).
e Conclude.

You can then tackle the general case E # F. The detailed proof is at the end of
this chapter.

2. Application: resolution of an ODE with Dirichlet boundary
conditions

Let a,w € C°([0,1]) be continuous functions. We assume that w(t) > 0 for all
t €10,1]. We fix y € C°([0, 1]). Our objective is to prove that there exists a unique
solution z € C?%([0,1]) to

{ 2" (t) + a(t)2'(t) + w(t)z(t) = y(t) for all t € [0,1]
z(0)=2(1) =0

To solve this problem, we are going to introduce a parameter that will transform
(15) into an equation with constant coefficient, which can be solved. For A € [0, 1],
we consider the equation

{ —2"(t) + a(At)2' (t) + w(M)x(t) = y(t) forall t € [0,1]
z(0)=z(1) =0

Define X := {x € C?([0,1]) such that z(0) = x(1) = 0}. and we define A(\) : X —
C°([0,1]) such that for = € C2([0,1]), we have that A(\)(x) := ¢ where

o(t) == —2"(t) + a(At)2' (t) + w(At)x(t) for all ¢ € [0,1].
On X C C?([0,1]), we define the norm

llullcz = ||ulloo + [|/]|oo + ||t ||oo for all u € X.

(15)

(Ex).-

The solutions to the questions are at the end of this chapter.

Step 1: Analysis of A(\):
1. Show that for all A € [0,1], A()\) : (X,]|-[lc2) = (C°([0,1]), || - ||s0) is continuous.

2. Show that A : [0,1] — L.(X,C%(]0,1])) is continuous (with the suitable norms).

Step 2: Control of the solutions to (E)). We let z € C?([0,1]) be a solution
to (E)\)

3. We assume that there exists 0 < ¢y < 1 such that x has a minimum at ¢, on [0, 1].
What can you say of 2’ (tg) and x”(t9)? Show that there exists v > 0 independent
of x,y, A such that ||7]|oc < v||yl|oo-
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4. We set u := 2’. Show that there exists t; € (0,1) such that u(¢;) = 0. Let A be a
primitive of ¢ — —a(At) sur [0,1]. What is the differential of ¢ — (u(t)e*())? Show
then that there exists B > 0 independent of z,y, A such that ||2'||c < B||Ylco-

5. Show that there exists M > 0 independent of x, y, A such that ||z|c2 < M||y]co-
6. Show that for all A € [0,1] and all x € X, then ||[A(\)(2)] 00 > M~ |2|c2.
Step 3: Analysis of A(0): We set ag := a(0) and wp := w(0) > 0. We consider
the system

{ —z"(t) + agz’(t) + woz(t) = y(t) for all ¢ € [0,1] (o)

z(0)=z(1) =0
7. Assume that y = 0. Determine 7, > 0 > 79 such that ¢ — e is a solution to
(Ep) iff r € {ry,ra}.
8. Show that the function zo € C%([0,1]) defined as
t —7r18 t —7ros
xo(t) == —e”t/ LS)B ds—i—e”t/ 7y(s)e ds
o T1—T2 o TL—T2

is a solution to —x{ + apx( + woro = Y.
9. Determine the unique solution to (Ep).
10. Show that A(0) : (X, || - |[lc2) = (C°([0,1]), || - |ls) is a homeomorphism.
11. Show that A(\) is invertible for all A € [0,1]. Show that (15) has a unique
solution.
How to get a particular solution? The expression in Question 8 arises from the
method of ”variation of the parameters”. Here is this method in dimension > 1.

e Write (Ep) as a 2 x 2 system Z'(t) = AZ(t) + B(¢);

e Give two functions Z7, Z5 linearly independent that are solutions to X’ =

AX (use the resolution of 2nd order nondegenerate equations).
e Set Z(t) = Mt)Z1(t) + pu(t) Z2(t) for ¢ € [0,1] and show that Z/ = AZ+ B
iff AZy + 122 = B
e Compute A and fi.
e Find an explicit solution to (15).

3. Solutions of the exercises of Chapter 7

Detailed proof of Theorem 7.2: We assume that E = F and A(0) = Idg.

e Since A is continuous at 0, there exists ey > 0 such that for all A € [0, 1],
if |\ — 0] < €, then [|A(A) — A(0)||g—r < 1. Since A(0) = Idg, for any
A€ 10,¢), A(N) € B(Idg,1) C Gl.(E) by Proposition 7.1.

e Let us first prove the following claim: for any A € [0,1] such that A(\) €
Gl.(E), then ||[AN)7Y|gr < ¢t We prove the claim: take y € E and
define z := A(X\)~1(y), it follows from (14) that

AN W) e = cllzlle < AN =]lE = llylle,

which yields the claim.
Now take A, pu € [0,1] such that A(\) € GI.(E). We have that

Alp) = AWN) (Tdp + AN (A(p) — AWN) = AN (Idp + H)
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with
|H|| = < |[AN) M esellA(p) — AN g=e < ¢ HA) — AN ||p—E-

Since A : [0,1] — L.(E) is continuous and [0, 1] is compact, A is uniformly
continuous and there exists o > 0 such that for any a,b € [0,1], |a — b <
a = ||A(a)—A(b)||p—E < c. Therefore, if |A—pu| < «, then ||H|| g < 1,
and then Idg + H € GI.(E) (this is Proposition 7.1), and since A(X) €
Gl.(E), we get that A(u) € Gl.(E).
e The first step shows that A\g > ¢y > 0. It follows from the definition of
Ao that A(\) € GI.(E) for all 0 < A < Ag. Take 8 := min{2¢, 2}. So
Ao — B € [0, A) and then A(Xg — ) € Gl.(F). Take p € [0, 1] such that
Ao < < Ao+ B: we have that |u— (Ao — )| <28 < a, so A(n) € Gl.(F).
We then have proved that A(X) € Gl.(E) for all A € [0,1] N[0, A\g + 8]. If
Ao < 1, we then get a contradiction.
e So Ao =1and A(\) € GI.(E) for all A € [0,1]N[0,14 8] = [0, 1], which
proves the Theorem.
For the general case E # F, define A(\) := A(0)"'A(\) for A € [0,1]. As one
checks, A € C°([0,1], L.(E)) satisfies the hypothesis of Theorem 7.2 and A(0) =
Idg, so the preceding case yields A(\) € Gl.(E) for all A\ € [0,1]. Theorem 7.2
follows by writing A(\) = A(0) - A(\). O

Solution to ”Resolution of an ODE with Dirichlet boundary conditions”:
1. For A € [0,1] and = € X, we have that

AN 2] loo

12" + a(A)z" + w(A) 2l
12" o0 + llallooll2"lloo + llwlloo 1l

max{1, [|alloc, [|wlloc }2]l o2

IAIA

Since A()) is linear, this yields the continuity.
2. For A\, 1 € [0,1] and = € X, we have that
I(AQ) = A)zllle = I{a(X) = a(p))z" + (w(A-) = w(p))z]|o
la(A) = a(p)lloo - 12" [loe + lw(X) = w(p)lloo - [l
(la(A) = a(p) oo + lw(X) = w(p)lloo) - [l c2

IAINA

Therefore

[(AQA) = A(w)[[x>co < [Ja(r) = alp:)lloo + lo(A) = w(p-)[loo
Fix € > 0. Since a,w € C°([0,1]) and [0, 1] is compact, they are uniformly continu-
ous and there exists d. > 0 such that for all ¢,s € [0, 1].

€
and|w(t) — w(s)| < 5}

So, for |\ — u| < &, we have that |\t — pt| < |\ — u| < o, for all ¢ € [0, 1] and then
la(At) —a(ut)] < 5 for all t € [0,1], so [[a(A) — a(p-)]|ce < §. This is similar for w,
and then

[t —s| <déc = {|a(t) —a(s)| <

A= pl <de = (AN = A(p))[x—co < e,

so A:[0,1] — L.(X,C") is continuous (and even uniformly continuous since §. is
independent of the choice of A, u).
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3. Since tp is an interior point, we have that 2'(¢g) = 0 and 2" (tg) > 0. So we have
that

w(Mto)z(to) = =" (to) + a(M)z'(to) + w(Mo)x(to) = y(to) = —llylle

Since w is continuous on the compact set [0, 1] and positive, there exists v > 0 such
that w(t) > % for all t € [0,1], and we get that

_lyllee

o
If ¢y € {0,1}, this inequality still holds since z(0) = x(1) = 0. So in any case,
ming 1)z > =7 ||yl. Taking —z instead of x, we get that maxp 1)z <77 ||y||co-
Therefore ||2||co < ||Y]]co-

x(tg) >

4. The existence of #; is a consequence of Rolle’s Lemma since 2(0) = z(1) = 0.
The map ¢+ K (t) := u(t)eA® is differentiable and for all ¢ € [0, 1], we have that

K'(t) = (u + Au)er® = (2" — a(\)a)er® = (WA )z — y)et®
and therefore
1K' ()] < ([lloollzlloo + lylloo)el = < (aolooy + Vel =l o
for all t € [0,1]. We then get that
u(t)e* V] = [K ()] = [K(6) =K ()] < (|wlloy+D)el > [lylloc-|t=t1] < (Jwlloocr+1)e 1> ly]| oo
for all t € [0,1], and then
[’ (8)] = [u(®)] < (Jwllooy + Vel yllace™® < ([lwlloy + 1)e?1= 1yl
So we get the conclusion with B := (||w|[oy + 1)e2I@lle.
5. We write 2" = a(\)z’ + w(A\-)x — y, therefore, using questions 3. and 4., we get
12"l < llallsollz’lloo + [wlloo |20 + 1Yl < (llallseB + [wllooy + 1) [Yllso-
So with the definition of the norm and again questions 3. and 4., we get
[zllc2 < ([lalloe B + [[wllocy + 14 B +7) [yl
which yields a possible value for M.
6. Letting y := A(\)(x), this is just rewriting question 5..

7. We have a solution iff —r? 4+ agr +wp = 0. The discriminant is A = a3 + 4wy > 0

since wg > 0. The zeroes are then
ag + \/ag + 4w >0
— .

— /a2 +4
r = —CLO ;O+ o < 0 and ro 1=

8. This is a direct computation.

9. We add a solution to the homogeneous equation to xzg: we write x(t) := zo(t) +
Aemt 4 Bem?t for t € [0,1] where A, B € R are to be determined. Linearity yields
—x" + agx’ + wor = y. We have that
2(0) = z9(0) + A+ B and z(1) = xo(1) + Ae"™ + Be™
So to get z(0) = x(1) = 0, we have a system to solve and we get
— 1 T2 1) — 1
zo(1) + 2o (0)e and B — +x0(1) — z9(0)e .

e — e’ et — e’z

A:

So we get a solution to (Ep). It is unique due to the control of question 5..
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10. We have proved that A(0) is linear, continuous and is a bijection. Question 6.
yields [|A(0)"1(y)]|cz < M||y|lo for all y € C°([0,1]), which yields the continuity
of A(0), so A(0) is a homeomorphism. An alternative is to use Corollary 4.8 since
(X, |- [le2) and (C°([0,1]), || - |o) are Banach spaces.

11. The function A : [0,1] — L.(X,C°([0,1])) satisfies the hypothesis of Theorem
7.2, so A(\) € GlL.(X,C°([0,1])) for all A € [0,1], so A(1) is invertible. Given
y € C°I0,1]), = := A(1)~!(y) is a solution to (15), and therefore the unique
solution since A(1) is injective.



CHAPTER 8

Hilbert spaces

1. Review of a few classical definitions and facts

1.1. Definition.

DEFINITION 1.1. A scalar product on a real vector space H is a map () :

H x H — R such that

o (-,-) is bilinear

e (-,-) is symmetric

e for all x € H, we have that (x,z) >0, and =0 iff t =0
Then x — ||z|| :== \/{x,z) is a norm on H. A vector space (H,(-,-)) with such a
scalar product is called a pre-Hilbert space. A Hilbert space is a pre-Hilbert that is
complete for the norm || - ||.

Here are some examples:

e R" n > 1, endowed with the canonical scalar product (z, y)gn := 2?21 T
It is a Hilbert space (completeness is immediate in finite dimension).

o P(N) = {(zn)n/ 32, x5 < 00} and (z,y)p 1= 2 nen Tn¥n

e Given § an open set of R", we define the L?—scalar product (u,v)> :=
Jouvdx for u,v € L*(Q2). Then (L*(Q), (-,-)12) is a Hilbert space.

e (C°([0,1]), (-,-)12) is a pre-Hilbert space, but not a Hilbert space.

1.2. Inequalities and equalities.

Proposition 8.1. Let (H,(:,-)) be a pre-Hilbert space. Then for all z,y € H, we
have that

[z, )] < [lz]l - [yl
Moreover, equality holds iff x and y are not linearly independent.

Proposition 8.2. Let (H,(-,-)) be a pre-Hilbert space. Then for all z,y € H, we
have that

2 2
(16) zty z—y|I” _ =1+ [yl
2 2 2
Proposition 8.3. Let (H, |- |) be a normed space. We assume that (16) holds for
all z,y € H. Then H is a pre-Hilbert space and || - || is the norm associated to the

scalar product.
1.3. Orthogonality.

DEFINITION 1.2. Let (H,(-,-)) be a pre-Hilbert space. For A C H, we define
At = {x € H such that (x,a) =0 for all a € A}.
The space AL is a closed linear space.

71
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Proposition 8.4. Let (H, (-,-)) be a pre-Hilbert space. For A C H, the space A+
is a closed linear space and AN A+ = {0}.

2. The projection theorem
2.1. Statements.

THEOREM 8.5 (Projection theorem). Let (H,(:,)) be a pre-Hilbert space . Let
C C H be a nonempty conver and complete space. Then for all x € H, there exists
zc € C unique such that

(17) |z — z¢| = inf{|lz —y|/y € C}.
We say that xc is the orthogonal projection of x on C. Moreover given z € H, we
have the equivalence:
e z=1u¢
e (x—z,y—2) <0 foralyeC.
Proposition 8.6. Let (H,(-,-)) be a pre-Hilbert space . Let C C H be a nonempty

convex and complete space. For x € C, we let mc(x) be its orthogonal projection.
Then 7o : H — H is 1—Lipschitz.

THEOREM 8.7 (Projection theorem for Hilbert spaces). Let (H,(-,-)) be a
Hilbert space. Let C C H be a nonempty convex and closed space. Then for all
x € H, there exists x¢ € C' unique such that

(18) lz = zc| = nf{[lz —yll/y € C}.

We say that x¢ is the orthogonal projection of x on C. Moreover given z € H, we
have the equivalence:

e 2 =1zx¢
o (x —z,y—2) <0 foralyeC.

2.2. Proof. See undergraduate class.

2.3. Consequences.

Corollary 8.8. Let F' be be a closed linear space of a Hilbert space (H, {-,-)). Then
H = F@®F'. Inparticular F admits a supplement and 7 is linear and symmetric.

PRrROOF. For any z € E, let xp = wp(x) its projection on F. Fix y € F. Then
ey+xp € F for all e € R and then e(z — zp,y) = (x — zp, (xp + ey) —xzp) <0 for
alle € R and y € F, and then (x — zp,y) =0 for all y € F, so that  — zp € F*.
Then z € F@® FL. The characterization of zp then reads z = np(x) iff v — 2 € F*.
This yields the linearity of 7p. O

Another common consequence is the following:
Corollary 8.9. Let F be be linear space of a Hilbert space (H,(-,-)). Then H = F
iff F-=10.
THEOREM 8.10 (Riesz representation Theorem). Let (H, (-, -)) be a Hilbert space
Then for all p € H' (continuous linear map ¢ : H — R), there exists x € H
unique such that p(z) = (x,z) for all z € H. In other words, the map
i: H — H'
x = (20 (z,2))

is an isometry with the suitable norms.
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PROOF. Fix ¢ € H' with ¢ # 0 (otherwise take x = 0). Since Ker ¢ is closed,
then H = Ker ¢ @ (Ker QD)J_. Since Ker ¢ is a hyperplane, then the supplement
(Ker )" is one-dimensional. Let 2o € H be such that (Ker @)™ = Raq, zo # 0
and p(zg) # 0. Take u € H and define v/ = u — m:‘fg zo. Then (v, z0) = 0 and

then u' € (Rzo)t = Ker ¢, so ¢(u/) = 0, and then o(u) — ?r;:lfg ¢(z0) = 0. So

with z = 2207, we have that ¢(u) = (u,z) for all w € H. This proves the

ol
theorem. O

3. Weak compactness of the unit ball
3.1. A new topology on Hilbert spaces.

Proposition 8.11. Let (H,(-,-)) be a Hilbert space. Then there exists a topology
on H, called the "weak topology”, such that for any sequence (), in H andx € H,
then the two following assertions are equivalent:

o (x,)n converges to x in the weak topology

o For all ¢ € E', then lim, o0 ¢(z,) = p(z)

Vocabulary and notations: the topology of normed space of (H, || - ) is called
the strong topology. Given a sequence (), such that z,, € H for alln and = € H,
we will write
e 1, — x asn — +oo when (x,), to x for the strong topology (we say that
7 (25)n converges strongly to z”
e x, — x as n — +oo when (x,), to x for the weak topology (we say that
" (2n)n converges weakly to x”

It follows from the representation Theorem 8.10 that for (z,), € H and x € H,
(19) {x, 2~z asn— +oo} < { forany z € H, (x,,z) = (x,2) as n = +oo}
3.2. Properties.

Proposition 8.12. Let (H,(-,-)) be a Hilbert space. Let (z,,)n be such that x,, € H
foralln € N and x € H. Then

o When it exists, the weak limit is unique
e Strong convergence = weak convergence: that is {x, — z} = {z, — x}
as n — +00o
o Ifx, — x, then ||z|| <liminf, 1 [|z,]
o Ifx, = x and ||x,| — ||z||, then z, — x strongly as n — 400
e In finite dimension, weak and strong convergence are equivalent (the two
topologies coincide).
PROOF. e Assume that (z,), converges to « and =’ € H. Fix z € H.
Then (z,,2z) — (z,z) and (2, z) as n — +o0, so (z,z) = (2, z) for all
z € H. Taking z = x — 2’ yields « = a’. This proves uniqueness.
e Take (z,,), that converges strongly to z. Fix ¢ € H'. Since ¢ is continuous
for the strong topology, then ¢(z,) — ¢(z), so &, — x as n — +oo.
e For n € N, we have that
lzn = +2||* = ||lzn — 2|® + (& — 2, 2) + [l
> (2o —x,2) + ||z

Since x,, — z, then (z, —x,x) — 0 as n — +oo. This yields the result.

[



74 8. HILBERT SPACES

e It follows from the above analysis that when x, — =z, we have that
[znll?> = llzn — 2|* + [[2[|* + o(1) as n — +oo. Then, if ||z, — [|l2[,
we get that ||z, — z|| — 0 as n — 400, which yields strong convergence.

e Let {e1,...,en} be an orthonormal basis of H. Then for all n € N, we
have that z,, = Zﬁl(xn,eﬁei. If ¢, — x, then (z,,¢e;) — (x,e;) for all
1=1,...,N, and then z,, — Zf\;1<x,ei>ei = x strongly.

O

3.3. An example of a weakly- but not strongly-convergence sequence.
It follows from the latest assertion that we need to work in infinite dimension to
find such an example. We are working in the Hilbert space (L?(R), (-, -)p2).

Fix 6 € C°(R) such that 8 # 0. Define
0 () := /nf(nz) for all x € R and n € N, n > 1.
We claim that
0, — 0 as n — 400 but does not converge for the strong topology.

We prove the claim. The first remark is that for any n > 1, with a change of
variables, we have that

(20) 16,112 = / 02 (z) dr = / 06 () dz = / 02 (x) du = [6]2

Let us prove the weak convergence of (6,,) to 0. Let R > 0 be such that 6(z) =0
for all |z| > R. Fix f € L*(R). Then

[(On, flrz| =

/R 00 (2) f(z) da

R/n
- | / 00 (2) f(z) da

—R/n

R/n R/n
/ 0, (x)2 dx / f(z)2dx
—R/n —R/n
|9n|2\/ / 1y f ()2 i = ||e||2\/ / 1ty f ()2 da

Since f € L%(R), it follows from Lebesgue’s convergence Theorem that

lim <9n; f>L2 =0

n——+o0o

IN

IN

for all f € L?(R). Therefore, with Riesz’s representation theorem, we get that 6,, —
0 as n — +o00. Assume that (6,,), has a strong limite, say ©. Then the convergence
holds in the weak sense (see the preceding proposition), and by uniqueness, we have
that ©® = 0, so 6, — 0 strongly as n — oo, and then [|0,]2 — 0 as n — o0,
contradicting (20). Then (6,,) admits no strong limit.

3.4. Main theorem.
3.4.1. Statement.

THEOREM 8.13. Let (H,{(-,-)) be a Hilbert space . Then Bp(0,1) = {x €
H such that ||z|]| < 1} is compact for the weak topology. In particular, for any
bounded sequence (), such that x, € H and ||x,|| < M for alln e N (M >0 is
independent of n), there exists x € H and a subsequence (Zj(n))n such that

Tjn) — T weakly as n — +o0.
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3.4.2. Proof. The abstract proof can be found in Brezis [1]. Here, we are
just proving that from a bounded sequence, we can extract a weakly converging
subsequence when H is separable (that is admits a countable dense subspace).
Note that, this is equivalent to compactness only when the topology arises from a
metric space, which indeed is the case when H is separable. See discussions on this
issue below.

The proof we perform is extremely close to the proof of Ascoli’s Theorem, and it is
even simpler since we will not require uniform convergence.

§0 assume that H is separable, that is there exists (zx)ren € H such that H =
{z1/ k € N}. We take a sequence (2, )nen such that there exists M > 0 such that

Zn € H and ||z,|| < M for all n € N.

Step 1: transfer to H'. For any n € N, we define

fn(z) :=(xy, 2) for all z € H.

We have that f,, € H' for all n € N and that |f,(2)| < M||z|| for all n € N and all
z € H. In particular, |f,(2) — fn(2')] < M|z — 2'|| for all n € N, 2,2’ € H. So this
is some uniform equicontinuity!!!

Step 2: Cantor’s diagonal process. Fix k € N. Then the sequence (f,(z))n is
in [-M, M], and so it is bounded in R. So a subsequence converges, given k € N.
Performing Cantor’s Diagonal procedure as in the proof of Ascoli’s Theorem 3.5,
we get the existence of a subsequence (f}(,)) such that

for all k € N, (fj(n)(2k))n converges as n — +oo.

Step 3: Pointwise convergence. We claim that there exists f : H — R such
that for any z € H, (fj(n)(2))n converges to f(z).

We prove the claim. Fix z € H and k € N. We have that

fiw)(2) = Fi (D) < 1fi)(2) = Fi) (ZR)] + [ i) (21) = Fica) (2l + 1) (21) = Fitg) (2)]

< 2M|lz =zl + | i (21) — Fiq) (21)]

We argue again as in the proof of Ascoli’s Theorem. Fix ¢ > 0. Fix k € N such
that ||z — zk|| < 3T Since (fj(n)(2x))n converges, it is a Cauchy sequence and
there exists ng = no(k, €) = no(z,€) € N such that |f;,)(2x) — fj(q (2)] < § for all
p,q # no- So

2¢ €

i(2) = fia () < 5+ 5 =€ forall p.g > ng

and then (f;(n)(2))n is a Cauchy sequence in R, so it converges. Let f(z) be its
limit.

Step 4: continuity of f. We claim that f € H'.

For 2,2 € H and A\, € R, we have that fjq)(Az + p2') = AMfjm)(2) + i1fjm) (27)
for all n € N. Letting n — 400 and using the poitnwise convergence of Step 3
yields the linearity of f. Moreover, we have that |f;)(2)| < M||z|| for all n € N

and z € H. Letting n — +oo yields |f(z)| < M||z|| for all z € H. Since f is linear,
this yields continuity.

Step 5: Existence of z and conclusion.



76 8. HILBERT SPACES

Since f € H' and H is a Hilbert space, it follows from Riesz representation theorem
8.10 that there exists € H such that f(z) = (x,z) for all z € H. Then, for any
z € H, we have that

(Tjn),2) = fim)(2) = f(2) = (z,2) as n — +o0,

and then ;) — z as n — 4oo. Since |[z|* = |f(z)] < M|z, we get that
Joll < M. 0

3.5. Applications.

Proposition 8.14 (Riesz Theorem revisited). Let (H, (-,-)) be a Hilbert space. Fix
f € H'. Then there exists x € H such that f(z) = (x,z) for all z € H.

Of course this is the classical representation theorem. However it is of interest
to write it in a variational setting and to prove it via a minimization argument.
Define

J(z) = @ —

Step 0: The variational setting. Let us prove that J € C1(H). Fix zy € H and
h € H. We have that

f(z) for all z € H.

20 + h||? 20|17 + 2(z0, h) + || B
_ B s
= J(20) + (z0,h) — f(h) + N
Since h +— (zg,h) — f(h) is linear and continuous and limp_, ”H};LH”Z =0, then J is

differentiable at zy and d.J,,[h] = (z0,h) — f(h) for all h € H.
We prove that d.J is C°, where

di: H — H'
z = dJ,

Take z1,20 € H and h € H. We have that
[(dJzy —dJz2,)[] = (21, h) — f(R) — ((z2, h) — f(R))| = [(21 — 22, B)| < [lz1—22]|- ||,
and then

|(dJz, — dJ=,) ]|
il

Then dJ is Lipschitz, so it is continuous and J € C'(H).
Then we have the following: for any x € H, we have that
dJ, =0 & (z,h) = f(h) for all h € H.

So our problem enjoys a variational formulation , that is dJ, = 0. In order to find
a critical point, we are going to minimize J.

Hd‘]zl _dJZQHH—)]R:Sup < HZl_ZQH'
h£0

Step 1: we claim that J has a lower bound.

We prove the claim. Indeed, since f is continuous, we have that

2 2
(21) J(z) > @ —Ifllz=rllzll = 1 (2]l - ||f||HHR)2 _ /117 —r > /1w

2
2 2 2
for all z € H. So J has a lower bound.
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Define
m:=inf{J(z)/z € H} € R.
Let (zy)n € H be a minimizing subsequence, that is

(22) lim J(z,) =m.

n—-+o0o
Step 2: We claim that (xy,), is bounded.
We prove the claim. It follows from (21) that
D—J S 1 _ 2 e
et o(1) = J(ea) 2 5 (eall = 1 lrm)? — PE=E,
and then (||z,||)n is bounded in R, which yields boundedness of (x,)y.
Step 3: there exists x € H and a subsequence () — x weakly in H.
Since (z,), is bounded, this is a consequence of the weak compactness of the unit
ball of Theorem 8.13.
Step 4: We claim that x minimizes J.
We prove the claim. We set 0,, := x(,,;) — z. As one checks, we have that

0,1
Tagi) = T+ 0 = 7@ + 125 g, 0~ 0.,
With (22) and 6,, — 0, we get that
O |?
(23) m+0(1):J(x)+¥ as n — +o00.

Then m + o(1) > J(z), and then m > J(x). Since J(x) > m (this comes from the
definition of the infimum), we then get J(x) = m. So the infimum is achieved by
x € H. Moreover, with (23), we then get that ||z, —z|| = [|0,] — 0 as n — +o0,
SO Tj(n) — ¥ strongly as n — +oc. ([
Step 5: We claim that f(z) = (x,2) for all z € H.

We prove the claim. For z € H and ¢t € R, we have that

2 2

J(x +1tz) = @ — flx+tz) =J(x) +t({x,2) — f(2)) thQ@.
Since this is minimized by m = J(z), we the get that (x,z) — f(z) = 0, and the
Theorem is proved. O

Remark: This proof is only made as an illustration. Indeed, we reprove the
representation theorem by using the weak compactness of the unit ball.... that is
proved via the representation theorem!
Exercise 24: Let (H, (-,-)) be a Hilbert space . Let F': H — R be such that

e FeClY(H)

e Fis bounded on H

e For all (z,)nen and z € H such that z, — z weakly, then

We set 1
J(x) = §||$||2 — F(x) for all x € H.

1. Show that m := inf{J(x)/x € H} exists. We let (z,)neny be a minimizing
sequence for J, that is x,, € H for all n € N and lim,, 4 J(z,,) = m.
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2. Show that there exists x € H and a subsequence (z;(,)) that goes weakly to
as m — 0o.

3. We set 0, := xj(,) — for all n € N. Show that there exists a sequence (t,)
such that J(z;(n) = J(z) + t, 4 o(1) as n — +oo with ¢, > 0 for all n € N.

4. Show that J(z) = m.

5. Show that there exists ¢ : H — H continuous such that for all z,y € H, we
have that dF,(y) = (¢p(z),y). Here, dF, is the differential of F at x.

6. Show that = = ¢(z).

4. Problem: Minimization of convex functions
This section is devoted to the proof of the following result:

THEOREM 8.15. Let (H,(-,-)) be a Hilbert space and take ¢ : H — R. We
assume that
® ( is conver;
e © is continuous for the strong topology;

o lim ;o400 9(2) = +00 in the following sense: for all A > 0, there exists
R > 0 such that

forallz € H, {||z|| > R = ¢(z) > A}.

Then ¢ has a minimizer on H, that is there exists xg € H such that p(xg) =
inf{p(z)/x € H}.

Indeed, this results hold if ¢ is only lower-semi-continuous, see the remark
below. The proof is going through several step, each of them being an exercise.

Exercise 25: Let C C H, C # H, be a nonempty convex set that is closed for the
strong topology. Fix € H\ C. Show that there exists @ € H and « € R such that

(z2,0) < aforall z€C et (x,d)>a.

Hint: A possibility is to use directly a geometric version of Hahn-Banach’s theorem.
An alternative is to use the Hilbert structure: consider the projection of z on C
and use the characterization of the projection via the scalar product. And draw a
picture to help you!

Exercise 26: Let C' be a nonempty convex set of H that is closed for the strong
topology. Take (x,), a sequence in C' and = € H such that z, — x in the weak
sense. Show that x € C. In some sense, this means that C' is closed for the weak
topology.

Hint: use the previous exercise.

Exercise 27: Let (H,(-,)) be a Hilbert space . Let ¢ : H — R be a continuous
(for the strong topology) convex function. Let (x,), be such that z, € H for all
n € N and fix x € H. We assume that z,, — = weakly as n — +o00. Show that

< limi .
p(z) < lim inf p(z,)

Hint: argue by contradiction and assume that the result does not hold. Then show
that Je > 0 and a subsequence such that ¢(x;(,)) < ¢(x) — € for all n € N. Define
C = ¢ 1 ((—o00,p(x) — €]) and use the result of the preceding exercise to get a
contradiction.
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Exercise 28: By following the minimization method for the proof of Theorem 8.14,
use the preceding exercise to prove Theorem 8.15.

Remark: As one checks, the conclusions of Exercises 27 and 28 hold if instead of
requiring the continuity of ¢, we only require lower-semi-continuity, that is for all
k €R, o~ 1((—o0,k]) is closed in H for the strong topology.

5. The Lax-Milgram Theorem
5.1. Statement.

THEOREM 8.16. [Laz-Milgram] Let (H, (-,-)) be a Hilbert space . Let a : H x
H — R be a continuous bilinear form (not necessarily symmetric!). We assume
that a is coercive, that is da > 0 such that

a(u,u) > al|ul|® for allu € H.

Let f € H' be a continuous linear form and let C C H be a closed nonempty convex
set. Then there exists a unique element uc € C such that

a(uc,v —uc) > f(v—uc) pour tout v € C. (Ec)
When C is the full space H, the theorem takes a more friendly form:
THEOREM 8.17. [Laz-Milgram, version C = H] Let (H,{(-,-)) be a Hilbert space.

Leta : Hx H — R be a continuous bilinear form (not necessarily symmetric!). We
assume that a is coercive, that is o > 0 such that

a(u,u) > allul|® for allu € H.
Let f € H' be a continuous linear form. Then there exists a unique element ug € C

such that
a(ug,v) = f(v) for allv e H. (Exn)

The applications will be in the Part about Sobolev spaces .

5.2. Proof of Theorem 8.17: the case C' = H. We consider the hypothesis
of Theorem 8.17. The proof goes through five steps.

Step 1: We claim that there exists A : H — H such that
a(u,v) = (A(u),v) for all u,v € H.
Proof of the claim: Given u € H, the map a(u,-) : H — R is linear and continuous.
It then follows from Riesz’s representation theorem that there exists A(u) € H such
that a(u,-) = (A(u),-). This proves the claim.
Step 2: We claim that A : H — H is linear and continuous.
Proof of the claim: for u,v,w € H and A\, u € R, using the bilinearity of a, we have
that
A+ o), w) = a(hu+ po,w) = Aa(u, w) + pa(v, w)
AMA(u), w) + p(A(v), w) = (AA(u) + pA(v), w)
Since this is valid for all w € H, we then get that A(Au + pv) = AA(u) + pA(v).
This proves the linearity.

Since a is continuous, there exists M > 0 such that |a(u,v)| < M|u| - |Jv] for all
u,v € H, and then

(Au),v)| < MlJul - |[v]].
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Taking v = A(u), we get that [|A(u)||? < M|u| - [|A(u)], and then
(24) |A(w)|| < M||u|| for all u € H.
This proves the continuity. The claim is proved.

Step 3: We claim that there exists xg € H such that solving (Ep) amounts to
finding ugy € H such that A(uy) = xo.

Proof of the claim: Since f € H’, Riesz’s representation theorem yields zg € H
such that f(v) = (zg,v) for all v € H. Then for any uy € H, ug solves (Ep)
iff (A(ug),v) = alug,v) = f(v) = (xo,v) for all v € H, which is equivalent to
A(ug) = xo. This proves the claim.

For p > 0 (that will be fixed later), we define
T: H — H
w o u— p(Au) - z0)

Step 4: We claim that for some suitable p > 0, T' is a contracting map.

Proof of the claim: Let u1,us be two elements of H. Using the coercivity of a and
(24), we have that

IT(u1) = T(ug) | = |lur —uz — pA(us — ug)|)?

lluy — ug||* = 2p(uy — ug, A(uy — ug)) + p?|| A(ur — ug)||?
lur — wal|® = 2pllur — ual|® + M?p?|lus — ug?
(1—2ap+ M?p?) |Jus — ua|?

Taking p € (O, M72>, we have that k := /1 — 2ap + M?2p? < 1 and T is a contract-
ing map. This proves the claim.

IA A

Step 5: We claim that there exists uy € H such that A(ugy) = xo.

Proof of the claim: Since T : H — H is contracting and (H, || - ||) is complete, this
is a consequence of Picard’s/Banach’s fixed point theorem. This proves the claim.

As mentioned in Step 3, the existence of such upy is equivalent to solve (Epr).
Moreover, uy is unique due to he uniqueness in Picard’s/Banach’s Theorem. [

5.3. The general case (Theorem 8.16).

Exercise 29: Taking inspiration in the proof of the case C = H, show that there
exists xg € H such that for all p > 0, solving (E¢) amounts to show the existence
of uc € H such that

uc = mc(uc — p(A(uc) — 20)),
where ¢ is the orthogonal projection on C. Conclude with a fixed-point theorem.

6. Solution of the exercises of Chapter 8

Solution of Exercise 24:

1. Let M € R be such that |F(z)] < M for all z € H. So for any z € H, we
have that J(z) > ||z||?/2 — M > —M, so it is bounded from below. Moreover H is
nonempty, so m € R is defined.

2. Since 1 > 0, there exists ng € N such that J(x,) < m+ 1 for all n > ng, so
lznll? < 2(m + 1+ F(z,)) < 2(m + 14 M) for all n > ny.
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So (xy)n is bounded.
3. Define 0,, := z(,) — z. We have that

i(n

[z + 60, l]|* 1612
J(Tj(n)) % = () = =~ + (2,0) + ; — F(zj(n))
0,112
= @)+ 120 @) Pa) + (00)
Since 6, — 0, then (z,0,) — 0asn — +o00. Since ;) — z, then F(z;(,)) — F(x)

2
as n — +o0o. Therefore, defining t,, := %

4. we have that m +o(1) = J(z;n)) = J(z) +t, +o(1) > J(x) + o(1). Passing to
the limit yields m > J(z). The definition of m yields m < J(z), so m = J(x).
5. Fixx € H. Then dF, : H — R is linear and continuous, so Riesz’s representation

theorem yields the existence of ¢(z) € H such that dF,(y) = (p(z),y) forally € H.
Take x,2' € H. We have that

, we get the desired result.

(")
p(a")) < ||dFy — dFy || n-rlle(z) — ()]

lp(@) —e@)? = (p(x) = ('), p(z) -

= (dFy —dFy)(¢(x) —
and then

lo(w) — ¢l < 4, — dFyllin

Note, but it is of no use here, that the reverse inequality holds since (dF, —
dFy)(y) = () — ('), y) < [lo(x) — (@) - |yl for all y € H.
Since x — dF), is continuous, we get that z — ¢(x) is also continuous.
6. Since J € C*(H) is minimum at x, then d.J, = 0. So for any y € H, we have
that

dJo(y) = (2,y) — dFy(y) = (,9) = (p(2),y) = (& — p(2),9)
for all y € H. So z — ¢(x) = 0 and the conclusion follows. O

Solution of Exercise 25: Since C is convex, close and nonempty and {z} is
convex, compact, nonempty and C N {z} = 0, it follows from Theorem 5.7 that
there exists « € R, ¢ > 0 and f € H' such that f(z2) < a—€e < a+e < f(x)
for all z € C. Since f € H’, Riesz’s Theorem yields the existence of @ such that
f(y) = (d,y) for all y € H. We get the conclusion.

The projection theorem yields an alternative. Define x¢c € C' as the projection of
x on C: this makes sense since C' is closed, convex and nonempty in the Hilbert
space H. Then (z — z¢,x — x¢) < 0 for all z € C. Set a := (x¢,z — xz¢) and
i = x — xc. We then have that (z,4) < « for all z € C. Moreover, (z, 1) — o =
(r—zc,2—20) = ||lr—20|? > 0since x # z¢ (otherwise x € C, contradiction). [J

Solution of Exercise 26: Assume by contradiction that z ¢ C' and take o € R
and @ as in Exercise 25. Then (z,, @)« for all n and (z,@) > «. Since z,, — x, we
have that (x,,%) — (z,4), and then (z,%) > «, contradicting the construction of
o and 4. Soxz € C. O

Solution of Exercise 27: Assume that liminf,, . ¢(z,) < p(z) (note that the
liminf might be —c0). Then

. . >
NLHEOO 1nf{<P(xn)/n = N} < QO(CC)’
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so de > 0 such that
i inf{e(@n)/n > N} < o(z) -«
then, since the sequence inf{¢(x,)/n > N} is increasing, we have that
inf{o(xz,)/n> N} < p(x) —cforall N e N
so there exists a subsequence (¢(2(,)))n such that
o(zjmy) < @(x) — e for all n € N.

SO Tj(n) € C := ¢~ ((—o0,¢(x) — €]). Since ¢ is continuous, then C' is closed for
the strong topology as the pre-image of a closed intervalle. Moreover, as one checks,
since ¢ is convex, then C' is convex. Since zj(,) — z, it the follows from Exercise
26 that z € C, which rewrites p(z) < ¢p(x) — €, contradicting € > 0. Therefore
liminf, 4 @(zn) > @(x): in particular, it is > —oc. O

Solution of Exercise 28: Define
m = inf{p(x)/x € H} > —cc.
Be cautious: m might be —oo. Take a sequence (z,), such that

x, € H for alln € Nand lim ¢(z,) =m.
n—-4o0o

We claim that (x,,), is bounded. We prove the claim. We have that m < ¢(0) <
©(0) + 1, so there exists ng such that for n > ng, we have that ¢(x,) < p(0) + 1.
It follows from the properties of ¢ that there exists Ry > 0 such that for all z € H,
{llz]| > Ro = ¢(2) > ¢(0) + 1}. Therefore, ||x,|| < Ro for all n > ng. So (), is
bounded in H

It follows from the weak compactness of the unit ball that there exists a subsequence
(Tj(n))n and x € H such that ¢,y — 2 weakly. It then follows from Exercise 27
that ¢(x) < liminf, 4o ¢(zy), and then p(z) < m. In particular, m > —oc.
Since m < @(x) (definition of m), we have that ¢(x) = m, so the infimum is
achieved. d

Solution of Exercise 29: We take a, f, C as in the satement of the Theorem. We
use Steps 1 and 2 of the above proof. Take uc € C and fix p > 0. Then
uc solves (E¢) <  (A(uc),v —uc) > (xg,v —uc) for allv € C

& (A(ug) —zo,v —uc) > 0forallve C

< (p(A(ug) —xg),v —ucg) >0 forall v e C

< (uc — p(A(ue) — zo) —uc,v —uc) <0 foralveC
Since C' is a nonempty closed convex, it follows from the characterization of the
projection in Theorem 8.7 that

uc solves (E¢) <  uc =me (ue — p(A(ue) — o))

We define
T: C — C
u = wo(u—p(A(u) — x0))
For wy,us € H, since ¢ is 1-Lipschitz, we have that

1T (ur) = T(uz)|| = l[me(X1) — mo(X2)|| < [| X1 — Xaf
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where X; = u; — p(A(u;) — xo). Then, as in the case C = H, we get that for a
suitable p > 0, then T is a contracting map. Since C' is closed in H complete,
then C is complete and Picard’s/Banach’s fixed point theorem yields the existence
and uniqueness of the fixed point uc, that is the existence and uniqueness of the
solution to (E¢). O






Part 4

Sobolev spaces and applications to
elliptic PDEs






CHAPTER 9

Dimension 1 and main properties

1. Motivation

1.1. The problem. Take f € C°([0,1]). Is there u € C?(]0, 1]) such that

—u"+u=f in [0, 1]
{ w(0) = u(1) = 0 ! (E)

1.2. Weak formulation of (E). Define
X = {u e C*([0,1])/ u(0) = u(1) = 0}.
Multiply (E) by ¢ € X and integrate by parts. We get that

1 1 1 1
/ fodr = / (—u" +u)pdr = —/ u”<pdx—|—/ wp dx
0 0 0 0

1 1 1
- - [u’gp]é +/ ' dx +/ wpdr = / (w4 up) dz
0 0 0

Conversely, assume that u € C?([0,1]) is such that u(0) = u(1) = 0 (that is u € X)
and

1 1
/ (u'¢" +up) do = / feodx for all p € X.
0 0

Then, with the computations above, we get that fol(—u” +u— f)odr =0 for all
¢ € X. Since —u" +u — f € C([0,1]) € L?((0,1)) and CL((0,1)) C X is dense in
L?((0,1)), we get that —u” +u — f = 0, and then u is a solution to (E). We then
have proved the following:

Let u € C?([0,1]). Then

(25)

1 1
u solves (F) & {u € X and / (u'p +up) do = / fodx for all p € X}
0 0

We will define rigorously the weak formulation, but keep in mind that it is essentially
(25).

1.3. A (not successful) tentative to solve (E). Define B(u,v) := fol(u'v’—F
wv) dx for u,v € X. Then (25) rewrites
B(u,p) =T(p) for all ¢ € X

where T'(¢) = fol feodz. It is natural to use Riesz’s represention to find solutions
to this equation, since B is a scalar product on X... But (X, B) is not a Hilbert
space !!! Tt is not complete for the norm /B(-,-). The space X C C*([0,1]) is not
flexible enough.

87
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1.4. What would be a good space on which working? In order to define
B(u,v) = fol (u'v' +uv) dx, we need a space of functions u such that u € L?((0, 1)),
' is defined and w’ € L2((0,1)). This is going to be the definition of Sobolev spaces.

In the sequel, I = (a,b) where —oco < a < b < 400 is a bounded open interval.

2. The Sobolev space H!(I)

2.1. The definition of the Sobolev space.
2.1.1. A useful Lemma. For u,v € C!([a,b]) such that u and v vanish on
0la,b] = {a, b}, we have that

b b b
(26) / wvdr = [uv]z - / w' dx = —/ v’ dx

2.1.2. Definition.
DEFINITION 2.1 (1D Sobolev space). We define

b b
HY(I) :={u € L*(I)/ 3v € L*(I) s.t. / ugo'dx:f/ vpdr Ve € CL(I)}

a

2.1.3. Uniqueness of the derivative.

Proposition 9.1. Let u € H(I) be as in Definition 2.1. Then v € L*(I) is
unique. We then define u' := v: it is the "weak derivative” of u, or ”derivative in
the weak sense”.

PROOF. Assume that v,w € L? are possible. Then for all ¢ € C(I), we have
that f; vodr = ff we dz so f;(v —w)pdz = 0. Since v —w € L*(I) and CL(I) is
dense in L?(I), then f:(v —w)pdx =0 for all p € L*(I). Taking ¢ = v — w yields
V=W a.e. 0

2.2. Examples.

e C([0,1]) € HY(I). Moreover, the weak and strong (i.e. usual) derivatives
coincide.

e C1((0,1)) ¢ HY(I)!!! It is because of the integrability condition. For
instance, x — x~! is in C*((0,1)), but it is not in L%

e Define the function u(x) := z4y = max{0,z} for z € (—=1,1). Then u €
H'(—1,1) and v’ = 1(¢ 7). This is a straightforward computation. Clearly
u € L*(—1,1): Take ¢ € C}(—1,1), we have that

/1 up'de = /01 z! (x) dr = [zp(z)]) — /01 2’ p(x) dx

-1
1 1

—/ godx:—/ Lo,1pdx
0 -1

Since 1,1y € L*(—1,1), we have that u € H'(—1,1) and v’ = 1(g 1.
e But 1(g1) ¢ H'(—1,1)!1! Assume it is, and let f € L?(—1,1) be its
derivative then. For any ¢ € C}(—1,1), we would have that

[ fods = - / Lo do = - / o dr = —(p(1) — (0)) = p(0)
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This is impossible since, morally, on the left this makes sense for ¢ that
is defined almost everywhere (so you can change the value at 0), and on
the right, the value at 0 is essential.

Exercise 30: Show that x — |z| is in H*(—1,1). Give an optimal condition on
a € R to have that z — =% € H(0,1).

3. Structure of H!(I)

3.1. Linear structure.

Proposition 9.2. The space H'(I) is a vector space and the derivation is linear.
In other words, for any u,v € H*(I) and A\, u € R, then Au+ pv € HY(I) and

M+ ) = M’ + .
3.2. Hilbert structure.
DEFINITION 3.1. For u,v € H(I), define the scalar product

(u,v) g1 == /(u’v’ + uv) dz.
I

Proposition 9.3. The space (HY(I),(-,-) 1) is a Hilbert space.

PrOOF. We just need to prove that it is complete for the norm

s [l = \// 2 4 u2)d

Let (uy)n be a Cauchy sequence in H'(I). Then:

e (u,) and (u/,) are Cauchy sequences in L?(I) that is complete
o Let u,v € L2( ) be their respective limits in L?(I)
e For any ¢ € CL(I), we have that

/unap’dx: —/u;lapdm.
I I

Letting n — +oo yields u € H(I) and v’ = v.
e We have that u, — u in H'(I).
So H(I) is complete. O

4. Regularity and definition of H}(I)

4.1. Vanishing derivative. We start with a natural, although not trivial,
result:

Proposition 9.4. Let w € H'(I) be such that w' = 0. Then there exists C € R
such that u(z) = C a.e.

PrROOF. For convenience, we take I = (0,1). Since u/ = 0, then for any
¢ € C1(0,1), we have that
1
/ up’ dr = 0.
0

We would like to have an arbitrary function ¢p € C1(0,1) in place of ¢'. Is it
possible? Well, if 1) = ', we would have that

/Oll/fdx:/olgp’dx:@(l)_@(o):0'
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So not any 1 can be written as ¢’ with ¢ € C1(0,1).

Let § € C'(R) be a function such that 6(z) = 0 for x < 1/3 and 0(z) = 1 for
x> 2/3. For ¢ € C1(0,1), define

/w £)dt — (x)/01¢(t)dtforallx€(0,1).

We claim that ¢ € C1(0,1). We prove the claim:
e pc Clis fine
e Since ¥ has compact support, then there exists 0 < o < § < 1 such that
Y(xz) =0 for x < a or x > B. With no loss of generality, we can assume
that « < 1/3 and 8 > 2/3.
e For 0 < z < o, we get that p(z) =0
e For f < x <1, we get that

x):/:w(t)dt—1~0(m)/011/)(t)dt:/Olw(t)dt—e(x)/olw(t)dt:

e So p € CL0,1)

We are now in position to prove the proposition. Given ¥»C(0,1), we define ¢ €
CL(0,1) as above, and we get that

0 — /Olucp'dx:/olu(a:) <¢(x)—9’(x)/()1w(t)dt> da
- /Olu(x)i/)(z)dx— (/01u9’dx> </011/)d93>

_ /Olu(x)¢(z) do — (/010¢dz> with C = Oluﬁ’ do
_ /Ol(u— C)(x) da

Since u—C € L?(0,1) and C}(0,1) is dense in L?, this is valid for any ¢ € L?(0,1).
Taking ¢ = u — C yields u — C' =0 a.e. O

From this, we have a regularity result that is specific to the 1D case.

2. Regularity.

THEOREM 9.5. The space H'(I) is continuously embedded in COY2(I). More
precisely, for all u € HY(I), there exists a unique @ € C%Y?(I) such that u = @
a.e.

PROOF. For convenience we take I = (0,1). We would like to write an identity
like u(z) = [Yu/( . but u ¢ C*!! Define

(z) == /Ox o' (t) dt for all z € [0,1].

The function @ is well defined.

We claim that @ € C%1/2([0,1]).
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We prove the claim. For z,y € [0,1], with Cauchy-Schwartz inequality, we have

that

)~ ulw)| = | [ ) de ¢| dﬂ¢/ D)2 < o'l vl
So @ € C%1/2([0,1]). Moreover, since @(0) = 0, we have that ||ul|oc < |lu'[|2, and
then

ltlgoare < 2fu[l2.

We claim that @ € H(0,1) and that @’ = v’ a.e.
We prove the claim. Take ¢ € C1(0,1). We have with Fubini’s theorem that

/Olﬂcp'dx - /1(/95 ’()dt) () dz
/ A Lyeutt ()4 () dadt = Alu’(t) ( /tlgol(x)da:> dt

/uUNMD—wwﬁﬁ:—Au@ﬁ

0

So @ € H'(0,1) and @' = «'. This proves the claim.

We are in position to conclude. We have that (u — @)" = 0, so there exists C' € R
such that u — @ = C a.e. Define @ := @ + C. So @ € C%'/2([0,1]) and u(z) = u(x)
a.e.

Regarding uniqueness, if another function v is suitable, then v(z) = @(x) a.e., and
then everywhere since they are continuous. Concerning continuity of v — @, we
have that

ICl = [ICllz = llu—allz < llullz + l[@ll2 < llull2 + 2[|u'l|2 < 2]|ull
Therefore
lallcoase = [l + Cllgoarz < 3lulla,
and then w +— 4 is continuous. (]
4.3. A corollary.
Proposition 9.6. Let u,v € H'(I). Then uv € H'(I) and (uwv)’ = u'v + uv'.
Note that since u,v € L°°(I), then uv,u'v,uv’ € L*(I).

Exercise 31: Prove this Proposition when v € C*(1).

4.4. The space H}(I). In the sequel, we will always assimilate u € H'(I) to
its representative @ € C°.

DEFINITION 4.1. Define
Hy(a,b) := {u € H'(a,b) such that u(a) = u(b) = 0},
where u is asimilated to its continuous representative.

Proposition 9.7. The space H}(I) is a closed linear subspace of H*(I). In par-
ticular, it is a Hilbert space with the scalar product (-, ).
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PROOF. Define
T: H'(a,b) — R2
u = (a(a), u(b)
Then T is linear and, for any norm on R2, it is continuous since u — @ is continuous.
Since Hg(a,b) = T~1(0,0), it is both linear and closed. O

5. Solution of the exercises of Chapter 9

Solution of Exercise 30: Note that z — |z| € L?(—1,1). Take ¢ € CL(—1,1).
We have that’

/11Ix<p’(x)d:c = /0(—x)go’(x)dx+/01x<p’(x)dx

-1

0 1
= [mzp@) - / (o) (o) do + (@)l - / 2 o(z) do
0

= 0% p(0)+ (1) + / (@) dr + (1) — zp(0) - / o da

-1
1
= —/ gy dx since p(—1) = (1) =0

—1
where g(z) = —1 for x < 0 and g(x) = 1 for z > 0. Since g € L*(—1,1), we get
that =+ |2| € H'(—1,1) and that v’ = g.
Set f(z) = 27 for 0 < x < 1. Assume that a # 0. Since f is C!, the integra-
tion by parts formula works. We just need to check integrability. We have that
fol f(x)?dr = fol r72dr < oo iff —2a > —1, that is @ < 1/2. We have that
fol f(x)?dz = o? fol r72972dy < oo iff —2a — 2 > —1, that is o < —1/2. So for
a#0, fe HY(0,1)iff a < —1/2. O
Solution of Exercise 31: Note that |(uv)(x)| < ||ul|eo|v(x)| for a.e. x € I, so

since u € L™ and v € L*(I), we get that uwv € L*(I). This is similar for /v and
wv’. Take ¢ € CL(I). Then vy € C1(I) and we have that

/uvcp' dr = /u((vap)’ —v'p)dx = /u(vgp)’dw— /uv'godx
I I I I
= —/u’(vgo) dx — /uv'cpdm = - /(u'v +uv’)pdx
I I I

Since u'v 4+ uv’ € L?(I), we get the result. The general case v € H'(I) uses the
density of C'—functions in H'(I). O



CHAPTER 10

Applications to 1D boundary value problems

This is the main point in Sobolev spaces

1. Weak solutions
Arguing as in the motivation of this chapter, we define properly weak solutions:

DEFINITION 1.1. Fiz f € L*(0,1). We say that u € H(0,1) is a weak solution

to
—u' +u=f in (0,1)
{ w(0) = u(1) = 0 (B)
if
1 1
/ (W' 4+ up) de = / fedzx for all p € H&(O, 1) (Ew).-
0 0

We say that (E,,) is the "weak formulation” of (E).

2. Application via Riesz’s theorem
2.1. Main theorem.

THEOREM 10.1. Let f € L*(0,1). Then there exists a unique weak solution
u € H(0,1) to (E). Moreover, if f € C°([0,1]), then u € C%([0,1]) is a classical
solution to (E).

So we have solved our problem. This is basic, but a good first example.

2.2. Proof of the existence of the weak solution. Define T : H}(0,1) —
R as Tr(p) = fol fodx for all o € H}(0,1). Then it is continuous on H}(0,1) with
the norm || - ||z1. And v € H}(0,1) is a weak solution to (E) iff

(u, 91 = Ty() for all HY(0,1).

Then existence and uniqueness follows immediately from Riesz representation the-
orem since Hj(0,1) is a Hilbert space (remember, it is not the case for C*([0,1])).
This proves existence and uniqueness.

2.3. Proof of regularity. We assume that f € C°([0,1]). Since we have a

weak solution, we have that

1 1
/ ' do = / (f —u)pdx for all ¢ € Hy(0,1).
0 0

Since u € H}(0,1), it is continuous and f —u € C°([0,1]). So, there exists w €
C?([0,1]) such that
—w" =wu— fin [0,1] and w(0) = w(1) = 0.

93
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We then have that
/01 u'¢ dr = —/01 w'odr = /01 w' dx for all Hy(0,1).
And then fol(u’ —w')¢' dr = 0 for all p € HE(0,1). Setting h :=u' —w' € L*(0,1),
this yields h € H*(0,1) and A’ = 0, so h = C a.e for some C' € R. So we have that

W —w=C = (u—w-Cr) =0 withu —w— Cx € H(0,1).

It then follows form our regularity result that there exists D € R such that v —w —
Cz =D aez € (0,1), and then u(z) = w(z) + Cx + D for a.e. & € (0,1). Since
w € C%, then u € C?([0,1]) (or at least has a representative). We even have that
C = D = 0 since u, w coincide at 0 and 1.

2.4. Proof of the existence of a classical solution. Since u € C?([0,1])
is a weak solution, arguing as in the motivation of Chapter 9, we get that it is a
classical solution.

3. Further...
We are going to solve some problems of the same flavour
3.1. With a potential a.
THEOREM 10.2. Let f € L%*(0,1) and a € L>((0,1)). We assume that there
ezists ¢ > 0 such that

1
/ (W) + a(z)u?) do > cllul|}, for allu € Hy(0,1).
0

Then there exists a unique weak solution u € H}(0,1) to
—u" +a(z)u=f in(0,1)
{ w(0) = u(1) = 0. (En)
Moreover, if a, f € C°([0,1]), then u € C?([0,1]) is a classical solution to (E1).
PROOF. We say that u € HJ(0,1) is a weak solution to (E;) if

1 1
/ (W'¢" + a(z)up) dx = / fodx for all o € Hy(0,1).
0 0
Define the bilinear form
1
B(u,v) := / (u'v" + a(x)uv) dx for u,v € HJ(0,1).
0

Then

e B is continuous on H{(0,1) x H}(0,1) (see Exercise 13)

e B is coercive

e The weak formulation of (F) reads B(u,p) = fol fodzx for all ¢ €
H(0,1)

e The Lax-Milgram theorem 8.17 applies and yields existence and unique-
ness

An alternative is to consider B as a scalar product and to prove that (Hg (0, 1), B)
is a Hilbert space. This amounts to prove completeness: this holds since coercivity
and continuity yields that the norm associated to B is equivalent to || - || 1.
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Exercise 32: Prove that (Hg(0,1), B) is a Hilbert space .
The regularity goes as in the proof of Theorem 10.1. (I
3.2. A non symmetric problem.

THEOREM 10.3. Let f € L?(0,1) and € € R. Then there exists €y > 0 such that
if |e| < €0, hen there exists a unique weak solution u € H}(0,1) to

{ —u" +ew +u=f in(0,1)
u(0) =u(l) =0.

Moreover, if a, f € C9([0,1]), then u € C?([0,1]) is a classical solution to (E1).

(E2)

PROOF. We say that u € Hg(0,1) is a weak solution to (Ey) if

1 1
/ (u' o + eu' o + up) de = / fedz for all o € H3(0,1).
0 0
Define the bilinear form
1
B(u,v) := / (u'v" + eu'v + wv) da for u,v € HE(0,1).
0

Then

B is continuous on H}(0,1) x H(0,1) (see Exercise 13)

B is coercive when |¢| < ¢y with ¢y > 0 to be determined

e The weak formulation of (F) reads B(u,yp) = fol fodx for all ¢ €
Hi(0,1)

The Lax-Milgram theorem 8.17 applies and yields existence and unique-
ness

Exercise 33: Prove all these points.

The regularity is taking a bit more efforts. Assume that f € C°([0,1]). Let u €
H}(0,1) be a weak solution to (FEy).

A “formal” argument. we would like to write that u” = g := eu/ +u— f € L?(0,1).
But we cannot argue as in (E) take a C2—function such that its second derivative
is an L?—function. Let us take a ”primitive” of ¢: as in the proof of Theorem 9.5,
we define

v(x) ::/ g(t)dt for z € [0,1].
0
Then v € H!(0,1) and v' = g, so that
W=0v = (u-v)=0=u-v=CeR

(this last argument will have to be made rigorous). So v’ = v+C € C9([0,1]). And
then g = eu/ +u — f € C°([0,1]) and we can argue as in the regularity of (E).

Rigorous proof of the reqularity. Take v € HZ(0,1) as above, so that v' = g. Take
¢ € HE(0,1): since u is a weak solution to (FE3), we have that

1 1 1
/ u'@’dm:/ (f—eu’—u)godx:—/ gpda.
0 0 0

Since g = v/, we then have that

1 1 1 1
/ W de = —/ vViodr = / vo' dz = / (v =)' dx = 0.
0 0 0 0
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Set U := u’ — v: we have that U € L?(0,1) and fol Up' dx =0 for all p € H}(0,1),
that is U € H}(0,1) and U’ = 0. It then follows from the regularity Theorem 9.5
that U = C a.e. for some C € R. Sou’ =v+C € C°([0,1]), and then g € C°([0, 1]).
Then we can argue as for (E) and get that u € C?([0,1]) (in the sense that it admits
a C%—representative).

Arguing as in the motivation of Chapter 9, we then get that u is a classical solution
to (EQ) O

3.3. Non-homogenous boundary conditions. Here, we must re-think the
notion of weak solution. Consider a, f € C°([0,1]) and assume that there exists
u € C?([0,1]) solution to

—u" +a(x)u=f in (0,1)
{ u(0) = o and u(1) = B. (E4)

Exercise 34: Prove that for all ¢ € C}((0,1)), we have that
1 1
/ (W' + a(x)up) dz = / fodz.
0 0

Since v does not vanish on the boundary, we work on the space H'. We say
that u € H(0,1) is a weak solution to (Ey) if u(0) = a, u(1) = 8 and

1 1
/ (' + a(z)up) dx = / fodx for all o € Hy(0,1).
0 0

Note that we take ¢ € H}, that is zero boundary condition.

THEOREM 10.4. Let f € L?*(0,1) and a € L*((0,1)). Fiz o, 3 € R. We
assume that there exists ¢ > 0 such that

1
/ ()? + a(z)u?) dz > cl|lul|, for allu € H'(0,1).
0

Then there exists a unique weak solution uw € H'(0,1) to (Ey). Moreover, if a, f €
C9([0,1)), then u € C?([0,1]) is a classical solution to (Ey).

ProOF. To characterize the boundary condition, we are going to work on C' :=
{u e H(0,1)/u(0) = a and u(1) = B}.

Exercise 35: Show that C' is nonempty, convex and closed.

Define the bilinear form
1
B(u,v) := / (u'v" + a(x)uv) dx for u,v € H(0,1).
0

Then

B is continuous on H'(0,1) x H(0,1)

B is coercive

e The weak formulation of (E4) reads B(u,yp) = fol fodx for all ¢ €
H}(0,1) (and not H*(0,1))

e The Lax-Milgram theorem 8.17 applies and yields existence and unique-
ness
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Exercise 36: Apply the Lax-Milgram theorem to the convex C, the bilinear form
B and the linear form Ty. Show that the solution u € Hg(0,1) you get is a weak
solution to (E,). Show that u € C?([0,1]) and it is a classical solution to (Ej).

An alternative proof is to make the change of function @(z) = u(xz) —a — (b — a)x
for z € [0,1]. Then @ and we rewrite (F4) with @: this yields a problem like (F),
and the existence +uniqueness hold. ([l

There are many other types of boundary conditions: Neumann (v'(0) = v/(1) = 0),
mix Dirichlet-Neumann (u(0) = 0 and «/(1) = 0), homogenous or not.

3.4. A Neumann boundary problem. Consider a, f € C°([0,1]) and as-
sume that there exists u € C?([0,1]) solution to

—u"+a(z)u=f in(0,1)
{ W(0) = u'(1) = 0. (E5)

Exercise 37: Prove that for all ¢ € C1([0,1]) (this is a different space!!!), we have
that

1 1
/ ('@ + a(z)up) dx = / fodz.
0 0

Since v does not vanish on the boundary, we work on the space H'. We say
that u € H(0,1) is a weak solution to (Ej) if

1 1
/ (u' " + a(z)up) de = / fedz for all o € H*(0,1).
0 0

Here we take H', and we do not impose any boundary condition. We will see that
this is enough indeed.

THEOREM 10.5. Let f € L%*(0,1) and a € L>((0,1)). We assume that there
exists ¢ > 0 such that

1
/ (W) + a(z)u?) dz > cllul|;, for allu e H'(0,1).
0
Then there exists a unique weak solution u € H'(0,1) to (Es). Moreover, if a, f €
C°([0,1)), then u € C?([0,1]) is a classical solution to (Es).

PRrOOF. It goes through the following steps, each being an exercise:
Exercise 38: Using Lax-Milgram’s theorem, prove the existence of weak solutions.

From now on, we assume that a, f € C°([0,1]) and u € H(0,1) is a weak solution
to (E5)

Exercise 39: Prove that u € C?([0, 1]).

Exercise 40: Take ¢ € C''([0,1]). Prove that

1 1
/ (—u” + au)p dx :/ fodz+ (—u'(1)p(1) + u'(0)0(0))
0 0

Exercise 41: Taking some suitable ¢ above, prove that —u” + au = f in [0, 1].
Exercise 42: Prove that v/(0) = v/(1) = 0.
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3.5. A mixed boundary condition problem.

THEOREM 10.6. Let a, f € C°([0,1]) be two functions. We assume that there
exists ¢ > 0 such that

1
/ (w)? + a(z)u?) dz > cllul|}, for allu € H'(0,1).
0

Then there exists a unique solution u € C*([0,1]) to

{ —u" 4+ a(x)u=f in (0,1)
u(0) =0 and v/ (1) = 0.

ProoF. Do it yourself! O

4. A little disappointment...

The methods above are very classical, and they are mostly used for higher-
dimensional problem. Sometimes, in 1D, the theory of ODEs is enough to get
solutions.

Here is an example. Take k,a, f € C°([0,1]) and investigate the existence of solu-
tions to

M L= i 1) (E)

u(0) = u(1) =
THEOREM 10.7. In addition to the hypothesis above, assume that a(x) > 0 for
all x € [0,1]. Then there exists a unique solution u € C2([0,1]) to (Es).

PrOOF. It follows from standard theory on ODEs that there exists uy €
C?([0,1]) that is a solution to —uf + k(z)u + a(z)up = f in [0,1]. For instance,
one can impose the value of u((0) and u{(0) to get existence and uniqueness.

We make the change of function v := u — ug, so that

—v" + E(x)v +a(x)v=0 in (0,1) (E1)
v(0) = —up(0) and v(1) = —ug(1). 5
We define S := {C? — Solutions to — u” + k(z)u’ + a(z)u = 0in [0,1]}. Linear
theory for ODEs yields that S is 2-dimensional. Define
T: § — R2
v (v(0),0(1))
If we prove that T is a bijection, we are done since then u = T~ (—ug(0), —ug(1))
is a solution to (E5)’. Since T is linear and dim(S) = dim(R?), it is enough to
prove that T is injective, that is
0"+ k(z)v +a(z)v=0 in (0,1) _
v(0) = v(1) = 0 = v=0

Which is exactly Step 2 in the application of the method of continuity in Chapter
7.

So T is bijective and we get a solution to (Ej5)’, yielding a solution to (E) O

v € C?([0,1]) and {

Disappointing, isn’t it? It should not be for at least two reasons:
e The method works for a large class of non-continuous coefficients;
e This is an introduction to the PDEs in d-dimensions, for which the is no
Cauchy-Lipschitz theorem.
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5. Solution of the exercises of Chapter 10

Solution of Exercise 32: The bilinearity of B is clear. The definition of the
constant ¢ yields

1
B(u,u) = / () + a(z)u®) dz > c|lul|F;, for all u € H}(0,1).
0

Therefore, given u € H}, we have that B(u,u) > 0, with equality only if u = 0.
Therefore B is a scalar product. Moreover,

1
B(u,u) = / () + a(z)u?) do < /
0 0
for all uw € HE(0,1) with M := 1 + ||a]jsc. So we then have that
Velullgr < v/B(u,u) < VM|ul|g for all u € Hy.

So the norms || - | = \/B(:,+) and || - | 1 are equivalent, and since (Hg, || - ||1) is
complete, so is (Hg, || - ||5). Then (Hg, B) is a Hilbert space. O

1
WYM+M@/MM§MMW

Solution of Exercise 33:

e There is no difficulty to prove that B is bilinear. For u,v € H}(0,1), we
have that

1
|B(u,v)| = / (u'v" + eu'v + uv) dx
0

1 1 1
J/ |uw-\z/|dx-+|db/’|uw-|v|dx—+j/ ] - o] d
0 0 0

[ ll2ll0"ll2 + lel - [l Iz llvll2 + llull2lvlls < (1 +lel + Dlfull g ol g

IA

IN

So, according to the first point of Exercise 13, B is continuous.
e For u € H}(0,1), we have that

1 1 1
B(u,u) = / (u')? dz+e/ u’udz+/ u? dx
0 0 0

With Cauchy-Schwarz inequality, and ab < (a® + b2)/2 for all a,b > 0, we

have that
1 712 2
u =+ [lu
[ tuwde] < el < P,
0
and then
u/ 2+ m 2
Bluw) > || — etz e

2

le| le|
> Q—2ww%+m5%:1—2 Jull3

And then for |e| < 2, B is coercive.

e (lear.

e Since Tf : H§(0,1) — R is linear and continuous, then we apply the
Theorem with H = C = H{(0,1), which yields existence and uniqueness
of the weak solution.
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d

Solution of Exercise 34: This is a direct consequence of the integration by parts

/0 (—" + a(@)u)p dz = [~u (1)p(1) + 1 (0)(0)] + / (W + a(w)up) de.

([l
Solution of Exercise 35: C = T~ 1(a, ) with T continuous, so it is closed. It is
also convex (easy to check). It is nonempty since z — a + (8 — a)x € C. O

Solution of Exercise 36: The continuity and coercivity of B are as above. We
apply Lax-Milgram’s theorem. Then there exists a unique uc € C such that

B(uc,v—uc) > Ty(v—uc) for all v e C.

The space C is not linear, but is has an affine structure. Take ¢ € H{(0,1): we
have that uc + ¢ € C, and then
B(uc,¢) = Bluc, (uc+p) —uc) > Ti((uc+¢) —uc) = Ty (p) for all ¢ € Hy(0,1).
Taking —¢ and using the bilinearity of B, we get that

—B(uc,¢) = Bluc, —¢) > Tj(=¢) = =T¢(p)
and therefore B(uc, ) = T¢(yp) for all ¢ € H{(0,1), which says that uc is a weak
solution to (F4). We can go backwards and show that there is an equivalence,
which yields existence and uniqueness.
The regularity goes as in the proof of Theorem 10.1, and then uc € C?([0,1]).

Let us now prove that u = u¢ is a solution to (E4). This goes as in the motivation
of Chapter 9. Integrating by parts as in the solution of Exercise 34 and using that
we have a weak solution to (FEj), then for any ¢ € C}((0,1)) C H}(0,1), we have
that

| sawmpds = [ W +awug)de = Bug) = Tye) = [ redn

Then, writing h := —u” + a(z)u — f € C°([0,1]), we get that f02 hodx = 0 for
all ¢ € CL((0,1)). This extends to any ¢ € L?(0,1) by density, then taking
h = ¢ yields h(xz) = 0 a.e. = € (0,1), and then h = 0 since h is continuous. So
—u” + a(x)u = f(z) in [0,1]. Moreover, since u € C, we have that u(0) = o and
u(1) = . So we have got a solution to (Ej). O

Solution of Exercise 37: Here again, this is a consequence of the integration by
parts

1 1
|+ a@pueds = [0 Dp() + 7 00O+ [ W+ alz)ug) da.
0 0
The condition «'(0) = v/(1) = 0 allows to allow any boundary condition for . O

Solution of Exercise 38: As above, we get that B is continuous and coercive on
the Hilbert space (H'(0,1),{-,-)51) where

1
B(u,v) = / (u'v" + a(x)uv) dz for u,v € H*(0,1).
0

Since Ty : v — fol fvdx is continuous on H'!, Lax-Milgram’s theorem yields a
unique weak solution to (Ej5). O
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Solution of Exercise 39: We argue as in the proof of Theorem 10.1. We have
that

1 1
/ u’(p’dx:/ (f —u)pdx for all ¢ € H'(0,1).
0 0

Since u € H(0,1), it is continuous and f —u € C°([0,1]). So, there exists w €
C?([0,1]) such that —w” = u — f in [0,1]. We then have that

1 1 1
/ u' dr = —/ w'pdr = / w'’ dx for all ¢ € H'(0,1).
0 0 0

And then fol(u’ —w')¢'dr = 0 for all ¢ € H'(0,1), therfore for all ¢ € CL(0,1).
Setting h := u' — w’ € L?(0,1), this yields h € H'(0,1) and A’ =0, so h = C a.e
for some C' € R. So we have that

W —w=C = (u—w-Czr) =0 withu —w— Cz € H(0,1).
It then follows form our regularity result that there exists D € R such that v —w —
Cx =D a.ez € (0,1), and then u(zx) = w(z) + Cx + D for a.e. z € (0,1). Since
w € C%, then u € C?([0,1]) (or at least has a representative). O

Solution of Exercise 40: The integration by parts of Exercise 37 yields

/0 (—u" + au)pde = / (W'’ + alz)uv) de + (—' (1) (1) + 1/ (0)0(0)),

and the definition of a weak solutions gives the result. O

Solution of Exercise 41: The identity of Exercise 40 yields

1 1
/ (—u"—|—au)<pdx=/ fpdx
0 0

for all p € C((0,1)). Define h := —u" + au — f € C°([0,1]) so that fol hodr =0
for all ¢ € C1((0,1)). Since h € L?(0,1) and C}(0,1) is dense in L?(0,1), we have
that this identity holds for all ¢ € L?(0,1). Taking ¢ := h, we get h = 0 a.e, so
—u” +au = f in [0,1] since it is continuous. O
Solution of Exercise 42: It follows from Exercises 40 and 41 that
—u'(1)¢(1) + 4/ (0)p(0) = 0 for all p € C*([0,1]).

Taking ¢(z) = z for all z € [0,1] yields v/(1) = 0. Taking ¢(z) = 1 — x for all
x € [0,1] yields u'(0) = 0. We have then obtained a strong solution u € C?([0, 1])
to the problem

—u" 4+ a(x)u=f in (0,1) (Es)

W' (0) =/ (1) =0. 5
and Theorem 10.5 is proved. O






Part 5

The Fourier transform



Until now, we have developed tools to solve somes ODEs defined on a bounded
set, namely (0,1) or [0,1]. The definition of Sobolev spaces extends to the full real
line R, and many of the results above extend. At this point, we have two additional
difficulties.

First, one must replace the notion of condition on the boundary. A simple example
is the equation u” = 0 on R. The C?—solutions are exactly the affine functions, so
there is not uniqueness. However, if one imposes that the limit at oo exists and
vanishes, then 0 is the unique solution. We then have that

u’ =0 in R -
lim, 100 u(z) =0
So we get existence and uniqueness. Another boundary condition is an integrability
condition: requiring u € L*(R) implies that u is not too large at +00. As one checks,
we have that

(27) { ug;&) in R }:» uw=0.

This is going to be the kind of integrability condition that we will require now.

The second difficulty is thet we have made an intensive use of compactness of closed
intervals like [0, 1] to get existence results. It will not work on R. However, R has
the structure of a group, more precisely a topological group (the sum and inverse
are continuous). This is what will allow us to define the Fourier Transform via
integration. The main feature here will be that derivation will be transformed into
a product, and vice-versa. We will then have to prove some regularity. This is
going to provide an effective method to solve ODEs on R.



CHAPTER 11

The L'—Fourier transform

1. What is it? What is its potential utility?

This section is pure Science-Fiction: everything here will be formal...

1.1. Formal definition.

DEFINITION 1.1. When it makes sense, for f : R — C, define the Fourier transform

f:R—)(C as

(28)

1.2. If the following computations are justified...

1
G =E/Rf(

main issue), the Fourier transforms turns:
1.2.1. The convolution product into a classical product. When it makes sense,
for f,g: R — C, define

(f *9)x /fx—t

Then, we have that

f*g(é)

and then

(29)

1.2.2.

5 - ﬂ\ 5 - ﬁ\

=

—ilx dr

Derivatives into the product by i€.

1
V2T

Vor

df

o —ifwd _
Rdx(x)e x

1

= (@]

it /R f(@)e € du = i€ f(€)

(f*9)(z
/arER( fle—1t)g (t)d)e_’f@’dx_

/ g(t)e “€WH) dydt with x >y =2 —t
= ([ _swe dy) ([ st ar) = vamjierace
yER teR

Frg=V2rf-g.

x)e %% dx for all € € R.

t)dt for x € R.

V2 /xER teR

—+oo

—00

R

(And it will be our

o)) o)

flx—t)g(t)e

T Jrdt
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1.2.3. The product by x into a derivative.

— 1d

@©) = o= [ef@e dr= — [ fo) S @) o
— i%e (e [s@e ) =i(£) ©
Sy

i@ =i(f) ©.

and then

1.3. Application to an ODE. Take f € C°(R).
(30) (Q1): is there u € C*(R) such that —u” +u = f?
The answer is yes: use the classical linear Cauchy-Lipschitz Theorem 16.6 to get a
two-dimensional affine space of solutions to (30).

Let us solve the problem formally via the Fourier transform. If w is a solution to
(30), then

" Fu=f = —(i&ut+a=Ff= (1+[¢Pa=7Ff
and then .
oo ()
1= T
Therefore, if we can inverse the Fourier transform (and we will!), we get a solution
u, and it will be unique.

About uniqueness. So, if we can justify all the computations above, then we will
get existence and uniqueness of solution. However, take any solution u € C?(R) to
(30), then for any A, u € R, we have that x — u(x) + Ae® + pe™7 is also a solution
to (30): so there is no uniqueness.

So what is wrong here? Defining the Fourier transform as in (28) requires an
integrability condition that will force uniqueness, see for instance the example (27).
What we will prove is that when f € L'(R), there is a unique solution u € C?(R)
to (30) such that u € L'(R).

Note that when u € L'(R), adding = + e® kills the integrability at +oco, and
x +— e~ " Kkills the integrability at —co: so you do not preserve integrability by
adding = — \e® + pe~” unless A = p = 0. This is how the integrability condition
will ensure uniqueness.

Let us now make all this mathematically rigorous.
2. Definition and a few classical properties
2.1. Definition.

DEFINITION 2.1 (L!'—Fourier transform). Let f € LY(R,C) be an integrable
function. We define its L' —Fourier transform f : R — C as

£ R i —i€x
(31) fg = m/ﬂ@f(x)e dx for all £ € R.

Note that this definition makes sense since for all ¢ € R, then x — |f(x)e™%%| =

|f(z)] € L'(R).
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2.2. First computations.

e Let us compute the transform of 1y ;. This makes sens since 1jg 1] €
L'(R). For ¢ € R, we have that

— 1 . 1 L
1 = — /1 z)e 8 dx = —/ e dy
0,17(6) \/%/R 0,1]() N
1 | fyde=1 if€=0
= o 1 e 't e 6 —is 6i§767i§ :
2w 0%(—715)d$: _iglze 2% 1f§7é0
and therefore
—= if £€=0
— Vot 1
(32) 1p1)(§) = 1 _e2sin(§) .
ﬁ@ 2 3 lf g # 0
Observe that since limyx_,q % = 1, then 1/[(71] is continuous on R.
Therefore, we will often write
. o 2sin(§)
—if

1p11(8) = \/ﬁe ¢

taking for granted that this expression is valid for £ # 0 and extends
continuously to & = 0.

e Let us compute the transform of z — e~ *| for ¢ > 0. This makes sens
since  — e~*l € L1(R). For £ € R, we have that

~

fa(&) = L / e—olzlg—itz g L (/0 AT =T 0 4 /+Oo e—ar—itw dm)
‘ m R V2T o 0

It is always dangerous to make some computation with [ °° since it in-
cludes a limite at co. So let us play it safe and let us write the limite
explicitly

7 1 " i T (atie
. — 1 a—1€)x d —(a+1€)x d ;
fa(§) 5 R /426 x+/0 e T

which makes sense since f, € L'(R). We then have that

. 1. ela—i§)z7? e—(atig)z T
Mo = a5 ] L S,

1 I 1— efR(afi‘E) 67(a+i§)R -1
- \ﬁQﬁRﬁHEoo< a—ie T —a—it )
Since |e~la=i)| = |e=Flatid)| = ¢=al () as R — o0 since a > 0, we
get that
P = L ( L, )_ 1 a+ifta—it
@ Vor \a—i&  —a—i€ Vor (a —i&)(a + &)
and then
~ 1 2a
fa(g) =

Vora?+ &2

for all £ € R.
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Notation: Instead of writing rigorously

x> f(2)(€) = f(€),

to avoid unnecessary notations, we will often write the Fourier transform in a more
compact (and abusive!l) way as

f(x) = f(€) for ¢ € R.

For instance, we will write

e
— 1 4525111(5) —— 1 2

—1

e "3 and e—al7l =

1o = e
o8 Vo ¢ Vama? + €

If there is any ambiguity, or if you do not feel confortable with this notation, go
back immediately to the rigorous formulation.

(33)

Exercise 43: For a < b any real numbers, compute 1/[,1\,,] What is the Fourier
transform of 1_; 1)?

Exercise 44: Define the triangle function f : R — R such that
142 if —1<2<0
flz)=<9 1—2 if0<z<1

0 otherwise

Compute its Fourier transform if it is defined.

2.3. Regularity and behavior at co. In the examples above, we have that
the two Fourier transforms are continuous, and that

—

lim Tp (€)= lim e-al#l(¢) =0.

E—+oo E—+oo

Indeed, this is a general fact:

THEOREM 11.1. Let f € L'(R,C) be an integrable function. Then f : R — C
is continuous and limg_, 4o f(§) = 0. Moreover

(R4S
vaer

PrOOF. We first deal with continuity via the continuity of parameter depen-

dant integrals. Define F(&, z) := \/% (z)e~*® for all ¢ € R and a.e. = € R, so
that

1fllo <

f(f) :/RF(E,x)dx for all £ € R.

We have that:
e Forall £ € R, F(&,-) € L'(R)
e Forae. z €R, & F(€,2) = f(x)e %7 is continuous on R (this is just
an exponential since z is fixed)
e For all £ € R and a.e. x € R, we have that |F(&,z)] < g(z) where
g € LY(R) (here, we simply take g(z) = |f(x)| for a.e. 2 € R)
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It then follows from the continuity Theorem 16.8 that f is continuous.

We now deal with the limit at £00. Indeed, this is the so-called Riemann-Lebesgue
Lemma. We prove it. First assume that f € C}(R), and let R > 0 be such that
f(x) =0 for |x| > R. For £ # 0, we then have that

~ R —itxz\ '
VIO = [ swes o= / fesran= [ f(:v)<e_zg> s
_ e—zEa: —zfac _ —z&:c
- [f()lg] %/ F()e i€ di = Zg/ F(x)eE" d
and then

2Rmax,c[—p g | f ()]
V2r|¢|

And then lime 4o f(€) = 0 when f € C1(R).

Let us now tackle the general case. Take f € L!(R) and fix € > 0. Since C}(R) is
dense in L'(R) for the L' —norm, there exists g € C&(R) such that || f—g|l; < v27§.
For £ € R, we then write

70117 - 301 + 1) < 1L

Since g € C1(R), we have that lim 4o §(€) = 0. So let R > 0 be such that
19(&)| < § for |{| > R.. We then have that

1£(©)] <

for all £ # 0.

+13()] < 5 +13(0)!

F© <5 +5=etor lg] > Re,

and then limg_,4 f(€) = 0, which concludes the proof. O
2.4. Algebraic operations. R
2.4.1. Linearity and continuity of f — f. We endow the space Cy(R,C) :=
|

{f € COR,C) s.t. limy 100 f(z) = 0} with the norm || f||eo := sup,eg | f(x)| for
f € CO(R7 (C)

Exercise 45: Prove that || f|je < 0o for all f € Cp(R, C) and that (Co(R,C), |||/co)
is a Banach space.

Proposition 11.2. For any f,g € L*(R,C) and A\, u € R, we have that
A+ pg =M+ ng.
Moreover, the map

{A: (L'R,C),[[- 1) = (Co(R,C), |- o)
f > f

is linear and continuous.

PROOF. Linearity is clear and continuity comes from the inequality | f O <
|£1/V2r for all f € L}(R,C). 5
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2.4.2. Multiplication by an exponential, translation, dilation.

Proposition 11.3. Let f € L*(R,C) be an integrable function. Then

. f@$=f(£—a)forallaek

o f(x—a)=f(&e " foralla € R
o JOw) = 1f (§) for ali x>0

Exercise 46: Prove Proposition 11.3. Give a general expression for f(Az) for A # 0
(so it must include A < 0).
Exercise 47: Write 1|, ;) as a composition of 1o ;; with dilations and translations.

—

Use (33) and Proposition 11.3 to give an alternative proof of 1, ), and compare
with Exercise 43.

2.5. Convolution product.
Proposition 11.4. Let f,g € L*(R,C). Then f % g(z) is defined for a.e. x € R
and fxg € LY(R,C). Moreover, fxg = \/27rf-g.

PRrROOF. Since we deal with nonnegative functions, Fubini’s Theorem yield

[ ([ e=naona)ae = [ [ ise-oglads= [ a0 ([ ire-old) a

/ |g<t>|(/ |f<y>|dy) dt with y — 2 — ¢
teR y€ER

/ O de = £ lglls < oo

teR

So [ieg [f(x —t)g(t)|dt < +oc for ae. x € R, and then f * g(x) is defined for a.e.
x € R. The estimates above yields || f xg|l1 < [|f]l1llg]l1 < +o00, so fxg € LY(R,C).
Then, using Fubini’s theorem for integrable functions and a change of variable, we
can make the proof of (29) rigorous.

(34)

Exercise 48: Rewrite the proof of (29) rigorously.

3. Derivation
3.1. A Lemma.

Lemma 11.5. Let f € CY(R,C) be such that f' € L'(R,C). Then lim,_, _ f(x)
and lim, 4o f(z) exist..

PROOF. Since we have no idea of the value of the limit, the proof is going to
be a matter of completeness and Cauchy sequence. Take z,y € R such that = < y.

We have that
1) - 5@l =| [ rwa| < [Ciroia< [Tirol

Since f’ € LY(R,C), then lim, fmoo |f'(t)] dt = 0. Therefore, we have that
(35) Ve > 0, 3A > 0 such that Vz,y € R, {z,y > A = |f(z) — f(y)| < €}

which is a ”continuous” version of Cauchy sequence. We are going to prove that
lim, s 400 f(2) exists.
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e Step 1: for all (x,), such that z, € R and z,, — 400, then (f(z,)), has
a limit as n — co.
For this, we prove that (f(z,))n is a Cauchy sequence. We fix € > 0 and
we let A > 0 be such that (35) holds. We set ng € N be such that z,, > A
for n > ng. So |f(xp) — f(xg)| < € for p,q > ng. So (f(zn)n) is a Cauchy
sequence in C, so it converges.

e Step 2: we claim that there exists | € R such that for all (x,) — +oo,
flx,) = 1l asn — 4o0.
For this, we let [ := lim,_, o f(n). This exists due to Step 1. We take
a sequence (x,), such that x,, — +oo. It follows from Step 1 that there
exists I’ € R such that f(x,) — I’ as n — +o0. For e > 0, let A € R be
such that (35) holds. Let ng € N be such that z,, > A and n > A for
n > ng. Therefore |f(z,) — f(n)| < € for all n > ng. Letting n — +o0o
yields |l — I| < e. Letting € — 0 yields [ = ’, and the claim is proved.

e Step 3: it follows from Step 2 and the characterization of limits by se-
quences that lim,_, o, f(x) exists and its value is [. By taking  — f(—x),
we also get the existence of a limit as z — —oo.

O
3.2. Fourier transform of the derivative.
Proposition 11.6. Let f € CY(R,C) be such that f, f' € L}(R,C). Then
F'(&) = i¢f(€) for all € R.

PrOOF. We first claim that

lim f(z)=

z—+o0

We prove the claim. It follows from Lemma 11.5 that there exists [ € C such that
lim, 400 f(2) = 1. Assume that [ # 0. Then lim,, . |f(z)| = |l > |I|/2, so there
exists A > 0 such that |f(x)| > [I|/2 for all z > A, and then [} |f(z)|dz > (M —
A)|l]/2 for all M > A. Letting M — oo yields [ |f(z)|dz = oo, contradicting
f € LYR,C). Sol = 0. The result for z — —o0 is going via the map z + f(—z).
The claim is proved.

We are in proposition. As for the convolution product, we are going to make
rigorous the formal proof of the first section. Take £ € R and, taking integral over
(—R, R) for safety (this is justified since f’ € L'(R, C), we have that

L "(2)e ® % dr = —— lim o

= [ 1@ d—%Rgm/f d
1

e (st e

-Vl (” ) e [ o ‘”)

Since f € LY(R,C) and hmm_>iOO =0, we then get that

+oo .
it / eI dr = i€ f(£).

719

G

27r
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This proves the proposition. ([

3.3. Derivative of the Fourier transform.

Proposition 11.7. Let f € L*(R,C) be such that x — xf(z) € L'(R,C). Then
f € CYR,C) and

(36) (F) © = ~ix 5w (@)(©) for all € R
In a more compact notation,
(37) (F) = i@

PROOF. We take the notations of the proof of Theorem 11.1. Define F&x) =
\/%f(x)e’lgx for all ¢ € R and a.e. = € R, so that

f(e = /RF(g,x) dzx for all £ € R.

We have that:
e Forall ¢ e R, F(¢,-) € LY(R)
e Forae. z€R, £ F(&2) = \/%f(a:)e*ifz is C! on R (this is just an
exponential since z is fixed)
e For all £ € R and a.e. z € R, we have that |8%F(§,»T)| < h(z) where

h € LY(R). Here, we take h(z) = |zf(z)| for a.e. z € R: we have that
h € LY(R) via our hypothesis.

It then follows from the differentiability Theorem 16.9 that f is differentiable and
that

()@ = [grend=—= [ fe)x i) xe o
= —i(z > ef(2))(€) for all € € R.

Moreover, since x — zf(x) € L'(R, C), its Fourier transform is continuous (Theo-
rem 11.1), and then f € C*(R,C). O

3.4. Higher order derivatives. Iterating the proofs above, we get the fol-
lowing Propositions:

Proposition 11.8. Let f : R — C be a function and n € N be an integer. Then
z e (1+ |2|") f(z) € LNR,C) = f € C"(R,C).
In addition, for all k = {0, ...,n}, we have that

- (k) L
(F) = (irar s,
Proposition 11.9. Let f : R — C be a function. Then

{ IS ERRD) vocren | =P =G0t i©Wk<nmicer

Exercise 49: Prove these propositions.
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Important remark: As a consequence of Proposition 11.9, if f € C™(R,C) with
f® ¢ LY(R,C) for all k € {0,...,n}, we get that
(38) L+ 1EMIFOL = 1FOI+ 1S @ < N Fller + 17|z

for all ¢ € R. This inequality and Proposition 11.8 show that there is (almost) a cor-
respondance between regularity and behavior at infinity via the Fourier transform.
For instance, mixing these two propositions and Theorem 11.1, taking f € L*(R, C)
and n € N, we have that

(14 |z|")f(z) € L'(R,C) = feC"R,C)
and (38) yields
feC*"(R,C) (and f® e LYk < n) = (14 €M) f() = o(1) as € — +o0.

This is not really a correspondance, since we have to make some additional hypoth-
esis to go from o(1) to L', but this is the idea to keep in mind:

Via the Fourier Transform, the more regularity we have, the more integrability we
get, and vice-versa.

3.5. Application: Fourier transform of x — e—ae’,

Proposition 11.10. For a > 0, we have that

N

£

et
vV2a
—_—

l'2 2 .
In particular, taking a = 1/2, we have that e~z = e~ the function x — e~ /2
is invariant via the Fourier transform.

2

We prove this result in several steps. Define f(z) := e~ for all z € R. We
have that f € C*°(R) and

() = —2axf(x) for all z € R.

Let us take the Fourier transform: this makes sense since f, f/ € L'(R,C) and
x+— xf(x) € LY(R,C), yielding f € L*(R,C). We get with Propositions 11.6 and
11.7 that

i€f(€) = J'(§) = ~20xf(x) = 202 (2) = ~2ai(f)'() = ())'(€) = 5 (&)

for all £ € R. Solving this linear ODE yields

f(&) = f(O)e_% for all £ € R.
We have that
1 2 1 1 ) 1
0) = — R g, L
f( ) \/%/1%6 X \/ﬂ\/ﬁ Re Y m

Therefore, we get that

i
N

@
~
)

— 2
ea:z: =
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4. Solution of the exercises of Chapter 11

Solution of Exercise 43: This makes sense since 1j,,) € LY(R). For £ € R, we
have that

— 1 . 1 b ]
1, = — [ 15 "Ee_léwdxzi/ e~ T qp
(.5 (§) \/ﬂ/m [a,0) () 7=
o ]. f;dm:b—a . . 1f£:0
- V2m f:%(e:;?) dl':eﬂb{__iigiwg:e*i%ﬂfw if&4£0
and therefore
_ bou ife=0
(39) Taa)(6) = { e g
Var e
In particular,
— o if =0
(40) 1116 = { EQsinf iFE£0
Nz

O

Solution of Exercise 44: This makes sense since f € L'(R). For £ € R, we have
that

V2rf(€)

0 1
/ f(x)e % dr = / (1+x)e % dx + / (1—z)e ™% dx
R —1 0

/10(1 — x)e’® x (=1)dx + /01(1 —x)e % dx

1 1 1
[a-neeas [(a-nea= [Q-nEe e
0 0 0

1
= 2/ (1 —x)cos(&x) dx
0
When € # 0, we get that

For £ # 0, we have that

Varje) = 2/01(1—x)c0s(£x)dx:2/01(1—x) (S‘mfx)>dx

[ () s =t

Usin(éz) [ (— cos(fm))l B {— COS(&:E)] ! ., —cos(§) +1
2/0 ¢ dx—2/0 e de =2 e 0—2 e

2231n(§/2)2_ Sin(g) i
¢

62
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And then
1 if&€=0

§ ))2 if€+£0

~~»
—~
A
N2
|
7N
@
=]
—
ol

O

Solution of Exercise 45: Since the limit is 0 at oo, there exists Ry > 0 such
that for |z| > Ry, we have that [f(z)| < 1. Set M := max|_p, g, |f ()|, which is
well-defined since f is continuous on the compact set [—Rp, Rp]. As one checks, we
have that |f(x)] < max{1, M} for all z € R. So ||f]lec < max{l, M} < +oc.

To prove that we have a Banach space, let us take a Cauchy sequence (fy), in the
space (Co(R,C), || - ||oo)- Since for all p,q € N and for all x € R, we have that

|fo(x) = fa(@)| < [ fp — falloos

we then get that for all x € R, (f,(x)), is a Cauchy sequence in (C,|.|) complete,
so it has a limit, say f(x) € C. So (f,)n has a pointwise limit.

Let us prove that the convergence is uniform. Fix ¢ > 0 and let ng € N such
that || fp, — fyllo < € for p,qg > ng. Given z € R, we have that |f,(z) — fy(z)| <
Il fp — falloo <€, so letting ¢ — 400 yields

|fp(x) — f(z)| < efor all z € R and all p > ng,

0 || fp — flloo < € for all p > ng.Therefore (f,), converges uniformly to f, and then
f e C'R,C).

Let us prove that f € Cyp(R,C). Fix € > 0 and let ng € N be such that || f, — f|lec <
€/2 for all n > ng (this is the uniform convergence. We then have that

[f (@) < [f(@) = fao (@) + [ fno ()] < % + | fno ()] for all z € R.

Since fr, € Co(R,C), there exists Ry > 0 such that
€
|z| > Ry = |fno(2)] < 3

So for |z| > Ry, |f(z)] < §+ § = €. And then lim, ,+ f(z) = 0, and then
f € Co(R,C). This proves the completeness. O

Solution of Exercise 46: z +— f(A\z) is in L! for A # 0. For A > 0, we have that

P xr=400
Vorf(\z) = / fOx)e % da

=—00

y=too oy d
= / fy)e % Y with = = Ay
Y A

Yy=—00
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When A < 0, the bounds of the integral are exchanged:

— =400
V2 f(Az) / f(Az)e % da

=—o00

y=—0c0 o d
/ f(y)e % Y with o = Ay
y A

[ e 8
T TGRYETE

So, in any case, for A # 0, we have that

— 1 ./[¢
)= —F(S
709 = 54 (5)
Via Lebesgue’s integration theory, there is a uniform proof: set ¢(x) = x/X for

r € Rand A # 0. We have that p(R) = R, ¢ is a C!—diffeomorphism and then the
change of variable formula yields

VaRfOw) = [ fOae it an = [ o T s
©

[ ety nawla = [ e |5 a
1

= v (3)

Solution of Exercise 47: For convenience, for A > 0 and a € R, we define
Ox(z):=A -z and 7o(z) ==z — a for all z € R.
As one checks, with a < b, for any x € R, we have that

T —

a
1[a,b](l’) = 1j0,1] <b — a> =110 5ﬁ o 74(2),

Ler us compute the Fourier transform using Proposition 11.3 and (33):

— — o —

Loy = 1podr o7 = e "0 51

e (b — a)To1((b—a)f) = e (b —a) -

o (((b=a)E
1t 2sin ( 2 )
V2T &
‘Which is what was obtained Exercise 43. We can also write

T a

l[a,b] (17) = 1[071] < ) = 1[0,1] o Th% o 5% (gj)

b—a b-—a a —a
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for all x € R. Then
Ly = lpgorge o061 =(b—a)lpore((b—a))
= (b—a)e T T (b - a)f)

Vo (b—a)
: b—a)
1 _jcatne 28I0 (( : )
= e 2 _—.
V2r §
Here again, this is the result we obtained with the other methods. O

Solution of Exercise 48: We fix £ € R. Define
F(x,t) == f(x —t)g(t)e ™" for a.e. z,t € R.
Since f,g € L'(R,C), we have that f xg € L'(R, C) (Proposition 11.4) and

Varfegle) = / (Frg@e da

_ /xER ( [ =090 dt) e~y = /xe]R ( [P dt) dz

It follows from the proof of Proposition 11.4 that F € L'(R?), and we can apply
Fubini’s Theorem to get

mm(ﬁ) B /teR </7;€]R Flat) dm) "= /teRg(t) ( z€R Sz = 0em) dx) “

With the change of variable y := x — t in the second integral, we get that

Vareae) = [ ([ rwe o) a
teR y€ER
= / g(t)e’ft< f(y)eisy)dy) dt
teR y€ER
= s Vi@ a = ViR i) - (o
€
which is the expected result. ([l

Solution of Exercise 49: For Proposition 11.8, this is just an iteration of Propo-
sition 11.7 and that |z|* < 1+ |z|* for all 0 < k < n and =z € R. For instance,
if n > 2, we have that 2 — h(z) := zf(z) € L', so f € C' and f' = —ih.
Since z > zh(z) € L* too, then h € C* with &/ = —iz s zh(z), so f € C? and
W' = (—i)2z — zh(z) = (—i)2z — 22f(2). And so on for the other derivatives.
For Proposition 11.9, this is also an iteration. For instance, when n > 2, we apply
twice Proposition 11.6 to get that

F7=(fy = (&) (&) = (i€)* ().






CHAPTER 12

The inversion theorem and application to ODEs

The central question is this chapter is the following

Q: Is a function uniquely determined by its Fourier transform? If yes, can one
reconstruct a function from its Fourier transform?
1. The inversion theorem

1.1. The answer. The answer to this question is simple:

THEOREM 12.1 (Fourier inversion formula). Let f € L'(R,C) be such that
f € LYR,C). Then

1 L

41 T)=— e e d¢ for a.e. x € R.
(41) fla) = <= [ Feeeas 1

However... be aware that there are hypothesis!!! This inversion formula is valid
only if f, f € L}(R,C). And not everywhere: only a.e....

Important! The power is /¢, not e,

1.2. A few consequences.

Proposition 12.2. Let f € L'(R,C) be such that f =0 ae Then f(x) =0 for
a.e. ¢ €R.

PROOF. In this case, we have that 0 = f(z) for all z € R (f is continuous). So
f € LY(R,C) and the inversion formula (41) yields f(z) = 0 for a.e x € R. O

Proposition 12.3. The Fourier Transform is injective from (or 1-1) from L*(R, C)
into Co(R,C).

PROOF. The transform is linear, and its kernel is {0} by the preceding propo-
sition. So it is injective. O

2. Proof of the inversion theorem
2.1. Two useful classical theorems.

THEOREM 12.4 (Approximation of unity). Let (ge)eso be such that g. € L*(R)
for all e > 0. We assume that

e g. >0 for all e > 0;
o [p9e(x)dx =1 for all e > 0;
e Forall§ >0,

lim ge(z) dx =
e—0 |’E|>5
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Let f € LP(R,C) where 1 < p < 4+00. Then g * f € LP(R,C) and
lim g, x f = f in LP(R, C).
e—0
THEOREM 12.5 (Convergence in LP ”implies” convergence a.e.). Let (X, u) be
a measured space. Let (fn)n be a sequence such that f, € LP(X) for all n and
assume that there exists f € LP(X) such that (f,) = f in LP for some 1 < p < oo.

Then there exists a subsequence (fjmn))n such that lim, o fim)(x) = f(x) for
a.e x€X.

2.2. An intermediate Lemma. Let ¢, € L'(R, C) be two integrable func-
tions. Define

F(y, 2) = o(y)b(z)e for ac. (y,2) € R2,
1. Show that F' € L'(R?).
2. Show that

(42) A@@wawz/wwww@

R
and that these integrals make sense.

2.3. Proof of Theorem 12.1. Let f € L'(R,C) be such that f € L'(R,C).

Define h(z) = Zb=e~*"/2 for all z € R. It follows from 11.10 that

e he C>*(R)N LY (R,C)

e h=hand [ph(z)dz=1
For € > 0, we define he(z) := h(ez) for all z € R. We set g, = he.
3. Show that g(£) = h (%) for all £ € R.

4. Show that g. satisfies the hypothesis of Theorem 12.4.
We fix z € R .
5. Define ¢p(y) := f(x — y) for all y € R. Show that

@(z) = 7 f(—z) for all z € R.

6. Using (42) and the parity of h., show that
/ e“”gj?(z)he(z) dz = [ *g.(x)
R

7. Show that
o 1 o
lim [ e f(2)h(2)dz = — [ **f(2)dz
Fem)dz = —= [ é=fe)

e—0 R

8. Show Theorem 12.1 by using Theorems 12.4 and 12.5. .

3. An application to the resolution of some ODEs
Let us take f € C°(R). Is there u € C?(R) such that
(43) —u" +u=finR?
We are going to argue as in the begining of Chaper 11.
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3.1. Step 1: Formal analysis. Here, the computations are made assuming
that everything works. We have that
W Fu=f = —(iu+a=f= 1+¢P)a=f
and then
G
1+ ¢

a(g)

With the inversion formula, this yields

= e T

And this is going to be a good candidate to be a solution to our problem.

3.2. Step 2: Rigorous construction of u. We assume that

f e L'(R,C) (H1)
and we define X
1 f&) e
u(x) == — e~ d¢ for all x € R.
( ) \/27‘(’ R1+|§|2 §
This makes sense: define g : £ — g(&) := %, then
||f||oo 1 : £ 0o
l9(&)] < AT € L'(R,C) since 2 > 1 and f € L™.
So u(x) is defined for all = € R. Define
1 f©
F(z,§) = — @8 for all z,6 € R
(z,€) \/ﬂ1+|€|26 or all z,&

so that
u(zx) = / F(z,£)d¢ for all x € R.
R

Let us prove that u is continuous. We have that
e Forall z € R, F(z,-) € LY(R)
e Forall £ € X, 2 — F(x,€) is continuous
e For all z,¢ € R, we have that |F(z,€)| < |g(z)], and g € L} (R, C)

Therefore, it follows from Theorem 16.8 that u € C°(R, C).
Remark: since g is even, with the change of variable, £ — —¢, we have that u = g,

and then wu is continuous.

3.3. Step 3: Derivatives of u. Here, we use Theorem 16.9. Note that for
all { € R, z+— F(z,£) € C*°(R,C) and that

OF 1 £ O2F 1 f(e

el _ PR T i - c\2 _ix€
ax (.T,f) - \/ﬂl + ‘€|2’L§€ and 8$2 (.I',f) - \/%1 + ‘€|2(’L§) €
for all z,& € R. Let us find upper bounds:
oF L 1FO1 L a ] 1
e8| < o= 12 = <101 < ol
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for all x, £ € R, and this upper-bound is independent of x. Similarly,
0°F L |f©) €12 I
< <

for all x,£ € R, and this upper-bound is 1ndependent of x. In order to apply the
theorem, we are assuming that

€1 =

feL'(R,C) (H>)

Then, it follows from a double application of Theorem 16.9 that u € C?(R, C) and
that

/ oF z:L’E
u'(x) = /ax( \/7 1+|§|2 d¢ for all z € R.
O*F ,
u(x) = Fr (z,€)dE = \/% . J:L (%2 (i€)2e'®® d¢ for all x € R.

3.4. Step 4: u is a solution to (43). For x € R, we have that

_u//(x)+u(x) = \/7 1+‘§|2 — ) +1) lw&df
N r 1+\5|2 (€l +1) €™ dg
= i
v /R F(e)es de

Since f, f € L'(R,C), the inversion formula yields
v’ (z) +u(x) = f(x) for a.e. x € R.

Since —u” + u and f are continuous, we then get that the equality holds for all
x € R, and then we have a solution to (43).

3.5. Step 5: About uniqueness. In our construction, u = § where g €
L'(R,C), so
lim w(z)=0.

z—+oo
We claim that « is the only solution to (43) that goes to 0 at +00. Indeed, assume
there is another such solution v € C?(R,C), then w := u — v € C? is such that

—w”" +w=0inRand lim w(z)=0.

z—+o0

So there exist A, € R such that w(x) = Ae® + pe™™ for all x € R. If X # 0,
then lim,_, o |w(z)| = 400, which is a contradiction. So A = 0. If p # 0, then
lim,, o |w(z)| = +00, which is a contradiction. So w = 0 and then u = v which
proves uniqueness.

We have proved the following theorem:

THEOREM 12.6. Let f € C°(R,C) be such that f,f € LY(R,C). Then there
exists u € C*(R,C) such that

—u" +u=f in R
lim, 400 u(x) =0 '

Moreover, such a solution is unique.
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Exercise 50: Use the method above to prove that there is a unique solution u €

C%(R) to
" / — oz :

(44) u.—|—2u +u=e in R .
lim, 400 u(z) =0

4. Application to the heat equation

4.1. The context. Given uy € C°(R,C), we are investigating the existence
of u € C?((0,4+00) x R) N C([0, +00) x R) that is a solution to the heat equation

2 .
%—%:O in (0,400) xR
u(0,2) =up(x) for all x € R,
It is much more classical to solve the heat equation on the circle via Fourier series.

Here we present a method on R, and we will see that the noncompactness yields
some qualitative differences.

(Heat)

Here we have two variables, so this is a Partial Differential Equation (PDE) . We
are going to perform the Fourier Transform with respect to the variable = (the
"space” variable), leaving the time variable ¢ unchanged. Then the PDE (in two
variable) should be turned into an ODE (in the time variable).

4.2. Resolution of (Heat). Step 1: Formal resolution. We perform the
Fourier transform in the space variable, that is we define

(45) a(t, €)= \/% /]Ru(t,:c)e_ig”g de = m(ﬁ) fort >0 and z € R.

Formally, we then have that

—

02, u(t,”) = (i€)*ult,-) = —€*u(t, €).
Differentiating (45) with respect to ¢, we get that
0 —
tU t) .

aa(t,f) = % <\/1277T/Ru(t,x)e_m5 dx) = \/%/Ratu(t,x)e_ixf dx = Oyul(t,-)(§)

Then we rewrite (Heat) as
0=0=du— 02,u=3da+|¢a
so that
Oyt + |€[*0 =0 for t > 0 and £ € R.
Freezing the space variable &, this is a linear first order ODE with respect to the
time variable. And we can solve it: we get

a(t,€) = a0, )<
With the initial condition u(0, z) = ug(x) for all x € R, we have that

4 S w(0, z)e” ¢ oc:L up(z)e ™ dx = Uy
0. = <= [0 do = —— [ ugla)e " do =)

and then ,
i(t, ) = ag(§)e 1.
With the inversion theorem, we then get the expression

T S
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And this is going to be our candidate.
Step 2: Rigorous definition of u(t,x) We assume that

ug € L*(R,C) and ug € L*(R, C).
We define
1 2,
ut,z) = — [ up(&)e 1 e’ ™ d¢ for all t > 0 and = € R.

This well-defined since, by defining
F(t,2,€) = Tp(§)e e’ for t,a,€ € R,
we have that |F(t,z,¢)| < [ug(€)| for t > 0, ,£ € R, and since ug € L' (R, C), then

(46) uta) = —= [ F(t.a.6)de

is defined for all ¢ > 0 and z € R.
Step 3: Continuity of u on [0,+00) x R Here again, this is a straightforward appli-
cation of Theorem 16.8. We have that:
e For all £ € R, (t,z) — F(t,z,§) = ﬂB({)e*mzteif"’” is continuous on
[0,400) x R (no difficulty here).
e For all (t,2) € [0,400) xR, £ = F(t,z,&) is integrable on R
e For all (¢t,2) € [0,400) x R and £ € R, we have that |F (¢, z€)| < |ug(€)|,
with 7p € L*(R,C), and this upper-bound is independent of ¢, z.
It then follows from Theorem 16.8 that

u € C°([0, +00) x R).

Step 4: Differentiability of u on (0,400) x R Here, we will have to exclude ¢t = 0.
For all £ € R, we have that (¢,€) — F(t,2,¢) is C? (and even C*) and

%(t’w,f) — (i) (€)e el et
%(t’l‘af) = (i6)%up(€)e Il teiEm
%f(t’m,f) = —|¢Pag(e)e e teism
%(t,x,f) = ¢\ ap(&)e € e

for all t,z,& € R. Therefore, we multiply by a polynomial that might break the
integrability. However, it can be compensated by the exponential for positive .

Let us take a > 0. Then for ¢t > a, x,£ € R, we have that

’gf@,x,g) = el Il < el (6))
‘ff;@,x,g) = EPm©)le " < lgPe e m ()]
'%f(t,x’o = [EPEa©)le ! < JePe M an ()|
‘%b:@,x,g) = lglaa(©)le” e < Jefte g (6))
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Since a > 0, we have that

lim \X|ke_“X2 =0 for all £ € N.
X —+o00

Therefore, there exists M > 0 such that
|X e X" < M for all k =0,...,4 and X € R.

Therefore, we get that

0 _ 0? _
Setta0] < MITO s |55 0e0)] < MiT)
oF OF?

’at(t,x,f)‘ < Ml (€)] ;

forall t > a and z,£ € R.

i (12.6) < MIG(E)

We are now in position to prove differentiability of w. Given a > 0, we have that

e Forallt >a and all x € R, £ — F(t,x,&) is integrable

e For all £ € R, then (t,2) = F(t,z,¢) is C? on (a, +o0) x R

e All the derivatives < 2 in the (¢, ) variables are controled independently
of (t,x) by an L'—function

It the follows from a double application of Theorem 16.9 that u € C*((a, +00) x R)
for all a > 0. And then u € C?((0,+00) x R).

Step 5: solution to (Heat) For t > 0 and z € R, it follows from the preceding step
that

Ouult, ) — Dppu(t,z) — \/% / (OF(t,2,€) — DuuF(t,,€)) dE
™ JR

= \/%/R (=161 + [€]?) up(&)e e e ag = 0

for all ¢ > 0 and £ € R. Moreover, for all x € R, we have that

u(0,7) = \/%/RF(O,:B,Q‘) d¢ = \/%/Raa(g)eigm de

Since ug, ug € L' (R, C), the inversion formula yields (0, x) = ug(x) for a.e. = € R.
Since u(0, -) is continuous (Step 3) and ug too, we then get that w(0,x) = ug(x) for
all z € R. So we have found a solution to (Heat):

THEOREM 12.7. Let ug € C°(R,C) be such that
ug € L*(R,C) and up € L*(R,C).

Then there exists a function u € C?((0, +00) x R)NCY([0, +00) x R) to the problem

ou 8% .
{ ot T ox2 0 m (0,+OO) XR (Heat)

w(0,2) = up(x) for allxz € R,

In order to prove uniqueness, one should impose some asymptotic behavior,
essentially an integrability condition.
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4.3. Dispersion of the heat. There is an interesting feature here. Take u
as it was obtained here. Then we claim that

li t,x)| =0.
tJTooj‘;g'“( ;)|

We prove the claim. Just write
1 2,
ult,z) = — | F(t,z,&ug(&)e 1€ e g
(t2) = <= [ Pt om0 ¢

forallt > 0 and z € R, with F(t,z,&) = ug(&)e~ 6" so that |F(t, z, )| < [15(€)]
for all ¢t,z,£ € R. Since

lim F(t,z,&) =0 for all £ #0 and = € R,

t——+o0

it follows from the Lebesgue’s Theorem 16.7 (take any sequence (t,,x,) such that
t, — 00) that u(t,z) — 0 as t — +oo uniformly with respect to x € R.

What does this mean? It mean that whatever your initial condition is, the tem-
perature at any point is going to decrease to 0. The energy that you put initially
(in wp) is going to scatter on the full line R. This is a big difference with the heat
equation on a circle: via Fourier series, one proves that on a circle, the heat is going
to evolve, and asymptotically, it will be the same everywhere, corresponding to the
average of ug. To summarize:

compact domain = temperature is averaged with time
noncompact domain = temperature vanishes everywhere

4.4. About regularity. There is an important remark that is reminiscent in
evolution equations: despite ug is only continuous (which could be very bad, see
the examples of nowhere differentiable continuous functions), the solution to the
heat equation is C? as soon as t > 0. We say that the heat equation is immediately
smoothing, whatever the initial condition is.

It can even be worse: we just need up € L!(R, C) to prove C? for t > 0. So if we
can define the Fourier transform for something that is not L!, we should be able
to prove that the resulting solution is smooth for ¢ > 0. It is possible to define the
Fourier transform for L?—functions, and even for distributions, and then, one can
prove that the heat equation is smoothing.

There is a possibility to extend the derivatives of u til ¢ = 0. For instance, take the
derivative along x: we have that

%(tx&) = (i6)ug(&)e e et

so we have that oF
o (ta.0)| < lemto)

for all z,£ € R and ¢t > 0. So if £ — &ug(€) is in L, we can get a uniform control
for t > 0, and then apply the derivation theorem for ¢ > 0. With Proposition 11.6,
if ug € C1(R,C) and is L', we have that

wp(€) = iu(€)

and then oF
‘8@,1«,5)‘ < [uh(&)] for t > 0 and z,¢ € R.
X
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And then, we can apply the derivation and continuity theorems. We then get the
following
THEOREM 12.8. Let ug € C°(R,C) be such that
4 (k) (k)
ug € C*(R,C), uy”’,uy’ € L*(R,C) for k=0,...,4.
Then there exists a function u € C?((0, +00) x R)NCY([0, +00) X R) to the problem

ou :
ou _ 2%u in (0,4+00) x R
ot~ Jw ’ H
{ w(0,2) = up(x) for allz € R, (Heat)

Moreover, the derivatives of order < 2 extend continuously to [0,+00) x R.

Exercise 51: Prove this theorem.

5. Application to the wave equation

5.1. The context. Given ug,u; € C°(R,C), we are investigating the exis-
tence of u € C%((0, +00) x R) with derivatives extending continuously to [0, +00) xR
that is a solution to the wave equation

GE-SE=0 in (0, +00) x R
u(0,x) = ugp(x) for all x € R, (Wave)

Ou(0,z) = uy(z) for all z € R,

This is another classical Partial Differential Equation (PDE), namely the model
of hyperbolic PDEs. The difference with the heat equation is that we have two
derivatives in time: but this will make a huge difference.

For convenience here, we assume that
Uy = 0

Step 1: Formal resolution. Here again, we perform the Fourier transform in the
space variable, that is we define

a(t, €) : / (t,2)e" dx = u(t, ) (€) for t > 0 and « € R.
Formally, we then have that

2,ult,) = (i€)%ult, ) = —€20(t,€).
Differentiating twice with respect to t, we get that
(92 " 82 —iz€ —ix€
@u(t,ﬁ) =52 \/ﬂ u(t, x) de )| = — 3ttu (t,x)e dzr = 3ttu( )(€)

Then we rewrite (Wave) as
O = O = 3ttu/—-\8§xu = 8ttﬁ + |f|2’LAL

so that
Oyt + |€|?a =0 for t > 0 and £ € R.

Freezing the space variable &, this is a linear second order ODE with respect to the
time variable. And we can solve it: when £ # 0 (everything is formal here), we get

a(t, §) = A(§) cos(&t) + B(E) sin(&t)
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With the initial condition u(0,z) = ugp(z) and dyu(0,2) = 0 for all x € R, we have
that

4(0,&) = \/% /Ru((),x)e*mg dx = \/% /Ruo(:c)e*“”5 dz = ug(€) and 9;4(0,2) =0
and then A(E) =ug(§) and B(£)E = 0, so (formal...), B(§) =0
a(t,§) = uo(§) cos(§t).

With the inversion theorem, we then get the expression

ulta) = o= [t ds = —— [ G costetyec de.

And this is going to be our candidate.
Step 2: Rigorous definition of u(t,x) We assume that

ug € L*(R,C) and ug € L*(R,C).
We define

1 )
u(t,z) = Wors /Rﬂa(ﬁ) cos(€t)e™® d¢ for all t € R and = € R.

This well-defined since, by defining
F(t,z,€) = up(€) cos(£t)e™s® for t,x, 6 € R,
we have that |F(¢,z€)| < |[ug(€)] for t € R, z,£ € R, and since 1y € L' (R, C), then

1
u(t,z) = E/}I{F(t’x’g) dg§

is defined for all t € R and = € R. Note that here, the definition makes sense for
allt € R
Step 8: Continuity of u on R X R Here again, this is a straightforward application
of Theorem 16.8. We have that:
e Forall £ € R, (t,z) — F(t,x,&) = up(€) cos(&t)e® is continuous on R x R
(no difficulty here).
e For all (t,2) e Rx R, £ — F(t,x,&) is integrable on R
e For all (¢,z) € R xR and £ € R, we have that |F(¢,z£)| < [ug(§)|, with
up € L'(R, C), and this upper-bound is independent of ¢, .

It then follows from Theorem 16.8 that
u € CO(R x R).

Step 4: Differentiability of u on R xR For all £ € R, we have that (¢,&) — F(t,z,¢)
is C? (and even C*°) and

oF

S (tm8) = ()T (E) cos(E)e’s
2
%(t,x,g) = (i&)%ug(€) cos(&t)e’s”
%f(t’x’f) = —&ug(€)sin(Et)e’”
2
al(t x, 5) = 752%(5) COS(ft)eigm

ot?
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for all ¢,x,£ € R. Unlike the case of the heat equation, there is no way the cosine
will compensate the polynomial. So we are going to argue as in Exercise 51. For
teR, z,& € R, we have that

oF - 0*F —
o) < lel@te) | Gom .09 < PO
oF _ 0’F —
o) <lel@e) | G .0.9) < PO

With Proposition 11.6, if ug € C*(R,C) and uf, uj € L*(R,C), we have that

up(€) = i€up(€) and uf(€) = —€%u5(€)

and then
oF — 0*F —
Setta0)] <15 |55 0] < e
oF — 0%F —
0] < 015 |G a0 < e

So assume that
uph, uy € L*(R,C).
Then, we can apply the derivation theorem:

e Forallt e Rand all x € R, { — F(t,z,€) is integrable

e For all £ € R, then (t,x) — F(t,2,£) is C? on R x R

e All the derivatives of order < 2 in the (¢, x) variables are controled inde-
pendently of (¢,7) by an L!—function

It the follows from a double application of Theorem 16.9 that u € C%(R x R, C).
Step 5: solution to (Wave) For t € R and = € R, it follows from the preceding step
that

attu(tax) - aa:zu(tvx) = \/%/ (attF(tvmvg) - axa:F(tvxvf)) df
R

= = | (leP + 1R ) costet)e dg =0

for all ¢ € R and ¢ € R. Moreover, for all z € R, we have that

u(0,7) = \/%/RF(O,x,f)dgz %/}Rﬂa(f)eigzdf

Since ug, up € L*(R,C), the inversion formula yields u(0,z) = ug(z) for a.e. x € R.
Since u(0, -) is continuous (Step 3) and ug too, we then get that «(0,x) = ug(x) for
all x € R. Concerning the derivative at 0, we have that

Oyu(0, ) /at (0,2,8)d¢ = \ﬁ/uo €)sin(¢ x 0)e*d¢ =0
for all z € R. So we have found a solution to (Wave):

THEOREM 12.9. Let ug € C*(R,C) be such that

) € LR, C) and u(k) € LY(R,C) for all k =0,1,2.
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Then there exists a function u € C%(R x R) to the wave equation

G —%#=0 in(0,400) xR
w(0,2) = up(x) for allxz € R, (Waveg)

Ou(0,2) =0 forallz € R

Exercise 52: Prove a similar result for the general case u; # 0.

6. Comparison between the heat equation and the wave equation

6.1. About the hypothesis of the existence theorems. For the heat
equation, we have proved in Theorem 12.7 that there is a solution u € C?((0, +-00) x
R) N C°([0,+00) x R) to (Heat) as soon as

up € C°(R) N L*(R) and 4 € L*(R,C)

Moreover, as one checks, the same arguments as in the proof of Theorme 12.7 show
that u € C*((0,+00) xR) for all k € N. Therefore, even with not much regulrity on
the initial value ug, we get the maximal regularity for solutions to the heat equation
immediately when ¢ > 0.

The situation is drastically different for the wave equation. In order to get C?—regularity,
we needed to impose a lot of regularity to ug: C?, all derivatives in L', and the
Fourier transform of the derivatives all in L'. Would we want to get solutions in

C*, k > 2, we would need to assume even more regularity and integrability for ug.
This is a stricking difference with the heat equation.

6.2. Is it reasonable to have such a difference of behavior? As good scientists,
we must ask ourselves the following question:

”Were we not smart enough to get a better regularity of solutions to the wave
equation?”

fortunately for us, the answer is "NO”!!l' The heat equation is immediately regu-
larizing, but the wave equation cannot decently be.

For instance, look at a wave in the sea (governed by... the wave equation). In a
perfect world, a wave is supposed to keep the same shape, and to move on the
sea: so, if the shape is odd, the shape will stay odd. In mathematical terms: if
the initial shape is described by a non-smooth function, then time after time, the
function describing the shape will stay non-smooth. We say that the singularities
are preserved. A more dramatic example is a tsunami: initially, you have a wave
that has more or less the shape of a wall, and, unfortunately, when the wave reaches
the beach, it still has the same shape (in reality, this is a bit smoothened, but the
consequence are still dramatic)

6.3. A classification of the PDEs.

7. Model of a flame

We want to answer here the following question:

Take a bar of iron with constant temperature, say 20 degrees Celsius. Put a flame
at a point, and light it off. How does the heat evolve on the bar?
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The difficulty we have is the initial condition: initially, the temperature is 20 outside
the point, and very high at one point. If we modelize with with a function, it would
be constant almost everywhere, so we would not see the influence of the flame. So
we want something that is constant a.e., and that carries a lot of energy at a given
point. For simplicity, we will require the temperature to be 0 everywhere except at
one point.
Here is a first approximation. For k > 1, we define f; € CY(R) by

o fi(z)=0for |x| > 1/k

e fx(0) =k,

e fi is affine on [—%,O] and on [O, %]
This is a triangle. We have already seen one: denoting as f the triangle function
of in Exercise 44, we have that

fi(z) = kf(kx) for all k € N and z € R.
As one checks, the family (fx)r has the following properties:

b hmk~>+oo fk(O) = +00,
e limy 100 fr(z) =0 for all 2 # 0,

| frllh = / fr(@)dez=1forall ke N
R

So
lim fr(x) =o00-1g(x) for all z € R,

k—4o0
but this is not a handlable function, and it does not reflect that f; carries some
“energy”, say the L'—norm. The good point of view is to test it on functions:

Proposition 12.10. For any ¢ € C(R), we have that
Jin [ fie)o(e) = o),
—+00 R
When it makes sense, for a function h € L] (R)(locally integrable, that is
f € LY (=R, R) for all R > 0), we define

T,: CXR) — R and d: CXR) — R
¢ = [yhedx e = p(0)

The above proposition then rewrites
lim Ty, () = do(p) for all p € C°(R),
k—+oo
which is just a pointwise convergence. Here, §y stands for the flame at the point 0.
We prove the following theorem:
THEOREM 12.11. Let (ug)x € N such that uy, € C?((0,+00) x R)NC°([0, +00) X

R) is the solution of the heat equation

% - 8;;‘2’“ =0 n (0,+00) xR

up(0,z) = fr(x) foralzeR
given by Theorem 12.7. Then there exists u € C2((0,+00) x R) such that for all

a>0, uy = u in C*((a,+00) x R). Moreover, for all t > 0, u(t,-) € L}, .(R) and
we have that

n2 .
%—?—%:0 in (0,400) xR
limy 0 Ty(e,.) = 00 for the pointwise convergence.
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So, with a slight abuse of notation, we have an initial condition "«(0,-) = do”

Note that since fr € CO(R) N L' (R) and f, = f(k~') € LY(R,C) since f € L!
(see Exercise 44, then the existence of uy follows from Theorem 12.7. The explicit
expression is

w@ﬂ:v%éﬁﬁfww&%=£§4&@%9%

Fk(x’tvf) = f(%

Given a > 0, we have that

\Fi(2,8,6)] < || fllooe € € L for all k,2,&,t > a

where
)e*|€|2tei5r d¢

lim Fy(z,t,€&) = ‘]}\(0)67‘5‘%6%1 for all z,&,t >0
k—+oco
It then follows from Lebesgue’s Theorem that

1
lim wg(z,t) = —
k—+o0 k( ) 2T
An application of the continuity and the differentiability theorems (we have a good
estimate of the derivatives of F) then yields u € C?((a,+o0) x R) for all a > 0
and therefore

f(O)/ eIl et ge u(z,t) for all z,t € R, t > a.
R

u € C*((0,+00) x R)

with
_ 1 2. - let giga
dulet) = —=F(0) [ (- e ag
I N2 — €|t ik
dorulat) = —=(0) [ €y ag
so that

O — Ogpu =0 in (0,+) x R.
In addition, due to the uniform control of Fj and its derivatives, the convergence
of u, to u holds uniformly in C?((a,+oc0) x R) for all a > 0 (the details are left to
the reader).

Let us now study the behavior when ¢ — 0. Since u(t,-) € C°(R) for all ¢ > 0, then
it is bounded on all compact set of R, so u(t,-) € L}, .(R) and T,y makes sense.
Let us take ¢ € C2°(R). We have that

Tuuti) = [utta)ola) o= [ (=) [ eoPtee ) ooy as

Since (z,t) — e~ 1€tei% o (2) € L1(R?) for all ¢ > 0(immediate computation), with
Fubini’s theorem, we get that

/Ru(t,x)go(x) de = \/%f(()) /&RR (/meR ei|§|2te"§x<p(m) dx) d¢

f@éﬂe&ﬂ@&
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In order to let t — 0, let us prove that ¢ € L*(R). Since ¢ has compact support,
we have that ¢’, ¢” € L*(R) and therefore

¢ = (i€)p(€) and " = (i€)2p(€)
for all £ € R, and then
1+ €2)26)] = [P + 197(€)] < |@lloo + 9" ]|oo for all £ € R

so there exists M > 0 such that |p(§)| < 1fy§2 for all ¢ € R, and then ¢ € L'(R).
Therefore

\e_§2t<,27(—§)| < |@(—€) € L* independent of ¢
and then, letting ¢ — 0. Lebesgue’s theorem yields

tim [ u(t, 2)p(x) dr = £(0) /E e

t—=0 Jr

Since p, ¢ € L' and ¢ € C°(R), the inversion formula yields

. Jg fdx R

lim [ uw(t,z)e(z)dx = -&)d

fimy | ultw)elw) ors EeRw( §) dg
Jg fdx

- B EER@(&)das:(/R £ dw)p(0) = p(0).

This concludes the proof of Theorem 12.11.

Let us now study the behavior when ¢ — +o0o. The explicit expression of u(x,t)
and Lebesgue’s convergence theorem immediately yields

lim w(t,z) = 0 uniformly for z € R.
t—4o0

What does it mean? That when you put a flame on a bar, after you light it off, the
temperature of the bar will go back to the normal : the heat will scatter everywhere
on the compact domain. Here again, this is due to the non-compactness of the
domain: a similar analysis on an annulus would result in a uniform repartition of
the enrgy of the flame.

8. Solution of the exercises of Chapter 12

Solution of ” An intermediate Lemma”:
1. Since |F| > 0 is measurable, then Fubini’s theorem yields

/RQ o 2ldutz = /yG]R (/zeR (. 2)] dz) dy = /yelR o () (/ZGR w(z)ldz> dy
(~/ZER [ ()] dz) (/yER () dy) < o0 since ¢, 3 € L'(R).
Then F € LY(R?).

2. Since F € L*(R?,C), Fubini’s theorem yields

[ (L rwn)ar= [ (] pwn) e

and all these integrals are defined. Therefore, the explicit expression of F' yields

»/yE]R o) (/Z€R¢(z)eiyz dz) dy = /ZER¢(2) </y€R o(y)e v dy) &
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Then the definition of the Fourier Transform yields

/ o()d(y) dy = / $(2)p(z) dz
yeR z€eR

All this makes sens via Fubini’s theorem. Moreover, note that all these integrals
make sense since ,9 € L'(R,C) ans ¢, € L=(R,C). O

Solution of ”Proof of Theorem 12.1”:
3. This is an application of Proposition 11.3 .
4. We have that g. > 0. For § > 0, we have that

s f - e

If § = 0, then [, ge(2)dz = [; h(y)dy = 1. For § > 0, we have that

/ ge(2)dz = / 1, >5h(y)dy — 0 as e — 0 by the dominated convergence theorem 16.7.
|2|>6 R -

5. This is direct computations:
V2rp(z) = /R flz—y)e ¥ dy = /R f(t)e @D gt = gmie= /R f(t)e’ dt = V2rf(—2)
6. Since f,h. € L*(R,C), apply (%) to get
(Fr90@) = [ fo-vawds= [ o = [ eGnds
= /e*””zf(fz)he(z) dz:/ei“f(z)he(fz) dz,
R R

and we conclude since h, is even.

7. We have that [¢% f(2)h(2)| = |f(2)he(2)| < |f(2)] for all € > 0 et pp z € R.
Since f € L'(R,C) and lim. .qh.(z) = 1 for all z € R, the result follows from
Lebesgue’s dominated convergence theorem 16.7.

8. Since f € LY(R,C), we have that (f xg.) — f in L'(R) as € — 0, and then
(f*xgik) — [ in LY(R,C) as k — +o0o. Therefore, there exists a subsequence

(f * 91/j(k) )& such that limg oo (f * g1/50)) (%) = f(zx) for a.e. x € R. The
conclusion follows from the questions above.

Solution of Exercise 50:
Step 1: Formal analysis With (33), we have that

— — [2 1 [2 1
u 20 fu=eltl = (i)Pa+2tu+a=-— = (P F2EF D0 =) —0
and then

sy |2 L
a(§) = \/;(_|§|2 +2iE+1)(1+[€]?2)

With the inversion formula, this yields

1 i€
w0 =1 | e naTe ©
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with the change of variable £ — —¢&, we get that

1 e—ix&
u(z) = ;/}R (—[€]2 — 2i€ + 1) (1 + [£]2) .

And this is going to be a good candidate to be a solution to our problem.

Step 2: Rigorous construction of u Define

2 1
9() = ﬁ(—m? “wE T ey TR

We have that

ol = 2 ; -2 1
T N aT- P =2+ < T +1€P) V7 /P - 12 + 42 x (1+ [E]?)

2 1
\/;W for all é‘ € R.

So g € L'(R,C) and we define

u(zx) :== \/% /Rg(g)e*”g d¢ = g(x) for all x € R.

Instead of reproving the continuity as above, let us use directly the results on
Fourier transform. It follows from Theorem 11.1 that u € C°(R, C)

Step 3: Derivatives of u Here we use twice Proposition 11.7 (or once Proposition
11.8 with n = 2): we have that

_ 2 K \/3 1
|§g(§)| - \/;MW < ;m for all f e R.

_ )2 kP \F 1
29(6)] = \/;(1+ GRE < 1T P for all £ € R.

Since 3 > 1 and 2 > 1, then £ —— £g(€) and £ —+— £2g(&) are both in L'(R,C),
and then by Proposition 11.7 (or Proposition 11.8 with n = 2), we get that u €
C?(R,C) and that

and

/ o 1 _ige—ixf
u'(x) = —igg(§) = ;/}R (—[€]2 — 2i€ + 1) (1 + [£]?) “
and
" 2,08 — 1 _526_”65
u'(z) = —&29(§) = ;/R (—]€? —2i€ + DA + [¢]2) “

Step 4: w is a solution to (44) First, since u = § with g € L*(R, C), it follows from
Theorem 11.1 that

lim w(z) =0.

rz—+oo
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For z € R, we have that

—ix€

" . _ 1 2 ; ; €
o) 2 ) = (6 =2 ) ey

1 e~ ixé 1 €@

= - = __qe==| — 4
Lo Lo
1 —

- = —|z| pixé
M/Re e'*s dE.

Since z — e~ 1*l and e~lel are both in L*(R, C), the inversion formula yields

dg

u"(z) + 20/ (x) + u(z) = e 17 for ae. z € R,

Since all functions are continuous, we get equality for all z € R, and then we have
a solution to (44).

Step 5: Uniqueness. Assume that we have another function v € C?(R,C) that is a
solution to (44). Define w := u — v € C?(R, C), so that
w' +20w'+w=0inRand lim w(z)=0.
z—+o0
The equation 72 +2r+1 = 0 has a double zero, which is —1, so there exist A\, u € R
such that w(z) = (Az + p)e * for all z € R. If A # 0, then lim, , _ |w(z)| = +o0,
which is a contradiction. So A = 0. If u # 0, then lim,_, o |w(z)| = +o00, which is
a contradiction. So A = = 0 and w = 0. Then v = v which proves uniqueness. [

Solution of Exercise 51: We follow the proof of the resolution of the heat equa-
tion above and we keep the same notations. We define u(t, x) for t > 0 and z € R
as in (46). The expressions of the derivatives of F' yield

OF o el en]
Stnd)] = [@m©e e < e
0*F - 2, . .
o] = [@PmEe e < e
oF —~ —|€12%t itz —~
Htne)| = [ermee e < g
(9F2 o~ —1€1%t itx —
’ o2 (tz, &) = |[€]*uo(§)e ¥ eir| < & up(€)|
With the hypothesis and Proposition 11.9, we have that for any k£ =0, ..., 4,
¢ m(©)| = uy” | € L' ()
We already now that u € C2((0, +o0) x R) and
Ou(t,x) = /8,5 (t,z,£) d€ und Oyu(t, x) /8” (t,z,€)dE

for t > 0 and « € R. The continuity Theorem 16.8 yields continuous extensions to
t > 0 of O;u and Oyu. This is similar for the derivatives with respect to z. O

Solution of Exercise 52: We follow the same procedure as the case u; = 0.
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Step 1: Formal analysis. We get as above that
Oyt + |€]?a =0 for t > 0 and € € R.

a(t, &) = A(£) cos(Et) + B(§) sin(&t)

at least for & # O(formal...). With the initial condition u(0,z) = wug(z) and
Opu(0, ) = uy(z) for all z € R, we have that

(0, &) =ug(¢) and 0,a(0, x) = u1(§)
and then A(£) = ug(§) and B(£)€ = u1(§), so

sin(&t)
e

With the inversion theorem, we then get the expression

u(t, x) \/7/ a(t, &)e zEz d¢ = \/7/“0 cos(Et)e it dé4—— /u1 Sln piée de.

And this is going to be our candidate.
Step 2: Rigorous definition of u(t,x) We assume that

a(t, §) = uo(§) cos(§t) + ur(§)

u; € LY(R,C) and @; € L'(R,C) for i = 0, 1.
We define

u(t, x) \/7 / o (€) cos(€t)e® de+—— / up (€ sm e d¢ for all t € R and z € R.

The first term

x L o (&) cos(&t)e’s®
vfta) = = / 3(€) cos(Et)esw de

has already been studied and is well-defined. We focus on the second one and we
define

sin(&t)

¢ e for t,x, 6 €R, E#0

Fi(t,2,§) == ui(§)

, and, since limx_,q bm)((ix) =1, we set
Fi(t,z,0) :=u1(0)¢ for ¢,z € R.

Noting that |sin(X)| < |X] for all X € R, we have that |Fi(t,z,&)| < [ur(§)] - |¢|
for t € R, z,€ € R, and since uy € Ll(R C), then

/Fltxf

is defined for all t € R and z € R. So u(t,z) = v(t,x) + w(t, x) is defined for all
t,x € R.

Step 3: Continuity of u on R x R. We focus only on v and we use that for all
z,t € R and ¢t €] — R, R[, we have that |Fy(t,z,£)| < |[u1(€)| - R. The continuity of
won | — R, R[XR (and then on R x R) is a straightforward application of Theorem
16.8 as above. So u is continuous too.
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Step 4: Differentiability of u on R x R Here again, we focus on w and F} since v
has already been studied. For all ¢ € R, we have that (t,&) — Fi(t,z,€) is C? (and
even C'*°) and

OF o o SIN(ED) itx
e = m(e e
2 .
a9 = PR e
Mg = w2
0?F . —E2si 4
Citee = me~ e
for all t,z,£ € R. Then for t € R, z,& € R, we have that
oF _ 0’F —
6| < @O |5 0] < el @)
0%F

‘ OF,

0] < @)

T 6.0 <lel 17O

With Proposition 11.6, if u; € C1(R,C) and v} € L'(R,C), we have that &Z(g) =
i€t5(€). Then

O*Fy
e 2
82
o2

ox
oFy
ot

6| < @O

Lo 5)\ < )

(t, 5)‘ < @)

Lt o\ < @)

So assume that ZL; € LY(R,C). Then, we can apply the derivation theorem:

e Forallt e Rand all x € R, £ — Fy(t,x,&) is integrable

e For all £ € R, then (t,2) + Fy(t,2,£) is C? on R x R

e All the derivatives of order < 2 in the (¢, x) variables are controled inde-
pendently of (¢,z) by an L!'—function for [t| < R

It the follows from a double application of Theorem 16.9 that w € C?(]—R, R[xR, C)
for all R > 0, and then w € C?(R x R, C) and so is u = v + w.

Step 5: solution to (Wave) For t € R and = € R, it follows from the preceding step
that

Ouu(t,z) — Onu(t,z) = \/% /R (OuF(t 2, ) — unF(t,2,€)) dE = 0

for all t € R and £ € R via a direct computation. Moreover, for all x € R, we have

that
_ 1 _ 1 P i€x
u(0,z) = —m /RF(O,x,f) d¢ = —m/Ruo(g)e d¢

Since ug, ug € L'(R, C), the inversion formula yields u(0, z) = ug(z) for a.e. z € R.
Since u(0, -) is continuous (Step 3) and ug too, we then get that (0, x) = ug(x) for
all x € R. Concernign the derivative at 0, we have that

Ou(0, x) /(% (0,z,8)d¢ = \/7/ o (&) (=€) sin(Ex0)+u1 (€) cos(£x0))e” d¢ = uy ()
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for a.e. = € R via the inversion formula. The continuity then yields equality
everywhere. So we have found a solution to (Wawve):

THEOREM 12.12. Let up € C*(R,C) and uy € C*(R,C) be such that

—

u(()k) € LY(R,C) and u(()k) € LY(R,C) for all k =0,1,2.

ugk) € L'(R,C) and ulM e L*(R,C) for all k =0,1.
Then there exists a function u € C*(R x R) to the wave equation

8%u 8%u .
W_WZO ZTL(O,+OO)XR
u(0,2) = up(x) for all x € R, (Wave)

Ou(0,z) =uy(z) forallzeR






CHAPTER 13

The L?—Fourier transform

Something not convenient in the Fourier Transform is that it does not map
the space on which it is defined (L!) into itself. Think of fixed-point theorem,
endomorphisms, reduction theory: all these require to work on a space that is
mapped into itself. The key here is an L2Z-structure that is hidden in the the
Fourier transform.

1. Statement and examples
1.1. The extension theorem.
THEOREM 13.1 (Plancherel). For any f € L'(R,C) N L*(R,C), we have that
(47) 1Fll2 = 11£l2-

As a consequence, the Fourier transform "~ extends to a bijective isometry F :
L*(R,C) — L*(R,C). Moreover, for all f € L*(R,C), we have that

_ 1 s 2
F(f) = Jim_Tr in I*(R,C)
and

FUf) = lim G(fg)) in I*(R,C)

R—400
where fr:=1_gp g1 f, G(fr)(x) = fr(—x) for a.e. x €R and

?\li(é-) ,/1 / f(g)e e dé- fOl a.e 5 ER
2 —R e
and

1 R .
G(fr)(§) = E~/—R f(&)et ™ d¢ for a.e. € €R

—

—lz| — _1
1.2. Some examples. We know that e le| = oL
L2, then

2
14+€1%-

Since z — e~ l2l €

1 2
ey - - %
.F(m»—>e ) ml+|§|2fora.e.§€R,

and then
2

1
F iz —
(x Vor L+ [

Let us now compute the Fourier transform of z — f(x)

) = e ¢ for ace. EeR
= ﬁﬁ Since x —
e 1*l and f = 2+ e~17| are both in L!, the inversion formula yields

+oo
elol — L% /m F(€)e™™ de for ae. z €R

141
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With the change of variable £ — —¢, since f is even, we get that
NI ot g — 7
el = — e s d¢ = f(x) for a.e. x € R,
= [ feeae = fa
then f = (z + e~ 11} and since all thes functions are in L?, we get that

1 2
Floms ———) =el&
( \/27rl+|1‘|2>

Since the functions involved here are both in L' and L2, this is not a breakthrough...

Let us deal with 1_; ;). We know that 1[/_1\1] = ﬁ% All the functions are
in L?, so we have that
1 2si
F(li—1y) = sing for a.e. £ € R.

S Vor €
Let us now compute the L?—Fourier transform of z — % it is in L2, but not in
L'. Note that the Fourier transform is ”almost” its own inverse.
We claim that when f € L' is even and f € L', then f is even and f: I

We prove the claim. Concerning f , with a change of variable, for all £ € R, we have
that

b :L xe_i(_g)x .’L':L _we—igz x:L 7)e i x:A
F(-€) m/ﬂ{f() d m/Rf() d m/Rf() dr = f(€).

So f is even. With the inversion formula and a change of variable, we have that for
a.e. r € R,

o= [ hereae = 1 [ F_eeitmae — L [ Frevemi€ g = Fa
f() m/Rf(@ ¢ m/ﬂ{f(f) ¢ m/ﬂ{f(f) dt = 1 (x)

And the claim is proved.

Assume that f € L?(R,C) is even. We claim that F(f) is even and JF o F(f) = f.
We prove the claim by density. Indeed, for f € C° (R, C), it follows from Theorem
that for any there is C' > 0 such that |f(€)] < C(1 + |¢[2)~1, so f € L. So if
f € C*(R,C) is even, the result above yields

FoF(f)=Ff=1F
We now argue by density. Let f € L?(R,C) be an even L?—function. Let (f,), €
C°(R) be such that f, — f in L? as n — +oco. Since f is odd, we also have
that f, := & = (fu(z) + fu(—2))/2 = fin L? and f, € CZ(R,C) is even. So
F o F(fn) = fn for all n, and letting n — co (F is continuous) yields the result.

We are now in position to conclude. Since 1;_; 1j is odd, we have that

1251115)
Ver €

sin
F(%) =5t

Note that the Fourier transform here is not continuous: there is nothing surprising
since we have taken a function in L?, but not in L.

1[_171] = .7'.0.7:(1[_1,1]) = .7:<

and then
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2. Proof of Theorem 13.1

The first point is to prove the Plancherel formula (47) for smooth compactly
supported functions. We fix f € C°(R,C)

Step 1: The Fourier transform f is defined and f € LP(R,C) for all p > 1.

Proof of Step 1: It is a consequence of Proposition 11.9. Since f € C°(R, C), then
f®) e LY(R,C) for all k € N, and it follows from (38) that for any n € N, there
exists C,, > 0 such that

A C,
f(E] < Tl for all £ € R.

And then f € LP(R,C) for all 1 < p < 0.

Step 2: Define

f( ) ff( z) for all x € R,
and

g(w) = f*f /fx— y) dy for all z € R.

We claim that

this definition makes sense

g € C°(R,C) and ¢(0) = || f]3
lg()] < ||f]l2 for all x € R

g € L'(R,C).

Proof of Step 2: We write that

z/F(a:,y)dy for all z € R,
R

where F(z,y) == f(z —y)f(y) = f(x —y)f(—y) for z,y € R. Since f € C=(R,C),
it is bounded and we have that |F(z,y)| < ||flleo]f(=y)| for all z,y € R. Since
y+ f(—y) € LY(R,C) and x — F(x,y) is continuous for all y € R, it follows from
Theorem 16.8 that g(z) is defined for all x € R and that g is continuous. Moreover,
with Cauchy-Schwarz inequality, and some changes of variables, we have that

/|fx— Idy<\//|fm— |2dy\//|f )2 dy
\//le(y)IQdy\//IRIf(y)I?dy: I1£112

therefore g € L>(R,C). Moreover, g(0) = [p f( f(=y)dy = ||f||3. Concerning
the L' —norm, with (34), we get that

/R lg(@)dz < IFL1 Fla = 1£]12 < oo,
and then g € L'(R,C).

Step 3: We claim that § = v/27|f|?.

Proof: Since g, f, f € L'(R,C), the Fourier transform makes sense and Proposition
11.4 yields

l9()]

IA

IN

g= fxf=VInf-].
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Now, for £ € R, we have that

j© = % / f<—y>e—lfydy=% / FW)ev dy

= o= [Ty = o= [ faesay = f(©
and then §(&) = vV2rf(&)f ( ) = V27| f(y)|? for all £ € R. This proves the claim.

Step 4: We conclude as in the proof of the inversion formula. In the proof of
Theorem 12.1, we have defined

he(x) == \/%

Defining g = he (this makes sense since h. € L!(R,C)), recall that we have that
(ge)e is an approximation of unity in the sense of Theorem 12.4. Since g,h. €
LY(R,C) for all € > 0, we have that (see (42)

g% 9.(0) = / 9(2)g.(0) di = / o)) d = / 3()he(x) d.

R

Since g is continuous, it follows from Theorem 12.4 that lim._, g * g.(0) = g(0) =
|| £13. Since for all x € R, lim,_,¢ h.(z) =1 and 0 < gh, < § € L*(R,C), it follows
from the dominated convergence theorem 16.7

liE%R()h()dx—r/ dx—/|f )2 da.

1£115 = I /I for all f € CZ(R,C).
This proves (47) for f € C°(R,C).

So we have a map

e 6%forabllaveRande>O

Therefore

{ T: C*(R,C) — L*R,C)

f = f
such that |T(f)|l2 = || f]l2 for all f € C*(R,C).
Step 4: We claim that T extends continuously as a function F : L*(R,C) —
L*(R,C).
Proof: Since T is an isometry, it is uniformly continuous. Moreover, C°(R, C) is
dense in (L*(R,C),|| - [l2) which is complete. The extension Theorem 16.2 then
yields the extension of T to L2.
Step 5: We claim that F is a bijection.

Proof: We are constructing its inverse via the inversion formula. For f € L?(R,C),
define G(f) € L3(R,C) by G(f)(x) = f(—=x) for a.e. x € R. This is well defined.
Moreover, G : L*(R,C) — L?*(R,C) is a linear isometry. Take f € C2°(R,C) so
that f € LP(R,C) for all p > 1. We have with a change of variable that

2= [ FeveEge — 1 [ F_eve—in€ g — G ) (x
f() M/Rf(ﬁ) ¢ m/Rf(o d = G(f)(x)

for a.e. x € R, and indeed for all x € R since f is continuous. So with the extension
theorem, we have that

f=FoGoF(f) forall f e CXR,C).
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Since F, G are continuous for the L?—norm, by density, we get that f = FoGoF(f)
for all f € L?(R,C), and then Id;> = F o G o F. Therefore F is a bijection and
Fl=FoG.

Step 5: Take f € L?(R,C). Then for any R > 0, we have that fr := 1_gpf €
LY(R,C) N L?(R, C). Moreover,

. . . 2
Rgrfw fr=f1in L*(R,C).
Therefore, since F is continuous, limg_, 40 F(fr) = F(f) in L?(R,C), but since
F(fr) = fr, we get that limp_, o0 fr = F(f) in L%(R,C).
3. An exercise: the linear homogenous Schrédinger equation

For ug € C?(R,C), we investigate the existence of a solution u € C?(R x R, C)
to

- Ou u _ .
{zm+612_0 in R xR

u(0,x) =wug(z) for all z € R. (E)

Step 1. Solve (E) formally.
Assume that up € C*(R,C) and that

u? e LNR,C) and v € LY(R,C) for all k =0, ..., 4.

Step 2. Show that the formal solution is a classical solution to (E).

Step 3. In addition to the above hypothesis, we assume that ug € L?(R, C). Show
that for all ¢ € R, then u(t,-) € L*(R,C) and |lu(t,-)||L2r,c) = [Juollz2r,c) for all
teR.

Step 4. With the sames hypothesis as above, show that

{]R — L2(R)

PN u(t,~) }15 continuous.

Solution of ”The linear homogenous Schrédinger equation”:
Step 1. We perform the Fourier transform in the space variable, that is we define

a(t, &) = \/%771' /Ru(t,x)efixg dx = m(ﬁ) for t >0 and z € R.

Formally, we then have that

—

02ult, ) = (i€)*u(t,) = —€>a(t,€).
Differentiating with respect to t, we get that

o —

2 alt,€) = du(t, ) (€)
Then we rewrite (E) as
0=0=idu+ 02,u=idii — |€|*a

so that
8ﬂl+i|§|2ﬂ =0fort>0and ¢ eR.
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Freezing the space variable ¢, this is a linear first order ODE with respect to the
time variable. And we can solve it: we get
(t,€) = a(0,)e N
With the initial condition (0, z) = ug(x) for all x € R, we have that
(0, &) = ug(§)
and then

a(t,€) =T (€)e ¢,
With the inversion theorem, we then get the expression

u(t, z) = \/% /R@(t,f)eigx d¢ = \/%7 /Ru/\o(g)e*“ﬁl%ei& d.

And this is going to be our candidate.
Step 2. We define

1 . , .
u(t,z) = Nt /Ruo(f)e_zmzte’& d¢ for all t > 0 and =z € R.

This well-defined since, by defining
F(t,z,§) = ﬂa(f)e_imzteigm for t,x, & € R,
we have that |F(t,z,&)| < [ug(€)| for t > 0, z,& € R, and since ug € L*(R, C), then

1
’U,(t,l‘) = \/T?/H{F(t’x’g) dg

is defined for all ¢t > 0 and = € R. For all £ € R, we have that (¢,€) — F(t,z,€) is
C? (and even C*°) and

%(w,é‘) = (i&)ug(€)e el tgite
%(tw,ﬁ) = (i€)%up(€)e il teise
%f@’x,ﬁ) = —il¢lPag(¢)e el et
837522@7%5) = e[ ag(e)e il teise

for all ¢,z,& € R. Since ug € C* and the derivatives are in L', we get that

0 _ — 0? _ —
Srtt0)] < leTm(E] = (e | G 0.6 < ITO] = [
OF? )

oF __ —
o (tn.8)| < T - 6

e (,.6) < le'T(©)] = o)

It follows from the hypothesis that ugk) € LY(R,C) for all k = 0,...,4. Then, we
can apply the derivation theorem:
e Forallt € R and all z € R, £ — F(t,x,&) is integrable
e For all £ € R, then (t,x) — F(t,z,£) is C? on R x R
e All the derivatives of order < 2 in the (¢, x) variables are controled inde-
pendently of (¢,z) by an L' —function
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It the follows from a double application of Theorem 16.9 that u € C?*(R x R, C).

Let us now check that w is a solution to (E). The derivation theorem yields

iOyu(t, z) + Oppult,z) = \/% / (10 F(t,x,8) + 0pe F(t, 2,€)) d€
™ JR

= = [ X (IR = ) T e g = 0

for all ¢,z € R. Moreover, for all x € R, we have that

u(0,z) = \/% /RF(O,x,g) d¢ = \/%/Rﬂa(g)ei&p de

Since ug, up € L*(R,C), the inversion formula yields u(0,z) = ug(z) for a.e. = € R.
Since u(0, -) is continuous and ug too, we then get that u(0,2) = ug(x) for all z € R.
So we have found a solution to (E).

Step 3. Since ug € L*(R,C) N LY(R,C), it follows from the Plancherel Theorem
13.1 that g € L*(R,C), and 1y = F(ug). Moreover,

o (€)e ™! = [iio(¢)] € L*
and since u(t,—) = qu(f/)\e*ifzt, we get that for all t € R, u(t,-) € L3(R,C). The
Plancherel Formula then yields
R _ig? R _ig?

lu(t, )z = l[ult, =)z = llio(€)e ™" |2 = [[do(€)e™ ™ |2 = [luoll2.

Step 4. Let us take t,ty € R. Via Plancherel’s formula (47), we have that
Ju(t,-) = u(to, )2 = |u(t,=) —ulto, =)l

Jeio(§)e € —io(&)e 0 |2
Jedo (&) (e — 7).

We write
R g2 g2 R g2 g2
[ () (e™ " — e710)|13 = / ldg(§)]? x |e7*7F — e 0 2 4.
R

Since |e=%"t — e~ t0| < 2 1iy € L2(R, C) and limy_,¢, e €t = ¢7¢"10 for all £ € R,
Lebesgue’s Theorem 16.6 yields
. ~ 2 —ig%t _ —if%t9|2 _
Jim [ () x e - e g 0
and then
Jim [Ju(t, -) = u(to, )2 =0,

and then ¢ + u(t,) is continuous from R — L2.






Part 6

A very short excursion in
distributions



The theory of distributions is a generalization of the notion of functions: it is
due to Laurent Schwartz (Fields medal in 1945).
Originally, a function is defined pontwisely by an element f(z). Since the beginning
of these lectures, we have changed the point of view by considering the function
itself as an object on which to work to get solutions to problems via the fixed-point
theorem or Hilbert methods, to name a few.

In the modelling of a flame for the heat equation, we have also met a family of
functions that does not converge in the usual topologies, and we have constructed
a new way to make it converge:
For k > 1, we define fy € C°(R) by

o fr(x) =0 for x| > 1/k

o fk(O) = k,

e f; is affine on [—%,0] and on [0 l].

‘n

Proposition 13.2. For any ¢ € C°(R), we have that

When it makes sense, for a function h € L, (R)(locally integrable, that is f €
LY(—R,R) for all R > 0), we define
Tp: C*[R) — R §: C*MR) — R
and
o o fyhede e = p(0)
The above proposition then rewrites

lim Ty, (¢) = do(p) for all p € C°(R),
k—4o0

which is just a pointwise convergence. This is a first example of distribution, and
of convergence of distributions. This is also going to be a generalization of Sobolev
spaces. And this is also going to be a efficient tool to solve PDEs (again).



CHAPTER 14

Distributions on R

1. Definition, basic examples and structure

DEFINITION 1.1. A distribution on R is a linear function T : C°(R) — R such
that for all R > 0, there exists k = k(R) € N and C(R) > 0 such that

T(p)l < C(R) - [[¢llcn for all ¢ € CF(R) such that Supp(e) C [~ R, R]

Here, [|]lox = 31— [19@ [0 = Yi—g sup,e o (2)].
You can see that this is more or less a notion of continuous linear function, but we
will not discuss topology here. Be aware that you will have some difficulties finding
a ”good” norm on C°(R)! You have a family of (semi-)norms

k
¢ = Ni.r(p) = maX{Z o (2)|/« € [-R, R]}

but none of them is a norm on C2°(R), and you have to take them all. If you are
interested, look at the topology induced by a family of semi-norms (see Brezis [1]).

1.1. Notations and vocabulary.
o We will use the standard notation D(R) := C°(R)
e We note D'(R) the set of distributions on R (more or less the dual of
D(R).
e For T € D'(R) and ¢ € D(R), it is the custom to write
(T, ¢) :==T(p).

1.2. First examples. We have already seen many distributions without know-
ing they were...
(1) Given f € L}, .(R) (locally integrable, that is f € L'(—R, R) for all R >
0), define
{ T;: DR) — R }
o = fpfedx
This is well-defined, linear, and for ¢ € D(R) such that Supp ¢ C [-R, R]
with R > 0, we have that

(T, o) < Nfllr—rr) - €lloo

so this is a distribution.
(2) Given a € R, define the ”Dirac mass at a” as

{ 0o DR) — R }
()
This is also a distribution and |{(04, ©)| < ||¢|leo for all ¢ € D(R).

151
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Note thas these two basic examples make sense for ¢ € C?(R) only, and even C°(R)
for the Dirac mass.

Exercise 53: Are these functions on D(R) distributions?

(a)p — [ pdz; (b) o [37 2T da;
(c) o [ du; (d)p = 9(2) X [ pdr;
(d) o = 0(1)2 +20(0); (e — 1)+ [z ede.

Hint: two of them are not...

1.3. Function or distribution?

DEFINITION 1.2. We say that a distribution T € D'(R) is a function if there

exists f € L}, .(R) such that T = Tf. We then write for short T € L, (R), or

loc loc

TelLPif felP, ete.

Proposition 14.1. The Dirac mass is not a function. As a consequences, there
are some distributions that are not functions.

PROOF. We argue by contradiction and we assume that there exists f € L}, .(R)
such that d, = 7. For simplicity, assume that ¢ = 0. Then

/Rf(x)ga(x) dz = ¢(0) for all € D(R).

Observe that to define the left-hand-side, we only need ¢ to be defined a.e. But the
right-hand-side require to have ¢ precisely defined at 0. The contradiction stems
form this remark. Fix ¢ € D(R): therefore x — e " ¢(z) € D for all n € N and
then

/Rf(x)e_m‘@(x) dr = e "9 (0) = ¢(0) for all € N.

Letting n — 400, Lebesgue’s convergence Theorem (write the details) yields ¢(0) =
0 for all ¢ € D(R), which is a contradiction. O

2. Limits

DEFINITION 2.1. Let (T,)nen be such that T,, € D'(R) for all n € N. We say
that (Ty,)n converges to some T € D'(R) in the distribution sense if

lim (T, ) = (T, ) for all ¢ € D(R).

n——+oo
This is simply the pointwise convergence!

Since we deal with linear continuous functions, remember Corollary 12 which
is a consequence of The Banach-Steinhaus Theorem: under some hypothesis, a
pointwise limit of continuous linear functions is also linear and continuous. A
similar result holds her, but the proof require to use the topology associtaed to
semi-norms. In the examples you will study, it will be easy to get that your limit
is continuous.
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2.1. First example of convergence. Let us go back to our initial example
(fx)k. Proposition 13.2 can be written as ”(T7y,) converges to d in the sense of
distribution”. For short, we will often write ” (f) converges to dg in the distribution
sense.”

Exercise 54: For n > 1, define g, : R — R as follows
—n? if — % <z <0
gn () := n? fo<z<i
0 otherwise.

Prove that (g,) converges to ¢ — —¢'(0) in the distribution sense as n — +o0.

2.2. The principal value of z~!. The function z — z~! is not in L], (R).
However, there is a way to define a distribution attached to it:

DEFINITION 2.2. For ¢ € D'(R), we define

1
<vp () ,g0> = lim #(2) dx.
x n——+oo ‘$|>% x

Then vp (%) is well-defined and it is a distribution.

PRrROOF. Fix ¢ € with Supp ¢ C [-R, R]. We write

s o), o) =4l0) 20) ,,
) /w>i v /R>|x|>i r +/R>|ac|>i z

1

Since x +— =7 is odd, the last intergral is 0. Define the function

w(x) _ <P(@;<P(0) if 7& 0
o'(0)  ifx=0.

As one checks, 9 € C°(R) and the mean value inequality yields |¢(z)| < [|¢||oo-
So

R
(19) /M i = [ g

T

and we Lebesgue’s convergence theorem, we get that the right-had-side goes to
f_RR (x)dx as n — +oo. Therefore vp(1/x) is defined, linear, and

1 R
o (3) =1 [ vlord <2810 < 2810
for all ¢ € D(R) with support in [—R, R]. So it is a distribution. O

3. Product by a function

3.1. Investigation. We want to define the product g7’ when g : R — R is a
function and T' € D'(R). We want that the product matches the standard product
when T is a function, that is

ng = Tgf when f S Llloc(R)-
what would it mean? For ¢ € D(R), we would have

(9Ts,0) = (Tyf, ) =/ngs0d:r= (Tt, 9)-

and this expression depends only on 7. This yields to the following definition:
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DEFINITION 3.1. Let T € D'(R) be a dtribution, and fir g € C°(R) be a
function. For any ¢ € D(R), we define
(9T, ) = (T, g¢).
Then gT is a distribution.
PrOOF. For ¢ € D(R) = C*(R), we have that gp € C®(R) = D(R), so

(9T, @) makes sense, and it is linear with respect to ¢. We must now check the
”continuity”. Fix R > 0, C = C(R) and k = k(R) such that

(T, )| < Cllg|lcw for all ¢ € D(R) such that Supp(y) C [-R, R],
and then for ¢ € D(R) with support in [—R, R], we have that

(9T, )| < Cligelles-
Via Leibnitz’s formula, we have that (gp)®) = Z;ZO CPg®P)p(=P) for all i € N.
Therefore, [[(9)®llocC (i, K) gl (s ) | lon, and then,
9T, )| < Cliglicr (- r,m) llellcn-
and so g7 is a distribution. |
3.2. We have already seen examples for which (T, ¢) makes sense even if ¢ is
not in D(R). Therefore, (T, gp) might sometimes makes sense even if g & C°(R).

So, without giving a formal definition, we will sometimes write g7" even in some
nonsmooth cases.

Exercise 55: Compute zvp (%)
3.3. Resolution of 27" = 0.

Proposition 14.2. Let T € D'(R) be such that T = 0. Then there exists A € R
such that T = A\dg.

PRrROOF. Assume that T = 0. Then for all ¢y € D(R), we have that (T, z) =
0. Take ¢ € D(R). Let us fix § € D(R) be such that #(0) = 1 (this is always
possible). Then ¢ — ¢(0)8 € D(R) and vanishes at 0. Define

() = @ if z # 0, and ¢'(0) otherwise.

As one checks, we have that ¢(z) = fol ¢ (tz) dt for all € R. With the differen-
tiability under the integral, we then get that » € C*°(R), and also it has compact
support, so ¥ € D(R) and
¢ =p(0)0 + 1
Therefore,
(T, ) = e(0)(T, 0) + (T, z¢) = @(0)(T, )
and we get the result with A := (T, 6)

Exercise 56: Solve 22T = 0 and z(z — 1)T = 0.

4. Differentiability

This is the great point: every distrbution is differentiable.
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4.1. Investigations and definition. We want to define the derivative T”
when T € D'(R). We want that the derivatives matches the standard derivative
when T is a differentiable function, that is

(Ty) = Ty when f € L}, .(R).
what would it mean? For ¢ € D(R) with support in [—R, R], we would have

(T 9) = (Tpp /fsodx—/ fgdz = [fg)? /fwdx

= [ 1ot =14,
Which yields to the definition:
DEFINITION 4.1. Let T € D'(R) be a distribution. For ¢ € D(R), we define
(T, ¢) = —(T, ¢').
This is well-define and T is a distribution.

PRrROOF. Since ¢’ € D(R), the definition makes sense and T” is linear. Moreover,
if the support of ¢ is in [—R, R], we have that

(T, ) = (T, )N < C(R)|¢ller < C(R)||pllgrss
and so T” is a distribution. O
4.2. Some examples.
e Define z := max{xz,0} for x € R. Then T),, = Ty where

0 ifz<O
H@”)':{ 1 ifz>0

or, in short notation, =/, = H. The function H is called the Heaviside function.

Proor. The distributions T, ,Ty are well-defined since z,,H €
Ll

1e(R). Take ¢ € D(R) with support in [—R, R]. We have that

M) = ~Tord) == [ 21 dm——/medm
= —[w(w)]é?‘wL/ d;v_/H x)dr = (Th, ¢)

which proves the result. [
e We have that T}, = 6y, or H' = §y for short.
PrROOF. Take ¢ € D(R) with support in [—R, R]. We have that

(Th.o) = —(Tu,p /H(p dx——/ o' (z) dz
©(0) — p(R) = ¢(0) = (do, ¥)

O

o A straightforward application of the definition yields (d(, ¢) = —¢'(0) for
all ¢ € D(R).
Exercise 57: Show that (In|z|)’ = vp (1) in the distribution sense.



156 14. DISTRIBUTIONS ON R

4.3. Product and derivative.

Proposition 14.3. LetT € D'(R) and f € C*(R) be a distribution and a function.
Then
(fT) = J'T+ JT".
Exercise 58: Prove this proposition.
Exercise 59: Define g(z) = e+ for all x € R. Show that ¢’ + Hg = 0 in the
distribution sense. (Remark: the product Hg = HT, makes sense even if H is not
C™).
4.4. The jump formula.
Exercise 60: What is the distributional derivative of
N x? ifx <0 o

v z4+1 ifz>0"
For f,g € C*(R) and a € R, generalize to

x'_){ flz) ifz<a

g(z) ifx>a

Proposition 14.4. Let f : R — R that is piecewise C1, that is there exists ag <
... < ax € R such that for all i = 1,.., N, there exists g; € C'([a;_1,a;]) such that
ftai_v,a0) = (9i)(ai_1,a:)- Then f' is defined a.e., it is in L' and

N
(Tf)/ = Tf' + Z(f(al+) - f(ai_))éai'

The proof is straightforward.

4.5. Resolution of T" = 0. as for the Sobolev spaces!!!! For such T € D(R),
we have that
(T,¢"y =0 for all ¥» € D(R).
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Tempered distributions and Fourier transform






CHAPTER 16

Applications to differential equations






Epilogue

In this lecture, we have presented methods to find solutions to

e ODEs with Lipschitz coeflicients and initial conditions (Cauchy-Lipschitz-
Theorem, Exercise 3 and Theorem 16.5), a.k.a. {u' = f(u) with u(0)
prescribed } or {u” = f(u), u(0), «'(0) prescribed} and f is Lipschitz.

e ODEs with continuous coefficients and initial condition (Arzela-Peano’s
Theorem, see Theorem 6.1 of Chapter 6) a.k.a ' = f(u), u(0) prescribed
and f is continuous.

e ODEs with boundary conditions on a compact domain (method of conti-
nuity, see Chapter 7, Sobolev spaces , see Chapter 10) a.k.a. u” = f(u)
with u(0) = u(1) = 0.

e ODEs with boundary conditions on R (Fourier transform, see Chapter 12)
ak.a. v’ = f(u) with u(—o0) = u(4+00) = 0.

e Evolution equations (heat equation, see see Chapter 12)

All these results were obtained by using abstract methods that mostly consider a
function not as an object acting on a set, but as a variable on which to act. So
instead of finding a function x — u(x) satisfying an equation, we have investigated
functions satisfying

®(u) =0 or F'(u) =0.
This lecture is only a glimpse at the abundance of methods that have been developed
for such a task.

Here are a few references for the reader who is interested in going further in this
direction. This list is nothing but exhaustive

e For more abstract Functional Analysis for graduate classes, see the classical mono-
graph ”Functional Analysis” by Rudin [6]

e For a Lecture in Functional Analysis oriented to the analysis of Partial Differential
Equations, including Sobolev spaces of high dimensions, see the classical reference
”Functional analysis, Sobolev spaces and partial differential equations” by Brezis
[1]. Tt is also (and originally) available in French.

e Degree Theory is a a tool that allows to ”count” the solutions to ®(u) = 0. This
is applied to find solutions, and possibly many solutions, to differential equations.
A great reference here is "Degree Theory” by Lloyd [4].

e When one writes a problem as F”(u) = 0, then solving it amounts to find critical
points to F. In Chapter 8, a basic minimizing method is presented. Of course,
there are many others, and the litterature more than abundant. To cite only one,
a great classical reference for PDEs is ” Variational Methods” by Struwe [8].
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Appendix: definitions,
undergraduate theorems and index



A. Topology
DEFINITION 0.1 (Topological space). Let X be a set. A topology on X is a set
T C P(X) such that

e 0. XeT
e For any family (A;)ier such that A; € T, then J;c; Ai €T
e For any finite family (A;)ier such that A; € T then ();c; Ai € T.

We say that (X,T) is a topological space. The elements of T are called open sets
of the topology. Therefore, knowing a topology amounts to knowing its open sets.
A closed set is the complement of an open set.

DEFINITION 0.2 (Metric space). Let X be a set. A distance on X is a function
d: X x X — R such that

e Positivity d(z,y) >0 for all z,y € X, and d(z,y) =0 iff x =y
e Symmetry d(z,y) = d(y,x) for all z,y € X
e Triangle inequality d(z,y) < d(z,z) + d(z,y) for all x,y,z € X.

We then say that (X, d) is a metric space.

DEFINITION 0.3 (Balls). Let (X,d) be a metric space. For z € X and r > 0,
we define

By(z,r) :={y € X such that d(x,y) <1},
Ba(z,7) :={y € X such that d(z,y) < r}.
DEFINITION 0.4 (Topology on a metric space). Let (X,d) be a metric space.

Let A C X be a subset of X. We say that A is an open set of (X, d) if

e Either A=10)

o Or for any x € A, there exists r > 0 such that By(z,r) C A.
This defines a topology, called the topology induced by the metric (or topology of
metric space).

DEFINITION 0.5 (Product topology). Let (X,Tx) and (Y, Ty) be topological
spaces. Let QQ C X xY. We say that Q is an open subset for the product topology
if either Q =0, or for all (z,y) € Q, there exists U C X and V C Y open such that

(z,y) e U XV CQ.

Proposition 16.1 (Product of metric spaces). Let (X,dx) and (Y,dy) be metric
spaces. Define 6 : (X xY) x (X xY) = R defined by

5((xay)v (xlvy/)) = dX(xax/) + dY(yay/) for all (xvy)a (x/ay/) €X xY.

Then 6 is a metric on X X Y. Moreover, the topology of (X x Y,0) coincides with
the product topology of (X,dx) and (Y, dy).

THEOREM 16.2. Let (X,dx) and (Y,dy) be two metric spaces. Take D C X
and a function f: D —Y. We assume that

o D is dense in X
o f: D —Y is uniformly continuous for the metric induced by X
o (Y,dy) is complete.

Then f extends uniquely as a uniformly continuous function X — Y.
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B. Differential Calculus

THEOREM 16.3 (Inverse functions theorem). Inverse function theorem Let (E, ||-
le) and (F,| - |F) be two Banach spaces. Let U C E and V C F open subsets of
respectively E and F. We take f: U — V and we assume that

o feCUY)

o There exists xg € U such that df,, € GL.(E, F).
Then there exists Uy C E, Vo C F open sets such that g € Uy C U, f(xg) € Vo CV
and f : Uy — Vo is a C'—diffeomorphism. In addition, if f € C*(U,V) for some
1<k<oo, then f:Uy— Vyis a C’k—diffeomorphism.

THEOREM 16.4 (Global Inverse functions theorem). Let (E, |-||g) and (F,|-||r)

be two Banach spaces. Let U C E and V. C F open subsets of respectively E and
F. We take f: U — V and we assume that

o fECHUYV)
e For all x € U, we have that df, € GL.(E, F)
e The function f is one-to-one.

Then W = f(U) is openin'V and f : U — W is a C*—diffeomorphism. In addition,
if f € CH(U,V) for some 1 <k < oo, then f:U — W is a C*—diffeomorphism.

C. Cauchy-Lipschitz Theorem and consequences

DEFINITION 0.6. Let (X,dx), (Y,dy) and (Z,dz) be three metric spaces. Let
feCUX xY,Z) where X x Y is endowed with the product metric. We say that
f is locally Lipschitz continuous in the second variable if for all (xo,y0) € X XY,
there exists v > 0 and K > 0 such that

dz(f(z,y), f(x,y") < Kdy (y,y') for all x € Bx(xo,r) and y,y’ € By (yo,7).

THEOREM 16.5. [Cauchy-Lipschitz Theorem] Let U C R™ be an open subset of
R™ and I be a nonempty interval of R. Let f € C°(I x U,R"™). We assume that f
is locally Lipschitz continuous in the second variable. We fix to € I and xg € U.
Then there exists § > 0 and x € C(Jtg — 6,to + 0[N, U) such that

.’E,(t) = f(t, x(t)) m ]t() - (5, t() + 5[0_[
x(tg) = .
Moreover, such a solution is unique.
THEOREM 16.6. [Linear Cauchy-Lipschitz Theorem] Let I be a nonempty in-
terval of R, let A € C°(I, M, (R)) and B € C°(I,R™) be two continuous matriz or

vector-valued functions. We fix tg € I and Xy € R™. Then there ezists a unique
function X € C*(I,R™) such that

{ X'(t)=At)X(@t)+B(t) inl
X(to) = Xo.

D. Integration

THEOREM 16.7. [Lebesgue’s convergence Theorem] Let (X, ) be a meserured
space. Let (f,)n be such that f, € LY(X) for allm € N and let f : X — R defined
a.e. such that

o lim, o fu(z) = f(z) for ae. z€ X



o There erists g € L' (X) such that |fn(z)] < g(z) for alln € N and a.e.
reX.

Then f € LY(X) and

hm/fn ) du(e /f ) du(a
n—-+oo

THEOREM 16.8. Let (Q,d) be a metric space and let (X, u) be a mesured space.
Let F: Q) x X — R be a function such that
e Forallé €, F(,-) € LYX)
e Forae x€X, & F(& ) is continuous on §)
o There exists g € L*(X) such that |F(&,z)| < g(x) for all £ € Q and a.e.
rzeX.
Then the function & — @(€) = [y F(&,x)du(x) is defined on Q. Moreover, it is
continuous on 2.

THEOREM 16.9. Let Q be an open subset of R™, n > 1 and let (X,u) be a

mesured space. Let F': Q2 x X — R be a function such that

o Forallé €, F(&,) € LY(X)

e Forae x€X, & F(& ) is differentiable on Q

e Forall 1 =1,..,n, there exists g; € L'(X) such that |0;F(¢,2)| < gi()

forall € Q and a.e. x € X

Then the function & — @(€) = [, F(&,x)du(x) is defined on Q. Moreover, it is
differentiable in all directions Q and for alli=1,...,n, we have that

Iy
351( ) = / J¢; —— (& ) dp(z) for all £ € Q.

In addition, if € — F(&,z) is C1 for all x € X, then ¢ € CH().

THEOREM 16.10 (Fubini’s Theorem). Let (X, ux) and (Y, uy) two measured
spaces which are o—finite. Endow X XY with the product metric ux ® py. Take
f: X XY — R defined a.e. and measurable for px ® py. Assume that

o FEither f >0 a.e. in X XY,
o Or feLP(X XY, ux ® piy),

then

/Xxyf(a: y) dux @uy (z,y) = / (/fa:y dpy ( )) dpx () /(/ F(z,y) dux (z )) dyy (y)

with all these quantities making sense.

E. Miscellaneous

THEOREM 16.11 (Dini’s Theorem). Let (X, d) be a compact metric space and
let (fn)n be a family of functions such that f, € C°(X). We assume that there
exists f: X — R such that

o (fn(x))n converges to f(x) for allz € X
e feCYX,R)
o fn(z) < fuy1(z) for allz € X and n € N.
The (fn)n converges uniformly to f asn — 400, that is lim,— 100 || fr — flloo = 0.
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THEOREM 16.12 (Mean Value Inequality). Let (E,|| - ||g) be a normed space
(not necessarily complete). Let f : [a,b] — E be differentiable such that there exists
M > 0 such that || f'(x)||g < M for all x € [a,b]. Then

1f(b) = fla)le < M|b—al.
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