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For Daniel



Yet nature is made better by no mean
But nature makes that mean: so, over that art
Which you say adds to nature, is an art
That nature makes.
William Shakespeare, A Winter’s Tale

Omnia disce, videbis postea nihil esse superfluum.
(Learn everything, you will find nothing superfluous.)
Hugh of St Victor
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Preface to the first edition

This book is designed for those students of elementary particle physics who
have no previous knowledge of quantum field theory. It assumes a knowledge
of quantum mechanics and special relativity, and so could be read by beginning
graduate students, and even advanced third year undergraduates in theoretical
physics.

I have tried to keep the treatment as simple as the subject allows, showing
most calculations in explicit detail. Reflecting current trends and beliefs,
functional methods are used almost throughout the book (though there is a
chapter on canonical quantisation), and several chapters are devoted to the
study of gauge theories, which at present play such a crucial role in our
understanding of elementary particles. While I felt it important to make
contact with particle physics, I have avoided straying into particle physics
proper. The book is pedagogic rather than encyclopaedic, and many topics are
not treated; for example current algebra and PCAC, discrete symmetries, and
supersymmetry. Important as these topics are, I felt their omission to be
justifiable in an introductory text.

I acknowledge my indebtedness to many people. Professors P.W. Higgs,
FRS, and J.C. Taylor, FRS, offered me much valuable advice on early drafts of
some chapters, and I have benefited (though doubtless insufficiently) from
their deep understanding of field theory. I was lucky to have the opportunity of
attending Professor J. Wess’s lectures on field theory in 1974, and I thank him
and the Deutscher Akademischer Austauschdienst for making that visit to
Karlsruhe possible. I am also very grateful to Dr I.T. Drummond, Dr I.J.R.
Aitchison, Professor G. Rickayzen and Dr W.A.B. Evans for reading various
sections and making helpful suggestions. I wish to thank Miss Mary Watts for
making a difficult and unattractive manuscript a handsome typescript, and this
with constant good humour and cheerfulness. I also thank Mr Bernard Doolin
for drawing the diagrams with such great care. I am grateful to the late Fr Eric
Doyle, OFM, for unearthing the quotation by Hugh of St Victor. I am grateful
to the organisers of the first and second UK Theory Institutes in High Energy
Physics for the opportunity they provided for stimulating discussions. I wish to
record my special thanks to Dr Simon Mitton of Cambridge University Press
"for his constant encouragement and his indulgence over my failure to meet
deadlines. Finally, and most of all, my thanks go to my wife for her unfailing
encouragement and support over a long period.



Xviii Preface to the first edition

I am grateful to a number of people, but particularly to Mr M.D. Cahill and
Dr S.R. Huggins, for pointing out many errors and misprints in the first
printing of this book.

Canterbury, Kent Lewis Ryder
August, 1984



Preface to the second edition

The most important change that has been made for this edition is the addition
of a chapter on supersymmetry. It was approximately twenty years ago that
supersymmetry burst on the scene of high energy physics. Despite the fact that
there is still almost no experimental evidence for this symmetry, its mathe-
matical formulation continues to have appeal to many theoretical physicists
justifying, I think, the inclusion of a chapter on supersymmetry in an introduc-
tory text. Beyond this, I have rewritten a few sections of the book and
incorporated a large number of corrections. I am particularly grateful to Messrs
Chris Chambers, Halvard Fausk, Stephen Lyle, Michael Ody, John Smith and
Gerhard Soff for pointing out errors and misconceptions in the first edition.
The impetus to prepare this second edition owes a lot to the encouragement
and friendly advice of Rufus Neal of Cambridge University Press, to whom I
should like to express my thanks. Finally, I should like to express my gratitude
to Mrs Janet Pitcher for so expertly typing the new material for this edition.

Lewis Ryder
Canterbury, Kent
January, 1996
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Introduction: synopsis of particle physics

1.1 Quantum field theory

Quantum field theory has traditionally been a pursuit of particle physicists. In
recent years, some condensed matter physicists have also succumbed to its
charms, but the rationale adopted in this book is the traditional one: that the
reason for studying field theory lies in the hope that it will shed light on the
fundamental particles of matter and their interactions. Surely (the argument
goes), a structure that incorporates quantum theory — which was so amazingly
successful in resolving the many problems of atomic physics in the early part of
this century — and field theory — the language in which was cast the equally
amazing picture of reality uncovered by Faraday, Maxwell and Hertz - surely,
a structure built on these twin foundations should provide some insight into the
fundamental nature of matter.

And indeed it has done. Quantum electrodynamics, the first child of this
marriage, predicted (to name only one of its successes) the anomalous mag-
netic moment of the electron correctly to six decimal places; what more could
one want of a physical theory? Quantum electrodynamics was formulated in
about 1950, many years after quantum mechanics. Planck’s original quantum
hypothesis (1901), however, was indeed that the electromagnetic field be
quantised; the quanta we call photons. In the years leading up to 1925, the
quantum idea was applied to the mechanics of atomic motion, and this resulted
in particle-wave duality and the Schrodinger wave equation for electrons. It
was only after this that a proper, systematic treatment of the quantised
electromagnetic field was devised, thus coming, as it were, full circle back to
Planck and completing the quantisation of a major area of classical physics.

Now, in a sense, quantisation blurs the distinction between particles and
fields; ‘point’ particles become fuzzy and subject to a wave equation, and the
(electromagnetic) field, classically represented as a continuum, takes on a
particlelike nature (the photon). It may then very well be asked: if we have
charged particles (electrons, say) interacting with each other through the
electromagnetic field, then in view of quantisation, which renders the particle
and the field rather similar, is there an essential distinction between them? The
answer to this question takes us into elementary particle physics. The salient

R‘point is that photons are the quanta of the field which describes the interaction
between the particles of matter. The electrons ‘happen to be there’ and
because they interact (if they did not we would not know they were there!) the
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electromagnetic field and, therefore, photons become compulsory! But this is
not all. Muons and protons and all sorts of other charged particles also happen
to exist, and to interact in the same way, through the electromagnetic field.
The reason for the existence of all these particles is so far unknown, but we
may summarise by saying that we have a spectrum of particle states (e, u, p, 2,
Q, etc.) and a field through which these particles interact — an interaction, in
short. This treatment and mode of comprehension of electrodynamics provides
the paradigm, I believe, for a complete understanding of particle interactions.
The idea is simply to apply the same methods and concepts to the other
interactions known in nature. The only other interaction known in classical
physics is the gravitational one, so let us first consider that.

1.2 Gravitation

The gravitational field is described by the general theory of relativity. It turns
out, however, that the quantisation of this theory is beset by great problems.
First, there are mathematical ones. Einstein’s field equations are much more
complicated than Maxwell’s equations, and in fact are non-linear, so consis-
tency with the superposition principle, the mathematical expression of wave—
particle duality, which requires the existence of a linear vector space, would
seem to be threatened. Second, there are conceptual problems. In Einstein’s
theory the gravitational field is manifested as a curvature of space—time. In
electrodynamics, the field is, as it were, an actor on the space-time stage,
whereas in gravity the actor becomes the space—time stage itself. In some
sense, then, we are faced with quantisation of space—time; what is the meaning
of this? Finally, there are practical problems. Maxwell’s equations predict
electromagnetic radiation, and this was first observed by Hertz. Quantisation
of the field results in the possibility of observing individual photons; these were
first seen in the photoelectric effect, in Einstein’s classic analysis. Similarly,
Einstein’s equations for the gravitational field predict gravitational radiation,
so there should, in principle, be a possibility of observing individual gravitons,
quanta of the field. However, although some claims have been made that
gravitational radiation has been observed, these are not unanimously accepted,
and the observation of individual gravitons, a much more difficult enterprise,
must be a next-generation problem! The basic reason for this is that gravity is
so much weaker than the other forces in nature. In view of this, the particle
physicist is justified in ignoring it; and, because of the difficulties mentioned
above, is happy to! On the other hand, the methods that have been recently
developed for the quantisation of non-Abelian gauge fields, relevant for an
understanding of the strong and weak nuclear forces, do seem to have
relevance to gravity, and these will be briefly described in the book, where
appropriate.
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1.3 Strong interactions

After electromagnetism and gravity, the remaining interactions in nature are
nuclear; the so-called strong and weak nuclear forces. The question is, can
these forces be described by a field? Yukawa surmised that the strong force
between protons and neutrons in a nucleus could, but that the field quantum
had to have (unlike the photon) a finite mass; this is because the nuclear force
has a finite range. Fig. 1.1 shows a Feynman diagram (explained in Chapter 6)
for the exchange of a virtual field quantum (7*) between a proton and neutron.
The uncertainty principle allows this to happen provided

AEAt = (mc})At ~ h

where m, is the mass of the field quantum (pion) and At is the time for which
it exists. If the range of the force is r, then we may put r = ¢(At), giving, with
r=10""m,

myc? = € 200 Mev.
r
When the 7* was discovered (in 1947) with a mass of 140 MeV/c* and
possessing strong nuclear interactions, this was considered a triumph for
Yukawa’s theory. The view that the pion was the quantum of the strong field,
however, began to run into difficulties:

1. At high energies, the proton—neutron force was not well described by pion
exchange.

2. The interaction between pions themselves could not (because of parity) be
described by pion exchange.

3. With the discovery of strange particles (1950s and early 1960s), and the
classification of particles by the group SU(3), pions were found to be only
three members of a supermultiplet of eight, the others being K and n -
‘ordinary’ elementary particles of ‘matter’. If field quanta are in essence
different from ‘matter’ quanta, they should surely not appear together in the
same supermultiplet.

Fig. 1.1. Exchange of a quantum of the strong field (pion) between the proton and
neutron.
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4. In the quark model (1964), pions are bound states of a quark-antiquark
pair, just like all other mesons - their privileged role disappeared com-
pletely! (The photon, for example, is most definitely not made of quarks!)

In the sections below we review briefly the elementary particle spectrum and
the quark model. But here we note that the quark model, while providing the
death-blow to the pion as candidate for quantum of the strong field, also gives
a clue to its successor; for the ‘real’ strong interaction is not that between
nucleons, but that between quarks. What provides the interaction between
quarks?

There is evidence (see §1.11 below) that the quark possesses a quantum
number rather like electric charge except that (i) it has three degrees of
freedom — three ‘types’ of charge, (ii) it is unobservable in the free state — this
is to say that individual quarks are not observed, and the reason may be that
systems carrying (non-zero values of) this quantum number are forbidden in
the free state. The quantum number is known as colour, the degrees of
freedom being chosen variously as red, white and blue, red, green and blue,
etc. It is believed that colour, like electric charge, gives rise to a quantised
field, massless and of spin one, like the photon. By means of this field, quarks
interact. The quanta are known as gluons, and the dynamics of the quark-
gluon system, quantum chromodynamics (QCD), to mirror quantum electro-
dynamics (QED). QCD is responsible, for example, for the binding of three
quarks into protons and neutrons. No wonder the proton-neutron force is only
approximately describable by pion exchange — it must in reality be a rather
complicated force, a sort of ‘residual’ force between the quarks!

1.4 Weak interactions

To complete this preliminary account, we must mention the fourth known
interaction in nature: the weak nuclear interaction, responsible for beta decay.
In Fermi’s original theory, this interaction was a point interaction between the
four participating particles (in neutron decay n— p +e~ +¥,). In other
words, there was no need for a field, because there is no effect to be
propagated between one point and another. (It will be re-called that the notion
of ‘field’ in physics was introduced partly to give a more satisfactory account of
‘action-at-a-distance’; if there is no action at a distance, there is clearly no need
for a field.) Fermi’s theory worked extremely well; in fact, with a modification
for parity violation, there was for several decades no direct evidence that it was
wrong. It was, nevertheless, believed to be wrong, principally because it is
non-renormalisable (see Chapter 9). One of the recent triumphs in particle
physics has been the appearance of a worthy successor to Fermi’s theory, which
was worked out by Glashow, Weinberg and Salam in the 1960s. In this theory,
electromagnetism and the weak force are combined in a non-trivial way. The
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weak field acquires quanta — the W and Z bosons — which are more than 80
times as massive as the proton. In addition, neutral current reactions such as
v+ p— v+ p + (neutral hadrons) are predicted, as well as a fourth (charmed)
species of quark. Observation of all these things has established the Weinberg—
Salam theory as the correct theory of weak interactions. Not the least impor-
tant aspect of this theory is the fact that it is a unified theory — an ‘electroweak’
theory, in the new jargon. Weak and electromagnetic interactions are now
unified. A putative ‘grand unified theory’ (GUT), which unifies the electro-
weak interaction with the strong interaction (QCD) would seem to be the next
obvious thing to look for, but at the time of writing (1995) there is no hard
evidence that the forces of nature are grand unified.

These, then, are the ingredients of contemporary theories of fundamental
particles and interactions. In the next sections of this chapter they will be
described in greater detail, for the benefit of readers to whom the current scene
in high energy physics is not familiar. The aim is to describe, in rather simple
terms, the physical considerations which have led up to, and which follow
from, the introduction of the quark model. This will provide a motivation for
the study of quantum fields, as well as a chance to explain some of the concepts
which will be used in the application of field theory to particle physics. It offers
no pretence to completeness, but references to more detailed literature are
given at the end of the chapter. Readers who know about particle physics are
advised to skip to Chapter 2. In the remainder of this chapter I shall use one or
two concepts and techniques without adequate explanation. This applies parti-
cularly to Feynman diagrams. I ask readers’ indulgence to make the best they
can of these sections until they meet the explanations later in the book.

1.5 Leptonic quantum numbers

There is a basic classification of fundamental particles into those which
experience the strong interaction — called hadrons, those which do not. called
leptons, and, thirdly, the quanta of the interaction fields (see above). The
hadrons are subdivided into baryons which have half-odd integral spin, and
mesons, with integral spin (in units of # — spin is a purely quantum pheno-
menon). Table 1.1 gives a summary. Hundreds of baryons and mesons have

Table 1.1. Classification of fundamental particles

Baryons p,n,A.Z, Q. Aq, ..., etc. (hundreds)
Hadrons {Mersyons 7, K,p.y/J,Y...., etc. (hundreds)
Leptons e, Ve, 4, Vo T, [ve], ... (six only?)
Field quanta Photon, y
= Weak bosons, W%, Z°
[Gluons]

Particles in square brackets have not yet been discovered.
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been found. Five leptons have been found, and for aesthetic reasons it is
suspected that the 7 lepton, like e and u, is accompanied by a neutrino v,.
Baryons and mesons come with all sorts of spins — as high as % for baryons, and
3 for mesons, have been measured, but the leptons all have spin 3. The field
quanta all have spin 1. It is believed that the known hadrons are composite
states of six types of quark (see below) so it would be nice if there were also six
leptons.

In order for the division of spin 3 particles into baryons and leptons to have
any significance, transitions between these different types should not occur.
For example, a proton should not decay into a positron (the antiparticle of the
electron):

pet +y; (1.1)

and indeed this decay has not been observed. What could forbid it? Charge
would be conserved, and so would mass-energy and angular momentum. There
must be a conserved quantum® number — call it baryon number B — such that
baryons have B =1 and other particles have B = 0. Conservation of baryon
number then clearly forbids the decay (1.1).} The reader might object that this
is not so much an explanation as a restatement of the fact that the decay does
not occur, in different language. That may well be true, but the language is at
least more economical! Alternatively, instead of inventing baryon number, we
could invent lepton number L —leptons have L = 1, everything else has L =0,
and conservation of L forbids proton decay. There is a further observation,
however. Muons (which are just like electrons, but heavier) do not decay into
electrons

W oe +y. (1.2)

Why not? There must be a conserved quantity muon number L,; u~ has
L, =1, everything else has L, =0, so that (1.2) does not occur — in other
words, the muon is not ‘just like an electron, but heavier’. Alternatively, we
could define ‘electron number’ L,, in an obvious way. Now this has a very
interesting consequence. The charged pion decays into an electron and neut-
rino, or into a muen and neutrino:

T —e 4+,
T -+,

we label the neutrinos (actually, antineutrinos) with subscripts e and u for ease

+

It is common practice to call conserved quantities ‘quantum numbers’, but it is not at all obvious
that baryon number has anything to do with the quantum theory. If it had, matter would become
unstable by (1.1) as A — 0.

It is characteristic of grand unified theories that baryon number is not absolutely conserved. They
therefore predict proton instability. Observation of proton decay would count as important
evidence that a grand unification theory (GUT) may be correct.

o
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of reference. If L, is conserved in these decays it follows that ¥, and v, are
distinct particles; for since 7~ and e~ have L, = 0, so does ¥,, but v, must have
L,= —1. (This means that v, has L, = 1, which is why we call the particles
emitted in 7~ decay antineutrinos.)

These simple considerations of stability lead to the conclusion that there are
two distinct neutrinos in nature. It has been verified experimentally that v, and
v, are distinct. A similar argument may hold for the 7 lepton, discovered in
1976 in e*e~ colliding beam experiments. Events of the type

ete™ — uFe® + ‘missing energy’
were eventually attributed to the process

ete” > 1t
l—-),u—f/uvr

etv, v,
necessitating the introduction of a conserved quantity L., and therefore of a
third distinct neutrino v,.

1.6 Hadronic quantum numbers

So much for the leptons. Now let us turn to the hadrons. Here also we find it
convenient to introduce conserved quantum numbers, but the arguments are a
bit more subtle. The original laboratory production of ‘strange particles’ in
1954 yielded, amongst other things,

77‘-1—p——>A+K0 (1.3)

with such a large cross section that this reaction must be due to the swrong
interaction. When the A and K° particles decay, however,

A-sp+rn; Koot +a, (1.4)

the lifetimes are so long (= 1071%s) that the decays must be due to the weak
interaction, even though all the particles involved are hadrons. Why? Hadrons
decaying into hadrons of a lower mass will surely do so by the strong
interaction — unless violation of a conserved quantity is involved. We therefore
introduce a quantum number S called ‘strangeness’. assign S =0 to 7 and p,
S=-11to A and S=+1 to K° and invent the rule, strong interactions
conserve S, weak interactions change it. Then it will be seen that, in reaction
_(1.3), the algebraic sum of § on both sides of the reaction is zero, so § is
“conserved, and it is a strong interaction — as found. In the decays (1.4),
however, S changes from —1 to 0 or +1 to 0, so the decays cannot proceed by
the strong interaction, and so are weak.
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A similar pattern occurs at higher energy. It was first observed in 1975 that
neutrinos in a hydrogen bubble chamber reacted to give

Vet+tpou +A+T +a ot + 0.

This cannot be a single weak interaction involving leptons, since they are all
observed to obey the rule AS = AQ, where AS and AQ are the changes in
strangeness and charge on the hadrons; the above reaction has AS = —AQ. It
was concluded that what is involved is a series of reactions:

vu+p—->‘u'+2:+,
SITS AL+,
A s A+at+75 + 7. (1.5)

The decay of =" into A} is a strong one, but the decay of A, into A and
pions is weak, and necessitates the introduction of a new quantum number
‘charm’ C; A has C=1, §=0, and A has C=0, § = —1, so the decay has
AC = AS=—1. 3] also has C = 1, and strong interactions conserve C.

1.7 Resonances

During the 1950s and 1960s a ‘population explosion’ was observed among
strongly interacting particles. The discovery of strange particles accounted for
some of this, but a more significant contribution came from the discovery of
resonances, of which hundreds are now known. To give only one example, the
first one to be discovered (by Fermi, in 1952) was found as a large peak in the
cross section for pion—nucleon scattering,

™+ p—>at+p.

A sketch of the cross section is shown in Fig. 1.2. The sharp peak in o is
interpreted, following the usual Breit—Wigner theory, as a resonance, now
called A, so that the reaction is effectively

™t +p—> AT st +p.

The width I = 110 MeV may be measured directly from the curve, giving the
lifetime from the uncertainty principle:

T~h/l=10"3s.

This time is characteristic of strong interactions, by which resonances decay.
Resonances are states with well-defined spin and parity, mass, charge, etc., and
are to be treated on an equal footing with the other elementary particles. The
‘stable’ particles, i.e. those decaying by weak or electromagnetic interactions,
are simply the lightest members of a set of particles with given values of isospin
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Elah

Fig. 1.2. Cross section for 7*p elastic scattering, plotted against the pion laboratory
energy. The peak, of width I', is interpreted as a resonance A.

(see below), strangeness, charm, etc. In order for ‘stable’ particles to decay,
these quantum numbers must change, therefore they decay only through the
weak (or electromagnetic) interaction. Most particles, in fact, are resonances —
the reader has no doubt seen lists of them in books on particle physics.

1.8 The quark model

To try to make sense of all these particles, perform the following exercise.
Select a particular spin-parity J*, and plot the charge Q and strangeness S of
all particles (and resonances) with that value of J¥. As an example, the
particles with J¥ = %Jr, are shown in Fig. 1.3. There are ten particles, and they
form a regular pattern. This happens with all values of J” (as long as all the
particles have been found); there is always a regular pattern, though it more
commonly contains eight particles rather than ten. Why is this?

It is because the particles are composite states of more fundamental entities
known as ‘quarks’. There are at present believed to be six quarks distinguished
by Q, S, C and ‘truth’ and ‘beauty’ (or ‘top’ and ‘bottom’). They are denoted
u, d, s, c, t, b. The quantum numbers of u, d and s are given in Fig. 1.4.
According to the quark model, baryons are bound states of three quarks (gqq),
and mesons are quark—antiquark (gg) states; quarks have spin % We can now
see how a supermultiplet of ten baryons may arise. Baryons are made of three
identical fermions, so the possible states may be classified according to their
symmetry under interchange of quark labels. Altogether there are 33 =27
states. One of these is totally antisymmetric:

uds + dsu + sud — usd — sdu — dus. (1.6)
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Fig. 1.3. Particles with JF = %*. The right-hand axis figures are the masses in MeV/c2.
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Fig. 1.4. The u, d and s quarks.

(Here of course the letters stand for the wave functions and we have not
normalised the state.) There are ten totally symmetric states, which are

S

uuu

ddd

58S

uud + udu + duu
uus + usu + suu
i 1.7)
udd + ddu + dud
uss + ssu + sus

dds + dsd + sdd

dss + ssd + sds

uds + dsu + sud + usd + sdu + dus. ]

This accounts for 11 of the 27 states. The remaining 16 split into two sets of 8,
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each with mixed symmetry properties — for example. symmetric on interchange
of the first two labels, but antisymmetric on interchange of the last two. The
3-quark states will then manifest themselves as distinct supermultiplets of 10, 8,
8 and 1. The {10} supermultiplet is identical with that in Fig. 1.3, so we
identify A** = (uuw), X° = uds, appropriately symmetrised, and so on. The
proton and neutron (with p = (uud), n = (udd)). are two states in an {8}
supermultiplet — for further details the reader is referred to the literature.
Similarly, there are 3> =9 meson states. One of these (uil + dd + s3) is
invariant under quark transformations, and the other eight give the known
pseudoscalar (J¥ =07) and vector (J* = 17) mesons, with the quark spins 0
and 1, and no additional orbital angular momentum between the quarks.
Addition of orbital angular momentum yields higher spin states — this is also
true for baryons.

All the states predicted by the quark model (at least with the quarks u, d and
s) have been found, and no others. When the fourth quark c is taken into
account, many more states are expected. A good number of these have already
been found, but not all of them, presumably because the ¢ quark is heavier
than u, d and s, so the particles are more difficult to produce.

In summary, there is very good evidence that baryons and mesons are
composite states of quarks. Almost all the known particles can be accounted
for by postulating four quarks, and in recent years firm evidence has been
gathered for the fifth and sixth quark (top and bottom quarks).

Particle decays are then explicable simply as quark decays. For example,
neutron decay,

n—-p+e +V,
is due to d decay,

d—u+e +7v, (1.8)
and A (leptonic) decay (A = (uds)),

A->p+e +7,
is due to s decay,

s>ute + v, (1.9)

From this we may deduce that u is the lightest quark but, since A is rather
heavier than n, then presumably s is rather heavier than d. This explains
previously observed selection rules. The rule AS = AQ (Q is the charge on the
hadron) explains the decay and non-decay of £~ and £ :

ST on+e +W, Stbn+et +v,,

but these are much more simply explained by noting that £~ = (dds),
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3+ = (uus), so decay of a single quark explains why X~ decays and =* does
not (that is, does not decay into the particles above). Similarly, =~ (= (ssd))
does not decay directly into a neutron:

Ebn+e + 7,

and this indeed will not occur if baryon decays are due to single quark decays;
the selection rule |AS| = 1 was previously invoked to explain it.

1.9 SU(Q2), SU@3), SU4), . . .
The particles A (Fig. 1.3) have the quark content
A~ = (ddd), A= (udd), A" = (uud), A** = (uuu)

(we ignore questions of symmetrisation and normalisation — they are not
relevant here). The masses of these particles are very close: m(A*") —
m(A™) = 8 MeV/c?; so, assuming the binding energy of each resonance is the
same, we deduce that the u and d quarks are almost degenerate. There is a
corresponding symmetry on mixing the u and d quarks. Putting

-t

Yy— My (1.10)

if we let

where M is a 2 X 2 matrix, then in the limit of exact degeneracy this induces a
mixing of the four A particles, which, in the absence of electromagnetism, is
unobservable, and therefore a symmetry of the system. For mathematical
simplicity the transformations (1.10) must form a group. This means that M
must be either unitary or orthogonal (hermitian matrices do not obey the group
law). Let us suppose it is unitary, then the group is U(2), the group of unitary
matrices in two (complex) dimensions. We then expect the hadron spectrum to
show a U(2) symmetry. Actually, it is conventional to consider simply SU(2),
which corresponds to M having unit determinant — this can always be done by
taking out a phase factor, which corresponds to baryon number. A 2 X2
unitary matrix with unit determinant can be written in the form

M = exp (1%5) (1.11)

where § = (61, 6,, 65) are three arbitrary parameters and 7 = (1,, T,, T3) are
the traceless matrices

T, = (2 é), T, = (? _(i)), T3 = (é _?) (112)
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known as the Pauli matrices. They obey the commutation relations

1 T2 Tzfl_[‘ﬁ Tz] .13

- ) 1— (1.13)
22 22 2 2 2

and cyclic permutati_c)ms. These are the same as the commutation relations for
angular momentum J =7 X p

[J1, J»] =iJ5 and cyclic perms

(where we have put 2 =1) showing that SU(2) symmetry is a rotation
symmetry, and the conserved quantity is a vector quantity like angular momen-
tum - it is, in fact, isospin. This also shows that the group SU(2) is the same
(apart from topological properties) as the rotation group O(3), the group of
orthogonal matrices in tl_l)ree (real) dimensions. This is a known mathematical
equivalence. The angles 6 in (1.11) are the angles of rotation in ‘isospin space’.

Quark degeneracy then leads to degenerate multiplets of hadrons, and, from
the above reasoning, it follows that the multiplets act as bases for irreducible
representations of the group SU(2). This group is known to have 1,2, 3,4, ...
dimensional representations, and in fact the particles £, =, 2 and A in Fig. 1.3
are bases for these first four representations.

These ideas, can, of course, be generalised to include more quarks. In the
(hypothetical) case in which the s quark is degenerate with the u and d quarks,
we expect invariance under

u
- My; y=|d

N

where M is now a 3 X 3 unitary matrix, and these matrices generate the group
SU(3). The dimensionalities of the irreducible representations of SU(3) are
given by

N=3Xp+1D@+(p+q+2) (1.14)

where p and g are positive integers or zero; p =3, ¢ = 0 gives N = 10, which
is the representation of Fig. 1.3; p =g =1 gives N =8, the famous ‘octet’
representation, and p=1, g =0 and p=0, g =1, give the 3-dimensional
representation for quarks and antiquarks respectively. It will be recalled that
the irreducible representation of Fig. 1.3 was obtained from considerations of
symmetry, and it may be wondered what the connection is between this and the
theory of group representations. The answer is that representations of SU(n)
can be obtained by writing tensors with p upper and g lower indices, sym-
metrised or antisymmetrised — there is thus a close connection between
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representations of SU(n) and the symmetric group. The device used for
realising the representations in this way is called a Young tableau.

A given representation of SU(3) contains, in general, several representations
of SU(2); in other words, an SU(3) supermultiplet contains several isospin
multiplets, each with differing strangeness S. This is clear from Figs. 1.3 and
1.4. In Figs. 1.5 and 1.6 (p, qg) = (1, 1), i.e. 8-dimensional representation of
SU(3) is drawn, showing the pseudoscalar mesons. The axes are hypercharge
Y defined by

Y=B+S (1.15)
and /3, the third component of isospin, related to electric charge Q by
Q=1,+Y2 (1.16)
This is called the Gell-Mann-Nishijima relation.
SU(3) symmetry is exact only in the limit in which all the particles in a

supermultiplet are degenerate. From the masses in Figs. 1.3 and 1.5 it is seen
that the symmetry is only very approximate. "

Y=S+8B

K K

® 1% ®
L njn° nt

— + 318 : *+— I

-1 4 } 1

K K°

® -1+ [

Fig. 1.5. The JP =0~ pseudoscalar octet of SU(3). The masses of the (neutral) parti-
cles, in MeV/c?, are m(n) = 135, m(K) = 498, m(n) = 549.

Y=S+B
n
. .
z Al T T+
= % S 5 = I
E- E°
® + ®

Fig. 1.6. The JP = 3* octet of baryons. The masses of the neutral particles, in MeV/c2,
are m(N) = 939, m(Z) = 1192, m(A) = 1115, m(E) = 1315.
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Now let us include the fourth quark, ¢. With

(1.17)

o L QA w

we are clearly now working with a - very approximate! — SU(4) symmetry. As
before, 3-quark and quark-antiquark states fall into specific representations of
SU(4), each of which contains a number of representations of SU(3) with
differing charm C. The Gell-Mann—-Nishijima relation now becomes

B+S+C

Q=15+ (1.18)

The 20-dimensional representation of SU(4) appropriate to the spin %
baryons is shown in Fig. 1.7. The isosinglet (cud) state is identified with the A
particle mentioned in (1.5) above. It has charm C = 1, as does the particle X,
with isospin 1, corresponding to the charge states S, =7, =%, The other spin
% baryons with C = 1 have not yet been found, and no baryons with C = 2 have
been found. A, has a mass of 2262 MeV/c? and =, a mass of 2428 MeV/cz.
These are considerably heavier than the SU(3) octet with C = 0, indicating that
the ¢ quark must be much heavier than u, d and s. SU(4) symmetry is
correspondingly a rather inexact symmetry.

1.10 Dynamical evidence for quarks

From the classification of particle states, there is good evidence for quarks.
This is, however, not the only type of evidence there is. Experiments on deep
inelastic scattering of electrons and protons have revealed evidence that the
electrons scatter, not from the whole proton, but from a pointlike constituent
of it, called a parton. The temptation to identify partons with quarks is one
which is not resisted by particle physicists.

Fig. 1.7. The 3* baryons in a 20-dimensional representation of SU(4). The particles
already found are indicated on the right. The SU(3) content is a {3}, with C =2, {6}
and {3} with C = 1. and {8} with C = 0, the uncharmed octet of Fig. 1.6.
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It will be recalled that measurements of structure are made by measuring
form factors. For the scattering of point electrons on protons, by the one-
photon-exchange mechanism of Fig. 1.8, the cross section is

2
2 2
G2 + —‘LzGM

4M 2
do _ (d_") + -4 2G3% tan? 62 (1.19)
dQ dQ point q2 4M2
1+ -1
4M?

where (do/d€),y is given by the Mott formula appropriate for the scattering
of electrons off pointlike protons, Gg(g?) and Gy(g?) are the electric and
magnetic form factors, g is the square of the photon 4-momentum g (defined
in Chapter 2), 6 is the angle through which the electron is scattered in the
laboratory frame, and M is the proton mass. Measurement of do/dQ and
comparison with (da/dQ)poim at varying 6 allows a determination of the form
factors G£(g?) and Gy(g?), which turn out to have a dipole form

2
G(g? =(—1_) 1.20
(4% YE (1.20)

with M 2 = 0.71 (GeV/c*)*. This is the Fourier transform of

p(r) = [e797 G(g) &g (1.21)

(a non-relativistic formula; q is a 3-momentum), which turns out to be an
exponential charge distribution

p(r) = exp (— M,r). (1.22)

This is, therefore, the structure of the proton revealed in this experiment. The
interesting thing is that it does not become singular as r — 0, indicating that
there is no hard core to the proton. (This is not a trivial result: a simple pole
instead of (1.20) would yield a Yukawa potential p(r) = [exp (—M,r)]/r in-
stead of (1.22), which is singular at r = 0.) So the proton is not like a plum,
with a stone in the middle. It could be like a jelly, or it could be like a
strawberry, with seeds scattered throughout, but no accumulation of them at
the centre. To decide which, we turn to inelastic scattering, in which the final

Fig. 1.8. Scattering of electrons on protons by exchange of one photon.
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state is an arbitrary hadronic state:
e~ + p — e~ + (hadronic state).

The Feynman diagram for this is shown in Fig. 1.9. M* is the invariant mass of
the final hadronic state (defined in Chapter 2). One can show that

g*= M?>— M*? +2Mv (1.23)

where ¢ is the photon 4-momentum, v is the energy lost by the electron,
v= Eq— E,and M is the proton mass. Also we have

q* = 4EE,sin’ (6/2).

In the elastic case, M* = M and ¢> = 2Mv; ¢ and v are therefore related — in
experimental terms, 6 and the energy loss Ey — E are related — and the form
factors are functions of ¢* only. In the inelastic case, since it is only the final
electron and not the final hadronic state which is observed, M* is effectively an
independent variable, so g and v are independent, and the form factors F(g?)
have to be replaced by so-called structure factors W(q>, v), functions of both g>
and v. The differential scattering cross section is given by

do_ (Ez
dQdv dQ
Measurements of this cross section then enable the structure functions W, to
be found.

It is then possible to plot W, and vW, as functions of the dimensionless
variable

) Wy, %) + 2W (v, ¢2) tan? (6/2)].
point

2Mv
w=—
q

What is found, as shown in Fig. 1.10, is that at high v and qz, but w finite, W,
and vW, turn out to be functions of w only, not of g*> and v separately. This
phenomenon is known as Bjorken scaling.

Scaling is interpreted as indicating that the scattering takes place off point-
like constituents of the proton, called partons. For, if this is the case, the
scattering of e~ from an individual parton of mass m must be elastic, and then
g* =2mv from (1.23). It is then relatively straightforward to show that the

Hadrons, invariant
mass M*

Fig. 1.9. Inelastic electron-proton scattering. The initial and final electron energies are
Eypand E.
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Fig. 1.10. vW; as a function of g2 at w = 4.

structure factors are functions of w only. Accepting this interpretation, the
parton spin may be found, for it may be shown that

2V /g* )Wy = Wy
2w, i

—> = if parton spin = 0.

. . 1
— 0 if parton spin = 3,

Experimentally, this ratio tends to zero, so the partons have spin 3; and are
thus identified with quarks. These remarkable experiments are dynamical
evidence for the existence of quarks.

1.11 Colour

There is a rather severe problem, which the reader may already have noticed,
with quark statistics. Consider the hadrons belonging to the {10} represent-
ation of SU(3), in Fig. 1.3. It will be recalled that the three quarks are in a
symmetric state, under interchange of the SU(3) labels, QO and S. The
complete wave function of one of these hadrons, say the A**, is

Ya+ = Yspin Ysu(3) Yspace s

it is the product of wave functions in the space, spin, and ‘internal’ SU(3)
variables. We have noted that the SU(3) part is symmetric — in this case it is
simply uuu. The three quarks are in an § = %, L = 0 state, so the three parallel
spins clearly make g, symmetric and the symmetry of ¥, is ( —1)L which is
symmetric when L = 0. The overall 3-quark wave function is therefore sym-
metric under exchange of all three labels; but this is forbidden by Fermi-Dirac
statistics. So either quarks do not obey Fermi statistics, or the above argument
is wrong — or, rather, incomplete. This is the problem of quark statistics.
Greenberg, and Han and Nambu showed how to resolve it by introducing
another degree of freedom for quarks, called colour; each quark carries,
besides the ‘labels’ of spin and Q, S, C, ..., an additional label with three
values R, W, B (red, white and blue), and the A wave function becomes
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Ya = U)spin "IJQ S 1;Uspace Yeolour ( 1 24)

and we simply stipulate that the first three functions are symmetric, but Y.iour
is antisymmetric under exchange of colour labels. We may say that the number
of quarks is no longer 4 (or 5, 6, ...), but this number multiplied by 3. For
example, in the 4-quark model, we now have four flavours (the generic name
for O, S, C, ...) and three colours, so the quarks may be written as

Ug Uy  Up
dr dw dp
SR Sw  SB
CR Cw CB

(1.25)

Just as the transformation group for flavours is SU(4)gayour, We also postulate
that the colour group is SU(3)coi0urs SO We have two types of symmetry, acting
on the two types of quark label:

S U(S)colour

Ugr Uw Up

dr  dw dp

SR Sw  SB

R Cw CB
SU(4)ﬂavour

Corresponding to the totally antisymmetric wave function (1.6) in three flavour
variables, we may write the totally antisymmetric colour wave function to go in
1.24):

Yeolowr = RWB + WBR + BRW — RBW — BWR — WRB.  (1.26)

Since this totally antisymmetric function transforms as a singlet under
SU(3)colour> We have the interesting consequence that whereas quarks carry
colour (transform according to a non-trivial representation of SU(3)coi0ur)
baryons do not transform under SU(3)coour, SO are colourless — as observed!
Similar considerations follow for mesons, so we conclude that hadrons are
colourless. This may have something to do with quark confinement — it may be
that it is colour which is confined, so that particles with colour do not appear in
the free state, but those with no colour do appear.

Actually, the introduction of colour in this way has a historical parallel,
which the student may find reassuring. Consider the Bohr orbits of the two
electrons in the helium atom. They are identical, and we may wonder if the
exclusion principle, according to which the electrons must be in different states
(or, equivalently, that the two-particle wave function must be antisymmetric),
is violated. If no other variables are involved, then it is, but if we introduce
electron spin, we save the Pauli principle if the two electrons are in an
antisymmetric spin state, which corresponds to total spin zero. Electron spin in
the helium problem plays the role of colour in the quark problem.
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The introduction of colour, therefore, solves the problem of quark statistics.
But is there any independent evidence for colour? In fact there are two pieces
of evidence, which we now consider.

(i) 2" — yydecay
Assuming that 7° is made of quarks, 7° = (1/\/2)(iiu — dd), the decay rate of
7° into two photons is exactly calculable. The amplitude for the decay is
determined by the diagram of Fig. 1.11. The amplitude is clearly additive for
all the different types of quark (i.e. colours) which can contribute, and is
therefore proportional to N, the number of colours. Calculation gives for the

pion width
I(7° — yy) = 7.87(N_/3)* eV,
to be compared with the experimental value
I'=795%+0.05eV.
We deduce that N, = 3.

(ii) e*e” annihilation experiments
These spectacular experiments, using colliding beams, have been carried out at
Stanford and elsewhere for a number of years. The electrons and positrons
annihilate into virtual photons, which transform into e*e™, u*u~, t¥17, or
into hadrons of all types. The production of hadrons must be due to

ete” — qg — hadrons; (1.27)

quarks are produced first, they then find other quarks or antiquarks to combine
with, so that the final products are hadrons. This is represented in Fig. 1.12.
Actually, there is some evidence that the hadrons are produced in this way, for
we should expect, on this mechanism, that they appear in jets in pairs of
opposite directions; and there is substantial evidence for these jets.

Now if quarks are point particles, just like e~ and =, then because the
process is electromagnetic, the amplitude only depends on the quark charge, so
we expect for the ratio of cross sections

qi

Fose-

Fig. 1.11. Feynman diagram for 7% — 2y decay, through quarks.
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%Hadrons
q
e > {’e“
¥

Hadrons

Fig. 1.12. e*e~ annihilation into hadrons.

process is electromagnetic, the amplitude only depends on the quark charge, so
we expect for the ratio of cross sections

ole’e” = q9)

= N.Q?

ofete” »uw)

where Q, is the quark charge and N, the number of quark colours. Putting
N. =3, the ratio of the cross section for producing hadrons to that for
producing muons is then

o(e*e” — hadrons
R=Slee = — ) = 3302
olete” — utu)
=3(g+%+%) for 3 flavours
=2, (1.28)

where we have assumed that the experiments are done at an energy low
enough that only the first three flavours, u, d and s, are produced. As the
energy increases, R will increase; when the ¢ and b quarks with charges % and
—1 are produced, for example, R will increase to 3%.

Fig. 1.13 shows a schematic plot of R as a function of centre-of-mass energy
of ete™. It is seen that R increases from about 2, at 2.5 GeV, to something

PROX
4 YY’
8_# vy
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4t
2ty
0 X
0 5 10 15 20 25 30 35 40

Ecum (GeV)

Fig. 1.13. A schematic drawing of R against centre-of-mass energy.
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over 4, at 4.7 GeV, the charm threshold. Above 20 GeV, R settles down at
about %, indicating both the existence of u, d, s, ¢ and b quarks, and colour.
The peaks in Fig. 1.13 correspond to the spin 1 meson states gg.

1.12 QCD

Finally, it is believed that colour is like electric charge, in that it gives rise to a
dynamic field with a massless quantum analogous to the photon, called the
gluon. So corresponding to electron—-electron interaction via photon exchange
(Fig. 1.14) we have quark—quark interaction via gluon exchange. The differ-
ence is that photons are not themselves charged, but, because colour is a
‘3-dimensional’ quantity, and the interaction is an exchange interaction, the
gluons themselves carry colour. There are eight of them, belonging to the {8}
dimensional representation of SU(3)colour-

Thus colour provides a mechanism for binding quarks together into hadrons,
and the dynamics of this interaction is quantum chromodynamics (QCD). It
will be shown in Chapter 3 that electrodynamics is a gauge theory, therefore so
is chromodynamics. The symmetry group of QED is U(1), an Abelian group,
whereas that of QCD is SU(3), which is non-Abelian. The quantisation of
non-Abelian gauge theories will be treated in Chapter 7.

There is some evidence that gluons exist, for, just as accelerating electric
charges radiate photons as bremsstrahlung, it is expected that quarks may
radiate gluons in the same way, and therefore, at high energies, the quark
produced in the ee” experiments might emit gluons, as in Fig. 1.15. These
gluons, will, like the quarks, somehow get converted into a jet of hadrons, so
we will expect some 3-jet events, as well as the 2-jet events discussed previ-
ously. Such 3-jet events have been found and are interpreted as evidence for
gluons.

Why do gluons not appear in the free state? For that matter, why do quarks
not appear? This, of course, is the famous and most intractable difficulty with
the quark model, that quarks have never been found, despite intensive and
extensive searches. It is believed there must exist a mechanism which confines
quarks into (gqq) or (¢q) combinations — i.e. into hadrons; this is known as
quark confinement. As mentioned above, it may be that what is really confined
is colour; this would have the consequence that gluons, having colour, would

qr 9B

Fig. 1.14. Electron—-electron interaction due to virtual photon exchange, and quark-
quark interaction due to virtual gluon exchange.
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Fig. 1.15. Three jets of hadrons produced by quark-gluon bremsstrahlung in electron—
positron annihilation experiments.

also be confined, and so answer the question why they are not found.
However, there is not yet in existence a completely satisfactory theory of
colour confinement.

1.13 Weak interactions

This is not the best place to enlarge on weak interactions, which are the subject
of Chapter 8. Suffice it here to mention the Cabibbo hypothesis. As was seen
above, both the s and d quarks decay into the u quark (see (1.8) and (1.9)),

s>u+e +V,, dau+e +9,,

and this results in the strangeness-changing (with |AS| =1, AS = AQ) and
strangeness-conserving (AS = 0) decays of hadrons, for example

mt s +et+v,, Ktsa+e™ +v,

as well as n and A decay mentioned above. However, these decays are not of
the same strength; the coupling constant, G\, for the |AS| = 1 decays is about
0.1 times that for the AS = 0 decays. G'¥. Putting

GV = Gsin 6,
G = G cos ¢

where 6c, the Cabibbo angle. is found to be 0.247 + 0.008, it turns out that G
is equal in magnitude to the coupling constant for muon decay u~ —
v, + e~ + V, this is the non-trivial content of the Cabibbo hypothesis. A neat
way of describing the leptonic decay mode of hadrons is, then, to say that the
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transition takes place between the u quark and the ‘Cabibbo-rotated’ d quark,
denoted dc;

dc = cos Ocd + sin Ocs. (1.29)

In the Weinberg-Salam theory, to be described in Chapter 8, the particles u
and dc (actually their left-handed parts) are then assigned to a 2-dimensional
representation of an SU(2) group

_ u
v = (dc)L (1.30)

which generates so-called ‘weak isospin’. It turns out that there are very
interesting connections between this type of structure and the existence of the
fourth, charmed, quark c. These matters will be dealt with in the proper place.

This concludes the introductory survey of particle physics. Its purpose was to
introduce some of the more important concepts, to provide a motivation for
the study of quantum fields. We begin this study, in the next chapter, with an
examination of the wave equations for particles with spin 0 (the simplest case,
though unphysical), 3 (quarks and leptons) and 1 (photon, gluons and inter-
mediate vector bosons).

Guide to further reading

An interesting, though simple, account of the role of fields in physics is given in
Einstein & Infeld (1971). More details of contemporary particle physics may be
found in Burcham & Jobes (1995), Cahn & Goldhaber (1989), Das & Ferbel
(1994), Griffiths (1987), Kenyon (1987), Martin & Shaw (1992) and Williams
(1991).
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Single-particle relativistic wave equations

2.1 Relativistic notation

Any theory of the fundamental nature of matter must, of course, be consistent
with relativity, as well as with quantum theory. We therefore begin by
establishing a notation for relativistic theories. We assume that the reader is
familiar with special relativity.

Consider two events in space—time, (x, y.z.t) and (x + dx, y + dy, z + dz,
t + dt). We may generalise the notion of the distance between two points in
space to the ‘interval’ between two points in space—time; call it ds. In order
that ds be the same for all (inertial) observers, it must be invariant under
Lorentz transformations and rotations, and so is given by

ds? = ¢*dr® — (dx? + dy® + dz?). (2.1)

Of course, we could have defined ds® = dx* + dy? + dz? — c*dr?; we choose
(2.1) for later convenience. With this definition, events which are separated by
a timelike interval have ds®>>0; those separated by a spacelike interval
ds® < 0; and those separated by a null or lightlike interval ds* = 0.

In 3-dimensional space (x,y,z) are regarded as the components of a
3-vector, and dr? = dx? + dy2 + dz? is invariant under rotations. This quad-
ratic form is the sum of squares, and so positive definite. To generalise to
4-dimensional space—time, we have the problem that the invariant interval is
no longer positive definite. We therefore define

1

= (x% x1, x2, ¥ = (cr.x. y. 2)

X = (XO’ X1, X2. .\’3) = (C[' -X, =Y, _Z) (22)

and make the rule that the invariant is got by summing over one upper and one
lower index:

3
ds? = S dxtdx, = crde® — dx? — dy? — dz% (2.3)
u=0

A 4-vector like x*, with an upper index, is called a contravariant vector and
one like x,, with a lower index. is called a covariant vector. The inner product
of a contravariant and a covariant vector is an invariant (scalar). To simplify
the notation, we adopt the summation convention: an index appearing once in
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an upper and once in a lower position is automatically summed from 0 to 3:

3
S VEV, - VEV,. (2.4)
u=0

The relation between x* and x, (or between any contravariant vector and its
covariant counterpart) may be given by introducing a metric tensor g,:
Xy = gux"”
= O+ 't 2+ 3 (2.5)
8uoX” T X T X" T g3X7, .

where the summation convention has been used. By inspection of (2.2), we
have xo = x°, x; = —x!, etc., so from (2.5) it is clear that gy may be written as
a diagonal matrix

1 0 0 0
0 -1 0 0

g[lV = 0 0 _1 0 ’ (26)
0 0 0 -1

where rows and columns correspond to the 0, 1, 2 and 3 components. Since g,
has a non-zero determinant, its inverse exists, and is written

1 0 0 0

0 -1 0 0
wo— .

0 0 0 -1

in fact, it has the same values as g,, in Minkowski space (in Cartesian
co-ordinates), but this equality does not hold in general.

It is clear that g,, contains all the information about the geometry of the
space — in this case, Minkowski space—time. In special relativity, however, the
metric tensor only plays a passive role, and in fact need never be introduced.
But in general relativity, it plays an active role since the geometry of the space
is not fixed in advance, but depends on what matter is in it. The Einstein field
equations, for example, are differential equations for g,,,.

It is common in particle physics to work in units where ¢ =1, so (2.3)
becomes

ds? = dx*dx, = dr* — (dx? + dy? + dz?). (2.8)

Turning to differential operators, we define

3 19
a# = = (803 al’ 82? 83) = (——'—7 T ——')
ox* ot

-(L2.5)
c ot
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ot = gllVaV = (ii’ _.V)’ (29)
c ot

giving the Lorentz invariant second-order differential operator

2 2 2 2 2
O=a%9,=L2 —( AR S )= LS _v, (210
c?ar? ax?  ay*  37? c*ar?
called the d’Alembertian operator.
The energy—momentum 4-vector of a particle is
E E
p# = (_a P)v pll = ('—“a —p) (2]‘1)
c c
giving the invariant
2 u E2 2.2
p=pp,t=—~2——p'p=mc‘ (2.12)
c
or, when ¢ = 1,
p? = E*-p?=m? (2.13)
We shall also use the notation p - x for p,x*:
prx=pxt=EFE—p-r. (2.14)

2.2 Klein—-Gordon equation

We are now in a position to write down a wave equation for a particle with no
spin — a scalar particle. Since it has no spin it has only one component, which
we denote by ¢. The wave equation is obtained from equation (2.12) by
substituting differential operators for E and p, in the fashion standard in
quantum theory

E—ihl, po —ikV. (2.15)
ot
Equation (2.12) then gives
2 2.2
(la——v2)¢+ T =0,
c*ar? h?
which becomes, in units # = ¢ = 1 and using (2.10),

[ | (O + m*¢=0. (2.16)

This is known as the Klein—Gordon equation (B is used to indicate important
results). Note that substituting (2.15) into the non-relativistic approximation to
(2.12), E = p*/2m (here E is the kinetic energy only) yields the free-particle
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Schrodinger equation

2

Mg =—in? 2.17)
2m ot

It then follows that the Schrodinger equation is the non-relativistic approxima-

tion to the Klein—Gordon equation.

The probability density for the Schrédinger equation is

p=¢*¢ (2.18)
and the probability current is
. ih
J= =@V — ¢V (2.19)
2m
They obey a continuity equation
) ih
L+v (w@ —(¢*V) — $V)
ot 2m
*a¢ if 2) (a¢* if 2*)
= ¢*|—+ - —V°¢p| + ol —/— + —V
¢ (at 2m o) e 3t 2m ¢

=0,

where the Schrodinger equation and its complex conjugate have been used.
What are the corresponding expressions for the Klein—-Gordon equation? To
be properly relativistic, p should not, as in (2.18), transform as a scalar, but as
the time component of a 4-vector, whose space component is j, given by (2.19).

Then p is given by
ih .90 a¢*)
=[x 2P _ 00 2.20
p 2m(¢ at ¢ Jt ( )
and with
. N P if
= (p.§) = Z¢*(50. Vyp = Lo g (2.21)
m m
where
A BEYA5"B - (3"4)B], (2.22)

and we have used (2.9), we have the continuity equation
9" = —-(¢*D¢ e0¢*) = (2.23)

since ¢* also obeys the Klein—-Gordon equation. Then p and j are the
probability density and current we want. But this immediately presents a
problem, because p, given by equation (2.20), unlike expression (2.18) for the



2.3 Dirac equation 29

Schrédinger equation, is not positive definite. Since the Klein-Gordon equa-
‘tion is second order, ¢ and 3¢/3t can be fixed arbitrarily at a given time, so p
may take on negative values, and its interpretation as a probability density has
to be abandoned. The interpretation of the Klein—-Gordon equation as a
single-particle equation, with wave-function ¢, therefore also has to be aban-
doned. In Chapter 4 we shall re-intrepret it as a field equation, and shall see
that, on quantisation, we arrive, after all, at a successful particle interpretation.

It is worth remarking here that ¢ has been assumed to be complex. If ¢ is
taken as real, then p in (2.20) vanishes, and so does j. It will be shown in the
next chapter that the correct interpretation of complex ¢ is for the description
of charged particles. Real ¢ corresponds to electrically neutral particles, and p
and j are then the charge and current densities, rather than the probability and
probability current densities.

There is another problem with the Klein—-Gordon equation, and that is that
the solution to (2.12), regarded as an equation for E, is

E = £(m*c* + p*cH)?, (2.24)

so solutions to the Klein—Gordon equation contain negative energy terms as
well as positive energy ones. For a free particle, whose energy is thereby
constant, this difficulty may be avoided, for we may choose the particle to have
positive energy, and the negative energy states may be ignored. But an
interacting particle may exchange energy with its environment, and there
would then be nothing to stop it cascading down to infinite negative energy
states, emitting an infinite amount of energy in the process. This, of course,
does not happen, and so poses a problem for the single-particle Klein—Gordon
equation. We shall see later that the interpretation of ¢ as a quantum field
clears up this problem, as well as the previous one.

We now pass from scalar particles to particles with spin, starting with spin 3
particles, which are described by the Dirac equation.

2.3 Dirac equation

The Dirac equation, unlike the Klein—Gordon equation, is of first order, and
holds only for spin % particles; since the Klein—Gordon equation expresses
nothing more than the relativistic relation between energy, momentum, and
mass, it must hold for particles of any spin. The Dirac equation, however (and
the Maxwell and Proca equations, to be derived below), has an entirely
different origin, and may be derived from the transformation properties of
spinors under the Lorentz group. To avoid a straight plunge into this topic, we
shall first briefly review the connection between the rotation group and SU(2),
and introduce the idea of spinors. This will then be extended to the Lorentz

group.
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SU(2) and the rotation group

A general spatial rotation is of the form

’

x x
y1=(R)|y]| orr' =Rr (2.25)
7' z

R is the rotation matrix. Since rotations preserve distance from the origin,
x?+y?r+z?=x2+y?+ 2% or r'Tr = rTr (T = transpose), so

rTR™Rr = rTr
RTR=1, (2.26)

and R is an orthogonal 3 X 3 matrix. These matrices form a group: if R; and
R, are orthogonal, sois Ry R;:

(RiR,)"R,R, = RIR{R R, = 1

This group is denoted O(3); for matrices in n dimensions it is O(n). Unitary
matrices also form a group, denoted U(n), but Hermitian matrices do not,
unless they commute.

As an example of a rotation, consider a rotation of a vector V about the z
axis as shown in Fig. 2.1. This rotation, considered as an active rotation (i.e. a
rotation of the vector, leaving the co-ordinate axes fixed), is left-handed;
considered as a passive rotation (i.e. rotating the axes, leaving the vector fixed)
it is right-handed. We have

Vi cos 6 sind 0\ [V,
y]=|-sin@ cos&® O0]|V,], (2.27)
V; 0 0 1/ \V,

so may denote the rotation matrix by

cos 6 sinf 0
R,(8) =| —sinf cos6 0. (2.28)
0 0 1

Fig.2.1.
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Similar matrices for rotations about the x and y axes are

1 0 0

R(p) =10 cos ¢ sinqb‘ s
0 —sing cos¢

cosy 0 —siny
R(yy=1| 0 1 0 . (2.29)
siny 0  cosy

Note that these matrices do not commute
R(@)R.(8) # R.(6)R(9); (2.30)

the rotation group, O(3), is non-Abelian. It is a Lie group; that is, a
continuous group, with an infinite number of elements, since the parameters of
rotation, which are angles, take on a continuum of values. It is easy to see that
a general rotation has three parameters; R has nine elements, and equation
(2.26) gives six conditions on them. These parameters may, for example, be
chosen to be the three Euler angles. Corresponding to three parameters are
three generators defined by

0 —-i o0
J. = 1dR.(6) =i 0 0],
i de 6=0 0 0 0
0 0 0
dR
I = l.__"(_(a ={0 0 -il,
bode de=0 o i 0
0 0 i
dR,
5=1RW (g ¢ o (2.31)
pody =0 A0 0

These generators are Hermitian, and infinitesimal rotations are given by, for
example,

R.(56) =1 +1J,80, R.(8¢) =1+ iJ.6¢. (2.32)

The commutator Rz((SH)RX((qu)R;1(66)R;1(6¢) of these two rotations (com-
pare (2.30)) may now be calculated using the easily verified commutation
relations

JoJy = J,Je = [Jy, Jy] = iJ; and cyclic permutations. (2.33)

To second order, it is found to be a rotation about the y axis. The relations
(2.33), having a factor %, will be recognised as the commutation relations for
the components of angular momentum. So angular momentum operators are
the generators of rotations.

It is now straightforward to write down the rotation matrix for finite
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rotations. The matrix corresponding to a rotation about the z axis through an
angle 6 = N66 (N — «) is clearly

R.(6) = [R,(60)]"
= (1 +1iJ,60)"

A7
= (1 + ijz—g)
N

= el (2.34)
We may check that this yields the required matrix (2.28). Defining the
exponential by its power series expansion, we have

. 2 3
e =1+in0- 12 —ip 8
2! 3!
1 0 0 0 1 0 o -1 0
=0 1 O0}+6({-1 0 O|+—| O -1 0
0 0 1 0o 0o 0o 2\o o0 o
0 1 0
3
+ 20 0|+
o 0 o0
cosf sinf O
=|—-sinf cos6 O
0 0 1
which is (2.28). A finite rotation about an axis n through an angle 6 is denoted
R,(6) = e¥? = ldnf (2.35)

where 8 = n6.
So much for the rotation group. Now consider the group SU(2), consisting of
2 X 2 unitary matrices with unit determinant

UU"=1,detU = 1. (2.36)
Putting
U= (‘; Z ) 2.37)
the unitarity condition reads U* = U ™%, which, since det U = 1, becomes
R
b* d* -c a
and hence a* = d, b* = —c. Then det U = |a|* + |b|?, so we have

| a b 2 -
U—(_b* a) lal* + |p? = 1. (2.38)
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This is regarded as the transformation matrix in a 2-dimensional complex space

with basic spinor § = (El);

&
E->UE, §-EU". (2.39)
It is clear that
=& + |5
is invariant under (2.39). On the other hand, the outer product
e _(1E6fF & -
5= (5251* |§z|2) - Uy (2:40)

Observe that EE' is a Hermitian matrix.
We see from (2.39) that § and £ transform in different ways, but we may

& &
under SU(2). We have, comparing (2.38) and (2.39).

El = a& + b5, }

-
use the unitarity of U to show that (El) and ( 53 ) transform in the same way

&= —b*5 + a%5y, 240
and hence
~&5' = a(—5) + bEf, } 0o
T = N8 + atE.
Now
Bt Y e
where

0 -1
= (1 0), (2.44)
so we have shown that £ and {&* transform in the same way under SU(2); in
symbols

ue

&~ 5" (2.45)
(‘~’ means ‘transforms like’). Hence
E~ (9" = (-5, &), (2.46)
and
i (5 £ 85 & 5
~ —E"v = <2 . 47
s (Ez)( = 5 ( 2 5152) ( )

Calling this matrix — H, we see from (2.40) that under an SU(2) transforma-
tion
H — UHU; (2.48)
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in addition, H is a traceless matrix.
We may now construct, from the position vector r, a traceless 2 X 2 matrix
transforming under SU(2) like H. Itis

h=a-r=(i+iy Jiz—ly) (2.49)
where the matrices o are the well-known Pauli matrices
0, = (2 (1)) o, = (? '8), 0, = ((1) _(1’); (2.50)
h is Hermitian, and the transformation
h— UhU = h' (2.51)

preserves the Hermiticity and tracelessness of % if U is unitary. In addition, if
U belongs to SU(2), and so has determinant 1, then det #' = det &, or

xr2 + yr2 + Z!Z — x2 + y2 + 22; (252)

the unitary transformation (2.51) on A induces a rotation of the position vector
r. Identifying H and &, we conclude finally that

X
| An SU(2) transformation on (?) = O(3) transformation on | y
2
z
with
= 1
x = %(‘S% - 5%)3 y = "2"(;5‘% + Eg)a z=§5. (2.53)

1

The parameters of an SU(2) transformation are a, b, both complex, with
one condition: |a|? + |b|> = 1. There are thus three real parameters, just like
there are for a rotation. We shall now find an explicit relation between the two
sets of parameters. Taking the square and the product of the two relations
(2.41), and using the expressions for x, y and z given above (equation (2.53)),
we have, under SU(2),

=

x' =3(a* + a** = b? = b*})x — %(a2 — a*? + b? = b*?)y — (a*b* + ab)z,

Y =@ = a¥ = b7+ b)x + 3@ + a*? + b7 + b¥)y — i(ab — a*b¥)z,

[\

7' = (ab* + ba*)x + (ba* — ab¥)iy + (|a* — |b])z. (2.54)

Now we put a =e*?, b =0 (which obeys |a|*+ |b]> = 1). Equation (2.54)
gives

x'=xcosa + ysina,
y'=—xsina + ycosa,
' =1z,
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which is a rotation about the z axis through an angle a (cf. (2.27)). Hence the
correspondence between the SU(2) matrix (2.38) and the O(3) matrix (2.28) is

cose sina O

eioz/2 0
U= ( 0 e‘i"/z) < R=|-sine cosa O]. (2.55)
0 0 1

In terms of the generators J, (equation (2.31)) and o, (equation (2.50)) we
may write

U =e? R=el (2.56)

where, as usual, the exponential expression for U is defined by its power series
expansion.

In a similar way, putting a = cos 3/2, b = sin 3/2, we have the correspond-
ence

_ [ cosp/2  sinp)2 [ B 0 —sinf
v= (—'Sin B/2  cos /2 < R= .0 1 0 (2.57)
sinfp 0 cos 8

which may be written

U =¢e®f2 R=¢lPb: (2.58)
and, lastly, putting & = cos y/2, b = isin y/2, gives
U= (fsolsny}{ /22 ::leny)}/;) < R= (1) c(;s y sig Y (2.59)
0 —siny cosy
with
U=eo2 R =¢ll, (2.60)
In general, then, the correspondence between an SU(2) transformation in
the spinor space (2) and an O(3) transformation in the space ; is
Z
U=¢e“%2 =cos6/2 + io-nsin 6/2 <> R = e??. (2.61)

This correspondence between SU(2) and O(3) implies that the groups must
have a similar structure, and therefore that their generators obey the same
commutation relations. In fact, it may easily be checked that the Pauli matrices
obey

22

These are the same relations as (2.33) for J, and we also see that the factors %

[ Ox f.y_] = 1_02_1_ and cyclic perms. (2.62)
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in (2.62) are the ones in (2.61), showing that the spinor rotates through half the
angle that the vector rotates through. This is responsible for a global topo-
logical distinction between SU(2) and O(3), for, as may be seen from equa-
tions (2.55)-(2.61), increasing the angle « (say) by 27 gives U - —U, R — R;
so the elements U and —U in SU(2) both correspond to the rotation R in
O(3): there is a two-to-one mapping of the elements of SU(2) onto those of
O(3). In particular

1 0
0 1 0
0 1

_1 0 /

0 3

SU(2) 0(3)

SL(2, C) and the Lorentz group

Analogous to the correspondence between SU(2) and the rotation group, there
is a correspondence between SL(2, C) and the Lorentz group, which we now
explore. We shall then employ this correspondence to derive the Dirac
equation.

Pure ‘boost’ Lorentz transformations are those connecting two inertial
frames, moving with relative speed v. If the relative motion is along the
common x axis, the equations are

xl=-————x+—0t y':y Z':z ’=ME_
(1- 02/C2)1/2 ’ ’ ’ (1- 02/c2)1/2

Putting y = (1 — v?/c®) ™2, B=v/c, x® = ct, x! = x etc., these are expressed
as

2% =y + Bxl), xV =y’ +xY), x¥=x%, x¥=x
Observing that y* — f2y* = 1, we may put
y = cosh ¢, vp = sinh ¢, (2.63)

thus parametrising the transformation in terms of the variable ¢, with
tanh ¢ = v/c, and we have

x% coshg¢ sinhg 0 0\ /x°
xl sinh¢p cosh¢ 0 O x!
LN I 0 1 0|« (264
x3 0 0 0 1/ \x*
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Let us call the above matrix the boost matrix B. The generator K, of this boost
transformation along the x axis is defined by analogy with (2.31):

01 0 0
13B 41 0 0 O
K, =-— = -1 2.65
T i3¢e=0 0 0 0 0 (2.65)
0 0 0 O
Similarly, the other boost generators are
0 0 1 ©0 0 0 0 1
40 0 0 O 0 0 0 O
K==111 0 0 o) 5=70 0 o o (2.66)
0 0 0 O 1 0 0 O
In this 4 X 4 matrix notation. the rotation generators (2.31) may be written
0 0 0 0 0 0 0 0
40 0 0 0 0 0 0 -1
==l 0 o 1] * 7o 0 0o o)
0 0 -1 0 0 1 0 0
0 0 0 O
0 0 1 0
J,=—i 0 -1 0 o (2.67)
0 0 0 0

The most general Lorentz transformation is composed of boosts in three
directions, and rotations about three axes, and the six generators are those
above. Their commutation relations may be calculated explicitly, and we find

[K,, K,] = —iJ, and cyclic perms,
[/, K] =0etc., (2.68)
[Js, K,] =K. and cyclic perms,

together with (2.33), involving Js only. An interesting consequence of these
relations is that pure Lorentz tranformations do not form a group. since the
generators K do not form a closed algebra under commutation. So the
commutator of two infinitesimal boosts in different directions

el K00 ety e iKi0 Ty = 1 — [K,, K\Jopoy + K3(69) K (00) + -+

contains, by virtue of the first of equations (2.68), a rotation about the z axis.
This is the origin of Thomas precession (Sexl & Urbantke 1976).

How do Pauli spinors transform under Lorentz transformations? We may
make a guess, because the above commutation relations are satisfied by

K=ﬁ%; (2.69)
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so there should be two types of spinor, corresponding to the two possible signs
of K. This may be made clearer by elucidating the nature of the Lorentz group,
with the six generators J and K. Let us define the generators

A =3J +iK),
. (2.70)
B = X(J — iK).
The commutation relations (2.68) and (2.33) then become
[A,, A,] =iA. and cyclic perms,
[B,, B,] =iB. and cyclic perms, (2.71)
[4;, B]=0(i,j=x,y,2).

This shows that A and B each generate a group SU(2), and the two groups
commute. The Lorentz group is then essentially SU(2) ® SU(2), and states
transforming in a well-defined way will be labelled by two angular momenta
(j,j", the first one corresponding to A, and the second to B. As special cases,
one or the other will correspond to spin zero:

(U, 0—17 SR (B=0) 2.72)
0, j) = JV = —iKYD (A =0),

and this in fact corresponds to the two possibilities in (2.69). We may now
define two types of spinor:

Typel: (3,0): JU2 =g, K2 = —jg)2.

We denote the spinor &. If (8, ¢) are the parameters of a rotation and pure
Lorentz transformation, & transforms as

& exp(12 +2 o\&

= exp [1% (6 — i¢)]§ = ME. (2.73)

Type I: (0,3): JU2 =¢2, KO =ig/2.

This spinor is denoted » and transforms like
n— exp [1% (0 + i¢)]n = Nn. (2.74)

It is important to note that these are inequivalent representations of the
Lorentz group, i.e. there is no matrix S such that N = SMS™'. They are in fact
related by :

N = {M*C1 with £ = —ioy, (2.75)
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as defined in (2.44) above. This follows by observing that
0,6%0, = —0%0 = —g0.

for then

EM*E = oyexp [—%0* (0 +i9)

03

Il

03 exp [%a-(O + i(p)]
= N.

We note that det M = det N =1, so M and N are complex 2 X 2 matrices with
unit determinant. Such matrices form a group, SL(2.C). It clearly has six
parameters, for the matrices are of the form

M=(" b), ad - be = 1;
c d

they consist of four complex numbers, with two conditions. These six para-
meters are related to the three angles and three velocities of the general
Lorentz transformations. Let us pause to summarise what we have found.
Besides 3-vectors, there are 2-component Pauli spinors, which have a well-
defined transformation (2.61) under rotations. Under general Lorentz transfor-
mations, however, there are two different types of 2-component spinor, trans-
forming respectively by (2.73) and (2.74). In the older literature, these are
known as ‘dotted’ and ‘undotted’ spinors (van der Waerden 1974; Landau &
Lifshitz 1977; Misner, Thorne & Wheeler 1973; Sexl & Urbantke 1976). They
correspond to the representations (%, 0) and (0, %) of the Lorentz group. In
essence, the Dirac equation is a relation between these spinors.

Let us introduce the parity operation, under which the velocity in the
Lorentz boost changes sign: v— —v. Hence the generators K change sign,
K — —K, like the components of a vector, whereas J does not change sign,
J— +1J, behaving like an axial vector or pseudovector, which indeed is how
angular momentum transforms under parity. It follows that the (j, 0) and (0, j)
representations become interchanged,

(j,0) « (0. j), under parity (2.76)
and hence
Sen.

If we consider parity, then, it is no longer sufficient to consider the 2-spinors &
and 7 separately, but the 4-spinor

Y= (g) 2.77)
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Under Lorentz transformations v transforms as follows:

£ —)(el/20~(0—i¢) 0 £
n 0 e1/20-(9+1¢) n

\

A I

D(A) = {D*(A)ETE, (2.79)

with

and A denotes the Lorentz transformation (2.64), which we may write as
x = Alx". (2.80)

Under parity, y transforms as

El=10 o)) a5

The 4-spinor v is an irreducible representation of the Lorentz group extended
by parity. Note, however, that the representation (2.78) is not unitary; this is
because the matrix exp (o - ¢) is not unitary. In general, in quantum mech-
anics, one is only interested in unitary representations of a symmetry group
(Wightman in DeWitt & Omnes 1960), since it is only these that preserve the
transition probability between two states, as measured in different frames of
reference. From a fundamental point of view, then, there is something less
than satisfactory about our present pursuit. It is related to the fact that the
Lorentz group, unlike the rotation group, is non-compact. This corresponds
roughly to the observation that velocities, which are the parameters of Lorentz
boosts, take on values along an open line, from v/c =0 to v/c = 1, whereas
angles of rotation extend from 6 = 0 to 6 = 27, and these points are identified,
so the line becomes closed into a circle. The group space of the rotation group
is finite, but that of the Lorentz group is infinite, so the Lorentz group is
non-compact. There is, moreover, a theorem that unitary representations of
non-compact groups are infinite-dimensional. What we have above is a nega-
tive illustration of this — a finite-dimensional and non-unitary representation of
the Lorentz group. Actually, it was realised by Wigner many years ago that the
fundamental group for particle physics is not the (homogeneous) Lorentz group
considered above, but the inhomogeneous Lorentz group. commenly called the
Poincaré group, consisting of Lorentz boosts and rotations, and also transla-
tions in space and time. An analysis of this group gives a true understanding of,
and some surprising insights into, the nature of spin. Some more will be said
about the Poincaré group below.

Now let us specialise the transformations (2.78) to the case of a Lorentz
boost (6 = 0), and at the same time relabel the 2-spinors & and 7:
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§— ¢r. N> ¢p, (2.82)
R and L standing for right and left. We have
(PR - el/20‘¢¢R
= [cosh (¢/2) + & - nsinh (¢/2)]Pr (2.83)

where n is a unit vector in the direction of the Lorentz boost. Suppose that
the original spinor refers to a particle at rest, ¢r(0), and the transformed one
to a particle with momentum p, ¢r(p). From (2.63) we have cosh(¢/2) =
[(y + 1)/2]%2, sinh (¢/2) = [(y — 1)/2]"2, so (2.83) becomes

, p T
(——/;1)1 Ty p(V 1)12]%(0) (2.84)

Since, for a particle with (total) energy E, mass m and momentum p, y = E/m
(¢ =1), (2.84) then becomes

¢r(p) =

_ E+m+o-p 285
trlp) = e #e(0) (2:85)

In a similar way, we find
pup) = LT 2R 4 (), (2.86)

2m(E + m)]¥?

Now, when a particle is at rest, one cannot define its spin as either left- or
right-handed, so ¢r(0) = ¢.(0). It then follows, with a bit of algebra, from
(2.85) and (2.86) that

#a(0) = =T L p) (2.87)
and hence

¢.(p) = m" =0 ). (2.88)

We may rewrite these equations as

—mer(p) + (po + 6 P)PL(P) = 0,}

(2.89)
(po — o -p)¢r(P) — mL(p) =0,
or, in matrix form,
-m po+ao-p\(dr(P)| _
(Po -0o-p -m ) (%(p)) =0 (2:90)

Defining the 4-spinor

_ [#=(p)
y(p) = ( %(p)) (2.91)
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and the 4 X 4 matrices

Y= (‘1’ (1)) y = (f,’ '(j’i), (2.92)
equation (2.90) becomes
(¥’po + v'pi = m)y(p) = 0 (2.93)
(note that p, = (E, —p) (see (2.11)),s0 ¥'po + v'p; = ¥'po — v * p), or
2 (r*pu — m)yw(p) = 0. (2.94)

This is the Dirac equation for massive spin 3 particles. In the case of massless
particles, it is clear, for example from (2.89), that the equation decouples into
two equations, each for a 2-component spinor

(po + 6-p)pL(p) =0,

(po— o-p)Pr(p) = 0.

These are known as the Weyl equations, and ¢ and ¢r are Weyl spinors.
Since, for a massless particle, py = |p|, these equations read

J'ﬁ(")L: —¢L, G'fjd)R: PRr-
The operator ¢-p measures the component of the spin in the direction of
momentum, and this quantity is called helicity. Thus Weyl spinors are eigen-
states of helicity, the left-handed (right-handed) spinor having negative (posi-
tive) helicity.

Traditionally it has been supposed that neutrinos are massless particles, and
therefore are described by (one of) the Weyl equations, but there is recent
speculation that neutrinos may have a mass (see, for example, Boehm & Vogel
1992; Mohapatra & Pal 1991). The question is at present unresolved.

The derivation of the Dirac equation given above differs from Dirac’s
original one.* Dirac’s aim was to find an equation which did not share the
problems of the Klein—Gordon equation, discussed above. We now consider
these problems.

(2.95)

2.4 Prediction of antiparticles

We saw above that the Klein—-Gordon equation suffers from two defects: the
probability density is not positive definite, and negative energy states occur.
For these reasons the Klein—Gordon equation was discarded and Dirac looked
for an equation to replace it, which was, unlike the Klein—-Gordon equation, a
first order equation - in those days that was regarded as a desirable asset. He
then discovered equation (2.94), and deduced that the y* matrices must be

* For some instructive comments on the derivation above. see Gaioli & Garcia Alvarez (1995).
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4 X 4 matrices. It is instructive to reproduce this reasoning. First let us write
the Dirac equation in co-ordinate space. Substituting id, for p, in (2.94) gives

m (iy*3, — m)y = 0. (2.96)

This is a first order differential equation. Applying the operator iy*3, again to
this equation:

[=(¥*3,)(¥"3) — i(¥*38,)m]y = 0,
(y*y*3,8, + m*)y=0.
Now 3,09, = 3,9,, so y"y" may be replaced by the symmetric combination
A+ vy =1 v (2.97)
to give
Hy v19,8 W+ miy = 0.

On the other hand, relativity requires that the energy-—momentum-mass
relation be satisfied, and therefore that each component of v satisfies the
Klein—-Gordon equation

(O + mH)y(x) = 0. (2.98)
It therefore follows that the coefficient of 3,9, is g"*, so
vt =2¢" (2.99)

This is the general relation which the coefficients y* must satisfy. Taking in
turn u=v=0, u=v=iand u# v, we have

(PO =1, (¥ =-1 yio'=—yv" (v#up). (2.100)

It is an easy matter to check that the matrices (2.92) do satisfy these relations.
(As an exercise, students may also convince themselves that it is impossible to
satisfy (2.100) with 2 X 2 matrices.) It is also clear that if four y*s satisfy (2.99),
so will

y'H = SyHsT! (2.101)

where § is a unitary 4 X 4 matrix, and the Dirac equation will then be satisfied
by

Y =Sy (2.102)

Let us now construct a probability current j*, analogous to (2.21) for the
Klein—-Gordon equation, and check to see whether the density is positive. We
write the Dirac equation in the form (2.96)

(iy*3, — m)y =0, (2.96)
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where Y49, = y°3, + ¥'3;. Now take the Hermitian conjugate of this equation,
noting from (2.92) or (2.100) that y°* = 9%, /" = —y/. This gives

w+(—iy0§0 + iyigi - m) =‘0.
(Here y' is a row vector, and §0 and 5,~ operate on it to the left.) This does not
look very appealing, so we multiply on the right by ¥°, and use, from (2.100),

Yy’ = —y"y' to give
W(iy*S, + m) =0 (2.103)
where
y =gty (2.104)

is called the adjoint spinor to y. Equations (2.96) and (2.103) may now be used
to show that the current
M= yr'y (2.105)
is conserved:
3,/ = (B, W)Y'y + Yr(3,Y)
.- — (2.106)
= (imy)y + y(—imy) = 0.

The density j° is therefore

=9y =yl = P+l + s+ [yl

and is positive; j° is therefore fit to serve as the probability density for the
particle in question, and the Dirac equation is seen to have cleared this hurdle,
which the Klein—Gordon equation failed to clear.

We now come to the other difficulty faced by the Klein—Gordon equation,
that of negative energy states. Here, we appear to be not so lucky. In fact, it is
easy to see from (2.94) that a Dirac particle at rest obeys

Ypoy = my, }
(2.107)
poy = my’y.
The eigenvalues of y¥ are clearly +1 (twice) and —1 (twice), so there are two
positive energy solutions (+m) and two negative energy solutions (—m). In
fact, it is straightforward to show, by writing out all four components of (2.94),
that the eigenvalues of E are

E = +(m? + p»)" twice,
E = —(m? + p»)'” twice.

For each value of p, there are two positive energy solutions, corresponding to
the states of a spin 3 particle, and two additional negative energy solutions.
This potential catastrophe was turned by Dirac into a triumph.
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The energy spectrum of solutions is shown in Fig. 2.2, and the problem it
poses is the same as that met in the Klein—-Gordon equation. An electron in a
positive energy state may® jump to a negative energy state, and then cascade
down to E = —, emitting in the process an infinite amount of energy (say,
electromagnetic radiation). Dirac’s solution to this problem relies on the fact
that electrons have spin % and therefore obey Pauli’s exclusion principle. Dirac
supposed that the negative energy states are already completely filled, and the
exclusion principle prevents any more electrons being able to enter the ‘sea’ of
negative energy states.

This ‘Dirac sea’ is the vacuum; so, on Dirac’s theory, the vacuum is not
‘nothing’, but an infinite sea of negative energy electrons, protons, neutrinos,
neutrons and all other spin % particles!

Now this ingenious theory makes an important prediction, for suppose there
occurs one vacancy in the electron sea: a ‘hole’ with energy —|E|. An electron
with energy E may fill this hole, emitting energy 2 E, and leaving the vacuum:

e~ + hole — energy, (2.108)

so the ‘hole’ effectively has charge +e and positive energy, and is called a
positron, the antiparticle of the electron. This theory of Dirac’s predicted the
existence of antiparticles for all spin % particles, and in time the e*, p, 7, Vetc.
were all found. It turns out that bosons also have antiparticles, but to see this
requires treating ¢, the Klein—Gordon ‘wave function’, as a quantised field,
which we shall do in Chapter 4.

The prediction and discovery of antiparticles is one of the outstanding
episodes in the history of particle physics, and inspires considerable confidence
in the Dirac equation. In fact the Dirac equation has been outstandingly
successful in its predictions and applications (see Bjorken & Drell 1964;
Itzykson & Zuber 1980) but in this book we shall content ourselves with
studying, firstly, the rather formal construction and properties of Dirac spinors,
and, secondly, the successful prediction of the electron magnetic moment.

We conclude this account of antiparticles by noting that, despite the success-
ful resolution of the problem of negative energies, the Dirac equation is no
longer a single-particle equation, since it describes both particles and antiparti-
cles. The only consistent philosophy is to regard the spinor y as a field, such

e
1
=%
mc?
e e E=0

==

Fig.2.2. The energy spectrum of solutions to the Dirac equation.

* If the electron is in inreraction with another particle or field - say. the electromagnetic field. The
Dirac equation above holds only for free electrons, but the problem of negative energy states
remains after interactions have been included.
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that |y|* gives a measure of the number of particles at a particular point. This
field is naturally a quantum field; we shall see in Chapter 4 how this reproduces
the particle and antiparticle interpretation, as well as the proper connection
between spin and statistics.

2.5 Construction of Dirac spinors: algebra of y matrices

First, it will be useful to know the Lorentz-transformation properties of bilinear
expressions like ¥, yy*y, etc. We begin by showing that yy is a scalar
quantity. We work in the basis (2.91)

Y= (‘:;LR) (2.109)

and we know that under a Lorentz transformation (including rotation) (8, ¢)
we have, from (2.78),

ﬁwﬁmpanO—wﬂ@b @:»waa%0+wﬂmﬂ<zum
hence
¢k*ﬂ@@{?ﬁ%0+W4,¢f*ﬂﬁ@{?f%9—w4 (2.111)
and it is immediately evident that

Y'Y= pror + LI (2.112)

is not invariant. However, the adjoint spinor 1 defined in (2.104) has compo-
nents

- + 40 1
¥=y"y" = (¢roL) = ($LOR), (2.113)
1 0
S0 it is easy to see that
VY = PLér + PROL (2.114)

is invariant (i.e. a scalar) under Lorentz transformations. Moreover, under
parity

Pr < Pr, (2.115)

so Yy — Y, and is a true scalar, i.e. does not change sign under space
reflection.
Now define the 4 X 4 matrix

= ((1) _01), (2.116)
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(Remember that each entry here is a 2 X 2 matrix.) This defines ¥ in the basis
(2.109). In an arbitrary basis it is defined by

=iy S = (2.117)

We then see that
- T 1 0 /
e (¢L¢R)(O _1) ((pR)
= @Lpr — PrOL. (2.118)
It is clear from (2.110), (2.111) and (2.115) that this is invariant under Lorentz
transformations, but changes sign under parity. For this reason, it is called a
pseudoscalar quantity.

Now consider the quantity yy“y, which we suspect of transforming like a
4-vector under Lorentz transformations. Its time and space components are

V" = pror + OLOL, (2.119)
w B (PR
Yyy = (¢L‘DR)( 0 )(%)
= —¢LOQL + PROPR. (2.120)

Under spatial rotations (8 # 0. ¢ = 0) we have
v’y — py’w (2.121)
and, if @ is infinitesimal,

Yy — —CP;_ e~ (i/2)00 e(i/2)o-0¢L + ¢;R e—(i/Z)a-oae(ima~0¢R

‘¢1(1 - %0' 9)0(1 + %0' 0)% + ¢§<1 - %0- 0)0(1 + %0- o)dm
= —¢L(6 ~ 0 X 0)¢L + Pr(0 — 0 X 0)¢g
= yyy — 0 X (pyy). (2.122)

il

(The reader may find it a useful exercise to check this. using the commutation
relations (2.62). expressed in the form

[0/. 0] = 2ig 0. (2.123)
where

+ 11if (§k) is an even permutation of (123),
g = 1 —1if (ijk) is an odd permutation of (123), (2.124)
0 otherwise.

and putting ¢ - @ = 0;6; (summation convention implied!).) Equation (2.122)
describes the behaviour of a vector under rotations: for infinitesimal 6.



48 Single-particle relativistic wave equations

equation (2.27) reads V, =V, + 0V, V| =V, - 0V,, V. =V,, which is the
z-component of

V=V-0xV.

In addition, the time component, by (2.121), is invariant under rotations, so
yyv*y indeed behaves like a 4-vector under rotations. The student is invited to
check that it also behaves like one under Lorentz boost transformations, i.e.
like x# in (2.64) for boosts along the x axis. Moreover, under parity it is easy to
see that

vy — vy, Yyy— —yry (2.125)

like a polar vector does. This is summarised by saying that yy*y transforms as
a vector. In like manner, it may be shown that 9y*y’y behaves like an axial
vector (or pseudovector) — it behaves like a 4-vector under Lorentz transforma-
tions, including rotations, but has the opposite behaviour to (2.125) under
parity, so that the ‘space’ part transforms like an antisymmetric rank 2 tensor —
the corresponding symmetric tensor is, by virtue of (2.99), invariant. This
completes all the possibilities for, in four dimensions, a rank 3 tensor trans-
forms like a pseudovector, and a rank 4 tensor like a pseudoscalar; in three
dimensions, this reduction happens sooner — a rank 2 tensor, like r X p (or
r A p), an axial vector, and a rank 3 tensor like the volume element dx dy dz
(properly written dx A dy A dz) is a pseudoscalar.*
These results are summarised thus:

Yy scalar,

Yysy pseudoscalar,

Yy y vector, (2.126)
Py!y  axial vector,

Y(y*y¥ — y¥y*)p antisymmetric tensor.

Let us now construct spinors corresponding to an arbitrary state of motion of
a Dirac particle. We do this by a method essentially the same as that used to
obtain (2.85), (2.86) and (2.91), except that we want explicit expressions for
the spinors, and shall not work in the representation (2.91), which we may call
the chiral representation (since ¢r and ¢; are eigenstates of chirality, whose
operator is y°) but in the so-called standard representation, in which y° is
diagonal. From (2.107), this is clearly the representation appropriate for
describing particles at rest. The plane wave solutions of the Dirac equation for
a particle at rest are clearly

* For a nice account of these matters, see. for example, Hestenes (1966).
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Y(x) = u(0)e™""™ positive energy,
. (2.127)
Y(x) = v(0) e negative energy.
with the two positive and two negative energy spinors
1 0 0 0
0 0 0
(1) = 2 = (6] = ()] =
w0y =1, w0 = | v1(0) ) v@0) = | g | (2128
0 0 0 1
Here yo is, in the standard representation,
1 0 O 0
0 1 0 0
0 _
=10 o -1 0 (2.129)
0 0 0 -1
which we write as usual in the condensed form:
1 0
O =
y (0 _ 1). (2.130)

This is obtained from the chiral representation

0 -
Yor = SyerS7l,

S = Vli(i —11) (2.131)

so that, in the standard representation,

_o[r)_ 1 (¢r+ oL
Y S(m) vz(w—m)' (2:132)

For a Lorentz boost to a moving frame, we have, from (2.78) with 8 = 0,

' 126+ ¢ 0
(a7 Rl e

so in the standard representation the boost matrix is

cosh (¢/2) o - nsinh (¢/2)) (2.134)

_ -1 _
Msg = SMcgS™" = (g~nsinh(¢/2) cosh (¢/2)

and since

12 /
cosh (¢/2) = (E;’”n’") . sinh(¢)2) = (EZ;’”)M,

tanh (¢/2) = - i ~
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with p = (E* - m*)”2, we obtain

1 0 ) Px — ipy
E+m E+m
0 1 Dx t ipy —P;
M —<E+m)1/2 E+m E+m
SR = )
2m Pz px — ip, ) 0
E+m E+m
Px T 1Dy —P: 0 1
E+m E+m
(2.135)
and the corresponding plane wave spinors are
Y (x) = ul®(p)e”P* positive energy,
(2.136)

Y O(x) = v@(p)e?*  negative energy,

where @ =1, 2, and u®(p) and v(®)(p) are obtained by multiplying Msg by
the rest spinors (2.128), giving

1 0
1
u(1>=(E+ m)l/2 P: 4O — (E+ m)l/2 p-
2m E+m ’ 2m E+m
P+ —P:
E+m E+m
(2.137)
P p-
E+m E+m
o = (E_i'._ﬁ)l/2 P+ L@ — (E + m )1/2 -p,
2m E+m | 2m E+m
1 0
0 1
(2.138)
where p. = px £ ipy. The normalisation of the u spinors is
20,0 =
1
1 0
E+m p: P- ) 1 P ~
1 0 —/— z =1
(Zm )( E+m E+m -1 E+m
! P+
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and similarly for 1®. The final results are
) a9 (p)u®)(p) = 84
l—)(oz)(p)v(oz’)(p) = _6aa’
@ (p)o'*)(p) =0
WO (p)ul)(p) = v (p)o* ) (p) = Lo, (2.139)
m

In addition, from (2.96) and (2.136), u and v satisfy

(y-p — mu(p) =0,
(2.140)
(v+p + mpuo(p) =0,
and it follows that the adjoint spinors obey
a(p)y-p—m)=0,
) (2.141)
o(p)(y-p + m)=0.
The operator
P, = > u@(p)a(p) (2.142)

[+4

is important in many applications. It is a projection operator, since, in view of
(2.139),

Pl = S u@(p)a@(p)u®(p)a® = S u@(p)a@(p) = P,. (2.143)
a.f @

It clearly projects out positive energy states. We shall now find an expression
for P, . Because of (2.140),

(y'p—mP, =0,
therefore

Y'Pp =p,. (2.144)

Now we assume that P, is of the form a + by - p. Inserting (2.144) into this
gives a = mb. Then using Pi=rP, gives b = 1/2m. so finally we have

P, = Su®(p)a®(p) = yprm (2.145)
a 2m
Similarly the projection operator for negative energy states is
P = =Su(p)(p) = —EZ m (2.146)
« m

As expected, P, + P_=1.
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It is appropriate here to note some trace formulae which will be useful later.
They all involve the y* matrices. Since these are 4 X 4 matrices, we have
Trl1=4
and because of the cyclicity of the trace, we have
Tr(y-a)(y-b) =Tr(y - b)(y-a)
= 3Trab {y", v}
=a-bTrl=4a-b. (2.147)

Next, we prove that the trace of an odd number of y matrices is zero. To do
this, we use the fact that y°, defined by (2.117), has the properties

Py =1, {¥,y}=0. (2.148)
Let us, for convenience, also adopt the ‘slash’ notation
a Yt =a-y=d. (2.149)

Then we have
Trﬁl cee dn = Trdl cee dnYSyS

=Trysdy ... dnys,

using the cyclicity condition. We now move the ys on the left past each ¢ in
turn, with a consequent change of sign each time, obtaining eventually

Trdy . fn = (=1)"Trdy ... duysys

so that

Trd, ... d, =0, nodd. (2.150)
Finally, substituting

A i A
into the first two factors of Tr (y - a)(y - b)(y - ¢)(y * d), we obtain
Tr(y-a)(y-b)(y-c)(y-d) = = Tr(y-b)(y-a)(y-c)(y-d)
+2a-bTr(y-c)(y-d). (2.151)

These formulae will be referred to when we come to calculate scattering cross
sections.

2.6 Non-relativistic limit and the electron magnetic moment

Particles with spin also possess an ‘intrinsic’ magnetic moment. Now a charge e
circulating in a closed orbit of angular momentum [ interacts with a magnetic
field and so possesses an effective magnetic moment
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u=-1¢ (2.152)
2m
If nature were simple, the proportionality constant between the electron spin
= %ha and its magnetic moment would be the same, e¢/2m, so the intrinsic
magnetic moment would be (e/2m)|S| = es/4m. The consequent shift in the
frequencies of spectral lines would then be those of the ‘normal’ Zeeman
effect. Experiments revealed, however, an ‘anomalous’ Zeeman effect, explic-
able if the proportionality constant for spin is twice that for orbital motion so
the electron magnetic moment is —u where

u=25s="Cg-°", (2.153)

2m m 2m

(The charge on the electron is here taken as —e.) The factor of 2 is sometimes
called the Landé g factor, g = 2. One of the successes of Dirac’s theory of the
electron is that it gives the correct value of g,. To derive this we must consider
the equation, not for a free electron, but for an electron in the presence of an
electromagnetic field. There is a prescription for doing this, known as the
‘minimal’ prescription, which we shall consider more properly in the next
chapter. It consists in replacing the momentum p* by

p'— p* — eAt (2.154)
or, with p* = (E, p), A* = (¢, A),
E—-E—ep, po>p—e€A. (2.155)
The Dirac equation (2.94) then becomes
YNE —ep)y —v-(p — eA)y = my. (2.156)
In the standard representation of the y matrices (see (2.130) and (2.131))
ST T

this becomes
ol oo 2 G
which we write explicitly as two equations
(E—ep)u—o0-(p— eAy = mu, (2.158)
—(E —ep)v+ 0+ (p — eA)u = mv. (2.159)
The second equation gives

v=(E+m=—ep)lo-(p—eAu.

* This formula is correct in the SI system of units. It also holds in the c.g.s. system if ¢ = 1.
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Note that the order of these factors is important, since p and ¢(r) do not
commute, p being proportional to the gradient operator. In the non-relativistic
and weak field limit E + m — e¢p =2m, p = mv, so

b~—g(p—eAu= o(i)u (2.160)
2m c

and we see that the bottom two components of i are much smaller than the
top two. Inserting (2.160) into (2.158) gives

G- 70T
Eu=—"——u+ mu+ epu
2m

where 7 = p — €A, and, with £ = m + W, we have
Wu = i(a- m)(o-7) + ed|u. (2.161)
2m

Now using 0;0; = §;; + ig;.0y it follows that
(6-A)(e'B)=A-B +io-(A XB) (2.162)
so
(6-7)l=n-w+io-(7 X7
=(p — eA)’ +ig-(p — eA) X (p — eA). (2.163)
The only non-zero part of the cross product in the last term is
pxXA+AXp. (2.164)
Using the operator equation
[pis Aj] = —1h0;4;
we have, taking the difference with the same equation with i <> j,
(piAj — pjA) + (Aip; — Ajp) = —1h(3;A; — 9;A).

Multiplying both sides by ¢;; and summing over i and j gives the k component
of

pxXA+AXp=-iAV X A = —ihB,
so we have a value for (2.164). Substituting finally in (2.161) gives Wu = Hu

where

H = L(p —eA) +ep — e—ha-B. (2.165)
2m 2m

The first two terms give the classical Hamiltonian, and the last term is the
interaction energy of a magnetic moment (2.153) in a magnetic field. Hence the
Dirac equation predicts the correct electron magnetic moment, with g5 = 2.
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The other terms, which we neglected (see the remark above (2.160)), give a
spin—orbit interaction with the correct Thomas precession factor of 2.

2.7 The relevance of the Poincaré group: spin operators and the zero mass limit

We have stated repeatedly that the Dirac equation holds for particles with spin
%; and the way we derived it would seem to guarantee this, for we started off
with spinor representations of SU(2). But to complete the picture we need to
find a spin operator S; (i = 1, 2, 3) with the right commutation relations

[S,', S]] = ieiijk (2166)

and its square must be an invariant of the group, i.e. it must commute with all
the generators:

S:S=58*=s(s=1) (2.167)

where s is the spin of the particle. In addition, the fact that there are two
solutions to the equations y * pu = mu means that S must commute with y- p

[S, v+ p]=0. (2.168)

The search for S turns out to be a particularly difficult one, and we shall not
pursue it to the end, but we shall find out enough to provide some valuable
insights into the nature of spin.

As a first guess we may try

I

1
=iz

o 0
%(0 a). (2.169)

This clearly has the right eigenvalues i% for both positive and negative energy
solutions, and obeys the commutation relations (2.166), but it does not obey
(2.168) because

[Z, v"]# 0.

This may be seen directly by working out one or two commutators, or by
observing that, if we define

ot = %[yu, 7, (2.170)
then, in the standard representation (2.157),
. o 0

o’ = 8i/'k< 0 O'k) = fijkzk, (2171)

and it then follows that

[Z, Yu] = iEi,‘k()’,'gk,u - Ykgju)~
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The relativistic spin operator, then, is not %Z. (For a particle at rest, however,
y+p = Evy°, and then %2 is a good spin operator.) X is, of course, the matrix
representative of J, so we conclude that the relativistic spin operator is not .
This is confirmed by the fact that J - J = J? (cf. (2.167)) does not commute with
all the generators of the Lorentz group. For example,

[, Kil = UL, Kil + U3, K + 173, K4
and it is easy to see that (see (2.68))
[Ji, K] =0,
[73, Ki] = =i(J2Ks + K3Jo),
[J3, K\l =i(J5K; + Ky J3),

so that
[/2, Ki] #0,
and hence
[J%, K] #0. (2.172)

Spin is a ‘kinematic’ property of elementary particles. The other obvious
kinematic property they possess is mass. Both of these should be describable by
quantities invariant under relativistic transformation. Now mass M is given by

M? = P, P* (2.173)

and P,, the momentum operator, does not appear in the analysis of the
(homogeneous) Lorentz group, outlined above. This is because, as we shall
show, P, is the generator of space-time translations

xt— x"=xt 4 a¥, (2.174)

which we never considered. What we must do is to adjoin these translations to
those of the Lorentz group. This gives the inhomogeneous Lorentz group,
commonly called the Poincaré group. It was Wigner who performed the first
analysis of this group, in a paper (Wigner 1939) which has become a classic.
What he found was that mass and spin are indeed the two properties which
characterise systems invariant under the Poincaré group, and that spin also
corresponds to a rotation group symmetry SU(2), but only if M* >0, i.e. if the
momentum is ‘timelike’. In the case M? =0, spin is no longer described by
SU(2), and this, in fact, is why the polarisation states of a massless particle
with spin J are J. = £J only; for example, physical photons do not exist in a
J, =0 state, whereas massive spin 1 particles do. In the case of spacelike
momenta, M? <0, ‘spin’ is different again, and may indeed correspond to a
continuous parameter.

It is not my intention to explain this theory in any detail, but merely to give
the reader enough of an idea of it to see how the notion of spin emerges. Let us
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start by finding the structure of the Poincaré group. If we perform a translation
through a distance a*, e'¥?, then a boost to a frame moving with velocity
v = tanh ¢, e®'?, then translate back through —a*, and finally boost back by
applying a velocity —v, then what is the final result? The extent to which it
differs from the starting point is. of course, the measure of the structure of the
group. The standard practice is to consider infinitesimal transformations (from
which finite ones may be generated) and so

e K oeTiPaKoeile = (1 —iK-¢)(1 - iP-a)(1+iK-¢)(1+iP-a)
=1+ [P#, Pv]a"av + 2[Py, Ki]a“qbi + [Ki, K]]¢,¢]

Hence the structure of the group is known when the commutation relations
between the generators are known. The inhomogeneous Lorentz group has ten
generators: three Js for rotations, three Ks for boosts and four Ps for
translations. The commutation relations between the Js and Ks have already
been found (equation (2.68)), but they were derived using matrix forms for the
Js and Ks. It will be instructive now to derive expressions for J and K as
differential operators rather than matrices. They will, of course, obey the same
commutation relations (2.68). It will then be straightforward to derive an
expression for P,, and hence to calculate the complete set of commutation
relations among the generators of the Poincaré group. (The commutation
relations of the generators of a group are called the Lie algebra of the group -
hence (2.68) is the Lie algebra of the Lorentz group.)

Let us begin by deriving an expression for J,. It generates rotations about
the z axis:

x"=xcosf + ysin6,
y' = —xsinf + ycos9,
7' =z

The generator J, is defined through its operation on a function f(x, y, z) as

_ e | G Y 2) = flx, v, 2)
sz(x,y,Z)-lgg})[ ; ]

~ ilim [ﬂx +y6,y - x6.2) = f(x, y, z)]

- i(yi - xa_f) (2.175)
ox dy
or
J.= —i(xi - yi). (2.176)
oy ox
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Similarly
f 2 3 .03 3
Je=—-ly— — z——), J, = -—1(z— - x——), 2.177)
* ( 8z ey) 3x 3z (
and we can easily prove that
[Jy, Jy] =iJ. and cyclic perms. (2.178)

Expressions (2.176) and (2.177) are, of course, the quantum mechanical
expressions for angular momentum operators (having the factor #), hence the
observation that angular momentum operators generate rotations. The formula
(2.175) may be rewritten according to the following definition. The generator
corresponding to a parameter g“ is defined to be

k2] 2.2 o sw] 2 e )
da® la=0 Ox 2a® la=0 ay 3a% |a=03Z da% la=00t
"
=i a=1,...n. (2.179)
9a® axt

This refers to an r-parameter group of transformations. The reader may check
that, with a® = 0, this definition gives J,. Now we apply the formula (2.179) to
pure Lorentz transformations:

"=y(x+ovt), y =y, =2, t'=y(+vx), y=(l—uz)_1/2.

We find that the generator K, is given by

K, = i(t——a~ + x-—a—) (2.180)
dx Jt
and similarly
K, = i(zi + y—a—), K, = i(xi + zi). (2.181)
dy ot oz ot

This gives
[K,, K,] = —iJ.  and cyclic perms,
[K., J,] =iK. and cyclic perms, (2.182)
[K,, J.] =0, etc.,

exactly as in (2.68). We see again that pure boosts do not form a subgroup of
the Lorentz group, but rotations do. Relations (2.178) and (2.182) form the Lie
algebra of the Lorentz group, which may be written in a unified way by
defining

. J"=—J'i= ,"J .o
T v=0,. .. ,3){]1; ~ —El—kklfi (i, ), k=1,23). (2.183)
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We then have

[Vivs Jpu]l = 1(8upduo = Supdve *+ 8uolvp = 8vodup)- (2.184)

To get the Lie algebra of the Poincaré group we have to adjoin the generators
of translations

x'*=xt+ g4

which are, by (2.179),

or

. 3
P, =i—,. .
,‘ xax” (2.185)
thus justifying the symbol P, — up to a factor &, the generators of translations

are the energy—momentum operators. It is now straightforward to prove the
commutation relations

[P, P,] =0, (2.186)

[Ppn Jpa] = i(gpra - guapp]- (2.187)
Relation (2.186) shows that translations in different directions commute (which
is intuitively obvious), and (2.186) and (2.187) show that both J and P
commute with the Hamiltonian Py = H, but K does not, so does not give a
conserved quantity. Relations (2.184), (2.186) and (2.187) show that the Lie
algebra involving the ten generators is indeed closed - the operators on the
right-hand sides are contained within the set — and hence that the transforma-
tions do generate a group. This is, indeed, easy to verify directly, and for

completeness we note -the transformation laws. A general inhomogeneous
Lorentz transformation (that is, including boosts, rotations and translations) is

XM= A x" + at. (2.188)

The matrix A (a generalisation of (2.64) to include rotations) must preserve the
‘length’ of x: x'!x; = x"x,, hence

NN 0 8ur = 8po (2.189)
or
A LA =0, (2.190)
so the inverse of A is

(A™H", = AM (2.191)
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Now we perform a second transformation A on x'* above
x"M = AR(x'Y) + at
= A4 A XK+ A a¥ + gt (2.192)
This is of the form (2.188), and we may express the group law as
{A,a}{A, a} = {AA, Aa + a). (2.193)

The unit element is of course {1, 0}.

We come now to the Wigner method. It relies on the fact that, for a state
with momentum p*, the effect of a Lorentz transformation is to change p*, but
to leave p*p, unchanged. Indeed, a state |p) with

P“|p) = p"p) (2.194)
is converted, by a transformation (A, a), into
U(A, a)lp) = [Ap) (2.195)
with
P¥|Ap) = (Ap)"|Ap) (2.196)
but because of (2.190)
(Ap)* = (Ap)“(Ap), = PP, = P (2.197)

Hence, a Lorentz transformation leaves P“P, invariant. Actually, this is
because P"P, commutes with all the generators of the group (as the reader
should check, following the method used in (2.172)), so is an invariant, called

the first Casimir invariant Cy,
C, = PP, (2.198)

As a consequence, all the states obtained by Lorentz transformations from
an initial state have the same value of p?. Moreover, since the sign of p° is
unchanged by a Lorentz transformation, the complete catalogue of states
forming bases for representations of the group falls into six distinct classes:

() p*=m>>0, p°>0,]
(i) p>=m?>0, p’<o,

(iii) p> =0, p°>0,

s (2.199)
(iv) p* =0, p°<0,
(v) p* =0,
(vi) p? <O0.

The first and third classes correspond to physical massive and massless
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particles, the fifth class is the vacuum, and the sixth should correspond to
virtual particles (which often have spacelike momentum). The other classes are
probably unphysical. ‘

Having chosen a particular p“, belonging to a particular class {p"}. an
important observation, which we shall prove below, is that the subgroup of the
Poincaré group that leaves p* invariant — which is called the litrle group of p* -
has the same structure for all momenta in {p"}. Now consider class (i),

p? = m?. A particular p“ is the particle rest-frame — let us denote it k*:

k* = (m,0,0,0). (2.200)

What is its little group? It is clearly the rotation group, since this will have no
effect on k*:

The little group for k* is the rotation group SU(2). (2.201)

Hence, for a timelike momentum, to know the effect of an arbitrary Lorentz
transformation requires only a knowledge of representations of the rotation
group. This is the conclusion of Wigner’s work, and to understand it more
properly we shall take a closer look.

Consider an arbitrary timelike p“. There clearly exists a Lorentz transforma-
tion which transforms k* (the rest-frame momentum above) into p*. Call it

L(p):
p* = L*(p)k". (2.202)

(In general, L will be a product R™! BR where R is a rotation which carries p
into the z axis and B is a boost of the form (2.64).) We denote the states in
Hilbert space |p, o) and |k, 0): 0'is a ‘spin’ index. Corresponding to (2.202) in
space—time, we have the Hilbert space relation

p, o) = U(L(p))|k, o). (2.203)

Here U(L(p)) is a unitary operator (matrix) which represents L(p). Now
consider an arbitrary Lorentz transformation A,

pt— p't= A pY, (2.204)
and the corresponding unitary transformation
|p, o) = U(A)|p, o). (2.205)
We need to find U(A)|p. o), and proceed as follows. First we use (2.203):
U(A)lp, o) = UM U(L(p))lk, o)
then multiply by what is clearly the identity
= U(L(Ap)) U (L(Ap)) U(A)U(L(p))|k, o)



62 Single-particle relativistic wave equations

then use the group law U™'(4) = U(A™)
= U(L(Ap)U(L™H(Ap)U(A)U(L(p))lk, o)
and the group law again in the form U(A)U(B)U(C) = U(ABC)
= U(L(Ap))U(L™H(Ap)AL(p))|k, 0). (2.2006)

Now L~Y(Ap)AL(p) is a matrix which, when operating on k*, gives k" again,
since L(p) changes k into p (equation (2.202)), A changes p into Ap, and
L™ (Ap) changes Ap back into k. LY (Ap)AL(p) is therefore a rotation (see
(2.201)), and U(L~Y(Ap)AL(p)) is therefore a matrix of the form expiJ - 6,
whose elements we denote Dyo(R), with R = L™ (Ap)AL(p), so

U(A)|p, 0) = U(L(Ap))2, Do'o(R)

k,o")
= 3 Dyo(RU(L(AP)K. 0")
= > Dyo(R)Ap, 0'), (2.207)

using (2.203) in the last line. We conclude that, to know the representations of
the Lorentz group for a timelike state, we need only know the representations
of the rotation group! Hence spin, defined as whatever other label states may
carry and which is affected by Lorentz transformations, is given by the rotation
group, and we have proved that (2.201) applies to all timelike momenta. The
reader should appreciate what an amazing result this is. Ever since we were
undergraduates we have assumed that spin was a sort of angular momentum
and therefore (though we might not have thought in this language!) given by a
representation of the rotation group, but it is only as a result of this work of
Wigner that we understand why this is true! On the other hand, when we come
to treat class (ii1), states with lightlike momenta, we find that it is not true; spin
is no longer given by the rotation group.

We have still to ask: if mass corresponds to the Casimir operator (2.198),
what invariant operator corresponds to spin? We saw in (2.172) that it is not
J2. First we define the Pauli- Lubanski pseydovecior W,

Wi = 38100 P, (2.208)

Here £,y,, 18 the totally a,?'usymmclnc symbol in four dimensions. 1t is clear
that W, is orthogonal to P*

Mo
WP =0, (2.209)

so that in the particle rest-frame W is spacelike, W, = (0, W) with
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— _1 Vo po
W, = —fgivpa-] ’P

Il

m k
— &k
2

=-m,

showing that W; reduces essentially to 2; in the rest-frame. It may be shown
that the second Casimir invariant is

Cr=W,WH=—ms(s + 1) (2.210)

where s is the spin of the particle. The Poincaré group is of rank 2, so there are
only two Casimir invariants, and we have now found them. What we still have
not found, however, is the spin operators themselves. They cannot be
Wi(i = 1,2, 3) because these are only three components of a 4-vector, and, in
any case, W; do not have the required SU(2) commutation relations (2.166).
The correct spin operators are rather complicated in form, and the interested
reader is referred to the literature (Giirsey in De Witt & Jacob 1965).

Let us briefly, and finally, consider the case of lightlike particles, p? = 0. Let
us choose, corresponding to the rest frame in the timelike case,

k* = (k,0,0. k) (2.211)

which describes a massless particle moving along the z axis. We rely on
Wigner’s little group method again, so need to know what is the most
general Lorentz transformation which leaves k* invariant. It turns out
that it is a particular combination of boosts (with parameters u and v) and
rotations (parameters 6 and (believe it or not!) u, v), and, in place of
U(L™Y(Ap)AL(p)) in (2.206) we get

U=1+i67+iu(K, - ) + io(Ky + 7))

The generators L, L, and J; form a Lie algebra which is easily seen to be

[L17 LZ] =0.
[]3, Ll] = iL:, (2213)
[L27 JS] = 1Ll

This is clearly not the Lie algebra of the rotation group SU(2), because of the
zero in the first relation. In fact it corresponds to the group of rotations
(generated by J3) and translations (generated by L,, L,) in the plane — the
so-called Euclidean group E(2). The physical significance of this is obscure,
but we can see that ‘spin’ for massless particles is not what it is for massive
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ones. We can in fact learn something about it by noting that, since m? = 0, and
from (2.210), we have

W-Wlk)=0, P-Plk)=0 (2.214)
and from (2.209)
W Plk) =0,

so W# and P* are orthogonal and both lightlike. This means they must be
proportional,

(WH = APW|k) = 0, (2.215)

and we have the result that the state of a massless particle is characterised by
one number A, which is the ratio of W* and P* and so has the dimensions of
angular momentum. It is called helicity. If parity is included, the helicity takes
on two values, A and —A. What seems (at least to me) to be a mystery is why 4
is integral or half-integral.

This reproduces what we know about the neutrino and the photon (assuming
the neutrino, or one of them, is massless). A left-handed massless neutrino
obeys the Weyl equation and has A= —%. Photons come in both right- and
left-circularly polarised states, with A= %1 - but not A=0, which would
appear if the photon were massive.

2.8 Maxwell and Proca equations

We turn now to particles of spin 1. Photons have no mass and are described by
Maxwell’s equations, and massive spin 1 particles (for example, the intermedi-
ate bosons W™ of weak interactions) are described by the Proca equation.

Maxwell’s equations are, of course, well known. Our only concern here is to
show how they are cast in a manifestly Lorentz covariant form. It is clear that
they are, in fact, Lorentz covariant: it was Einstein’s observation that Max-
well’s equations were Lorentz covariant that gave birth to the theory of
relativity. We seek only a notation which expresses the covariance as neatly as
possible.

Maxwell’s equations (in Heaviside-Lorentz rationalised units, so that
e?/dmhec = o = 1/137) are

a)divB =0, (b curlE+§§~=03
(a) (b) 3
t
(¢) divE = p. (d)curlB—aa—I;:= i (2.216)

(a) tells us there are no magnetic charges. (b) is Faraday’s law; a changing
magnetic field produces an electric field. (c¢) is Gauss’s law; the total charge
inside a closed surface may be obtained by integrating the normal component
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of E over the surface. (d) is Ampere’s law, curl B =j, with Maxwell’s
additional term OE/d¢, stating that changing electric fields produce magnetic
fields. The equations (a) and (b) are known as the homogeneous equations, (c)
and (d) as the inhomogeneous ones.

Introducing the 4-vector potential

A= (9, A) (2.217)
with
B=curlA, E-= -%‘3 — vy, (2.218)
t

equations (a) and (b) are automatically satisfied, since divcurl=0 and
curl grad = 0. Now observe that the right-hand sides of equations (2.218) are
the components of a 4-dimensional curl, defined by

F' = —F = 314" — 3"A" (2.219)
It has components (recall that 3’ = —9;)
FOi = 3047 _ 3ig0
- (S—A- + v¢) (2.220)
ot i
= _FE
and
Fi=3Al —3/A
e (2.221)

where /% = g, is the totally antisymmetric Levi-Civita symbol (2.124). Equa-
tions (2.219) and (2.220) may be displayed in matrix form, with the rows and
columns corresponding to the numbers 0, 1, 2, 3:

0 - -E? -FE3
E! 0 -B3 B?
E? B3 0 - B!
E?® —B? B! 0

(2.222)

F* is called the electromagnetic field tensor. It transforms, under Lorentz
transformations, like an antisymmetric second rank tensor.

F¥ AyaAvﬁF(vﬁ.

To summarise so far: if we write the electric and magnetic fields in terms of the
tensor F*Y, then the statement that F** is a 4-dimensional curl means that the
first two (homogeneous) Maxwell equations are automatically satisfied.
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Now consider the inhomogeneous equations. It is straightforward to verify
that they are both contained in the covariant equation

S F* =¥ (2.223)
with
JF=1(p, ) (2.224)
For putting v= 0 gives
3 F + 3, F* + 3;F = p,
divE = p,
which is (c), and putting v=1 gives
S F™ + 8, F + 5;F = 1,
3E' | 3

- + B - 2
or ox; dx3

which is the ‘1’ component of (d).

It is perhaps useful here to insert a remark about gauge transformations.
Although (2.217) specifies the electric and magnetic fields in terms of A and ¢,
it does not do so uniquely, for under a gauge transformation

32= ]-1,

A=A —Vy, ¢—>¢+% (2.225)
t

which has the covariant form
AF > A* + By, (2.226)

where y is an arbitrary scalar function, E and B remain unchanged; equival-
ently F*'is unchanged:

F¥ — FRY 4+ (3%3" = 3"3¥)y = F". (2.227)
Substituting (2.219) into (2.223) we see that A* satisfies
OAY - 3%(3,A4%) = j". (2.228)

We may now make use of the freedom (2.226) and choose a particular y so that
the transformed A* satisfies the Lorentz gauge condition:

5,48 = 2% Ly.a =0, (2.229)
' ot
In this ‘choice of gauge’ (2.228) becomes
DA% = jH, (2.230)

which of course stands for the well-known equations
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2 2
b _vp=p TA_wa=j, (2.231)
ar? ar '

whose solutions give the Liénard-Wiechert potentials. In vacuo, equation
(2.230) becomes

OA* = 0, (2.232)

which means that the electromagnetic field, when its quantum nature is fully
exploited, will be seen to correspond to massless particles (which therefore
travel at the speed of light; hence relativity, which was where we came in).

We have now cast Maxwell’s equations into a manifestly covariant form. The
homogeneous equations (a) and (b) are summarised in equation (2.219). The
inhomogeneous equations (¢) and (d) are summarised in (2.223). We shall now
show that there is a neat way of combining equations (2.218) and (2.219), so
that no explicit reference to the vector potential A“ need be made. From
(2.219) it follows that

I + 3 FY + 3 FM =0 (2.233)
as may trivially be checked. Now we define the dual tensor F™ by
F = 3P F o (2.234)

where €77 is the Levi-Civita symbol in four dimensions (with "% = 1). Its
elements are easily seen to be

0o -B' -B* -PB°
- 31 0 E3 _EZ
uv —
F B _p3 0 £l (2.235)
B> E* -E' 0
Because of the antisymmetry of €77 it follows that the equation
3, F"™ =0 (2.236)

yields (2.233); alternatively, by looking at (2.235) the reader will soon satisfy
himself that it gives Maxwell’s equations (a4) and (). In conclusion, then,
Maxwell’s equations may be written in the compact form

|| 3, F*™ =j", 8,F"=0. (2.237)

Massive spin 1 particles obey equations which generalise Maxwell’s equa-
tions. They are known as the Proca equations:

| | F#=03"AY — 3YA¥*, O, F"" + mAY = 0. (2.238)
Taking the divergence of this we have
m*3,A" = 0. (2.239)

and since m? # 0, we find 3,4" = 0; the Lorentz condition, as it were, always
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holds, and we have lost the freedom of gauge transformations which Maxwell’s
equations had. In fact, since F*" is gauge invariant, it follows directly from
(2.238) that the equations for massive spin 1 particles are not gauge invariant.
Substituting (2.239) into (2.238) gives

(O + m?A* =0 (2.240)
as well as
0,A"=0. (2.241)
Equation (2.240) shows. as expected, that we have particles of mass m.
Equation (2.241) is one condition imposed on the four components of A*, so
there are only three independent components. This is indeed appropriate for a
massive spin 1 particle.

Let us conclude this section with a general remark on wave equations, which,
for convenience, are reproduced together.

(Klein-Gordon) (O + m?)¢ =0, (2.16)
(Dirac) (iy"s, — m)y =0, (2.96)
O+ m?y =0, (2.98)
(Maxwell) 8, F" =0, (2.223)
OA* =0, (2.232)
(Proca) 3, F*" + m*A" =0, (2.238)
(O + m?)A* = 0. (2.240)

In the case of spin % and spin 1 fields, there are first order wave equations,
but there is no first order wave equation solely for scalar fields*. On the other
hand, every component of the spin % and spin 1 field satisfies a Klein—Gordon
equation (with m = 0 for the photon), which is, after all, only a requirement of
relativity (E% — p? = m?) and quantum theory (E — i(3/3t), p — —iV). Thus
the Dirac, Maxwell and Proca equations are of a different type from the
Klein—-Gordon equation. We saw above that the Dirac equation could be
derived by considering the transformation of spinors under the Lorentz group,
and it may be shown (see Weinberg 1964; Johnson er al. 1965), though we did
not do so here, that the Maxwell and Proca equations can be obtained in the
same way. So these equations, for fields with non-zero spin, are simply a
relation between the spin components; in Weinberg’s words, they are a
confession that we have too many spin components. The Klein—Gordon
equation is not of this nature, since we only have one component.

One final observation: in our derivation of the Dirac equation we relied
crucially on the assumption that the components of the spin % field form a
linear vector space, suitable as a basis for constructing a representation of the

* The Duffin-Kemmer equations (Duffin (1938), Kemmer (1939)) are first order equations which
describe spin 0 and spin 1 fields. I thank Dr David Owen for bringing this to my attention.
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Lorentz group. This assumption, while it may look mathematically innocuous,
is physically highly non-trivial, for it corresponds to a principle of superposition
and therefore to wave-particle duality and the quantum theory. In other
words, the fields we have found are already quantum fields. The statement,
often found in the literature, that we must now subject these fields to ‘second
quantisation’ is, in this light, misleading. It is better to say that we shall explore
further the implication that these fields are quantum fields, by (for example)
writing down the commutation relations which must hold between them: this
we do in Chapter 4.

2.9 Maxwell’s equations and differential geometry

Maxwell’s equations (2.237) relate antisymmetric tensors and vectors, but, as
indicated by the indices, do so component by component. Compared with
equations such as V - B = 0. this may be considered a retrograde step; V- B is a
more economical notation than V'B;, to which it is equivalent. So, we are led to
ask, is there a way of writing Maxwell’s equations in terms of the tensor F and
current j, without making explicit reference to the components? Because of the
development of differential geometry, there is indeed a way to do this. and
Maxwell’s equations take on the elegant form dF = 0. d*F = J; the antisym-
metry of the field tensor F is automatically included! In this section we shall
explain this notation. A common reaction of physicists to this type of mathe-
matical development is one of impatience. After all, they point out. the
equation d*F = J has to be translated into the form 3, F"" = j* before it can be
dealt with in a particular co-ordinate system. This may be true, but in the
opinion of a growing number of physicists the development of notation actually
corresponds to a deepening in our understanding. The point is that, like many
developments in contemporary mathematics, this one has evolved by intro-
ducing new concepts, and making distinctions that have not in the past been
made. In the case of Maxwell’s equations, light is shed on their geometrical
interpretation. As will be discussed in the next chapter, electromagnetism is a
gauge theory, having a U(l) invariance group. Gauge theories with non-
Abelian invariance groups (SU(2) x U(1), SU(3)) play a central role in
contemporary particle physics, and the geometrical interpretation of them,
along the lines mentioned. may indeed play no minor part in the understanding
of their ultimate significance.
To begin, consider the meaning of ordinary line and surface integrals:

I, =f F.dx + F,dy + F:dz=fF~dr.
C C

1 =f(c;x dy A dz + Gydz A dx + G.dx A dy)t (2.242)
N

=fG-dS.
N
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I; and I, are numbers. I; is the integral of something over a line C, and I,
the integral of something else over a surface S. In some sense, then, the
‘something’ is dual to the ‘line’, since when they are ‘combined’ (by the
integral) the result is a pure number. Similarly, for I,, the ‘something else’ is
dual to the ‘surface’. We systematise this by coining new words; the line and
the surface are called ‘chains’, and the objects integrated over the chains are
called ‘differential forms’ or simply ‘forms’. Thus forms are dual to chains.

We shall call a line a 1-chain, since it has one dimension, a surface a 2-chain,
etc., and denote the generic chain C,, with n dimensions. So we have

Co  O-chain = point,
Cy 1l-chain = line,
C, 2-chain = area, | (2.243)

C3;  3-chain = volume,

C, n-chain.

Now the boundary of an n-chain is an (n — 1)-chain. The boundary of an area
is a line, and that of a line two points. We define a boundary operator 3 which
maps G, into C,_;

C,>C,., or 3C,=C,_,. (2.244)

Some chains have no boundaries: the surface of a sphere is a 2-chain (area)
with no boundary, and a closed line like a circle is a 1-chain with no boundary.
Such closed chains are called cycles and denoted Z,. Since they have no
boundary, it is clear that

3Z,=0. (2.245)

(Z, is actually the kernel of the mapping (2.244).) On the other hand, there
are some chains which themselves are boundaries of higher dimensional chains,
and these are denoted B,:

B, =3C,.,. (2.246)

(B,_, is actually the image of the map (2.244).) For example, a closed surface
B, is the boundary of a volume, and a closed line B is the boundary of an
area. It is clear that the B,s themselves have no boundary (are closed):

9B, = 0. (2.247)
Combining these last two equations gives
u 3 =0. (2.248)

In words, ‘the boundary of a boundary is zero’, or a chain which is a boundary
is also closed. An interesting consideration is whether the converse holds: is a
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closed chain necessarily the boundary of another chain? In Euclidean spaces
the answer is yes, so that Z, = B,. In general, however, there are closed chains
which are not boundaries, so Z, D B,. For example, on a torus, a closed curve
like C; in Fig. 2.3 is not the boundary of any part of the surface of the torus,
whereas C, obviously is. Similarly, on the space of a circle S!, the circle itself is
not the boundary of any part of the space: it may not be thought of as the
boundary of the area enclosed, because the area, which is 2-dimensional, is not
part of S, which is 1-dimensional. This completes what we need to say about
chains.

We now turn to forms. As mentioned above, the integral of a form over a
chain is a number. We write

j Wp = f fiin @i A dxi, Ao -+ A dx;, = number. (2.249)
Cp Cp

The wedge product, A, appears above because the orientation of a curve or
surface, etc., is important. The existence of integrals implies a duality between
forms and chains, which we shall see manifested. A 1-form w; is something to
be integrated over a line (1-chain), so in 3-dimensional space is of the form
Adx + Bdy + Cdz. Other forms follow the same pattern, so we have (in
3-dimensional space)

wy O-form function,

w; l-form Adx + Bdy + Cdz,

(2.250)
w, 2-form fdx Ady + gdy Adz + hdz A dx,
w3 3-form Fdx A dy A dz.
where
dx Ady = —dy A dx, dx A dx =0, etc. (2.251)

Because of (2.251), it is clear that in an n-dimensional space there are n-forms,
but not (n + 1)- or higher degree forms. Clearly, if we differentiate an n-form
we will get something like an (n + 1)-form: we shall get precisely an (n + 1)-
form if we build into the differentiation the antisymmetrisation above. Hence

Fig.2.3. Closed curves on a torus; C; is not the boundary of a surface belonging to the
torus, but C; is.
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we define a so-called exterior derivative operator d:
dw, = 0,41 (2.252)

Its action on a 1-form (in 3-space) is

d(Adx + Bdy + Cdz) = A dy ndr + 224z ndx + 2Bax a dy
dy oz ox
+%dz/\dy+§§—dx/\dz+£dy/\dz
9z 3x dy
=(—a£—a—A)dx/\dy+(£——a—§—)dy A dz
dx 9y dy ¥4
+ (a—A - E)dz A dx. (2.253)
oz Ax

By studying this example, readers should learn how d operates on any form,
and so convince themselves that the 2-form

w, = fdx Ady + gdy Adz + hdz A dx
has exterior derivative
A Y
do, = (i L 28 §ﬁ) dx A dy A dz. (2.254)
3z ox dy
In the first example, (2.253), the quantities
3C _8B 34 _3C 3B_34
3y 8z 9z odx 3x By
are the three components of curl F where F =iA + jB + kC. In the second
example, putting (g, &, f) = W, a vector, the quantity 3g/3x + 3h/3y + 3f/3z
is divWw.
Now note that, in view of (2.254), if we calculate the exterior derivative of
(2.253), we get identically zero; in other words

d[d(Adx + Bdy + Cdz)]=d*(Adx + Bdy + Cdz) =0

or, in general,
[ | d’>=0. (2.255)
In component language, this reads

divcurl = 0;

d is sometimes called the coboundary operator, to emphasise the fact that
d? =0 is the dual of 3* = 0. equation (2.248); d°> = 0 is known as the Poincaré
lemma.
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An n-form w, is called closed if dw, = 0.
An n-form w, is called exact if it is the derivative of an (n — 1)-form,
w, = da)n_l.

The Poincaré lemma tells us that all exact forms are closed, since
d(dw,_,) = d*w,_, =0, but it is not in general true that all closed forms are
exact, though this is true in Euclidean spaces. Again, this is because of the
duality between chains and forms: in Euclidean spaces, all closed chains are
boundaries.

Well-known results follow from Stokes’ formula, which states that if © is a
p-form, and c a (p + 1)-chain, then

f 0= f do. (2.256)

dc c

As an example, put p = 2. Let w then be the 2-form (in 3-dimensional space),
wy; = A,dy Adz + A,dz A dx + A.dx A dy.

and let C; be a domain V, with boundary 8V. Then Stokes’ formula gives

J A.dy Adz+ Aydz A dx + A, dx A dy
3V

A A, BA.
—_-f( L+ ”)dX/\dy/\dz
v\ ox Jy ¥4 -

where we have used (2.254); and this is

A-ds =f divAdV (2.257)
3V \%4

which is the divergence theorem (or Gauss' theorem). As an exercise, the
reader may show that with p = 1 we recover Stokes’ theorem

A-dl= f curl A - dS. (2.258)
JA A

We have now seen the relation between the exterior derivative operator d
and the usual differential operators of grad, div and curl. However, as seen in
the derivation of (2.257) above, if the components of A are the coefficients of a
2-form, div A is the coefficient of the 3-form obtained by operating d on the
2-form. In the ordinary language of vectors, the operator V changes a scalar
into a vector, and a vector either into a scalar (div) or into an axial vector
(curl). There is, however, an operator which does not change the vectorial
character; this is the Laplacian V? (the d’Alembertian O in four dimensions).
V2¢ is a scalar, V?A is a vector, etc. How is this represented in the language of
forms? d changes a p-form into a (p + 1)-form, so we need to combine it with
another operator (6) which changes a p-form into a (p — 1)-form. We shall
now show how this is done.
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For definiteness, let us work in 3-dimensional space. The space of 1-forms is
obviously 3-dimensional, with basis dx, dy and dz. The space of 2-forms is also
3-dimensional; in fact the bases may be written as follows:

Basis of w, forn =3
wy: 1,

w;: dx,dy,dz, < (2.259)
wy: dx A dy.dy A dz,dz A dx,

w3; dx A dy A dz.

Obviously, there are no 4-forms in 3-dimensional space. It is clear that the
dimensionality of the space of p-forms is the same as that of the space of
(n — p)-forms, so we may define an operator which converts one into the
other. It is known as the Hodge* (Hodge star) operator or duality transforma-
tion. In a Euclidean (flat) space it is defined by

*dxt A dx A e A dair) = (mrl—:l—;)—!gili:mipip“mi" dx’rt A dx'P2 A -0 A dxin
(2.260)
Thus in the case n = 3 we have the following basis for *w:
Bases of *w,, for n = 3
*wo: dx A dy A dz,
*w;: dy Adz,dz A dx,dx Ady, ¢ (2.261)
*w,: dgz, dx, dy,
*wy: 1.
Repeating the operator * on a p-form w, gives
**p, = (=1 Py, (2.262)

(To convince oneself that sign changes occur, simply consider the case of
p=1, n=2.) It is clear that whereas dw, ~ w,.1, d(*0,) ~ *w,_1, so we
define the operator é:

S = (_l)np+n+1* d*, (2263)

where p is the degree of the form w, on which & is applied and # is the
dimension of the space; & is called the adjoint exterior derivative operator, and
it should be clear that Sw is of degree (p — 1).

As an example, let us show that 6 changes the 1-form v - ds into a 0-form:
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&(v-ds) = 6(v,dx + v, dy + v, dz)
= —*d*(v,dx + v,dy + v.dz)
= —*d(vydy A dz + vydz A dx +v,dx A dy) (2.264)
*
B (avx N v, N v,
ox dy 9z

)dx/\dy/\dz

—divyv.

It is easy to see that, like d, d has a square of zero:
88 = (= 1) Hnti(—1)mp-Dntlegrsg
= (=1)"* d%*,
and in view of (2.255) we have
& =0. (2.265)
Finally, the Laplacian A changes p-forms into p-forms and is defined by
A= (d+ 6)?>=dd+ &d. (2.266)

After this long preamble, it is now an easy matter to show how Maxwell’s
equations may be put into a geometric (or ‘intrinsic’) form. The space we work
in is of course 4-dimensional Minkowski space—time. Lowering the indices on
the field tensor F*¥ in (2.222) gives (E, = E,, etc.)

Fo=E,, Fp=E, Fy3=E,
(2.267)
F, = _Bz’ F3l = _By’ F»3 = —B,.
We then define the Faraday 2-form F by
= —%Fuvdx" A dx?
= (E,dx + E,dy + E.dz) A dr
+ B,dx A dy + B,dy A dz + B,dz A dx. (2.268)
The dual form (also a 2-form) *F is (see (2.260))
*F = —3F, *(dx" A dx")
=—-FE,dy ndz — E,dz A dx — E dx A dy (2.269)
+ (Bydx + B,dy + B.dz) A dr.
It is seen that the components of *F in the basis dx* A dx” are —3F v as shown

in (2.235)

A = —

9 —

F, dx* A dx". (2.270)
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Finally, we define the current density 3-form J:
J=(jydy A dz + jydz A dx + j;dx A dy) A dt — pdx A dy A dz.
(2.271)
A simple exercise shows that Maxwell’s equations are
| dF =0, d*F=1. (2.272)

This may be seen by putting F = —%F_uvdx“ A dx¥ and then observing that
dF =0 implies equation (2.233), which is equivalent to the two homogeneous
Maxwell's equations. Alternatively, using equation (2.268), we find explicitly

JF, oE, SF,
dF = —=dy ndx A dr+ dz/\dx/\dt+o'dx/\dy/\dt+--'

Jy 9z ox
3B. oB
+ 25z adeady + Edradx Ady + -
9z ot
dE, OJE, ©8B .
=( y — +oZ)dxxxdy/\dt+'~+(d1vB)dx/\dy/\dz.
ox dy ot
(2.273)
dF = 0 then implies the two equations
curlE + —ZE =0; divB =0,
t

which are the homogeneous Maxwell equations. Similar manipulations show
that d*F = J yields the inhomogeneous equations.

In Euclidean space (which, for our purposes, may be extended to Minkowski
space), the converse of the Poincaré lemma holds: all closed forms are exact,
so if dF = 0, then there is a 1-form A such that

F = dA. (2.274)

The 1-form A will be, in a co-ordinate basis,

A=A,dx" (2.275)

and it follows immediately that equation (2.274) is equivalent to F,, =

. . . an
3,A, — 3,4, asin (2.219). The 1-form A has a further geometric significance;
it is the connection form which is used to define covariant derivatives — this is
treated in the next chapter. If. however, we start from the point of view that
the presence of electromagnetism gives a covariant derivative, and therefore a
connection 1-form A, then F = dA is known as the ‘curvature’ 2-form, and the
identity dF = 0 is known as the Bianchi identity .
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Summary*

ZScalar particles are described by the Klein-Gordon equation, but the difficul-
ties of interpretation are that the probability density is not positive definite,
and negative energy states exist. It is concluded that the Klein-Gordon
equation is not suitable as a single-particle equation. *The Dirac equation
describes spin % particles, and may be derived from the group SL(2, C) which is
shown to embody Lorentz transformations, extended by parity. The Dirac
equation is found to have positive probability density. but has negative, as well
as positive energy states. Massless spin % particles are shown to obey the Weyl
equation. *The hypothesis that the negative energy states are filled leads to the
successful prediction of antiparticles. It is shown how to construct spinors
which satisfy the Dirac equation, and the transformation properties of bilinear
forms Oy are studied, as well as various algebraic identities involving spinors
and y-matrices. °The Dirac equation gives the correct gyromagnetic ratio for
the electron. It is observed that the ‘Casimir’ invariant operator for spin,
s(s + 1), is not constructed from generators of the Lorentz group, but from
those of the inhomogeneous Lorentz (= Poincaré) group, whose other Casimir
invariant is (mass)?. Particles with m? > 0 have a ‘little group’ SU(2), which is
interpreted as spin, whereas those with /,? = 0 and m?> < 0 have non-compact
little groups, so their spin is not described by a rotation group. *Maxwell’s
equations are exhibited in manifestly covariant form, and the Proca equations,
for massive spin 1 particles, are written down. *Chains and differential forms
are explained, and Maxwell’s equations exhibited in terms of differential forms.

Guide to further reading

Good accounts of spinors and the relation between O(3) and SU(2) are to be
found in van der Waerden (1974), Landau & Lifshitz (1977), Misner, Thorne &
Wheeler (1973), Sexl & Urbantke (1976), and Normand (1980). The topo-
logical distinction between SU(2) and O(3) is explained in Sex] & Urbantke
(1976, §7.6), D. Speiser, in Giirsey (1964). and F. Giirsey, in DeWitt &
DeWitt (1964). An excellent account (in French) of the Lorentz group and the
connection with SL(2, C) appears in A.S. Wightman, in DeWitt & Omnes
(1960). See also R. Omnes & M. Froissart in DeWitt & Jacob (1965), and
Berestetskii, Lifshitz & Pitaevskii (1971). For full accounts of the Dirac
equation, see, for example, Bjorken & Drell (1964). Itzykson & Zuber (1980).
Wigner’s analysis of the Poincaré group appears in Wigner (1939): see also
International Atomic Agency (1963). The relativistic treatment of spin is
considered in DeWitt & Omnes (1960) and DeWitt & Jacob (1965). An early,
and rather brief, account is given by Pauli (1965). The connection between the
Poincaré group and wave equations goes back to Bargmann & Wigner (1948),

* Superscripts refer to section numbers.
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and is explored further by Weinberg (1964) and Johnson er al. (1965).
Introductions to differential forms, suitable for the physicist, are Flanders
(1963), Choquet-Bruhat, Morette-DeWitt & Bleik-Dillard (1977), Choquet-
Bruhat (1968), Schutz (1980), Eguchi, Gilkey & Hanson (1980), von Westen-
holz (1978). Less complete, but very readable, accounts appear in Misner,
Thorne & Wheeler (1973, chs. 3, 4, 8, 9) and Misner & Wheeler (1957).
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Lagrangian formulation, symmetries
and gauge fields

We have, up until now in this book, considered only the fields of the free spin %
particle, like the electron, and the spin 1 particle, like the photon. It is almost
tautological, however, to state that it is only by virtue of the fact that particles
interact that we may observe them. It is, therefore, of great importance to
enquire how we may describe particle interactions in field theory. In the old
days — the 1950s and 1960s - there was a degree of arbitrariness in the choice of
interaction. For example, the pion-nucleon interaction could be represented as
YNYsYn P, O as wNy“ysza ¢,. Present day theories, however, allow no such
freedom. They state that interactions between fundamental fields (like elec-
trons, quarks, weak vector bosons, and so on) are dictated by a gauge
principle. This principle arises from the requirement that quantities which are
conserved are conserved locally and not merely globally. Globally, conserva-
tion of electric charge would be satisfied if 10 C of charge suddenly disappeared
from the Earth, and simultaneously appeared on Mars. But by ‘conservation of
charge’ we usually mean something more than this; in fact this process would
not be allowed, since ordinary notions of continuity demand that the disappear-
ance of charge at one point be accompanied by a current, which makes possible
its appearance at another point.

These matters are the concern of Noether’s theorem, which connects sym-
metries and conservation laws, using a Lagrangian formulation of field theory.
At the same time it emerges that, in order to have a local symmetry, we need a
spin 1 massless gauge field, whose interaction with the ‘matter’ fields is dictated
uniquely. This gives us the electromagnetic, weak and strong interactions, the
respective gauge fields being the photon, the weak boson and the gluons.

We begin, then, with a discussion of the Lagrangian formulation of field
theory, which plays such a central role in the contemporary understanding of
interactions and symmetries. In the context of classical physics, by ‘Lagrangian
formulation’ we mean ‘the principle of least action’. This gives us a dynamical
principle on which we base our formulation of the problem. When, in later
chapters, we come to consider the quantum theory of fields, we shall also
employ a Lagrangian formulation, in the shape of Feynman’s path integral
formalism, which is closely related to the least action formulation of classical
field theory.

The simplest classical field to consider is the scalar field but, in order to
familiarise ourselves with Lagrangian methods. let us first consider the classical
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mechanics of point particles, and derive Newton’s law of motion from the
principle of least action.

3.1 Lagrangian formulation of particle mechanics

In classical mechanics, a particle is idealised as a point of mass m, say. Let
its position at time ¢ be x(r). If it moves in a region where the potential energy
is V(x), then Newton’s second law tells us that

2
mdx g _dV (3.1)
dr? dx
where F is the force acting on the particle. The principle of least action is a
way of deriving this. The Lagrangian L is defined by

L=T V~l(mf
=T-V=5ml—] —V(x) (3.2)
dr

where T and V are the kinetic and potential energy; and the action S by

s=dez (3.3)
where the integral is taken over an entire path, from ¢, to 7, as in Fig. 3.1;

t
s=[L(x,#)dr. (3.4)
11
Here, and in what follows, we put dx/dr = x, d>x/dt?> = ¥. As the particle
moves from x(z1) to x(z,), there is an infinite number of possible paths it may
take, some of which are shown in Fig. 3.2. Which one does the particle actually
take? The answer is provided by the principle of least action, which states that
the actual motion is the one for which S is @ minimum. Let us now show that
this yields Newton’s Law.
Consider a variation in the path

x(t)y—>x'(1)=x(t) + a(t), a<x.

The particle is constrained to be at x(z;) at time ¢; and at x(z,) at time 7,, so
the end-points of the motion are fixed, and consequently

Fig. 3.1. A path in space~time.
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I

=

t

Fig. 3.2. Some of the infinite number of paths between two points.

a(tl) = a(tz) = 0. (35)

On the substitution x — x', the action S becomes

S8 = J’rz[—rg—()& +a)? = V(x + a)|ds
- f”{%mﬁ + mid — [V(x) + aV'(x)]} di + O(a?)

5]
=S+ f [mia — aV'(x)]ds
51
=5+ 6S
where
L&)
58 = f [mia — aV'(x)]dr (3.6)
I

and V'(x) =dV(x)/dx. If S is a minimum under the variation in x, 6S = 0.
The first term in 6S may be integrated by parts, giving

I
f tadr = xa

Iy

5] I
ff-f afc‘dr=—f axdt

5% I
where the last step follows from (3.5). We then have

5]

88 = -J [max + aV'(x)]dt = 0;
51
and this is fulfilled if
m% = -V'(x) (3.7

which is Newton’s law, (3.1).

3.2 The real scalar field: variational principle and Noether’s theorem

The passage from a point particle at posiion x(¢) to a field ¢(x*) = ¢(x, y,
z,t) may be visualised as the ‘replacement’ of x by ¢, and of ¢ by x*. The
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scalar field ¢ obeys the Klein—-Gordon equation (2.16)

@O+ m*He=0, (3.8)
but it should be clear that in this treatment ¢ is interpreted merely as a scalar
field, not as a single-particle wave function, as in Chapter 2. In this case, it may
well be asked, what is m? The answer to this is only forthcoming in Chapter 4,
when we see that on quantisation of the classical scalar field, we arrive at a
particle interpretation, and the particles have mass m.

We now show how to derive (3.8) from a variational principle applied to an
action

S = f L($, 3,0) d*x (3.9)

where 3,¢ =3¢/ox". Equation (3.9) is to be compared with equations (3.3)
and (3.4). The function & is properly called the Lagrangian density of the
theory, since L = f§£ d3x is evidently the Lagrangian. We shall, however,
simply refer to & as the Lagrangian. It is usual to assume that £ depends only
on ¢ and its first derivatives; this is not necessary, in the sense that the
deductions to be made below also follow if £ depends on second and higher
derivatives of ¢; but we assume it for simplicity. We shall see that the
Klein—-Gordon equation can be derived from the Lagrangian

5

& = 33,4)(3"9) ~ ’"71:72

= (309> — (Vo)? —m?¢]. (3.10)

The field ¢ traces out a 4-dimensional region R in the 5-dimensional space
which contains its graph in space-time, as sketched in Fig. 3.3. The initial and

¢

Initial spacelike

hypersurface (1 = t,)

Region of
space —time R
with boundary dR

Final spacelike hypersurface
(1=1,)

Fig. 3.3. A field ¢ traces out a region R of space~time.
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final spacelike hypersurfaces may be taken to be the time-slices ¢ = ¢;, and
t.= t,, which form part of the boundary dR of the region R. We now subject
both the field variable ¢ and the co-ordinates x to a variation, which vanishes
on the boundary oR:

xt— x"F = x* + 6x*, }

(3.11)
B(x) = ¢'(x) = ¢(x) + 6¢(x).
It is convenient to consider the case where & depends explicitly on x*
£ =2, 3,9, x"); (3.12)

this happens if ¢ interacts with an external source, and so does not describe a
closed system.

It is important to note that 6¢ as defined in (3.11) is merely the functional
variation in ¢; ¢’ is compared with ¢ at the same point in space—time x*. We
may in addition define the toral variation in ¢. A¢, by

P'(x") = ¢(x) + Ad(x) (3.13)
and it then follows, to first order in dx, that
Ap=¢'(x") = ¢(x') + ¢(x) = @(x)
= 0¢ + (3,0)0x". (3.14)
The variation in the action is
S = J (¢, 8,9, XM dx — J (P, 3,0, x") d*x,

where d*x’ = J(x'/x)d*x, J(x'/x) being the Jacobian of the transformation
x — x'. From (3.11),

2 < 5+ 3,00
ax/.
SO
’ ru
J(i) - det(ax _ ) =1+ 3,(8x");
X ax/‘
and hence
58 = f (5L + £3,6¢") d*x (3.15)
where
o = L5 + 8(3,9) + =L oxt, (3.16)
o9¢ a(3u¢) dx*
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From (3.11) we see that 8(3,¢) = 8,6¢, so (3.15) and (3.16) give

it
6S=| |=—¢
R[oqb o 39y )

where, as indicated, the integral is taken over the region R of space—time. The
third term in this equation is a total divergence. The second term may be
rewritten so as to introduce a total divergence:

3 3 ] _ [ ] ’.
3(3,49) 3(3,.9) 3(3,9)
and the resulting integrals of total divergences over R may be written as

surface integrals over R, using a 4-dimensional generalisation of Gauss’
theorem (2.257). This gives

3¥ 3%
oS = = -3 So d* fo) PoéxH|d 3.18
fR{&p “[a@m } ¢ ”fax[a@uq» or x] o G19)

Now we have already agreed that the variation in ¢ and x* on the boundary of
R vanishes:

5.(60) + au<s£ax“)] dx (1)

S.(09) = %[

6p=0, Oox*=0 onodR,

so the second term in equation (3.18) vanishes, and the condition for
a stationary action is that the first term also vanishes over all of R, regardless
of R

& _ L[ of ] -0. (3.19)

o9¢  ax*13(3,9)
This is known as the Euler—Lagrange equation for ¢. It is the equation of
motion for the field ¢. analogous to Newton’s equation of motion for point
masses. As we know already, the required equation of motion is the Klein—
Gordon equation, and it is now an easy matter to confirm, as promised, that
the Lagrangian given by (3.10), when substituted into the Euler—Lagrange
equation (3.19), yields the Klein—Gordon equation. In fact, writing (3.10) as

,
K. m-
£ = 36" 0:9)(30) ~ =4
(remembering that x and 4 are dummy suffixes) gives
¥

¥ 2
— = -—-mg, = gﬂv(avd)) = a.u(p’
o¢ 3(3,:9)

so the Euler-Lagrange equation gives

3,0 + m*¢p=0¢ + m*¢p =0,

which is the Klein—Gordon equation. In case it is suspected that there is
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anything miraculous going on, let me say there is not: the Lagrangian is written
as in (3.10) deliberately so as to give the Klein-Gordon equation.

We now explore another consequence of the use of a variational principle. It
is that if the action is unchanged by a re-parameterisation of x* and ¢, i.e. is
invariant under some group of transformations on x* and ¢, then there exist
one or more conserved quantities, i.e. combinations of fields and their derivat-
ives which are invariant under the transformations. This crucial result is known
as Noether’s theorem and it plays an important role in field theory and particle
physics. It accounts for conservation of energy, momentum, angular momen-
tum, and any other ‘quantum’® numbers which particles happen to carry, like
charge, isospin, colour, etc. (There is, however, another type of conserved
quantity which is ‘topological’ in nature, and whose conservation has nothing to
do with Noether’s theorem. These matters will be considered in Chapter 10.)
We shall first give a rather general account of Noether’s theorem and then
apply it to conservation of energy, momentum and angular momentum.

To start, let us return to (3.18) for the variation in the action. We now take
R to be an arbitrary region and no longer require d¢ = 0, x* = 0 outside R.
We rewrite the surface term as follows

_rfaE _ [ a2 .
08 = JR{a¢ a“[a(ayqb)]}aqbd *

+ LR{a( M¢)[6¢> (3,4) 6x"] — [ o 52 a,,se]ax }dou;

we have simply added and subtracted a term. The first square bracket in the
surface integral is the ‘total’ variation A¢ defined in (3.14). The second square
bracket defines the energy—momentum tensor 6':

v

3,¢ — VL, (3.20)
3(3,0)

this name will be justified below. We have, then,

5% 5%
_ (3% _ 5 — 6%x*|do,. (32
o fR{@(ﬁ [a(a,@]} ?d f [ 30 x| dow (3:21)

Now let us suppose that the action S is invariant under a group of transfor-
mations on x* and ¢ which, for infinitesimal transformations, take the form

Axt = XGow', A¢= 00", (3.22)

characterised by the infinitesimal parameter w". Here X is a matrix and @,
is a set of numbers. If v is a single index, then this is a 4-parameter group of

* It is a loose but common habit to refer to isospin, strangeness and so on, as ‘quantum’ numbers.
Unlike the n, / and m quantum numbers in the hydrogen atom, it is not at all clear that they have
anything to do with quantum theory, i.e. depend on A. Electric charge certainly does not, so is
not a quantum number.
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transformations, but we are not restricted to this case; v could be a double
index, as it needs to be to generate Lorentz transformations, so the number of
parameters is not necessarily four, despite the form of (3.22). In addition, we
may want to consider the more general case in which we have a multiplet of
scalar fields ¢;. In that case the transformation would change ¢; by

where @ is a matrix. Taking the form of (3.22) at face value, however, then if
we assume that the transformed ¢ obeys (3.19), the requirement that 4S =0
gives, from (3.21) and (3.22),

j [ L o - BﬁX(f]éw"do“:O
2’13(3,9)

or, since dw"” is arbitrary,

J Jido, =0 (3.24)
3R
where
=3t o _guxr (3.25)
3(3.¢)

It follows from Gauss’ theorem that f RayJ’,‘, d*x =0, and thence, since R is
arbitrary, that

3,J4=0. (3.26)

We therefore have a conserved (divergenceless) current J', whose existence
follows from the invariance of the action under the transformations (3.22). This
gives rise to a conserved (time independent) charge Q, defined by

0, = j J4do,
o

where the integral is taken over a spacelike hypersurface o,,. If this is chosen to
be t = const, then

0, = J 70 dx (3.27)
\%4

where the integral is taken over the 3-volume V. Conservation of Q, follows by
integrating (3.26) over V:

J 300 dPx + f 3,75 d%x = 0.
v v

The second term is transformed into a surface integral by (the 3-dimensional)
Gauss’ theorem, and vanishes, as may be seen by taking the surface far enough
away, leaving
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d
ijJ%d%c 99, (3.28)
dt dr

This is Noether’s theorem. Let us apply it to the case where the transformation
(3.22) is simply a translation of the origin of space and time. In that case

Axt=g" A¢p=0 (3.29)
or
Xi=¢ @,=0. (3.30)

This requirement is very fundamental: it is the condition that (for a closed
system) the laws of physics are translationally invariant, i.e. the same in
London, New York and Andromeda, and also invariant under time displace-
ment, i.e. the same yesterday, today and tomorrow. If it were not for these
conditions, it is obvious that science itself would be impossible. From equations
(3.30) and (3.25) we see that the conserved current in this case is

Jh= gt (3.31)

and the corresponding conservation law is
-d-je‘ﬁd%c =0. (3.32)
dr

It will now be shown that P, = f 6" d*x is the 4-momentum, or energy—momen-
tum, of the field ¢; this justifies calling 6% the energy-momentum tensor.
Referring to (3.20), we have

0 33 - &f a _ } 3
Jeodx j{a(a()(p) o — £\ iy

| {3’% - 52} & (3.33)
o¢
where ¢ = d¢/dt. We recall that, in point particle mechanics, the relation

between the Hamiltonian and Lagrangian functions is (see, for example,
Goldstein 1950, ch. 7)

H =2P14i - L

where the momentum p; is defined as
_ oL
3g;
On transcribing these relations for the case of fields we see that the right-hand
side of (3.33) is the energy of the field. The proof that j 6)d’x is the

momentum follows immediately on the observation that d¢/dx* is a 4-vector
under Lorentz transformations, just as energy—momentum is.

pPi
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Conservation of energy and momentum, then, holds for any system whose
Lagrangian (and therefore action) does not depend on x*. This is in line with
the observation above, following (3.12), that such a system will not be able to
exchange energy or momemtum with the outside. Substituting the Lagrangian
(3.10) into the energy—momentum tensor 6** (3.20) gives

04 = (3Hp)(3V ) — g <. (3.34)

This is clearly symmetric in x4 and v. Hence, for a scalar field, the energy-
momentum tensor is symmetric. This is not always true, however; it is clear
from the definition (3.20) that 8*" is not, in general, symmetric. On the other
hand, neither is it unique, for we may add a term 3, f*** where f** = —f* so
that

3,8,f* = 0. (3.35)
Hence, if we define the quantity
T = 6% + 3, M (3.36)
which we call the canonical energy—-momentum tensor, we have
3, T" =29,6" =0; (3.37)

and f*" may be so chosen as to make T** symmetric. The total 4-momentum
of the system is the same, since (i = 1, 2, 3)

Ja}yf).Ov de — faiinV d3x

— ffiovdai
o
=0

where Gauss’ theorem has been used. The last equality follows since the
surface o is at infinity, where no fields are present. Hence, although the
energy—momentum tensor is not unique, the energy and momentum in the
field are.

There are two reasons for wanting the canonical energy-momentum tensor
to be symmetric. One is that, according to the theory of general relativity, it is
this tensor which determines the curvature of space, according to Einstein’s
field equations

(3.38)

The Ricci tensor R, and the metric tensor are both symmetric, so T, must be
also.
The second reason for wanting a symmetric T, becomes apparent when we
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consider angular momentum. We demand that the action be invariant under
spatial rotations

Sxl=elxi, &l =-¢l (i,j=1,2,3), (3.39)
A¢p =0. (3.40)

Since the rotation group is a subgroup of the Lorentz group, we may generalise
(3.39) to

Sxt = ghxY, e = —g"™ (3.41)
This may be written
oxt = X4,er7, Xb, =3(8hx, — Ohx,) (3.42)

to bring it into the same form as (3.22); the index v in that equation has now
become a double index. The conserved Noether current is, from (3.25) (with
@ = 0, and substituting 7" for 6*"),

Juo = —TiX*P0
= —y(T*x% — THxP). (3.43)

It is simple to verify that this current is conserved, by virtue of the fact that T#"
is conserved and symmetric

8,07 = —3[(3,T")x" + T* 5] — (3,T"))xP — T 8]
—3[T - T*?] = 0. (3.44)

The u=0 component of J*? is (apart from a numerical factor) the angular
momentum density of the field. The angular momentum is given by

M = f (TO%xY — TO%xH) d3x (3.45)
or
MY = f MO B3 (3.46)
where
MO = TO%xY — T%xH, (3.47)

M*¥ is a conserved quantity:

Dy =,
dt

and the tensor MP*" is divergenceless:

3,ltP* = 0. (3.48)
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Substituting M = TP“x" — TP"x* in this equation, and noting that 3,7°* =0
(equation (3.37)) and 9,x* = &, gives

Tw = T, (3.49)

so conservation of angular momentum requires the energy—momentum tensor
to be symmetric. This is our second reason for requiring a symmetric 74".

To be precise we should remark that the three components of the angular
momentum of the system are the three space—space components of M*" in
(3.45); M'2, M?, M>!. The three time-space components M%, M% and M%
are related to the centre of mass of the system and are conserved by virtue of
invariance under pure Lorentz (‘boost’) transformations — cf. equation (3.41).

This completes our account of the origin of the conservation laws for energy,
momentum and angular momentum; they all follow from space—time symmet-
ries via Noether’s theorem, and so involve, in the machinations above, a
non-zero X, in (3.25).

Let us now turn our attention to electric charge, which we also know to be
conserved. If this is due to a symmetry of the action, what is the symmetry? It
clearly may not involve an Xy in (3.25), since these symmetries are completely
accounted for. The maximum symmetry we may have in Minkowski space is
symmetry under translations, time displacements, rotations and Lorentz trans-
formations; and we have considered all of these already. Any additional
symmetry must therefore involve @,; in other words, the scalar field must have
more than one component. (We dismiss the case of a spinor or vector field; in
these cases the different components are related by space—time transforma-
tions, with the consequence that the conserved angular momentum tensor
contains additional terms, interpretation as the intrinsic spin, which is nothing
to do with charge! The Dirac field will be considered below in this context.)
The simplest possibility is for ¢ to have two components; and a field with two
real components is mathematically equivalent to a complex field. We now
consider this.

3.3 Complex scalar fields and the electromagnetic field

If the scalar field now has two real components ¢; and ¢,, we may put

¢ = (1 +id)/V2, (3.50)
¢* = (¢ — i$0)/V2, (3.51)

and since the action is real, we put
&= (3,9)(3"¢*) — m*p*¢. (3.52)

If we regard ¢ and ¢* as independent fields, the Euler-Lagrange equations
(3.19) give the two Klein—Gordon equations
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@+ md)ep =0, (3.53)
(@ + m*)¢* = 0. (3.54)

The Lagrangian is clearly invariant under the transformation
e P, ¢F — e (3.55)

where A is a real constant. This is known as a gauge transformation of the first
kind. Its infinitesimal form is

0P = —iAp, 6¢* = iAPp* (3.56)
and so
6(3,9) = —iA3,9, 8(3,9%) = iAa_uqb*. (3.57)

Since the transformation (3.55) does not involve space—time (it is purely
‘internal’), in the notation of (3.22) we have

®=—ip, O*=ip*, X =0. (3.58)

Noether’s theorem then gives a conserved current, which is, from equation
(3.29),

Ju— k4 (=ig) + a§£.
9(3,9) 9(3,9%)

(Here, the ‘internal indices’ of ¢ have effectively been summed over, giving

separate contributions from ¢ and ¢*.) Substituting (3.52) into (3.59) then

gives

(i*). (3.59)

JH = i(¢*Hp — ¢3tp*). (3.60)
It follows immediately from (3.53) and (3.54) that this current has a vanishing
4-divergence, as of course it should have:
3,04 =0, (3.61)
and the corresponding conserved quantity is, from (3.27),
Q= f 7°dv
%k
- if((p*-aﬁ - ¢ai) dv. (3.62)
ot ar

This (real) quantity we should like to identify with electric charge. Let us
therefore note the following things:

(1) Itis a conserved quantity: dQ/dt = 0.
(2) It contains no mention of e, the charge on the proton.
(3) Itis a classical quantity, not a quantum one; it contains no 4.
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(4) It is not ‘integral’, or ‘quantised’. In other words, it does not account for
the fact that real electric charges all seem to be multiples of a basic
quantity.

(5) When ¢ is real, ¢ = ¢*, Q =0, and there is no conserved quantity. This is
the situation we dealt with above.

We may express the gauge transformation (3.55) in a geometric form. To do
this, first we substitute equations (3.50) and (3.51) into (3.52), to give

L = (3,01)(3"P1) + (3,0:)(3 ) — m* (P + $3) (3.63)
and then write
¢=ip, +ip (3.64)

as a vector in a 2-dimensional space with orthonormal basis vectors i and j. The
Lagrangian is now

L= (3,9): (3"9) — m’¢- ¢. (3.65)
The gauge transformation (3.55) may be written
¢1 +igh = e (¢ + i),
¢f — igh = e (P — ign),

which is equivalent to

1 = P1cos A+ ¢osin A, }
(3.66)

¢, = —¢sin A + ¢ cos A.
This is clearly a rotation in the (1, 2) plane of the vector ¢ through an angle A,
as shown in Fig. 3.4. Rotations in two dimensions form the group SO(2). On

the other hand, since the transformation was equivalently represented as €',
which is a unitary ‘matrix’ in one dimension

eiA(eiA)* =1,
the group concerned is also U(1). We are thus concerned with gauge transfor-

mations which generate the group SO(2) = U(1). (It is easy to see that these
groups are the same: each element of SO(2) is given uniquely by an angle ¢,

Fig. 3.4. A rotation of the field ¢ in the internal space.
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the angle of rotation in the plane. The group space is then the space of the
values of ¢. We must identify ¢ with ¢ + 27, ¢ + 4. etc., for these correspond
to the same rotation. The group space is then a circle (see Fig. 3.5). The group
U(1), on the other hand. is the group of all numbers of the form e'® =
cos & + isin &, and since cos® a + sin® @ = 1, the space of these is also a circle.)

Returning to the main theme, we have identified a conserved quantity Q, as
a result of invariance of the action under the gauge transformation (3.55), or
(3.66). Since A is a constant, however, this gauge transformation must be the
same at all points in space—time; it is a "global” gauge transformation. So when
we perform a rotation in the internal space of @ at one point, through an angle
A, we must perform the same rotation at all other points at the same time. If we
take this physical interpretation seriously, we see that it is impossible to fulfil,
since it contradicts the letter and spirit of relativity, according to which there
must be a minimum time delay equal to the time of light travel. To get round
this problem we simply abandon the requirement that A is a constant, and
write it as an arbitrary function of space—time, A(x*). This is called a ‘local’
gauge transformation, since it clearly differs from point to point. It is also
called a gauge transformation of the second kind.

We now see that, for A < 1,

¢— ¢ —iAg
therefore
0p = —iA¢, (3.67)
3.9 — 9,9 —i(3,A)p — iA(3,0)
therefore
8(3,9) = —iA(3,¢) — i(3,A) @ (3.68)
and, similarly,
O¢* = iAQ*, (3.69)
8(3,0%) = iA(3,0%) +i(3,A)9". (3.70)

Comparing these equations with (3.56) and (3.57), we note the extra term in
(3,A) occurring in the transformation of the derivatives of the fields. Because
of this extra term, for example comparing (3.67) and (3.68), we say that 3,¢
does not transform covariantly, i.e. not the same way as ¢ itself. Moreover, we

() -

[t} 6 +2n

Fig. 3.5. The group space of SO(2) is a circle.
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shall now see that these extra terms cause the action itself to be no longer
invariant. In fact, the change in the Lagrangian is

0% = 8[(3,9)(3"9%)] — m*&(¢*¢) (3.71)
= [6(3,9)]3"0* + (3,9)[6(3"¢*)] — m*-0
= [-1A(9,9) — 1(3,A)9]3"®™ + (3,9)[IA(3"d*) + i(3"A)$*]
= (8, A)[—ig3“p* +i¢*d"g]
= (9, 4)J* (3.72)

where J* is given by equation (3.60). To restore invariance under gauge
transformations of the second kind, we introduce a new 4-vector A, which
couples directly to the current J* giving an extra term in £:

§£1 = —eJ“AH
—ie(¢*3"p — Pp3"P*) A, (3.73)

The coupling constant e is a number such that eA, has the same units as 3/axH.
We also demand that, under gauge transformations of the second kind,

A, A, + 13,4, (3.74)
e

so that
0¥, = —e(6J*)A, — eJ*(0A,)
= —e((SJ-“)A“ - J"S,,A. (3.75)

The last term above cancels 6% in equation (3.72), but we now need to cancel
the first term! We have

SJ" = i8(¢*3"p — ¢3"")
= 2¢*pHA (3.76)
so that
0L + 6%y = —2eA ,(3*A)¢p* ¢. (3.77)
We therefore add another term to &£:
£, = e’ A A P* . (3.78)
By virtue of (3.74), we have
0%, = 2e*A,0A"p*¢
= 2eA,(3"N)¢p*¢ (3.79)

and hence
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0L + 8L, + 0%, = 0. (3.80)

The total Lagrangian &£ + &£, + £, is now invariant, by virtue of our having
introduced a field A, which couples to the current J, of the complex ¢ field.
The field A, however, must presumably contribute by itself to the Lagrangian.
Since £ + &, + &, is invariant, we need an £; which is also gauge invariant,
and to construct it we define the 4-dimensional curl of A4,

Fu=03,4, — 3,A,. (3.81)

It is clear that, under the gauge transformation (3.74), F,, is itself invariant.
The scalar Lagrangian £; is then

Ly = —1F"F,,. (3.82)
Collecting the formulae together, we have
Pt =L+ + %+ &5
= (9,9)(0"9*) — ie(¢p*3"¢p — ¢3"¢*)A,
+ e?A ALY o — mPetp — 3FF,,
[ ] Lot = (3,0 + ieA,9)(4* — ie ALP*) — m>¢*p — {FF,,.  (3.83)

It will be recognised that F,, defined in (3.81) is the electromagnetic field
tensor (2.219), whose six components are three electric and three magnetic
field components. What we have done, therefore, is to show how the electro-
magnetic field arises naturally by demanding invariance of the action under
gauge transformation of the second kind, i.e. under local (x-dependent)
rotations in the internal space of the complex ¢ field. The gauge potential A,
couples to the current J, with coupling strength e, which is the charge of the
field ¢. To spell these conclusions out in some more detail, it is convenient to
divide our observations into four points:

1. Comparing the Lagrangian (3.83) with (3.52), we note that 9,¢ is
replaced by (3, + ieA,)@. This is known as the ‘covariant derivative’ D ,¢:

[ D, = (3, +ieA,)p (3.84)

since, unlike 3,¢, it transforms covariantly under gauge transformation, i.e.
like ¢ itself. Indeed, from equations (3.67), (3.68) and (3.74) it follows
immediately that

o(D,¢) = 6(3,¢) +ie(6A,)¢ + ieA ¢
= —iA(3,¢ + ieA,9)

~iA(D,¢), (3.85)

which is the rule for covariant transformation. The rule that 3, becomes
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replaced by 9, +ieA, in an electromagnetic field is equivalent to a result
already familiar from classical physics. Since, with ¢ =1,

=00 V), A,=(¢,-A),
then the ‘space’ part of the substitution rule is
V-V —ieA.
Then putting p = —ikV gives, with =1,
p—p— eA. (3.86)

In the presence of electromagnetism, if the generalised momentum P is defined
as 8L/dv, where L is the Lagrangian, then for a particle with charge e it is
given by

P=p+eA=ymv+eA (3.87)

and it can be shown that the Hamiltonian for a particle with charge e
interacting with an electromagnetic field is

H=-(P—eA) + g
2m

This corresponds to the substitution (3.86). (For further details see Landau &
Lifshitz 1971, section 16, and Feynman, Leighton & Sands 1964, volume 3,
sections 21-3.)

It is now clear that ¢ describes a field with charge e, and that ¢*, whose
covariant derivative is

u Dy(p* = (au - ieAy)d)*y (388)

describes a field with charge —e. The fields ¢; and ¢, in (3.50) and (3.51) are
therefore not eigenstates of charge. D,¢* is a covariant derivative of ¢*, not
because we have conjugated D, ¢, but because it transforms in the same way
that ¢* does under gauge transformations, as the reader may verify, following
steps analogous to those leading to (3.85).

2. Because of the identity of equations (3.81) and (2.219), we are assured
that the compensating vector potential introduced in (3.73) is actually the
electromagnetic vector potential, and therefore that the homogeneous Maxwell
equations hold for F,,. In addition, the gauge transformation (3.74) where
A = ey, is identical with (2.226). So we arrive at a new interpretation of the
electrical field: it is the gauge field which has to be introduced to guarantee
tnvariance under local U(1) gauge transformations.

It is worth noting that the inhomogeneous Maxwell equations are obtained
from (3.83) by varying A,. The Euler-Lagrange equation

3¢ —av[ 3L ]= 0
34 3(3,4,)

u
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gives
3, F" = —ie(¢*3"p — ¢3¢*) + 2e? A4 9|
= —ie(¢*D"¢ — 9D ¢%)
= —egH (3.89)
where
$ =i(¢* D¢ — pD*¢*) (3.90)

is the covariant version of J* in (3.60). Because of the antisymmetry of F*”,
(3.89) implies immediately that

3,34 = 0: (3.91)

it is the ‘covariant’ current $* which is conserved when the electromagnetic
field is present, not the current J*.

3. From the work in the last chapter, we know already that the electromag-
netic field is massless, but it is worth re-emphasising this point. A mass term in
the Lagrangian would be of the form

Ly = MPA A* (3.92)

and it is clear that this term is not invariant under the gauge transformation
(3.74). Hence gauge invariance requires that the gauge field is massless. In the
usual approach to the electromagnetic field, it is relativity which requires that
the field is massless, and therefore travels with the speed of light.

4. The charge e appears as a coupling constant, via the covariant derivatives
(3.84) and (3.88). Indeed, from the Lagrangian (3.83), we see that the ¢ field
couples to the electromagnetic field with strength e. This brings to light the
dual role of electric charge; it is both a conserved quantity, as we originally
stated (in equation (3.62), which now must be modified by replacing J° with $°
- see above), and it also measures the strength with which a particle interacts
with electric and magnetic fields. This dynamical aspect of charge is a conse-
quence of the ‘gauge principle’, and it is this which has come to play such an
important role in contemporary particle physics. When, for example, we
discover conserved quantities (like isospin, strangeness, etc.) we may ask if
they also have associated massless gauge fields which couple to the particles
carrying those quantum numbers with a fixed strength. We shall consider this
question, in §3.5, in which the present considerations will be generalised to the
cases where the Lagrangian is invariant under the group SU(2) rather than
U(1). Before doing that, however, it will be instructive to discuss a very
interesting and beautiful consequence of the gauge invariance of electrodynam-
ics, namely the Bohm-Aharonov effect.
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3.4 Topology and the vacuum: the Bohm-Aharonov effect

In classical physics, the force on a particle with charge e in an electromagnetic
field is given by the Lorentz formula

F =¢eE + ev X B. (3.93)

E and B are the electric field and magnetic induction, related to the vector
potential A and scalar potential ¢ by (2.218),

E=-A_vs B=curlA. (2.218)

ot

As we saw in the last chapter, A and ¢ are not unique; they may be changed by
the gauge transformation (2.225) (equivalently (3.74)) under which E and B
are invariant. In this context, it is usual to make the assertion that the only
physical effect of an electromagnetic field on a charge is the Lorentz force,
(3.93), and this only exists in regions where E and/or B are non-zero. The
Bohm-Aharonov effect demonstrates that this is not so in quantum mechanics;
physical effects occur in regions where E and B are both zero, but A, is not.
Hence A, has more physical significance than was formerly thought!

The effect concerns the prototype quantum mechanical experiment, the 2-slit
experiment with electrons, shown in Fig. 3.6. Because of the wave nature of
the electrons, as long as it is not detected which slit they pass through, they
produce a characteristic interference pattern. If the electron wavelength is 4,
the phase difference between waves from the two slits is

s=2wmd =2
A 7
If x < L, then a = (x/L)d, so
5= %% x= %5. (3.94)

Maxima occur at 6 = 2n7 and minima at (2n + 1)z, so this formula tells us the
interference pattern.
The idea of Aharonov & Bohm (1959) was to introduce a small solenoid
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Fig. 3.6. The 2-slit interference experiment with electrons.
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behind the wall between the slits, as shown in Fig. 3.7. There are lines of
magnetic induction B inside the solenoid, but not outside, so, as long as the
solenoid is small enough, the electrons always move in a field-free region. It is
an easy matter to write down the form of A which gives a solenoidal magnetic
field. It is shown schematically in Fig. 3.8. In cylindrical polar co-ordinates, A

has only a ¢ component, given by

Inside A,=A,=0,]
Br i
Ay=—.
*
Outside A,= A, =0,
BR?
A, = ,
¢ 2r

(3.95)

(3.96)

where R is the radius of the solenoid. Since B = V x A, we have, in cylindrical

polars,

=L
;

[S(rA¢) éﬁ]
or ¢

3<” -
= 2
B

Fig. 3.7. The Bohm-Aharonov effect; a solenoid is placed between the slits.
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Fig. 3.8. The forms of A and B in a solenoid.
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and similar formulae for B, and B, giving

Inside B,= B, =0,
(3.97)
B, = B,
Outside B =0, (3.98)

as required.
So much for the field of a solenoid. We now ask: how does this field affect
an electron? The wave function of the electron in free space is

v=lesp(Lo-r) = lylexs o (3.9
and the effect of an electromagnetic field is to change p, as in (3.86):
p—p— €A

where e is the (negative) charge on the electron. The phase « of the wave
function then changes according to

cy—»af——%Aq' (3.100)

and the change in phase over an entire trajectory is

Aa=-2 A-dr. (3.101)

h trajectory

Over trajectories 1 and 2 (see Figs. 3.6 and 3.7), then, we have
Aay = —--e—jA~dr, Aa, = —ifA°dr
hh hl2

and the change in the phase difference 6 is then

Ab = Aaq - Aa’z

=24 A-dr
hJ2-1

=£ curl A - dS
hJ2-1

@ (3.102)
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where @ is the flux through the solenoid. The interference pattern therefore
moves upwards by an amount

Ax = =ZA8 = _;;cp. (3.103)

The net effect, then, is that the presence of the solenoid causes a shift in the
interference pattern, even though the electrons only ever move through regions of
no magnetic field.

The experiment is not an easy one to perform, because the solenoid has to
be so small. A single magnetised iron whisker was used in the original
experiment by Chambers (1960) in which the effect was observed, and found to
be in agreement with the theoretical prediction. Since then (1960), it has been
confirmed in several other experiments.

The significance of this effect is that, in quantum theory, an electron is
influenced by the vector potential A, even though it travels entirely in regions
where B = 0. On the other hand, from (3.103) and (3.102), the physical effects
depend only on curl A, so we deduce that an electron is influenced by fields
which are only non-zero in regions inaccessible to it. More formally, this
amounts to a non-locality in the integral fﬁA -dr.

We shall now show that the Bohm—Aharonov effect owes its existence to the
non-trivial topology of the vacuum, and the fact that electrodynamics is a gauge
theory. In fact, it has recently been realised that the vacuum, in gauge theories,
has a rich mathematical structure, with associated physical consequences,
which will be discussed more fully in later chapters. The Bohm-Aharonov
effect is the simplest illustration of the importance of topology in this branch of
physics.

Outside the solenoid, E =0 and B = 0 so the energy density of the electro-
magnetic field U = 0 and we have a vacuum. On the other hand, A # 0 so the
vacuum has a ‘structure’.

Since curl A =0, we may write A = Vy for some function y which may be
found by noting that, from (3.95),

2
A= L3 _BR
r o¢ 2r
giving
2
xX= §2£— (3.104)

where we have ignored an arbitrary constant of integration. Now y is not a
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single-valued function, since it increases by 7R’>B when ¢— ¢+ 2m. Indeed,
from (3.102),

@ (3.105)

Regular non-single-valued functions, however, may only exist in non-simply
connected spaces. A simply connected space is one in which all closed curves
may be shrunk continuously to a point. A non-simply connected space is one in
which not all curves may be continuously shrunk to a point. The relevant space
in this problem is the space of the vacuum, i.e. the space outside the solenoid,
and that is not simply connected. This is clear from Fig. 3.9. The curve c¢; can
be shrunk to a point, but ¢, cannot; moreover, a curve going round the
solenoid » times cannot be shrunk to one going round m(# n) times.

The group function y, then, is a many-valued function, and this is possible
because it is defined in a space which is not simply connected. Equivalently and
conversely, we may say that if y were single-valued, then B =curlA =
curl grad y = 0 everywhere, so there could be no magnetic flux at all.

It is thus an essential condition for the Bohm-Aharonov effect to occur that
the configuration space of the vacuum is not simply connected. In (3.104) the
function y is a function in the group space of the gauge group U(1):

Ay =93

(3.106)

A, in fact, is a gauge transform of the, ‘true’ vacuum A u\ = 0. The correspond-

ing transformation on a charged particle is e™'**, which is an element of U(1).

As mentioned above (see the discussion below (3.66)) the group space of U(1)

is the circle, which we denote by S'. This group space is not simply connected,

because a path which goes twice round a circle cannot be continuously
Cy

€

/

Fig.3.9. The field-free space in the Bohm-Aharonov effect is not simply connected.
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deformed (while staying only on the circle) into one which goes round once. In
fact, there is an infinite number of inequivalent paths in the group space. We
now define this notion more formally.

A path a in a space X is defined as a continuous function a(s) of a real
parameter s, so that each value of s in the interval 0 < s =< 1 corresponds to a
point a(s) in the space X. If a path a connects the points P and Q we have
a(0)= P, a(l) = Q. If a(0) = a(1) = P we have a closed path (or loop) at P.
Consider two paths a(s) and b(s) both starting at P and finishing at Q (with
P # O possible) and suppose there is a continuous function L(z,s) such that
L(0, s) = a(s), L(1,s)=b(s). Then a and b are homotopic, and we write
a ~ b. The inverse of a path a is written a~! and defined by

a”l(s) =a(l —s) (3.107)

so that it corresponds to the same path traversed in the opposite direciton.

Consider now paths a and b with the end-point of a coinciding with the
starting point of b, so that a(1) = b(0). We may define the product path ¢ = ab
by

c(s) = a(2s) for0<s<1
(3.108)

c(s)=bR2s—1) for%g s<1.

Note that if @ ~ b then ab™! is always defined as a product path (whereas ab is
not necessarily) and ab™! is homotopic to the null path.*

We may now construct a group by introducing the class of paths homotopic
to a, denoted by [a]. They must, of course, have the same end-points. These
homotopy classes may be multiplied, by defining the multiplication law

[a][b] = [ab]. (3.109)

It is easy to see that this multiplication law defines a group, called the
fundamental group or first homotopy group of the space X, and denoted
m(X). It was introduced by Poincaré in 1895, and is called the first homotopy
group of X in anticipation of the fact that there are higher homotopy groups of
X, introduced by Hurewicz in 1935. We need only check that the group laws
are satisfied:

1. Closure: if [a] € m;(X) and [b] € m(X), then in view of (3.109) [a][b] =
[ab] € m (X).

2. Associativity: since (ab)c ~ a(bc) we have ([a][b])[c] = [a]([b][c]).

3. Identity element: this is the class of the null path [1], since [a][1] = [a].

4. Inverse: [a™'][a] =[1],s0 [a] ' =[a"].

It now follows that the first homotopy group of U(1) is isomorphic to the
group of integers under addition (the integer n corresponding to a closed path

* I am grateful to Daniel Ryder for clarifying these definitions for me.
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that goes n times round the circle S Lin group space). This group is denoted Z.
It is an infinite Abelian group. We have

ﬂl(Ul) = Z; (3110)

in other words, it is because the gauge group of electromagnetism, Uj, is not
simply connected that the Bohm-Aharonov effect is possible. (A simply
connected space X is one in which every closed path is homotopic to the null
path.so 7y(X) =1.)

The configuration space of the Bohm—Aharonov experiment is the plane R
(symbolising the set of pairs of real numbers) with a hole in, and this is,
topologically, the direct product of the line R' and the circle S': R! x S'. The
line. for example, may be parameterised by r, and the circle by ¢. The gauge
function y is a mapping from the group space G onto configuration space X:

¥ G— X. (3.111)

In our case, G is S' and X is S' X R; however, functions mapping S' onto R
are all deformable to a constant. so the non-trivial part of y is given by

¥ St — St (3.112)

(Actually. in our problem, this is the full form of x, since it has no r
dependence.) This, however, is the way to define the homotopy groups. To be
exact, let [ X, Y] be the set of all homotopy classes of continuous maps from X
onto Y. They generally form a group. Then

[SY, Y] =m(Y) (3.113)
is the first homotopy group of Y, Poincaré’s ‘fundamental group’. Similarly
[§", Y] =m,(Y) (3.114)

is the nth homotopy group of Y, which is an Abelian group for n =2. (The
first homotopy group is not always Abelian but, in all cases of interest to
physics, it is Abelian.) It follows then from (3.112) that the gauge functions y
are divided into disjoint classes. generating the group

[SL, S =m(SYH) =1Z. (3.115)

After this long mathematical digression, we may summarise. In the Bohm-
Aharonov experiment, electrons are diffracted either side of an infinite solen-
oid. through a null field. There is, nevertheless, a positive effect on the
interference fringes. The mathematical reason for this is that the configuration
space of the null field (vacuum) is the plane with a hole in; which is S X R.
The vector potential A, is derived from a gauge function y which maps the
gauge space onto the configuration space. These mappings fall into disjoint
classes, and since

[S. Ul =m(Uy) =7
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they are not all deformable to a constant gauge function y = const (which. of
course, would give A, = 0, and no Bohm-Aharonov effect). It follows that if
the gauge group is a simply connected group like SU(2),

m(SU(Q2)) = 1, (3.116)

then all mappings are deformable to the constant map, and no Bohm-Aharo-
nov effect exists.

3.5 The Yang-Mills field

We now wish to generalise the results of §3.3 to the case where the Lagrangian
has a higher symmetry than SO(2) or U(1). The simplest generalisation is to
SU(2). This group, as well as the more complicated ones which are considered
in physics, is non-Abelian, so what we are studying is the subject of non-
Abelian gauge fields.

In §3.3 the scalar field we considered had two components which were
related by rotations in the plane. An obvious way to generalise this is to
consider the case where ¢ has three components, ¢ = (¢, ¢, ¢3;), in an
‘internal’ space and the gauge transformations (of the first kind) are rotations
in this space. This will give a ‘vector’ quantity which is conserved, instead of
charge. It will be like isospin.

The hypothesis that isospin symmetry is a local symmetry was first advanced
by Yang & Mills (1954). For many years their work was regarded as a blind
alley — though an interesting one - since, as discussed below, there is no
evidence that isospin is associated with a gauge symmetry. In recent years,
however, the idea of Yang and Mills has been resurrected to apply to the
strong interactions between quarks (colour gauge symmetry) and the unified
weak and electromagnetic interactions (weak isospin and hypercharge gauge
symmetry). In what follows we shall nevertheless refer to the conserved vector
quantity as isospin, and the internal symmetry space as isospin space oOr
isospace. The reader will remember that these words are intended to be
understood generically.

Referring for a minute to Fig. 3.4. let us regard rotations in the (1-2) plane
as rotations about the 3 axis, in other words, rotations through an angle A;, as

Fig. 3.10. Rotation about the 3 axis in the internal symmetry space.
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shown in Fig. 3.10. We have, then, from (3.66).
@1 = cos Aypy + sin Az,

@5 = —sin A3¢; + cos A3, (3.117)
¢ = ¢s.
If As is infinitesimal, then
¢i = ¢1 + A3¢2s
$ = A3 + ¢, (3.118)
¢35 = ¢s.
which is the ‘3’ component of the equation 4
9= 9 =0¢—-AXo9, (3.119)

which therefore corresponds to a general rotation through an angle A. The
meaning of this is that |A| is the angle of rotation. and A/|A| is the axis of
rotation. We have, then,

Sp=—AX¢. (3.120)

This is a gauge transformation of the first kind, and is to be compared with the
two equations (3.67) and (3.69); (3.120) is, of course, effectively three equa-
tions.

Our strategy now is to proceed as far as possible in analogy with the case of
electromagnetism. We shall find that the present case is more complicated,
however, and this is directly traceable to the fact that in the present case the
rotations form the group SO(3) which is non-Abelian. Its non-Abelian nature
is responsible for that fact that a X b = —b X a: the vector product is not
commutative. It will be seen below how this complicates matters. These
complications have direct physical consequences.

First note that (3.120) is an instruction to perform a rotation in the internal
space of ¢ through the same angle A at all points in space—time. We modify
this to the more reasonable demand that A depends on x*. We then have

ay¢_>a,‘¢' =0,0—3,AX ¢—-AX3,9
or
6(3,9) = —A X 0,9 — 9,A X ¢. (3.121)

Expressed in words, 3,¢ does not transform covariantly, like ¢ does. We must
construct a ‘covariant derivative’, analogous to that of (3.84). This will involve
introducing a gauge potential analogous to A,. We then write the covariant
derivative as

| D¢ =23,0+ gW, x ¢. (3.122)
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W, is the gauge potential analogous to A,. note that it is a vector in the
internal space, whereas A, only had one component: g is a coupling constant,
analogous to electric charge e. By comparison with (3.120) we then require that

8(D,9) = —A X (D). (3.123)

How should W, transform to satisfy this requirement? We may make a guess:
first, W, is an (internal) vector, so, as in (3.120), there will be a term A X W,;
secondly, since A, picks up a term in (1/e)3,A (see (3.74)), we might expect
W, to pick up (1/g)3,A. So we write
W,->W,—AXW, + 154
8

or
SW, = —A X W, + 13,4, (3.124)
g

This would give, using (3.122), (3.121) and (3.120),
0(D,9) = 6(3,9) + g(6W,) x ¢ + gW, X (o9)
=-AX3,0-0,AX@9—g(AXW,)X @+3,AX ¢
— gW, X (A X ¢) (3.125)
—A X 3,0 — g[(AXW,) X ¢+ W, X (AX )]

Il

Now the vector identity
AXB)XxXC+(BxC)XxA+(CxA)xB=0
gives, on rearrangement,
(AxXxB)yxC+Bx(AxC)=AXx(BxC). (3.126)
Using this to rewrite the terms in the square brackets in (3.125), we have
d(D,¢p)=—-AX 3,0+ gW,X¢)=-AXD,¢ (3.127)

as required — this is the rule for covariant transformation. Our guess was right;
by introducing a gauge potential W, which transforms as in (3.124), the
covariant derivative of the vector ¢ is given by (3.122).

W, is the analogue of A,; what is the analogue of the field strength
F,=23,A,—9,A,7 Let us call it W,,. Unlike F,, which is a scalar under
SO(2), W, will be a vector under SO(3), and so will transform like ¢ itself:

(Wy) = —AXW,,. (3.128)
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W, =9,W, — 3, W, will not do. because

83 W, — 3. W,) = au(-A X W, + ia\,A) - a\,(—A X W, + -1—8;,/1)
g g

=-AX(EW,-3,W,)—-(0,AXW,-3AXW,.
(3.129)
The last term is unwanted, and so must be cancelled. We now observe that
O(gW, X W) = g(—A X W, + i?:‘L,A) X W, + gW, X (—A X W, + —1—8,,A)
g

8
The first and third terms may be combined according to (3.126), giving

O(gW, X W) = —gA X (W, X W,) + (3, A X W, —3,AXW,). (3.130)
The last term in the above equation is the same as in (3.129), so if we define
\V_uv = E7\11‘Vv - ava + gwy X W, (3131)

then W, transforms in the required way, by (3.128). The field strength W, is
a vector, so W, - W*" is a scalar and will appear in the Lagrangian, which is,
therefore,

= & =3D,9)- (D"¢) — m72¢- ¢ — W, - WH. (3.132)

The equations of motion are obtained by functional variation of this Lagran-
gian in the usual way, so that the Euler-Lagrange equation

R [ k2 ]
s(wi  Laewil
where i is an internal index, gives, after some algebra,

"W, + gWY X W, = g[(3,0) X ¢ + g(W, X @) X ¢]  (3.133)
or, by virtue of (3.122).

D'W,. = g(D,9) X ¢ = glJ,. (3.134)

This equation is analogous to Maxwell’s equation (3.89), so that W, is the
‘isospin’ gauge field, J, is the source or ‘matter’ term, and instead of ordinary
derivatives there are covariant ones. The statement that D"W,, is the covariant
derivative of W, means, to repeat what was said above, that D"W,, behaves
as a vector under rotations in “isospin’ space, just as W, itself does (and, of
course, W, does). The equation (3.134) thus relates the covariant divergence of
the gauge field to the ‘matter’ current. Whereas Maxwell’s equations are linear
in A,, however, this equation is non-linear in W,. The consequence of this is
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that, whereas in the absence of matter (¢ — 0) Maxwell’s equation (3.89)
becomes

3F,=0-V-E =0, ‘;i‘—curm=o, (3.135)
t
indicating that there is no source term for the electromagnetic field, the
non-Abelian gauge-field equation (3.133) becomes, in the absence of matter,

D'W,, =0—3"W,, = —gW’ X W,,, (3.136)

indicating that the field W, acts as a source for itself. This corresponds to the
fact that the electromagnetic field F),, carries no charge, and is therefore not its
own source, but the ‘isospin’ field W ,, carries "isospin’ (it has I = 1) so does act
as a source for itself, since it is the field which is generated by the existence of
any particle with ‘isospin’. It will be recalled that this is a direct consequence of
the fact that the symmetry group SO(3) is non-Abelian. We shall find in
Chapter 7, however, that there are also consequences in the quantum theory of
gauge fields. In fact, substituting D,¢ from (3.122) and W, from (3.131) into
the Lagrangian (3.132) we find that there are several terms of order 3 and 4 in
the fields ¢ and W,. For example, looking at terms of order 3, whereas the
Lagrangian of electrodynamics (3.83) contains a (¢¢*A) coupling which gives
rise to

?
Y
NVVVVWY
9
the present Lagrangian contains (¢¢W) and (WWW) terms giving the vertices.
) w
W W
3 w

Of course, this is no more than what we expect from the field equations; as
discussed above, in electrodynamics, only charged fields, like ¢, may emit
photons, but in non-Abelian gauge theories. the field W itself, as well as the
field ¢, may emit gauge particles. The detailed consequences of this are left
until Chapter 7. It is, however, worth remarking here that a similar situation
holds in general relativity. There the gravitational field itself carries energy,
which is equivalent to mass, and therefore is a source of gravitation. In terms
of the field equation (3.38)

= Ruv - %gva = "S—Znguva

Cc

G

uv
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both sides of this equation are tensors whose covariant divergence vanishes.
The covariant derivative concerned is analogous to the one considered here,
but has a strictly geometric origin, related to the fact that space—time itself is
no longer Euclidean in the presence of gravitating objects. Therefore, even in
the absence of matter (T,, = 0), the ‘real’ divergence of the Einstein tensor
G,y is not zero. and this is the mathematical expression of the fact that the
gravitational field couples to itself. It is clear that the non-Abelian nature of
the gauge group is responsible for a much richer structure than exists in
electrodynamics. and to illustrate this once more, consider the equations
analogous to the homogeneous Maxwell equations (2.233):

0, F + 9,F,, +3,F;, =0. (2.233)
These equations imply, as we saw in Chapter 2, that

divB =0, °B 4 curlE =0,
ot
the first of which says there are no magnetic charges as sources of magnetic
field. The non-Abelian generalisation of (2.233) is, as will be proved in the
next section,

DAW}“, + DH‘V‘,)L + DVW;““ =0 (3137)

and, because it is the covariant and not the ordinary derivative that appears, it
follows that

divB # 0 (3.138)

where B is the ‘magnetic induction isovector’ - it is a vector in ‘isospace’ as well
as in ordinary space. For these next few lines — indicates a vector in
configuration space, and bold type a vector in isospin space. Since this
isovector magnetic field has non-zero divergence, there exist isospin 1 magnetic
monopoles. Or, to press the point home, if we introduce a scalar isovector field
¢, and define

Bup=¢-B (3.139)

to be the "ordinary’ magnetic field, then
-
div Byp # 0 (3.140)

and this theory has ordinary (isoscalar) magnetic monopoles. The subscript HP
here stands for 't Hooft and Polyakov, who were first to realise that non-
Abelian gauge fields offer the possibility of magnetic monopoles. Their theory
will be explained in more detail in Chapter 10.

Not everything is different when we go to the non-Abelian case, however.
One thing that is the same is that the ‘isospin’ field W ,, must be massless, just



3.5 The Yang—Mills field 111

like the electromagnetic field. The reason is the same: to account for a field
with mass m, an extra term

Lo = m*W, - WH (3.141)

must be added to the Lagrangian — this is analogous to (3.92). The equation of
motion (3.134) is then changed to

D'W,, = gJ, + m*W,. (3.142)

The term (3.141), however, is clearly not gauge invariant, so, as before, we see
that gauge invariance implies zero mass for the gauge field.

It is appropriate now to ask the question: is isospin described by a gauge-field
theory? The concept of isospin was outlined in Chapter 1, where it was seen to
be a conserved ‘vector’ quantum number. It is therefore analogous to electric
charge? If it is, its conservation follows from a local symmetry and there must
exist a massless isospin 1, spin 1 gauge field. What is more, our field ¢ above
describes an arbitrary isovector field. Its covariant derivative D, ¢, equation
(3.122), contains a coupling constant g, which, through the Lagrangian (3.132)
describes the strength of the coupling of ¢ to the gauge field. This same g,
however, occurs in the definition of the gauge field W,, itself, equation
(3.131), and so is not to be tampered with! It follows that all isovector fields
couple with the same strength to the gauge field. This universality of coupling
is yet another consequence of the non-Abelian symmetry. It is not true in
electromagnetism, where particles may have an arbitrary charge; here, all
particles have the same ‘charge’. This, incidentally, is one reason for believing
that non-Abelian gauge theories may be relevant for physics — they would
explain charge quantisation. So we return to the question: is isospin described
by a gauge theory?

The answer is no. In the 1960s, however, when a lot of work was done on the
newly discovered vector (spin 1) mesons, a number of people, particularly
Sakurai (1960), believed that the p meson was the isospin gauge field, and,
further, that the w or ¢ meson (or some combination) was a gauge field for
baryon number conservation, and that the K(890) meson was the gauge field
coupled to strangeness. An exposition of these ideas would be totally out of
place in this book, but suffice it to say that the type of theory advocated,
known as ‘vector meson dominance’. did receive a fair amount of experimental
support. Nowadays, however, we believe that the p meson cannot be the
isospin gauge field because it is massive, and this destroys gauge invariance.
Actually, this problem can be overcome by ‘spontaneous symmetry breakdown’
(see Chapter 8), and this is believed to explain the fact that the W-bosons are
massive. A more telling observation is that, according to the quark model, p is
simply

(p"‘" pO’ p") = (u[_i’ M’ dﬁ),

V2
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it is made of quarks, just like all other hadrons. If it were a gauge field, it
would not be made of quarks. Similar remarks apply to w, ¢ and K(890) as
candidates for gauge fields.

A summary of this position is given in Table 3.1. Conservation of charge is
described by local symmetry, and has a dynamical manifestation, the electro-
magnetic field, whose quanta are photons. Conservation of isospin, strange-
ness, baryon number and lepton number are all described by global symmet-
ries, and have no dynamical manifestations, that is, no corresponding fields.
We might be tempted, then, to abandon the idea that gauge theories (save for
electromagnetism) have anything to do with particle physics. But, in fact, they
are now seen as the central feature of it. We will discuss the reasons for this as
they arise out of our theoretical discussion of the gauge idea.

In this section, we introduced the idea of a non-Abelian gauge symmetry by
treating the case of an isovector field ¢, transforming under the symmetry
group SO(3), or SU(2). The calculations involved were rather cumbersome.
What we need to do is to tidy up our whole approach to the subject by making
it more abstract and general. We will then be able to see, for example, how to
write the covariant derivative of an isospinor field, and how to generalise to
groups other than SO(3). The way to achieve this is to adopt a geometrical
point of view which is reminiscent of general relativity (but requires no
knowledge of it!).

3.6 The geometry of gauge fields

The gauge transformations that we have been considering have deliberately
been chosen to be different at different points in space, so it is natural that we
should try to cast our work into an explicitly geometrical language, which we
shall do in this section.

To begin with, let us rewrite the formula for rotation of an isovector through
an angle A in isospace:

0= 0 =0—AX 0. (3.119)

Table 3.1. A comparison of various conservation laws

Associated
Conserved dynamical Conservation
quantity (gauge) field law
Charge, Q e.m. y Local
Isospin, I - Global
Strangeness, S - Global
Baryon number, B - Global

Lepton number, L - Global



3.6 The geometry of gauge fields 113

This is the infinitesimal form of

¢o— ¢ =exp(il-A)¢ (3.143)
where the matrix generators I are given by
0 0 0 0 0 i 0 -1 0
IL=(0 0 =i}, IL,=0 0 0}, Ir=[i 0 0], (3.144)

0 i 0 -i 0 0 0 0 0
and, as may easily be seen, have the matrix elements
() mn = —1€imn (3.145)

where ¢, is the usual Levi-Civita symbol. Expanding equation (3.143) to
order A, gives (with summation over repeated indices)

¢;n = (1 + iIi/\i)mn(pn
= (6mn + gimnAi)(Pn

= P~ Emin\iPn
=(9 — AX )y,
which is (3.119). Now let A depend on x*, and write (3.143) as
¢ — ¢ =exp[il-A(x)]o = S(x)g. (3.146)

The matrices I are representations of the generators of SO(3) (or SU(2)), and
hence obey

[I,', I]] = iEijka = Cijka- (3147)

This equation identifies i¢;; as the structure constants Cyy. of the group SU(2).
Since the generators M; of any group obey the Jacobi identity

[([M;, M), M) + [[M;, M), M) + [[My, M;], M;] =0,

the structure constants Cjy, which are totally antisymmetric in Z, j, k, obey the
condition

ClimCojrc + ClimConki + Cikm G = 0. (3.148)
Returning to SU(2), the explicit representation (3.144) with matrix elements
(Ii)mn = Cimn

is called the adjoint representation of the group. From our treatment of spin, in
the previous chapter, we know that an isospinor vy transforms like

y— ¢ = exp [ér-A(x)]w = S(x)y (3.149)
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where S(x) is, here, a 2 x 2 matrix, and the Pauli matrices t;, or, more
precisely, 7;/2, obey the relations (3.147), as required for a representation of
the group. Let us now write the general, n-dimensional, case as

P(x) = y'(x) = exp [iM A (X)]y(x) = S(x)yp(x) (3.150)

where the index a is summed from 1 to 3, vy is an n-component vector and M*
are three n X n matrices representing the generators, and having the commuta-
tion relation (3.147). It is clear that 3,3 does not transform covariantly:

3, ¥ = SO, y) + (3,9)y. (3.151)

The problem is that we are performing a different ‘isorotation’ at each point in
space, which we may express by saying that the ‘axes’ in isospace are oriented
differently at each point. The reason 3y/3x* is not covariant is that y(x) and
PY(x + dx) = yY(x) + dy are measured in different co-ordinate systems. This is
sketched in Fig. 3.11; v is a field, and so has different values at different
points, but y(x) and y(x + dx) = y¥(x) + dy are measured with respect to
different axes. The quantity dy, then, carries information about the variation
of the field y itself with distance, but also about the rotation of the axes in
isospace on moving from x to x + dx. To form a properly covariant derivative,
we should compare y(x + dx) not with y(x) but with the value y(x) would
have if it were ‘carried’ from x to x + dx keeping the axes in isospace fixed —
this we may call parallel transport in isospace, and it is illustrated in Fig. 3.12.
The resulting vector is denoted vy + dy. Note that Sy is not zero, because
P + Oy is the vector which, when measured in the local isoco-ordinate system
at x + dx, is equal (‘parallel’) to the vector v, measured in the local isoco-
ordinate system at x. These co-ordinate systems are not the same, so neither

y(x + dx) = y(x) + dy(x)

dx x+dx

X
y(x)

Fig. 3.11. dv carries information about the variation in v, as well as the change in
co-ordinate axes between x and x + dx.

x+dx

y(x)+dy(x)
X
w(x)

Fig. 3.12. 6y is defined by parallel transport - see text.
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are the vectors. What is d1? It is sensible to assume that it is proportional to
itself, and also to dx*, the distance over which the vector is carried, so we put

S = igh* A% dxyp (3.152)

where g is a number put in to get the dimension right and A, is an additional
field or potential — Feynman calls it a ‘universal influence’ — which tells us to
what extent the axes in isospace differ from point to point.

We now have two vectors at the point x + dx; ¥+ dy and y + Sy. The
‘true’ derivative of y is given by taking the difference between these vectors:

Dy = (y+dy) — (y + 6y)
— dy - oy
=dy — igM*Aj dx"y,
P DV _poy=a,y-igM A%y, (3.153)
dx* ‘

The above equation defines the covariant derivative of an arbitrary field y
transforming under an arbitrary group whose generators are represented by the
matrices M“ appropriate to the representation of 1. Let us check that it gives
the same covariant derivatives as those we have already found. To begin with,
we consider the group U(1). Comparing (3.55) and (3.150), we see that we
require M — —1. In addition, substituting g — e gives

U(1): D, =93, + ieA,

in agreement with (3.84). Next, for the group SU(2), in the vector represent-
ation we have, from (3.145),
(Ma)mn = —igamn (3154)

where the indices take on the values 1, 2, 3 (for internal indices we make no
distinction between upper and lower position). So taking the m component of
(3.153) gives

DLL(Pm = a/,t(i)m - ig(Ma)mnAZ(pn
= au(Pm - ggamnAZ(pn
= (a;1¢ + gA,u X @)

or
D@o=0,0+gA, X ¢ (3.155)

in agreement with (3.122) (where, of course, we denoted the potential by W,
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not A). Finally, the spinor covariant derivative may be written down by putting
M® = 1%/2, hence

| D,y=23,y— %r “ALY. (3.156)

The ‘derivation’ of covariant derivatives for an internal gauge group given
above is modelled on the derivation of the covariant derivative of a vector in
general relativity, where in the case of a curved space—time, it is the space—
time axes themselves which vary from point to point. In the case of a
(contravariant) vector V¥, its covariant derivative is

D, V¥ =293, V¥ + I'{, VL (3.157)

The quantities I'};, called the ‘connection coefficients’, clearly play a similar
role to the vector potentials A,. They are called connection coefficients
because they connect the components of a vector at one point with its
components at a nearby point, the vector being transported between the points
by ‘parallel transport’, as explained above. Because of this similarity, some
physicists refer to A}, as the connection.

Now we know how the generic vector y transforms when we do a rotation in
isospace; ¥ — Sy. Since D, is the covariant derivative of v, it transforms in
the same way, so we have

D,y— D,y = SD,y. (3.158)
For simplicity, let us define the matrix
A, = M°A, (3.159)
so that (3.153) reads
D,y=(0,—-igA)vy. (3.160)

Transforming to a new isoframe gives, in view of (3.158),
(B, — gAYy =850, — gAY (3.161)

Putting ¢’ = Sy in this equation then gives
m Al =SA4,57 ~ (3,557, (3.162)
8

This is the rule for the gauge transformation of the potential. Note the
characteristic inhomogeneous term on the right. For the group U(1), S = e 4,

3,8 = —i(3,A)e™*, and (3.162) gives (with g — e and M = —1)

: 1
A= Ayt —BuA
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as in (3.74). In the case of SU(2), we have
S =ex it-A)
ol
)
3,8 = %r- 3,A-S

and, after a little algebra, (3.162) gives (for infinitesimal A)
A=A, — AXA+ ia!,A
8
in agreement with (3.124).

It may be noted in passing that the connection coefficients in general
relativity also have an inhomogeneous term in their transformation law. The
formula is
dx'* axP ax¥ Fx* ax'x
dx% ax'*ox'™ 3x'*3x " 3x
If it were not for the second, inhomogeneous, term. I" would transform like a
tensor.

Now the question presents itself: since A, transforms inhomogeneously, how
do we know whether it may be transformed to zero at every point, and
therefore have no physical effect? To test this, we perform a series of four
infinitesimal displacements round the closed path ABCDA, as in Fig. 3.13. We
start at A with a vector ¥4, denoted vy, o, and transport the vector round the
closed path using the rule for parallel transport. involving the covariant
derivative, then compare the final value of the vector at A, v, ; with its initial
value Y4 . If they differ, we take this as a signal that the potential A, does
have a physical effect.

Transporting v, o to B will give, working to second order in Ax and dx,

rg= rs, + (3.163)

Vg = YPao + Dypaodx’ + %DﬂDVwA-OAx#AxV
= (1 + Ax"D, + 3Ax"“Ax*D,D,)4.0;

D . C
/ A SxH
A A;u B

Fig. 3.13. A round trip by parallel transport.
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thence to C
we = (1 + 6x"D, + 36x"6x*D,D,)yp
=[1+ (x*+ Ax")D, + (30xHox* + ox AxY + %Ax“Ax")D,‘DV]’l/JA.o;
thence to D
wp = (1 — Ax*D, + }Ax*Ax*D,D )¢
=[1+ 6x*D, + %6x“6.x“'D#D,/ + (6xHAxY — Ax*0x*)D Dy 405
and finally back to A
Ya1=(1— 8x*D, + 36x"6x"D,D,)yp
=(1+ ox*Ax"[D,, D,])¥ a0 (3.164)

Note that what has appeared is the commutator of the covariant derivative
operators. From (3.160) we find

[Dys D] =[8, — igA, 3y — igAy]
= —ig{3,A, — 9,A, —ig[A,, A\]}. (3.165)
If we define the gauge field G, as
Guw=09,A,—-3,A4,—iglAd, A, (3.166)
we then have
[Dy, D] = —igG . (3.167)
In (3.164), ox*Ax" represents the area of the rectangle, AS*, so we rewrite
this equation (to second order) as
Ya1=(01-1gAS""G )P40,
Ya1— Yao = Ayy = —igAS"' G4, (3.168)

and we see that, if the gauge field is non-zero, a journey round a closed path has
a physical effect: the vector v is rotated in isospace.

In the case of U(1), an Abelian group, the commutator term is zero, so
putting G — F in (3.166), the gauge field is,

Fu,=09,A,—3,A,

which is, of course. just the electromagnetic field (3.81).
In the case of SU(2), the matrices M? obey the commutation relations
(3.147), so

Gy =3,A% — 3,48 + gepc ALAS (3.169)
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or, in vector notation,
G#V = ayAV - aVAu + gA” X A

which agrees with (3.131).
It may easily be seen that, since performing a rotation in isospace gives

Ya 0= WYao = SWap
Va1 Ya1=S¥an

with the same factor S, the field G, transforms covariantly:
G, = SGHVS'I. (3.170)

It follows that G, cannot be transformed away to zero by a gauge transforma-
tion; if it is zero in one gauge, it is zero in all.

Returning once more to the general relativistic analogy, the quantity which is
analogous to the field tensor G, is the Riemann—Christoffel curvature tensor
RY,; defined by

RZLLV = avrf‘u - auri\v + rgurzv - ngrzu (3171)

Comparing this with (3.166) or (3.169), we see the structural similarity: the first
two terms are derivatives of the connection coefficients (potential) antisymmet-
ric in u and v, and the last terms are products of the connection coefficients,
also antisymmetric in 4 and v. The way the curvature tensor is introduced is
also analogous: on taking a vector V* on a round trip by parallel transport, the
difference between the initial and final components of the vector is

AVH = 3RE,VPASTH

where AS% is the area enclosed by the path. This equation parallels (3.168).
AV* is non-zero only if the space is intrinsically curved; for example, on the
surface of a sphere (a 2-dimensional space). a vector will point in a different
direction after a round trip, but on a flat surface it will not. The curvature
tensor, being a tensor, has the property that if it is non-zero (has any non-zero
components) in one co-ordinate system, it is non-zero in all, and indicates that
the space is curved. In general relativity, this means that there is a gravitational
field present.

Finally, we derive an interesting identity satisfied by the gauge field (taken
from Feynman in Balian & Llewellyn Smith 1977). Consider the 3-dimensional
closed path shown in Fig. 3.14. Start with the vector v, o at A and transport it
round the path ABCDA, after which its value (from (3.168)) will be

Ya1 = (1 - igAS#VGuV)WA.O
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R
Q
S
C
B
D4 Ax

8x A4
Fig. 3.14. A round trip used to derive the Bianchi identity.

where AS*" = 6x*Ax" is the area of ABCD. Now, transporting the vector ¥ to
P along the line AP of length dx, it will have the value

Ypo =1+ dx’Dy)yYa;.
Thence, transporting it round the circuit PSRQP, its value will change to
Yp1 = (1 +igAS"GL)yppo
where the plus sign arises because the route is in the opposite direction.
Finally, taking it down to A again, results in the final value
Yap = (1= dx’Dy)yp,

= (1= dx"D,)(1 +igAS*"G,,)(1 + dx?D,)(1 — igAS"G ) Wap

={1-igAVP™[D,, G, I} Y40
where AVP* = dxPox*Ax" is the volume of the box. Taking into account the

fact that the differential operator also acts on .o, we may replace the
commutator by the product D,G,,, giving

Yap =1 —igAVPD,Gu)Ya0-

The closed route we considered in Fig. 3.14 consists of circuits round the top
and bottom faces of the box. There are clearly two similar such circuits
enclosing the two other pairs of faces. All six faces are circuited by the path

(ABCDAPSRQPA) + (ADSPABQRCBA) + (APOBADCRSDA), (3.172)
which would result in a factor
1-igaAv"(D,G,, + D,G,, + D,G,,)

operating on Y, o, to give the new vector at A; call it y4 3. However, as may
be easily checked, the path (3.172) traverses each side of the box as many times
in one direction as in the opposite one, so the path is equivalent to the reverse
of itself, and consequently the vector vy cannot change, SO Y43 = V4, and
hence
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DyGuv + DGy + DGy = 0. (3.173)

This is the identity we wanted (and it was anticipated in (3.137)). The covariant
derivative D,G, is given by

D,G,, =9,G,, —ig[A,, G,]. (3.174)

(Recall that A, and G, defined by (3.159) and (3.166), are both matrices; the
commutator in (3.174) is a matrix commutator.) Under the gauge transforma-
tion (3.162) and (3.170) it is straightforward to show that

D,G,, = S(D,G,,)S™*
appropriate for a covariant derivative.
In view of equation (3.167) the identity (3.173) is equivalent to
[Dp, [Dy> Dull + [Dy, [Dy, Dol + [Dy, [Dy, D]} = 0,

which is in fact the Jacobi identity. It is a condition which is identically satisfied
by the field tensor. In the Abelian case U(1), it takes the form

OpFuy +0,F, +3,F,, =0

which is equation (2.233). This was shown to be equivalent to the homogen-
eous Maxwell equations.

The identity (3.173) has an analogue in general relativity, known as the
Bianchi identity , which takes the form

D,R%, + D,R%,, + D,R5,, = 0. (3.175)

We may similarly refer to (3.173) as the Bianchi identity. The parallels which
we have discussed between gauge theories and general relativity are summar-
ised in Table 3.2.

We close this section by giving a brief account of chromodynamics. which is
believed to account for the strong interaction. The notion of the colour
quantum number was mentioned in §1.11: quarks of a given type (u.d,s,...)

Table 3.2. Parallels between gauge theory and general

relativity
Gauge theory General relativity
Gauge transformation  Co-ordinate transformation
Gauge group Group of all co-ordinate transformations
Gauge potential, A, Connection coefficient, I'y,
Field strength, Gy, Curvature tensor, R{u‘,
Bianchi identity: Bianchi identity:
> DyGuw=0 > DyRY=0
puy puy

cyclic cyclic
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possess an additional label called R, W or B, which takes on three values. The
quark Lagrangian is invariant under relabellings described by a group of
transformations

dr
qg— Mg, q=1\qw]|. (3.176)

qB

M is a 3 X 3 matrix, and may be either orthogonal or unitary (these matrices
form groups — Hermitian matrices do not). Which do we choose? We choose
SU(3) rather than SO(3) for two reasons: (a) if the colour group were SO(3),
the diquark system could be a colour singlet, but diquarks are not found in
nature; (b) SO(3) does not possess asymptotic freedom (see Chapter 9) if the
number of flavours exceeds two; we know already that the number of flavours
is at least five. The corresponding limit for SU(3) is 16 flavours. M is then a
unitary matrix, which, because we may subtract out an overall phase, may be
chosen to have unit determinant:

q—Uqg, U'U=1, detU=1. (3.177)
U may be written in the form

U=¢ef, H=H" TrH=0 (3.178)
where H is Hermitian, and the zero trace condition follows from det U = 1. It

may be seen that U has eight independent parameters ¢,, and therefore eight
generators, which we denote 4,/2, so we write

A
U = exp (i;“ea) (3.179)

where a summation over a from 1 to 8 is implied, and the eight matrix
generators are

1 0 0 -1 O
).1 =11 0 0 ) 12 =11 0 )
0 0 0 0 0
1 0 0 0 0 1
),3 = _]. 0 5 A,4 = 0 O )
0 0 0 1 0 O
0 0 —i 0 0
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0 0 0 LfL oo
=10 0 —i| m=—-(0 1 0] (3.180)
0 i 0 V3l 0 -2

These are simply the 3-dimensional generalisations of the Pauli matrices, and
the SU(2) formula which corresponds to (3.179) is

T
U =expli—¢;
p( 2 )

with i summed from 1 to 3. The matrices 4, obey the commutation relations

[Aa )Lb
272

A
__] = Ifab(_z— (3181)

(with summation over c¢ from 1 to 8). The quantities if,,. are the structure
constants of the group (cf. (3.147)) and are totally antisymmetric in their
indices. They may be found by explicit calculation using A, above, and it turns
out that the only non-zero components are

fiz=1,

fra7 = —f156 = faas = fos1 = fus = —fag7 = %’ (3.182)
3

fass = fers = ——.

2

For a fuller treatment of the group SU(3) the reader is referred to the
literature. This group originally came to prominence in particle physics in the
early 1960s, when it was discovered that the spectrum of particles (which then
included strange particles, but not charmed particles) showed an approximate
SU(3) symmetry (see §§1.8 and 1.9). In quark language, this SU(3) is of the
form

u
g—Uq, q=|d]. (3.183)
N

In the current jargon, this is a flavour group, not a colour group, since it acts
on flavour indices only. It is only an approximate symmetry, since for example
the s quark is heavier than u and d. By contrast, colour is an exact symmetry.
To distinguish the two SU(3) groups of flavour and colour we write them
SU(3)¢ and SU(3)..

According to the theory of chromodynamics, colour symmetry is a gauge
symmetry, so the theory we have developed above may be taken over whole-
sale. In particular, there is a gauge potential, or rather eight gauge potentials
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which may be written in matrix form

1

Ai+%Aﬁ Ap,—idAL AL -iA)
A
Ag=ae ol altial —ad+ Lad o af-ial | Gasy)
2 V3
. . 2 s
A +iA, AS+ia] - A
u u U u \/3 It

The gauge fields G|, may be written down by referring to (3.169) and
substituting for .., which are the structure constants for SU(2) and f,., the
structure constants of SU(3), from (3.182). Hence, for example,

G = 8,Ay — 8,A, + gfincALAS
=09,Ay— 9,44+ glAlAL - A2AL + Y(AAL - AlAY)
—3AAS - ASAY). (3.185)

They are gauge fields, and they are massless. They go by the name of gluons.

If the explanation of quark confinement is that colour is confined, and
therefore that only colour singlet (SU(3). singlet) particles may appear in the
free state, then gluons will also be confined and therefore unobservable. There
should, however, be a combination of gluon fields invariant under SU(3),, and
therefore in principle, observable. This is called a glueball. It has not (yet)
been observed.

Summary

'A Lagrangian formulation of the motion of a point particle is shown to lead to
Newton’s second law of motion. A similar treatment is given to the (classical)
scalar field. The variational principle gives rise to the Euler-Lagrange equa-
tions, and the action is found for which these give the Klein—-Gordon equation.
Invariance of the action under space—time translations and rotations leads, via
Noether's theorem, to conservation of energy—momentum and angular
momentum. A complex scalar field has an O(2) symmetry, and the require-
ment that this symmetry is local necessitates the introduction of a gauge field
A, which is shown to obey Maxwell’s equations. “The Bohm-Aharonov effect
is ascribable to a configuration of the gauge field which is only possible in a
topologically non-trivial (non-Euclidean) space — in this case, the plane with a
hole in. The generalisation of §3.3 to the case where the scalar field possesses
an SO(3) symmetry is given, and leads to the Yang-Mills equations. SA
general treatment of gauge fields along geometrical lines reveals parallels with
general relativity, and results in general formulae for covariant derivatives
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which give the known forms for electromagnetism and the Yang-Mills case,
and hold for any symmetry group. A brief account of SU(3) is given, the
relevant gauge field being the gluon.

Guide to further reading

Variational principles in classical physics are well described in Goldstein (1950,
chs. 2, 11). A highly readable, though less mathematical account is Feynman,
Leighton & Sands (1964, ch. 19). A detailed account of the application of the
variational principle to fields is given by Hill (1951). Shorter accounts may be
found in Schiff (1955, §45) and Soper (1976). Noether’s theorem first appeared
in Noether (1918). A thorough account of Noether’s theorem. in Riemannian
as well as flat space, is in Fletcher (1960). Useful references on the energy—
momentum tensor, which also include a consideration of its role in general
relativity, are Landau & Lifshitz (1971, §832, 94) and Weinberg (1972, pp.
360-3). The Bohm—Aharonov effect originates in Aharonov & Bohm (1959).
The effect was first seen by Chambers (1960): a simple account, on which the
present account leans heavily, is Feynman er al. (1964, §15.5). A very lucid
discussion of it appears in Wu & Yang (1975). There have been recent claims
that the effect is purely mathematical. For a response to these, and for further
references to recent experimental verification of the effect, see Bohm & Hiley
(1979). For an introduction to homotopy groups, designed for physicists, see
Speiser in Giirsey (1964) and Giirsey in DeWitt & DeWitt (1964). The
non-Abelian generalisation of electromagnetism was first proposed in Yang &
Mills (1954). The application of this gauge principle to particle physics was
advocated by Sakurai (1960) and Salam & Ward (1961). For a review, see, for
example, Sakurai (1969). The generalisation of the Yang-Mills idea to arbit-
rary groups appears in Glashow & Gell-Mann (1961). Parallels between
Yang—Mills theories and general relativity were first pointed out by Utiyama
(1956). An early paper on the geometrical aspects of gauge theories is Loos
(1967); they are reviewed by Feynman in Balian & Llewellyn Smith (1977) and
O’Raigheartaigh (1979). Chromodynamics is reviewed by Feynman and by
Susskind in Balian & Llewellyn Smith (1977).
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Canonical quantisation and particle
interpretation

I remember that when someone had started to teach me about
creation and annihilation operators, that this operator creates an
electron, I said ‘How do you create an electron? It disagrees with
conservation of charge’.
R. P. Feynman
Nobel lecture

4.1 The real Klein—-Gordon field

We considered in Chapter 2 the simplest relativistic equation, the Klein—
Gordon equation, as a single-particle equation, and found the following
difficulties with it (i) the occurrence of negative energy solutions, (ii) the
current j, does not give a positive definite probability density p, as the
Schrédinger equation does. For these reasons we must abandon the interpreta-
tion of the Klein—Gordon equation as a single-particle equation. (Historically,
this was the motive which led Dirac to his equation.) Can any sense then be
made out of the Klein—Gordon equation? After all, spin 0 particles do exist (7,
K, n, etc.) so, surely, there must be some interpretation of the equation which
makes sense.

What we shall do first is to consider the Klein—Gordon equation as describ-
ing a field ¢(x). Since the equation has no classical analogue, ¢(x) is a strictly
quantum field, but nevertheless we shall begin by treating it as a classical field,
as we did in the last chapter. and shall find that the negative energy problem
does not then exist. We shall then take seriously the fact that ¢(x) is a
quantum field by recognising that it should be treated as an operator, which is
subject to various commutation relations analogous to those in ordinary
quantum mechanics. This process is often referred to as ‘second quantisation’,
but I prefer not to use this term. There is, after all, only one quantum theory,
not two; what we are doing is quantising a field, rather than the motion of a
single particle, as we do in quantum mechanics. It turns out that the field
quantisation has an obvious interpretation as a many-particle theory, which is
just what we want. It is a commonplace observation in high energy physics that
the number of particles of a given type (say, of spin 0) is not a constant — only
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consider, for example, the decay 7’ — 2y — so what right have we to expect that
a single-particle theory would work? In this new interpretation, |¢|* is propor-
tional to the number of particles present. Moreover, after field quantisation,
the two difficulties associated with the single-particle Klein—-Gordon equation
disappear, as we shall see below.

To begin, let us find the energy of the (‘classical’) Klein—-Gordon field. It is
obtained from the energy—momentum tensor 6*", defined in (3.20), and is

H=f600d3x

= 1[1G0) + V- Vo + m?] d'x (4.1)

in the case of the real scalar field, with Lagrangian given by (3.10). For the
complex scalar field, we have

H = [[(30")309) + Vo* Vo + mp*g] dx (4.2)

and in each case the energy (Hamiltonian) is positive definite. Thus the scalar
field is not plagued by the negative energy problem which besets the single-parti-
cle theory. But now that we have a satisfactory positive definite energy for the
field, we ask: how is this related to the energy of single-particle states? The
answer is that field quantisation forces us to reinterpret the field as a quantum
rather than a classical system. The field ¢(x) is, accordingly, regarded as a
Hermitian operator , whose Fourier expansion may be written

d3k —ikx - ikx
9x) = [ —la(k)e ™ + a' (k)] (4.3)
(2m) 2w,
with o, = (k* + m?)'2. The coefficients a(k) and a'(k) are also operators.
The measure in the integrand has been so chosen because it is relativistically
invariant. For the Klein—Gordon field we have the ‘mass-shell’ condition k* =
k3 — k%= m?(h = ¢ = 1), so an invariant element of phase space is, with ko > 0
(positive energy condition)
4 4
Ak ors(a? = md)6(k,) = LK
@m)* (2m)’
d*k
= 3 O[(ko + wi)(ko — @;)]6(ko)
(2m)
dk 1
T [0(ko + @) + (ko — wi)]0(ko)
(Zn') 2kg
&k dk dk
= ———0(ko — W) = ————. (4.4)
27)2k, (27) 2wy

(ko — w3)O(ko)
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(In the last step above it is to be understood that the quantities involved appear
under an integral sign.) The quantity ¢(x,t) plays a role in field theory
analogous to that played by x, the position vector, in particle mechanics. The
quantisation of mechanics follows from the Heisenberg commutation relations

[xi’ p]] = lél] (17 ] = 1’ 2’ 3)’}
[x:, 5] = [pi, pj] = O,
where the momentum p; is defined canonically as 3L/3%;; x and p refer to the
position and momentum of the particle, measured at the same time. In a scalar
field theory. ¢(x, t) plays a role analogous to x(¢), and describes a system with
an infinite number of degrees of freedom, since, at each time, ¢ has an
independent value at each point in space. To approach this continuum case, let
us divide space up into cells, each of volume 6V,, and let ¢,.(t) be the average

value of ¢(x) in cell r at time ¢. Let the average Lagrangian density in each cell
be &,. Then the momentum variable p,, conjugate to ¢, is

(4.5)

) = —L = 5v, L _ sva) (4.6)

39,(1)  "99,(1)
where the field 7(x, ¢) is defined by

¥

TT(X, t) = m

(4.7)

and 7,(t) is its average value in cell r. Then the Heisenberg commutation
relations give

[¢r(t)a ps(t)] = i(SrS’ } (48)

[¢:(1), ¢5(D)] = [p:(D), Ps(D)] = 0.

Substituting (4.6) into (4.8) gives [¢, (1), 7,(t)] = (1/6V;)id,s. In the continuum
limit 6V, — 0, and we have

(4.9)

[¢(x, 1), m(x', D)] = i6(x — x'), }
[¢(x, 1), o(x', )] = [a(x, 1), m(x', )] = 0.

These are known as equal-time commutation relations (ETCR), and we now use
them to find the commutation relations between a(k) and a'(k) in equation
(4.3). First, from the definition (4.7) and the Lagrangian (3.10), we have

m(x) = P(x). (4.10)
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Next, it is simple to check that the positive energy (also known as positive
frequency) solutions

1 —ikx
fe(x) = me ko (4.11)

form an orthonormal set

j FEE)Bofi(x) dx = Sk — k') (4.12)

where 50 is defined by

A3, B(1) = A(t )aB(’) 240 py). 4.13)
ot
The field expansion (4.3) may then be written

3
o) = | E—)@’—z—-—]ﬁm( Xa(k) + Fi(x)a’ (k)] (4.14)

which may be inverted, using (4.12), to give
a(k) = [ @x[2m) 20,02 f1(x) 89 (x),

a'(k’) = f &x'[(2m) 20, 12 p(x ") B0 fir (x). (4.15)
From (4.9), (4.10) and (4.15) we then have
[a(k), a’(k")] = f &x ' (2m) (4o 0p) PIFER) o), @(x")iSofe(x")]
= (2n) [ @x &' (do,0,) P Fi(x, D30fi (', D[P, 1), 7', )]
= [ Px(do,00) 2 1) Bofi (x)
= (2m)2w; 8 (k — k'). (4.164)
Similarly, we have
[a(k), a(k)] =0, [a'(k),d" (k)] =0. (4.16b)

The operators a(k) and a'(k) play a crucial role in the particle interpretation
of the quantised field theory. First, construct the operator

27) 20,8 (O)N(k) = a’(k)a(k). (4.17)



130 Canonical quantisation and particle interpretation

It is simple to show that N (k) and N (k') commute:

[N(k), N(k")] = {a'(k)a(k), a’(k")]a(k")
+ a'(k[a’(k), a(k")]a(k)}/2m) 4wy w0 (8 O)]
~ [a’(k)a(k) = a'(k)a(k)]o(k — k')
=0,

so the eigenstates of these operators may be used to form a basis. Let the
eigenvalues be denoted by n(k):

N(K)|n(k)) = n(k)|n(k)) (4.18)
and now use the commutation relations
[N(K), a'(k)] = a'(k),
[N(K), a(k)] = —a(k)
to find
N(k)a'(k)|n(k)) = a' (k)N (K)|n(k)) + a'(k)|n(k))
= [n(k) + 1]a’(k)|n(k)) (4.19)
and
N(k)a(k)|n(k)) = a(k)N(k)|n(k)) = a(k)|n(k))
= (n(k) = Da(k)|n(k)). (4.20)

These equations tell us that if the state |n(k)) has eigenvalue n(k), the states
a'(k)|n(k)) and a(k)|n(k)) are eigenstates of N(k) with respective eigen-
values n(k) + 1 and n(k) — 1. N(k) is a particle number operator (or, to be
more precise, a number density operator) and to justify the name, note that the
field energy, found by substituting (4.3) into (4.1), is

H = [ 20 a (k)a(k) + a(bya' (k)]
(277)32k0

= f Phko[N (k) + (4.21)
(with kg = wy) and, similarly, the field momentum is

P= fd3kk[N(k) +1. (4.22)

These expressions strongly suggest the interpretation that N (k) is the operator
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for the number of particles with momentum k and so with energy ., — that is,
so long as N(k) never becomes negative! To see that it cannot, merely note
that the state a(k)|n(k)) must (as all Hilbert space states must) have non-nega-
tive norm:

(n(k)la’(k)a(k)|n(k))
n(k)(n(k)|n(k)) > 0;

[a(k)[n(k) ] [a(k)|n(K))]

so that, if |[n(k)) has non-negative norm, n(k) must be positive or zero. On the
other hand, from equation (4.20), a(k) reduces n(k) by 1, and repeated
application will continue to reduce it. The only way to avoid n(k) becoming
negative is to have a ground state |0(k)), or |0) for short, with

a(k)|0) =0 (4.23)
and so
N(k)[0) = a*(k)a(k)|0) = 0;

the ground state (vacuum) contains no particles with momentum k. Applica-
tion of a'(k) now increases N (k) in steps of 1 at a time, so N(k) is integral.
This completes the justification for interpreting N (k) as the number operator,
and hence for the particle interpretation of the quantised theory.

The student will doubtless recognise the similarity between the above
analysis and the quantum mechanical harmonic oscillator. In fact, it is easy to
see that our Hamiltonian (4.21) is equivalent to the harmonic oscillator form

(I.)k

H= fd3 [2P (k) + ——Qz(k)

on putting

Wy 12 +
P(k) = (—2—) la(k) + a'(K)]. Q(k) = [a(k) — a*(K)].

2
The Klein—Gordon field, therefore, is equivalent to an infinite sum of oscilla-
tors.

The operators a(k) and a'(k) are called the annihilation and creation
operators for the field quanta. The fact that N(k) is non-negative means, in
addition, that the energy of the quantised field, from (4.21), is non-negative, as
we found for the classical Klein—Gordon field. It is gratifying that this feature
has remained. Actually, of course, the energy contains an infinite contribution
from all the oscillator ground states. But, since the zero of energy is arbitrary,
this may be subtracted with no physical consequences, and the Hamiltonian
redefined as

H= fd3kwkN(k), (4.24)
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with the property
(0[H[0) = [ @ Kko(0la"(K)a(k)|0)

=0

in view of (4.23). Formally, this is equivalent to writing all annihilation
operators to the right of all creation operators; this is called normal ordering,

and denoted : :. Thus, decomposing ¢(x) into its positive and negative
frequency parts, as in equation (4.14),
$(x) = ¢F(x) + ¢ 7(x) (4.25)
with
Pk
P = [———a(b) i),
[(2m)*20,]"
- &k
PO() = [ (1),
[(@m)*20,]"2

we have
P(x)P(y): = ¢ (x)p D (y) + ¢ ()M (»)
+ ()P (x) + ¢ ()P (y). (4.26)

We shall now show that the particles which are quanta of the Klein—Gordon
field obey Bose—Einstein statistics. From equation (4.19) we see that the state
a'(k)|n(k)) is proportional to the state |n(k) + 1), so we write

a'(k)|n(k)) = ci(n(k))|n(k) + 1)
or, to be more precise,
a*(k,-)\n(kl), }1(k2), ey I’l(k,'), . >
= ci(n(k))|n(ky), n(ky), ..., n(k) +1,...)

where ¢, (n(k)) is some coefficient, which is found by the requirement that the
states are all normalised:

e (n(k)[P(n(k) + 1n(k) + 1) = (n(k)|a(k)a’(k)|n(k))
= [n(k) + 1[{n(K)|n(k))(2m) 20
therefore
Nea(n(k)PP = [n(k) + 1]@m) 204

So, to within a phase factor, ¢, (n(k)) = {[n(k) + 1](27)*2w,}*. By a similar
argument using a(k) and a corresponding coefficient c_(n(k)), we find



4.1 The real Klein—Gordon field 133

c_(n(k)) = [(27) wen(k)]Y2, so we have
a(ky)|n(ky), n(ky), ..., n(k), ...)
= [@m 0 n(k)]Pln(ky), n(ky), ... on(k) —1,...), (4.27)
a' (k)| n(ky), n(ka), ..., n(k), . ..)
= {@m 2w [n(k) + 12 n(ky), n(ky), ..., n(k) +1,...). (4.28)
The vacuum state contains no particles of any momentum, and we write
|0) =10,0,...),

and an arbitrary, normalised, state containing n(k;) particles with momentum
ki, n(ky) with momentum k,, etc., may be written

n(ky), n(ka), ...y =[] 1

: {(2~)32w [n(k;) + 1]*2 [a+(kf)]n(k,)}\o>. (4.29)
! T k, ;

There is, evidently no restriction on n(k): any number of particles may exist
in the same momentum state. The particles are therefore bosons. It should be
appreciated that this conclusion follows directly from the original postulated
commutation relations (4.9); these gave rise to equations (4.16) which in
essence state that the particles are bosons. It follows that if we want to describe
fermions, we must modify these commutation relations. The interesting thing is
that, when we come to quantise the Dirac field, we are indeed forced, if we
want positive energy, to modify the commutation relations (4.16), so Dirac
particles are of necessity fermions. These remarkable conclusions are known as
the connection between spin and statistics (R. Jost in Fierz & Weisskopf 1960),
which was first treated by Pauli.

Finally, the normalisation for 1-particle states follows from (4.16a). With
|k) = a’(k)|0), we have

(klk') = (Ola(k)a'(k")|0)
= (0l[a(k), a"(k")][0) + <0|a+(k’)va(k)\0> (4.30)
0

= (27) 2k (k — K').

This normalisation is covariant, which is hardly surprising in view of the
Lorentz covariant measure in (4.3). An alternative (non-covariant) normalisa-
tion, used in many books, is

(klk') = 8k — k'),
which results from the commutation relation

la(k), a"(k)] = &(k — k')
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in place of (4.16a), which in turn results from an appropriate redefinition of
a(k).

Using our normalisation, the 1-particle wave function y(x) corresponding to
a momentum p is

Y(x) = (0l¢(x)|p)

_ &k —ikx T ikx
= J'f[(O\a(kﬂp)e + (0la’(k)|p) ]
(27) 2wy

Pk =
— k ikx
[tk e

= fd3k e R &k — p)
= emirx, (4.31)

We shall now show that this normalisation corresponds to 2p; particles per unit
volume - perhaps a surprising result! The point is that we need a Lorentz
invariant normalisation. Non-relativisticially, if S is the probability of finding a
particle in a unit volume, then a normalisation of one particle per unit volume
(V=1)is

Sd*r=1 (4.32)
V=1
and if S = y*vy, and  ~ e¥, this gives
Y= eik'r'
This argument, however, is not relativistic since (4.32) is not Lorentz invariant.

For Lorentz invariance, S must be the time component of a 4-vector S¥, and
the condition then is

jSdeldxzdx3 =1
or, in manifestly covariant form,
4l!jg,,\.,dSﬂdedx“dxA =1,
which may be written as
j Shn,dV = 1

where V' is a spacelike hypersurface with normal n,. This condition is clearly
Lorentz invariant. If v is a scalar field, however, y*y is a scalar, not the time
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component for a 4-vector. The 4-vector probability current S, is

S, = i(Y*3,9) = 2p

the normalisation condition then is

[ 2powrpair =1
Vv
if there is one particle in the volume V, so (if V = 1)

1

(2po)'?
We may, however, adopt a normalisation of 2p, particles per unit volume,
giving

eip~r

fzpow*wd3r = 2py
Y =ePT,

This is condition (4.31), which therefore corresponds to 2p, particles per unit
volume.*

4.2 The complex Klein—Gordon field

We saw in the last chapter that the complex Klein—Gordon field describes a
field with electric charge. We consider here the quantisation of this field. Since
the classical field is not real, the quantum field will not be Hermitian, and in
place of equation (4.14) we have

60 = [ a4 b,
(27) 2w,
Ty = &k ~ikx + ikx
¢(x)—f—-———~—[b(k)e + a'(k) e ]. (4.33)
27)2w,

The annihilation and creation operators b and b’ have been introduced as
respective coefficients of the positive and negative energy terms. The equal-
time commutation relations (4.9), and the Hermitian conjugate equations, are
adopted, leading to

(4.34)

[a(k), a'(k")] = (27) 20,5 (k — k'),
[b(k), b'(k")] = 2m) 2w, 8 (k - k),

* It was pointed out in §2.2 that the probability current (2.21) is not positive definite: this
disqualified it from being a satisfactory probability current for the Klein—-Gordon equation. The
probability current S, used above is formally the same but it contains (see the equations leading
to (4.31)) only positive frequency modes and is therefore positive definite, unlike the Noether
current (2.21).
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with all other commutators vanishing. These generalise (4.16). We now have
two sets of creation and annihilation operators a and b. What do they
correspond to? To answer this, let us substitute the operator expressions (4.33)
into the expression (3.62) for the charge of the Klein—Gordon field. This gives
(with ¢ = 1, replacing ¢* by ¢ and inserting normal ordering)

138 _ 3
(0] 1f.¢ Py 51 ¢:d7x

- [ PR atk) = BB (4.35)
(27)* 2w,

On the other hand, the Hamiltonian becomes (cf. (4.24))
H= f Eklat(k)a(k) + bi(k)b(K)]. (4.36)

Hence the a' and b" can be interpreted as creation operators for particles and
antiparticles, which carry opposite charge, but have the same mass. Q, of
course, is not positive definite. It is the integral of p, which in the single-parti-
cle theory we wanted to interpret as the probability density, and were forced to
reject because it was not positive definite. We see then, that in the quantised
theory, p is re-interpreted as the charge density.

It will be useful for future work to know the value of the commutator [¢(x),
#'(y)]. From (4.33) and (4.34) we have, with ko = 0, = (k* + m?)'?2,

T — 1 d3k d3k’ T —ikx+ik'y
L9, 4700 = /] e 2 Lo (ke

+ [b7(k), b(k")] e}

3
1 J K ik (-9) g ikotxoy) — =ik () gikolan=yo)]

- (2m)*/ 2k
—; 3 .
= —I—JE—E el (=¥) gin ko(xo — yo)- (4.37)
@y’ ) ko

Defining the invariant function A(x — y) by
dk

= A(x—y)=—ijm

(eKx=y) — gik(x=1)). (4.38)

we then have
[9(x), '(y)] = iA(x = y). (4.39)

At equal times (xq = yg), this gives, from (4.37), the equal-time commutation
relation '

[¢(X), ¢?(y)]‘x°=v0 = (.
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It may similarly be verified that, even at unequal times,

[9(x), ¢(»)] = [¢'(x). ¢'(»)] = 0. (4.40)

4.3 The Dirac field

We saw earlier the considerable success of the Dirac equation when treated as
a single-particle equation; it predicts, amongst other things, the correct mag-
netic moment of the electron, and the energy levels of the hydrogen atom (that
is, before additional corrections are made). The one serious difficulty was the
problem of negative energy states. We saw how Dirac turned this difficulty into
a triumph by redefining the vacuum as having all the negative energy states
filled (and for this the exclusion principle is crucial), and then predicting
antiparticles. The prediction of antiparticles. however, is an abandonment of
the Dirac equation as a single-particle equation since it is now required to
describe both particles and antiparticles. Drawing on our experience with the
Klein—Gordon field, we might guess that the correct way to do this is first to
view the Dirac equation as a field equation, and then to quantise the field — or,
to be more accurate, to recognise that the Dirac field is an intrinsically
quantum field, which has no existence in the classical limit #— 0, and
therefore to take seriously its status as an operator. These same remarks were
made in our treatment of the Klein—Gordon field above.

We address ourselves first of all to the question of the energy of the Dirac
field. What we shall see is that, in order for the energy to be positive, the Dirac
field must obey Fermi-Dirac statistics. To begin. we need a Lagrangian
density. It is an easy matter to see that the Dirac equation (2.96),

(i‘}’”a# - m)w = Oa
follows from the Euler—Lagrange equation (cf. (3.19)),
—O—i—fi - a“(—-a;sg_*—) = 0.
Y CICAT);

if we choose
& = igyS,p — myy
= 27 ~ @)yl = mipy. (4.41)
In this Lagrangian, y and v are treated as dynamically independent fields.

From & we find the canonical momentum field 7(x)

k4
3y(x)
(To derive this, the derivative operator in the first line of equation (4.41) is

m(x) = =iy’ (x). (4.42)
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envisaged as operating solely on v; the difference between this and the second
line of (4.41) is a total divergence, which does not change the action, and is
therefore dynamically insignificant.) The Hamiltonian is then

H=ap-—%
= 9 (=iv's; + m)y
= ¢y’ (iY’30p)
- zp*ia%zp (4.43)

where the Dirac equation itself has been used. This form for the Hamiltonian
is, of course, the expected one, but, simply because of this, it is clear that the
negative energy and plane wave solutions of the Dirac equation (see §2.4) give
a negative contribution to 9%, which is therefore not positive definite. Hence
the negative energy difficulty is not removed by treating the Dirac equation as
a field equation, as it was with the Klein—Gordon equation. It is only removed
on quantisation.

The general solution to the Dirac equation may be expanded in terms of the
plane wave solutions as follows:

_ &k m (@) —ikx + (@) ikx

w(x)—f(zﬂ)3—~k0 a=1,z[ba(k)u (k)e™™ + dy(k)v'® (k) e™],
(4.44)

- _ [Pk m oy (@) ik (@) —ikx

W) = [ 3 PR+ dy () e

u®? and p1? are the positive and negative energy spinors. As in the
comparable expression (4.33) for the Klein—-Gordon field, an annihilation
operator b,(k) multiplies the positive energy term, and a creation operator
di (k) the negative energy term. They are noted here as distinct operators,
corresponding to a non-Hermitian, i.e. charged, Dirac field. Substituting (4.44)
into (4.43) and using the normalisation conditions (2.139) for the spinors u and
v gives for the energy

H= fd3x?€
3.0 . O
= Jd Xyt ()i p(x)
at
1 3 310 2
=fd3x21”dk &k’ m
aa2) ) (2m)> (2m) koko
x {[Bh(k)ut @ (k) e* + d (k)oT@(k)e i)
X (b (K™ (k)(=ik) €7 + dy (K)o (K")(ikb) €]
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— [b;(k)lﬁ(a)(k)(iko) eikx + da(k)vf(cr)(k)(_iko) e-—ikx]
X [ba'(kl)l‘(a’)(k’) e‘”""r + d;’(k,)l)(a')(k.’) eik'x]}

&k m .
J(z )3 kO kO% ”(k)bﬂ(k) d(k)da(k)] (445)

So far no commutation relations have been assumed between bs and ds. It is
clear that, if they obey commutation relations like (4.34), then the energy in
(4.45) will not be positive definite — the d quanta will contribute a negative
amount. The only way to avoid this is to introduce the notion of anticommura-
tors, defined by

{A, B} = AB + BA (4.46)
and to postulate the anticommutation relations, first proposed by Jordan and
Wigner,

{balk), bo(k)} = {do(k), dy(k)} = (277)3 C8}(k = K')0qq,
{balk), bar(K))} = {ba(k), biy(k)} =0,
{da(k), do(Kk")} = {dq(k), dy(K')} = 0. (4.47)

To subtract out the zero point energy, we normal order the Hamiltonian, with
the additional introduction, in the case of Fermi fields, to change the sign of the
term for each interchange of operators. This gives

H= J’de:wT(.r)iS;w(x):

ek m
J(277)3 ko k"% ba(k)ba(k) + do(K)da(K)]. (4.48)

This is now positive definite. but it is easy to see that the anticommutation
relations imply Fermi statistics; for example {b}(k),b%(k)} =0 implies
b (k)bl (k) =0, hence bl (k)b (k)|0) = 0; it is impossible to have two quanta
of the Dirac field in the same state. Hence the use of anticommutators leads
directly to the Pauli exclusion principle. Moreover, the total charge is given by

0 = [ @x:jo(x):

= J’d3x:1p+(x)1p(x):

f & K S Ibo(K)ba(k) = dy(K)do(K)] (4.49)
2n) ko '«
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showing that if b" creates ‘particles’, d' creates ‘antiparticles’, i.e. of the
opposite charge, just as in the case of the charged Klein—Gordon field. These
results amount precisely to Dirac’s prediction of antiparticles, sketched earlier.
Finally, let us calculate the equal-time anticommutator {y(x, 1), ¥'(x', 1)}; ¥
is, of course, a 4-spinor, so, more precisely, we want to calculate {y;(x, ),
w}(x', 1)}, the labels i and j referring to particular spinor components. We
shall need to refer to equations (2.145) and (2.146), which are matrix equa-
tions, whose (ij) elements read

_ ‘p+
Su ey = (L1 |
e 2m i

_ p—m
Sl pf?p) = (LL=)
a 2m ij
From (4.44), (4.47) and the above equations we then have
Shdk m?
(2m)®  kokj
X e—ikx+1kx + Ugar)(k)lj(ka’)(k,)ytl)(j

X {da(k), do(K)} 7]

{(9i(x, 1), Wix', 1)} = = j j 1)@ (k)b alk), bl (k')

-3 (2 1;3 0 oy et e
a 0

+ iP5 (ke )]
3 . ,
= [+ my e
(2m)*2k,
+[(y+ k= m)y"lye )
3 3 ’
= JLZ}(O&U elk'(x_x )
(2m)*2k,
= &(x —x)6;. (4.50)

By similar reasoning it follows that

{wi(x, 1), Y;(x', )} =0, {yi(x, 1), yi(x', )} = 0. (4.51)

4.4 The electromagnetic field

The fundamental fields in nature, we believe, are spinor fields (leptons and
quarks) and gauge fields (electromagnetic, weak and gluon fields). Having
shown how to quantise the spinor field, we turn now to the gauge fields, and
consider, for simplicity, the electromagnetic field. There are complications met
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in quantising gauge fields, and the electromagnetic field exhibits them all; the
additional complications of having internal symmetry indices (as the weak and
strong gauge fields do) do not, at this stage. pose any particular problems
(those problems come later, when we derive the Feynman rules, and for that
purpose we shall use the path-integral method).

The origin of the difficulties is that the electromagnetic field, like any
massless field, possesses only two independent components, but is covariantly
described by a 4-vector A,. In choosing two of these components as the
physical ones, and thence quantising them. we lose manifest covariance.
Alternatively, if we wish to keep covariance. we have two redundant compo-
nents. We shall consider, in turn, examples of these two approaches to
quantisation, and shall see the crucial role plaved by gauge invariances which
tells us that the A, are only defined up to a gauge transformation.

We shall need the following information from Chapters 2 and 3. The six
components of the electromagnetic field may be written as an antisymmetric
tensor F*' (see (2.222)), and the homogeneous Maxwell equations follow
identically if it is assumed that F*' is a 4-dimensional curl (see (2.218)-
(2.221)),

F* =3"AY — VA% (4.52)
In a vacuum, the other two (‘inhomogeneous’) Maxwell equations are, from
(2.223), 3, F" =0, or
OA" - 9%(e,A4") = 0. (4.53)
These equations follow from a variational principle with the Lagrangian (3.82)
L= —1F F*. (4.54)
where A" is regarded as the dynamical field. For a given electromagnetic field,

A, is not unique; the gauge transformation A,— A; = A, + 9,A(x) leaves
F,, unchanged. By choosing A to satisfy

OA = —3,A".
we obtain 3,A"* = 0. Dropping the prime, the resulting condition (2.229),
3,A" =0, (4.55)

is called the Lorentz condition. A vector potential satisfying this condition is
said to belong to the Lorentz gauge. This one condition effectively reduces the
number of independent components of A, from four to three. However, the
Lorentz condition does not make A, unique; it is clear that, if A satisfies the
Lorentz condition, so will A, as long as JA(x) = 0. Then by choosing A(x) to
satisfy

oA _

ot ¢
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we have ¢’ =0, and thence. from (4.55), V-A’ = (. Potentials satisfying this
additional condition,

¢=0, V-A=0, (4.56)

are said to belong to the radiation (or Coulomb) gauge. In this gauge there are
clearly only two independent components of A*. This is the case in the real
world, so working in the radiation gauge keeps the physical nature of the
electromagnetic field most evident. Let us therefore study quantisation in this
gauge.

Radiation gauge quantisation
We proceed, as far as possible, in analogy with the quantisation of the
Klein—Gordon field, so first define the conjugate momentum fields
o_ 9F

P = =0, 4.57)
34, (

= 85_5 — A"+ 3'4% = E, (4.58)
JA;

m

and then impose the usual commutation relations (remembering that 7' is
conjugate to A; = —A'),

[Aix, ) Ti(x', 1)] = —[Al(x, 1), B(x', )] = i6;83(x — X').  (4.59)

(This equation is, from a strict tensorial point of view, incorrect, since the
right-hand side has downstairs indices, and features &, instead of g;;, which of
course differ in sign for i, j =1, 2, 3. Numerically, however, the equation is
correct.) The condition (4.59) is inconsistent with the radiation gauge condition
V- A =0, since taking the divergence of both sides gives

[V-A(x, 1), Ei(x't)] = 3’8 (x — x') # 0.

The commutation relations (4.59) must therefore be modified.
We replace, for this purpose, 6;; by A, a rank 2 tensor, symmetric in i and J,
and we write &(x — x') in an integral form. Then we have

[, 1), B, 0] = =iaT— [ kel
(2my’

and taking the divergence give

Tan — 1 i\ Ak (x—x'
[V'A(x, T), E](x , [)] = WJCPIC(Z’(,A])CK( ).
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It is clear that the condition for this to vanish is
kik;

Ay = %

ij

9
so the correct commutation relations are

. . 3 . irj i )
[AI(X, 1), E(x’, t)] = If—gi(élf — K'k )elk'(x—x)

) k?
= i(a"f - ﬁ)y(x ~x) (4.60)
V2
[Ai(x, 1), Al(x', 1)] = [E'(x, 1), F(x', )] = 0. (4.61)

From these relations we work towards a sensible particle interpretation of
the theory, by calculating, as we did in the case of the Klein—Gordon and
Dirac fields, the Hamiltonian operator. To begin with, note that, in view of the
Lorentz condition (4.55), Maxwell’s equations (4.53) become

OA* =0 (4.62)
and further, since in the radiation gauge we have ¢ = 0, this becomes
OA =0. (4.63)

This is the Klein—-Gordon for a massiess field, and we write its solution in
terms of the fundamental solutions e** and e™'**. The coefficients must
evidently be vectors, called polarisation vectors, which we denote £™(k),
where A is a label, about to be explained. We then write (compare with
equation (4.3) for the scalar field)

Pk 2

; N (K)[aP(k)e ™ + aPT(k)e™]  (4.64)
(2m)2 kg 2=1

A = |
with k> =0, ko= |k|; A takes on only two values, since the radiation gauge
condition (4.56), V- A = 0, gives

k-e?(k) = 0. (4.65)

So for a given direction of propagation k/|k|, the eé® (k) are transverse, as
shown in Fig. 4.1. It is clear that they may also be chosen to be orthonormal

P (k) - e®)(k) = 6y, (4.66)

It is now straightforward, if a bit tedious, to calculate the commutation
relations of the operators a¥(k) and a™7(k). In terms of the functions f,(x)
defined above,

— 1 —ikx
ﬁ((x)"me s (411)
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g(2) (k)

Fig. 4.1. The polarisation vectors for the electromagnetic field with momentum k.

we have

A =JW2 e f)a® (k) + F1x)aP (k). (4.67)
0

Since the fi(x) and f%(x) form an orthonormal set, it follows that

a().)(k) — fd3x[(277)32k0]1/2f2f(x)i§08()~)(k) . A(X),

a7 (k) = = [ @xlmP 2k 2 (0B (k) - ACo)

and, using (4.60), (4.61), (4.65) and (4.66), we have
[aPD(k), a®V (k)] = 2ko(2m)* 6,0 0°(k — k'), (4.68)
[a®(K), a®)(k")] = [aP7(k), a®7(k")] = 0. (4.69)

These commutation relations have the same form as those for the scalar
field, and have the same interpretation as annihilation and creation operators
for photons. The justification for this interpretation follows precisely the lines
above, by construction of the number operator N (k) «< a®(k)a®(k), and
the calculation of the field energy. This is

H= %jd%(EZ +B?)
- %jd%(A? +(V X AP),

since, in the radiation gauge, E = —A. To calculate (Vx A)z, we write (with
summation over repeated indices)

(V x A) = &1 €imnB A mA,
= (5jm6kn - 6jn6km)ajAkamAn
= (9;A4x)(3jAr) — (BjAK)(344)). (4.70)
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The second term can be written as a total divergence, since
9j(Ak3kA)) = (BjAL)(Bk4)) + Ar(3;344))
= (9jAK)(BkA)) + Axdx(V - A)

and V-A =0 in the radiation gauge. The integral of a total divergence,
however, vanishes, so only the first term in (4.70) is non-zero. Moreover,

3,(Ak3jAL) = (3A(jA) + AV Ay,
s0, by the same ‘total divergence’ argument,
f (3,40)(3,A0) dx = — f A-V2A &y,
and the electromagnetic Hamiltonian is
H= %J(Al ~A-V2A)dx

Substituting the expansion (4.67) in here, we obtain, after some algebra,

= __d_3_k____k£ (%) A (k (B (6]
H J(zﬂ)32k0 J1aP(0a (k) + a (k)a P (k).

and on normal-ordering to remove the vacuum energy, we have

3
H=> J d’k ﬁ[a“v)*(k)a(’-)(k)]. (4.71)
7)Y ky 2

This is the total energy of a collection of photons, with transverse polarisation
(A=1, 2). It is, or course, positive definite, and we have a satisfactory
quantum theory of the electromagnetic field. It has the merit that only the
physical, i.e. transverse, degrees of freedom are quantised, but this is achieved
by sacrificing Lorentz invariance, because the radiation gauge condition (4.56)
is not Lorentz invariant. This does not mean to say that calculations performed
in this gauge do not give relativistically invariant results. On the contrary; we
started with a relativistic theory, and the scattering cross sections, for example,
which we calculate are also relativistically invariant, but this is not manifest in
the radiation gauge. For many purposes, it is an advantage to perform the
quantisation in a Lorentz invariant manner. for example, in the Lorentz gauge.
We now consider this.

Lorentz gauge quantisation

Since our aim is to retain covariance, all four components of A, and of 7, will
be brought into play, and will obey the covariant commutation relations

[Ay(x, 1), m(x', 1)] = 1g,,0°(x — x), (4.72)
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[Aux, 1), A(x', D] = [m(x, 1), m(x', 1)] = 0, (4.73)
where g, is the Minkowski metric tensor, and
¢
34,
We immediately meet a problem, however, because, with the Lagrangian
(4.54).

T =

0 — _a:iz; =0
84y
so it is impossible to satisfy (4.72) for Ag. In fact, since A, commutes with 7°,
it is a c-number, not an operator, and we have immediately lost covariance! To
find a 7° that does not vanish we need to change the Lagrangian. The new
Lagrangian will not, of course, give Maxwell’s equations, so what should it
give? The only reasonable answer is Maxwell’s equations (4.53) plus a co-
variant gauge condition, i.e. the Lorentz condition (4.55). Together these yield
0A, =0, so we look for a Lagrangian which gives this equation of motion, in
which the Lorentz gauge is ‘already fixed’. It is easy to check that

L= —3F, F" — 3(3,A")? (4.74)
does the job, for we have

oL
3(0,4,)

and the Euler-Lagrange equations then give

— —guA+3vAr — gg,ah, 2L
34,

0A, =0 (4.75)

as desired. The extra term —%(a - A)? in (4.74) is called a ‘gauge-fixing’ term.
In fact, we may, more generally, add a gauge fixing term —(1/2)(3- A)? to
(4.54), giving

L= —3F F* — '%(SMA")Z, (4.76)

which gives the non-Maxwell equation of motion
OA* — (1 — A)3*(3,;A") = 0. (4.77)

The choice A = 1, misleadingly known as the ‘Feynman gauge’, leads back to
(4.75). General gauge-fixing terms prove to be a useful device when we come
to quantise non-Abelian gauge fields.
Let us return to the Lagrangian (4.74), and calculate 7°;
' o_ 9%

T = —= —3,A". 4.78
34, : (4.78)
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But this is just as bad as before, because it vanishes in the Lorentz gauge! The
way out of this dilemma is to postulate that the Lorentz condition does not
hold as an operator identity. Instead, we impose the weaker requirement that,
for physical states |1), 3, A" has vanishing expectation value

(y[a,A"y) = 0. (4.79)

The consequences of this will be worked out below. First, note that the
solution to (4.75) is clearly

Ay (x) = J _ &k eD()aP (k) e ™ + aP(k)e].  (4.80)
(27)*2kg i=0

Here the four polarisation 4-vectors 8(0) E,l), eff) and ef) have a Lorentz-

invariant normalisation, £ being tlmehke and ¢, ¢ and ¢® spacelike:

e® . ) = E(A) (M — E(A)gmg(l)

gg);)g(()l) _ lE.(l/l)g(l/'t) _ Egl)gg}.’) _ Egl)gg/‘.’)

= g™, (4.81)

In the frame in which the photon (anticipating the particle interpretation!) is
moving along the third axis, we have k* = (k, 0, 0, k), and

1 0 0 0
0 0 0
©0) = M = @ = 6 =
£ 0 £ ol ¢ N 0 (4.82)
0 0 0 1
with
k- eld =0. (4.83)

Photons with polarisation £ are called ‘scalar’ or ‘timelike" photons, those
with € ‘longitudinal’ and those with ¢! and £® ‘transverse’. The scalar and
longitudinal photons are clearly the unphysical ones.

We now want to find [a™(k), a"*)7(k")] and we proceed as follows. From
the Lagrangian (4.74), the canonical momentum is

= _a_gg._ = FHO _ gﬂﬂ(a‘,A ) (4.84)
94,
that is
=-A"-V-A, 7 =034~ A" (4.85)

From (4.73), the spatial derivatives of A, commute at equal times, so the
non-vanishing commutator (4.72) becomes

[Aux, 1), Ax', )] = ignd’(x — x'). (4.86)
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Now we substitute into this the expansion (4.80) and obtain
[aW(k), a7 (k)] = — g™ 2ko(27)* & (k — Kk') (4.87)

(which is the ‘covariant’ version of (4.68)). The other commutators vanish.

The interpretation of the @ and a” as annihilation and creation operators for
A=1.2, 3, that is, for longitudinal and transverse photons, poses no problems
and proceeds in the usual way, but the relation for scalar photons

[a9(k), a7 (k)] = —2ko(2m)*S(k — k') (4.88)

will give problems because of the minus sign on the right-hand side. One
consequence is that the norm of a one scalar photon state is negative. For if the
state is

=[Sk T R0)
(2n>

then we have, using (4.88),

111y = [ S5 GE ) e 0la @) (010}
(2m)32ky (2m)*2k}
3 370
= - [ L (ke 2k 8k K (010)
(277)32k0 Y2k}
i S FUOROD). (4.89)
(2n>

Similarly, it follows that a state |n,) with n, timelike photons has norm
(nn;) = (=1)". The Hilbert space of particle states (Fock space) has an
indefinite metric. This is singularly unpleasant, and raises problems about the
quantum mechanical interpretation of these states. Another consequence is
that scalar photons give a negative contribution to the energy. A calculation
analogous to that leading to equation (4.71) gives

QL (%) _ ,0OF (0)
H= f(Zn) ZkOkO[Za (K)aP(k) — a® (k)aO(k)|.  (4.90)

Actually, there is a slight subtlety here, because the number density operator
for timelike photons is not a®*(k)a© (k) but —a@*(k)a® (k). Consider a state
of one timelike photon

daq 0+

1) = [—=ZL—f(@)a®"(q)]0).
(2m) g0

We demand N|1) = 1), where N is the integral of the number density

operator. We have, inserting the minus sign,
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&’k &
NJ1) = — a®* (ka9 (k q ©(g)[0
1 = [ e [ S (@)

= - [T 89 )00 (bola k), O (g)]0)
(2m)2ko (2m) 20

_ &’k dq 3 3 0)*
= f(@)@m)* 2k (k ~ @)a®"(K)[0)
(2m)*2ky (27)*2q0

| —dq—f(cna“” ()[0)
(27Y2g

=1).

The reader will notice that the only relevant point in this calculation is that the
minus sign in the definition of the number density operator cancels that
occurring in the commutation relation (4.88). In the light of this, it is clear that
the Hamiltonian operator (4.90) cannot have negative eigenvalues. It may,
however, have negative expectation values; for example, it is easy to see that

d*k

(11H|1) =—j(zﬂ ST ol F(K)[2(0]0).

The way to get rid of these unwanted effects is to employ the Lorentz condition
(sometimes called the subsidiary condition). It was pointed out above that the
condition 9,A" = 0 cannot be taken as an operator identity, because it then
conflicts with the commutation relations (4.72). It is even too severe a
condition to demand that the physical state |y) should satisfy 3,4"y) =
for, decomposing into positive and negative frequency parts, we should then
have

3, A ) = 3, A +3,A)|y) =0,

but the negative frequency operator contains creation operators, so not even
the vacuum could satisfy this identity. On the other hand, since A" contains
annihilation operators, we could adopt the less demanding requirement

3,AMHy)y =0 (4.91)

which the vacuum automatically satisfies. It follows from this that the expecta-
tion value of 3, A" vanishes:

(93, A" )y = (Y3, A" +3,AT " y)
= (yla, A7)
= (wlo, AT y)*
=0.
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It is easy to see that this condition, first formulated by Gupta and Bleuler,
resolves the problem of a negative expectation value for the field energy.
Substituting equation (4.80) into (4.91) gives

S ktePa® (k)| y) = 0
=0

which, in view of (4.83), implies that
[k“eQa® (k) + ke a® (K)]ly) = 0;
but k“ef,o) = —k"ef’), so we have
[a (k) = a®()]ly) = 0. (4.92)

That is, physical states are admixiures of longitudinal and timelike photons,
such that (4.92) holds. They do not, as we assumed above, admit the existence
of (say) one timelike photon only. It follows immediately from (4.92) that

(pla™*(k)a (k) |y) = (9la®(k)a® (k)|y),

and therefore that the contributions of the longitudinal and timelike photons to
the Hamiltonian (4.90) cancel each other, leaving only the contributions of the
(physical) transverse states. It is clear that, formally, the effect of the subsi-
diary condition may be represented by replacing the expectation value of an
operator O, (O) = (@, OP). by the definition

(0) = (2n0|®)

where 7 is a ‘metric operator” equal to (—1)"™. This has the effect of giving the
Hamiltonian (4.90) a positive expectation value. By the same token, the
definition of the norm of a state vector @, N(®), will now be replaced by

N(®) = (P[nO|P)

which has the effect of giving every state a positive norm. Thus, we see that the
problems raised by a fully covariant treatment of the electromagnetic field are
not insuperable, provided the Lorentz condition, expressed as an expectation
value condition, is taken into account. For a more detailed account of the
Gupta-Bleuler formalism, the interested reader is referred elsewhere (Bogo-
liubov & Shirkov 1980; Mandl 1960; Killén 1972).

4.5 The massive vector field
The massive spin 1 field is described by the Proca equations (2.238), (2.239):

F* =3"AY — 3YAH, 3, F"™ + m?A¥ = 0; (4.93)
3,44 = 0. (4.94)
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There are three independent components of a massive spin 1 field, and the
condition above may serve to eliminate one of the four components of A*; we
take this to be A°. The Proca equations follow from the Lagrangian

&= —3FuF" + im2A,Ax, (4.95)

Ncl)te that the positive sign in front of the mass term will result in a term
—3m*(A-A) when A° is eliminated. so that the mass term has a negative
coefficient, as it does for the Klein~Gordon Lagrangian (3.10). The momen-
tum field operators are
CN7
n.ll:_"_:a;lA()_Ay
34, (4.96)

from which it follows that 7° =0, but this need not worry us, since we are
taking (4.94) to imply that A° has been climinated. Consequently,

T =—Al
and the commutation relations
[A'(x, 1), m(x', 0] = i8i6%(x — x)
become
[Ai(x, 1), Aj(x', 0] = ig;&(x — x). (4.97)
The field A ,(x) has the expansion
Ay(x) = f Lieff)(k)[a‘”(k)e—ikx +aP(k)e™]  (4.98)
(2m)*2kyi=1 '
and on inverting this and using (4.97) we find
[a®(k), ™ (k)] = 8,26 P& (k - k), (4.99)

which is to be compared with (4.87). The analogue, in this case of the scalar

photon, is not present, so (4.99) presents no problems. and it may be checked
that the Hamiltonian after normal ordering is

Bk )
H = f———k a P (k)a® (k
2k, «,}; (k)a (k). (4.100)

Thus the particle interpretation of the theory is quite straightforward.
The polarisation vectors eff )(k) are orthonormal (and spacelike),

A (O
eN(k)- e"(k) = g, (4.101)
and in view of (4.94) are orthogonal to the timelike vector k"

e (kyk = 0. (4.102)
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In the particle rest-frame, it is easy to see that these conditions are fulfilled by

k* =(m,0,0,0),
el =(0,1,0,0),

@ (4.103)
e’ =(0,0,1,0),
) =(0,0,0, 1).
It is useful. later on, to know the value of
3
Z EEJ)L)EE'A) = Pyv (4104)

i=1
which is a rank 2 tensor, whose value in the rest-frame is
(rest-frame) Py =0, Py =Pp=P3=1 P,=0 (u#v). (4105)

Let us calculate its value in a moving frame, and choose the particle to be
moving along the z axis with momentum |k|, so k* = (k°, 0, 0, |k|). This is
obtained from the rest-frame by the boost matrix

K 0 0 [k

1410 1 0 0
A, = — .
==lo 0 1 0 (4.106)
k|l 0 0 Kk°
P,, transforms as
P, = AP A% Py, (4.107)
which gives, in the moving frame
k?> 0 0 -k
1 0 1 0 0
P, = —r;l—z— 0 0 1 0 (4.108)
-] 0 0 (K%

(The minus signs are due to the interchange of covariant and contravariant
indices between (4.106) and (4.107).) It is then straightforward to see that the
general form of P, is

P o0 _ kuky 0
v = .28” £y = =g+~ (4.109)
=1 m

Summary

Canonical quantisation of the real and complex scalar fields, the Dirac field,
the electromagnetic field, and the massive spin 1 field are reviewed. 'For the
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scalar field, this removes the negative energy problem which beset the single-
particle interpretation of the Klein—-Gordon equation. and results in a many-
particle interpretation of the equation; the particles are necessarily bosons.
The complex field, on quantisation, yields particles and antiparticles. *Quant-
isation of the Dirac equation only gives positive definite energy if the resulting
particles obey Fermi statistics. This supports Dirac’s prediction of antiparticles.
*Quantisation of the electromagnetic field suffers from difficulties posed by
gauge invariance. The quantisation procedure is outlined in both the radiation
gauge, in which there appear only the two physical (transverse) polarisation
states, and in the Lorentz gauge, in which all four polarisation states appear,
the formalism being Lorentz covariant. The resulting difficulties are resolved
by the method of Gupta and Bleuler. *Quantisation of the massive vector field
is straightforward, and leads to the expected particle interpretation.

Guide to further reading

Canonical quantisation of fields of spin 0, 5 and 1 is treated in most books on
quantum field theory, for example, Itzykson & Zuber (1980), Bjorken & Drell
(1965), Schweber (1962), Schweber, Bethe & de Hoffmann (1956), Bogoliubov
& Shirkov (1980), Lurié (1968), Gasiorowicz (1966), Mandl (1960), and Killén
(1972). The connection between spin and statistics is fully reviewed by R. Jost
in Fierz & Weisskopf (1960).
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Path integrals and quantum mechanics

Thirty-one years ago, Dick Feynman told me about his ‘sum over
histories’ version of quantum mechanics. ‘The electron does any-
thing it likes’, he said. ‘It goes in any direction at any speed, forward
or backward in time, however it likes, and then you add up the
amplitudes and it gives you the wave-function.’ I said to him,
“You’re crazy’. But he wasn’t.

F.J. Dyson*

A common type of calculation in particle physics is that of a scattering cross
section for a particular process, for example electron—electron scattering
e"e” — e~ e~ . Under the inspiring guidance of Feynman, a short-hand way of
expressing — and of thinking about — these quantities has been developed.
Thus, in the particular case of e~ e scattering, to a first order approximation
the process is represented by the ‘Feynman diagram’ of Fig. 1.14, and the
crucial part of this diagram is the ‘propagation’ of the photon between the two
electrons. There are ‘Feynman rules’ which allow one to associate with each
diagram a scattering amplitude, and from the total amplitude (there may be
more than one diagram for each process) one calculates the cross section in a
straightforward way. In this chapter and the next one it will be shown how the
Feynman rules arise, and, in particular, how to find an expression for the
‘propagation’ of the virtual particle. In this chapter it will be shown how
quantum mechanics can be formulated so that scattering processes may be
understood directly in these terms. In the next chapter we shall extend the
treatment to scalar and spinor fields, and in Chapter 7 to gauge fields. In this
chapter we retain Planck’s constant # in the relevant formulae.

5.1 Path-integral formulation of quantum mechanics

In the usual formulation of quantum mechanics, the quantities g and p are
replaced by operators which obey Heisenberg commutation relations. The
mathematics one invokes is that of operators in Hilbert space. The path-
integral formulation of quantum mechanics, on the other hand, is based directly
on the notion of a propagator K(gsts; g;t;). Given a wave function y(gq;, t;) at

* In H. Woolf (ed.), Some Strangeness in the Proportion, Addison-Wesley, 1980, p. 376. Quoted
with kind permission.
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time ¢;, the propagator gives the corresponding wave function at a later time t;
by an appeal to Huygens’ principle:

W(gs, 1) = j K(gsts; i) w(git;) da;. (5.1)

(For simplicity we consider only one spatial dimension.) This equation is quite
general and merely expresses causality. According to the usual interpretation
of quantum mechanics, y(qy, t;) is the probability amplitude that the particle is
at the point g at the time #;, so K(gst¢; ¢;t;) is the probability amplitude for a
transition from g; at time t; to g; at time ;. The probability that it is observed
at g; at time ¢¢

P(qste; qit;) = | K(gsts; git)]*.

This is a fundamental principle of quantum mechanics, as every student knows.

Let us divide the time interval between t; and t; into two, with r as the
intermediate time, and ¢ the intermediate point in space, as shown in Fig. 5.1.
Repeated application of (5.1) gives

Y(gs, tg) = HK(qftf; qt)K(qt: qiti)y(q;, t;) dg;dq,

from which it follows that

K(qsts; qit) = JK(C]flﬁ qt)K(qt: git;)dq, (5.2)

so the transition from (g;, ;) to (gs, t;) may be regarded as the result of
transition from (g;, t;) to all available intermediate points q followed by
transition from (g, f) to (g, t1)-

As a simple and familiar illustration of this, consider the 2-slit experiment
with electrons, shown in Fig. 5.2. Denote by K(2A;1) the probability
amplitude that the electron passes from the source 1 to the hole 24, and by
K(3;2A) the amplitude that it passes from the hole 2A to the detectors 3, and
so on. Equation (5.2) then gives

KG3;1) = K(3;2A)K(2A4; 1) + K(3:2B)K(2B: 1)

1 /\
t W
tif

q; qr

-» q

Fig. 5.1. Propagation of a particle from (g;, t,) to (gs, t;) via an intermediate position
(q,1)-
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Electron 4 Interference
source | pattern

2B

Fig. 5.2. The 2-slit experiment.

and the intensity pattern of the ‘screen’ 3 is given by the probability
P(3:1) = [K(3: D

which will clearly contain interference terms, characteristic of the quantum
theory. Note that we cannot say ‘the electron travelled either through hole A
or hole B’ - it travelled, in a sense, over both paths (if not detected at the
slits).* This notion of all possible paths is important in the path integral
formalism.

We may show that the propagator K is actually the more familiar quantity
(qs¢tilgit;) - To see this, note that the wave function y(q, t) is

w(g, 1) = (qlyt)s

where the state vector |yt )g in the Schrodinger picture is related to that in the
Heisenberg picture |y)y by

[pt)s = e Hly)y.
Let us define the vector
lq1) = e"q) (53)
which we may call, for obvious reasons, a ‘moving frame’. We then have
w(g, 1) = (qt|y)u. (5.4)
Completeness of states enables us to write
(getily) = j<4ftf|Qiti><Qitilw> dg;

which, with the help of (5.4), is

gy, tg) = f(qftf‘CIiti>W(4ia t;) dg;.

* For an excellent discussion of the 2-slit experiment. see Feynman, Leighton & Sands (1965).
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On comparison with (5.1) we see that
(getilgit) = K(qets qir))s (5.5)

as claimed.

The propagator K summarises the quantum mechanics of the system. In the
usual formulation of quantum mechanics, given an initial wave function, one
can find the final wave function by solving the time-dependent Schrodinger
equation. In this formulation, however, the propagator gives the solution
directly. The idea now is to express g;t¢|g;t;) as a path integral.

Let us split the time interval between ¢; and ¢; into (n + 1) equal pieces 7. as
in Fig. 5.3. Equation (5.2) now becomes

(gstilgit;) = f . deIdQZ - dq,(getelgntn) (Gntnl @norta=1) - - - {qutilqit;)
(5.6)

and the integral is taken over all possible ‘trajectories’; they are not trajectories
in the normal sense, since each segment (g;;: gj_1¢;_;) may be subdivided into
smaller segments, so there is no derivative. The paths are really Markov
chains.

Let us calculate the propagator over a small segment in the path integral.
From (5.3) we have

—iHt/h

<q1'+1lj+1|61jtj> = (CIj+1|e |q]~)

= <q]'+1 q]'>

= 5(¢]j+1 - CIj) - %<%’+1|H’%‘>

1- %Hr + 0()

fdpeXp[ —p(gjs1 — q,] —(q]+1)H$q,> (5.7)

N

>z
e

-

4, dr q

Fig. 5.3. Propagation over many paths from (g;, ;) to (gs, t;)-
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The Hamiltonian H is a function of the operators p and g. In the special case
where H is of the form

2
H=2 +v(g (5.8)
2m

(actually, H can be any function of p plus any function of ¢), the matrix
element in (5.7) may easily be calculated. We have

p?
> fdp dp(gjlp’ >< ’ l >(p|q,
2m
and now substitute (g;.4|p’) = (2mh) " exp (ip'gj+1/h), giving

-

<q]’+1 £

2m

2

< Qj+1 ‘E—

2m

dp'dp [i , ]pz ,
q,> - p h(p di+1 — PYj) P~ (p—p)
2

dp i p
= |—=exp|—p(gi+1 — g)|—- 5.9
f . p[h p(gj+1 q,)]zm (59)
It is to be noted here that p? on the left-hand side of (5.9) is an operator,
whereas on the right-hand side it is a number. We could (and perhaps should)
have used a notation such as p to call attention to the operator nature of p on

the left-hand side. But in any case, it is an important result that the formula we
have on the right of (5.9) contains no operators. In a similar way,

‘ Giv1 + q;
(gi:1V(9)lg; = V(%)(‘]ﬁ”‘]})
= V('qﬁ—li—’@)é(q]ﬂ - qj)

= f—dhﬁ exp [—;Z—p(qj'ﬂ - qj')]V(q]'): (5.10)

where g; = %(qj + gj-1), and V(q) on the left is an operator expression, but the
integral on the right contains no operators. Putting (5.9) and (5.10) together,
we have

d i _
<61j+1iH|CIj> = JTP exp [‘;—P(%‘H - q]-)]H(p, a
and, from (5.7),

(gj+1t1lgj1) = ~fdp,eXP{ —[pi(gj+1 — 9)) — rH(p,,q,]} (5.11)

where p; is the momentum between f; and f;,, o1, equivalently, ¢; and g;,; -
see Fig. 5.4. This gives the propagator over a segment of one possible path.
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LA

> p

Fig. 5.4. Segments of the trajectory in momentum space.

The full propagator is got by substituting this into (5.6), giving, in the
continuum limit (where p; is the momentum along the path between g; and
qj+1)7

(qstelgit;) = hmfﬂ dg;[ ] —eXp{ . 2[1),(61]“ q;) — TH(p;, 67;]} (5.12)
j=0 h h]—

with qg = ¢q;, gn+1 = g;. This may be written in the symbolic form

@ (audans) = (P2 exp [ "aiipg - o0l 519

with ¢q(t;) = q;, q(t¢) = g¢. In the continuum limit g becomes a function of ¢,
and the integral is a ‘functional integral’, an integral over all functions. It is
infinite-dimensional. Expression (5.13) is the path integral expression for the
transition amplitude from (g, t;) to (g;. r7). Each function ¢(t) and p(r)
defines a path in phase space. As mentioned above. the more usual approach
to quantum mechanics is to solve the Schrodinger equation iA(d|y)/dr) =
H|y) where H is an operator, subject to some boundary conditions. In the
path-integral formulation we have an explicit expression for the transition
amplitude, which is clearly very well suited to scattering problems. The
quantities p and g occurring in the integral are classical quantities, not
operators (c-numbers, not g-numbers). It is not obvious, however, that infin-
ite-dimensional integrals of this type are well-defined mathematically, that is,
whether they converge; in other words, exist! We shall assume that they do.
The reader interested in the mathematical status of functional integrals is
referred to Gel'fand & Yaglom (1960), Kac (1959), Keller & McLaughlin
(1975), and Gudder (1979).

There is another form for the transition amplitude. which holds when H is of
the form (5.8), since in that case we can perform the p-integration. Equation
(5.12) becomes

<qftf|qlt > - hm fﬂ d%n"— exp {_E[p](%Tl %) - _T - V(q])l']}
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As far as the p; integration is concerned, this is of the same form as equation
(5A.3) (see the appendix to this chapter), so we get

o -t ) ffonen (2222 )

(5.14)

and hence, in the continuum limit
I
| (qstilqits) = Nf@q exp [%f L(q, f?)df] (5.15)
n

where L = T — V, the classical Lagrangian. In the limit n — o, N becomes
infinite, but this does not matter, since we shall always deal with normalised
transition amplitudes.

The integrand in (5.15) is the classical action § = f L dt. We have proved this
equation from the postulates of quantum mechanics, and by assuming that the
Hamiltonian is of the form (5.8). Feynman’s original approach was to adopt
(5.15) as a hypothesis and then prove the Schrodinger equation from it. The
disadvantage of this approach is that (5.15) does not hold in general, since (5.8)
does not. A counter example has been given by Lee & Yang (1962). If

L=-=-1),

which describes a system with a velocity-dependent potential, then the momen-
tum is

p—a =4qf(q)

9q
and the Hamiltonian is

H=pq—-L =) =12
pq 34°1(q) 2f(q)

and this is not of the form (5.8). Substituting this into (5.13) and performing
the p integrations gives, eventually,

(getilgity) = Nfi’bq exp (*;-I'Seff)

where
Sett = fdf[L(q, q) — %5(0) In f(q)]~

Instead of (5.14), we have an effective action, which differs from § = f Lds.
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In the case of field theories, similarly, the transition from an equation like
(5.13) to one like (5.15) may not in general be made, and in particular this is
true in the case of non-Abelian gauge-field theories. However, when we come
to consider these theories, in Chapter 7, we shall for simplicity adopt a
‘heuristic’ approach to the derivation of the Feynman rules, and work from an
equation analogous to (5.15).

5.2 Perturbation theory and the S matrix*

It is our aim to illustrate how the path-integral method is used in the
calculation of scattering processes, and we shall consider Rutherford scattering
in particular, in §5.3 below. The scattering of one particle on another is
described, non-relativistically, by interaction through a potential V(x) (we
change the notation, in this section, for the space co-ordinate, from g of x).
Since the expression for the transition amplitude is not exactly calculable, we
resort, as usual, to perturbation theory. This is valid when the potential V(x) is
small, or, more precisely, when the time integral of V(x, ) is small compared
with #. In that case we may write

["i W )d] L A [ V|
exp|— X, t)dt| = —~J x,t t———J x, t)ydr| +---
P hjr. Al 2107 U

(5.16)

This is the perturbation expansion. When substituted into the expression (5.15)
for the propagator K (x;t; x;t;) (see (5.5)) we get a series expansion

K=Ky+ K +Kr+ ..., (5.17)

the first term of which is the free propagator Ky:

Ky=N f [exp (%S)]be
= Nj[exp(;l—fémxzdt) Tx

To evaluate this, we write it in the discrete form (see (5.14))

n—x

(n+1)2 .« 1 im n
Ky = lim ( ) J H dx; exp[ > (X1 = xj)z].
iht 2ht j=0

¥ In this section and the following one I have drawn freely from M. Veltman. lectures at
Basko-Polje School, 1974 (unpublished).
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The value of this integral is known: see (5A.4),

. n/2 .
integral = —L—(lh—r) exp [“L(xf - xi)Z]’
(n+ 1)\ m 2a(n + Dt

so, putting (n + 1)T = t; — t;, we have for the free particle propagator
1/2 : — )2
Koxste; x;t) = (———m——) exp [M] (r:>1).  (5.18)
Ih([f — 2n(ts — ;)

The condition t¢ > ¢; is clearly crucial for the propagator, since it vanishes, by
causality, if t; < t;, so we may properly put

12 : 2
Ko(xstg; xit;) = 0(t — ti)(i;(—t:n———ti—)) exp [lrzn?((x_t_ff_:%] (5.19)

Let us now calculate K. From (5.14) and (5.16) we have

K, = — lim N("”)/zE fexp [—;—;P——E(xjﬂ - xj)z]V(x,-, t;)dxy ... dx,,
T /20

h n—w
where N = m/iht, and we have replaced integration over ¢ by summation over
t;. Noting that V depends on x;. we now split up the sum in the exponent into

two, one going from j=0to j=i— 1, and the other from j=ito j = n. We
also separate out the integration over x;, and get

n—®

K; = lim ———2 de{N(" i= 1)/?'Jexp ———E(xjﬂ - X)) ]dx,+1 . dx, }

x V(x,-, ti){Ni/zjexp [ﬂ—E(Xj+1 - Xj)z] dx; ... dx,'_l}.
2h7 j=o

The two terms in curly brackets are K(x¢t¢; xt) and Ko(xt; x;t;), so, replacing
rf dx; by f dx dt, the above expression becomes

Ky(xte; xity) = __H dtj Ko(xete; xt)V (x, ) Ko(xt; xit) dx.  (5.20)
t —w©

Now Kg(x¢ts; xt) vanishes if ¢ > 1y and Ko(xt; x;t;) vanishes if ¢t <, so the
integration in (5.20) may be taken over all values of ¢, to give

Kl(xfzf;xizi)=:}l-‘-f dtho(xftf;xt)V(x,t)KO(xt;xiti)dx. (5.21)

This is the first order correction to the free propagator. In a similar way, we
may prove that the second order correction is
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c\2 . % x x
Ko(x¢tg; xit;) = (71) f dflf dfzf dle dx, Ko(x¢ts; x212) V(x2, 12)
X Ko(xatz; x10)V (x1, 1) Ko(x1812 xi85). (5.22)

Analogous expressions hold for all X, in the expansion (5.17), so we write

K (x¢te; xit;) = Ko(xets; xit;) — —;I'JKO(xf[f; x1t)V(xy, t1) Ko(xity; xit5) dxy diy

1
- ;z“fKo(xfffL x1t)V(xy, 1) Ko(x1113 x212) V(x215)
X KO(thz; xiti) dx1 de d[l d[2 + ..., (523)

This is the solution to the perturbation series in K. and is called the Born
series. It may be visualised as in Fig. 5.5. K, describes the free propagation of
the wave function from x;r; to x¢ty; K, describes propagation with one
interaction with the potential V'; and so on.

A noteworthy feature of (5.22) is that it does not include the factor 1/2!
present in (5.16). The reason for this is as follows. The two interactions with V
occur at different times but are indistinguishable, so we write

L[ orimirrom qor aon — L [tars o v pron
Z_JV(t)V(z)dt de _Z!J[e(x V() (")
+ 0" — )V (') V("] de’ dr”
=f9(t1 — 1)V (1,)V(ty) dty dis. (5.24)

In a similar way, there is no factor 1/n! in the expression for K,. We shall now

Xglg xflf
xqlt
A
+ xh = +
Xoly
. xili
Xiti Xili
K=K, + K, + K, +...

Fig. 5.5. The Born series.



164 Path integrals and quantum mechanics

show that the free propagator K, is simply the Green's function for the
Schrodinger equation. To see this, substitute the Born series (5.23) into (5.1),
giving

Y(xst) = IK(Xftf; X; 1) Y(xit;) dx;
= fKo(Xflf; Xi 1) P(x;t;) dx;

—-}be@ggxnv«xz)demxnow@nodHMdm
1
+ ... (5.25)

Here we have changed from one space dimension to three. Assuming the series
above converges, the effect of the unwritten terms is to modify the last K, to
the full propagator K. so that

Y(x¢ty) = fKo(Xfffl X ) Y(xit) dx; — —;l-fKo(Xfff; xt)V(x, t)y(xt)dxdz.
(5.26)

This equation is exact, and is an integral equation for . Now assume that in
the distant past, t;— —=, y becomes free — a plane wave ¢ — then the first
term on the right-hand side of (5.26) is also a plane wave, since it results from
the free propagation of y(x;t;), and we may write

W(xete) = P(x¢ts) — %fKO(Xftﬁ xt)V(x, t)y(xr)dx dr. (5.27)
Now y(x;1¢) obeys the Schrodinger equation

2 (st
92yt + in 2L
m tf

= V(xet)) Y(x¢ty). (528)
Since ¢(x;t;) obeys the free-particle equation (with V' = 0), then Ky must obey

2
h—v,z‘fKo(Xf[f; X[) + ihaiK()(Xftf; X[) = Ihé(Xf - X)é([f - t) (529)
m te

which is the equation for the Green’s function of (5.28). Note that the presence
of the &(t; — 1) is to be expected from the 6(z; — t) occurring in the definition
(5.19) of Ky. The propagator Kj is then simply the Green’s function of the
Schrodinger equation, as claimed.
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We pass now to the calculation of the scattering amplitude. In the measure-
ment of a scattering process, the experimental conditions are that a particle is
free at t+ = —, then scatters, and is free again at t = +o. This is a source of
difficulty, however, because a free particle (that is, one with a definite energy
and momentum) is described by a plane wave, which spreads out over all space
and time, including the centre of the interaction potential V' (x), so the particle
can never be free! To get round this problem the adiabatic hypothesis is
invoked; the potential V is switched on and off again slowly, so that V =0 at
t = + % and the particle is free. ¥V must not be switched on and off too quickly;
this would imply, through Fourier transformation, that the time dependence of
V results in the scattering centre emitting or absorbing energy. which must not
happen.

Returning to the scattering problem, the initial condition is that y is a plane
wave:

Pn(xit;)) plane wave.

We assume that V — 0 for large negative ¢, and that ¢; is even further in the
past. Taking the first Born approximation in (5.25) gives

Y (xety) = fKO(Xftf: Xiti) Yin (Xi 1) dx;
- _;Z‘IKO(Xftf; xn)V(x, 1) Ko(xt; x;1;) ¥ (x;4;) dx dx; de. (5.30)

The superscript on y)(x;1;) denotes that it corresponds to a wave which was
free at t = —, and thus involves the ‘retarded’ propagator Ky(xt; x't"). which
vanishes for ' >t. It is equally acceptable to write a solution y(7)(x;1,)
consisting of a wave which becomes free at ¢ = *(y,,,), and an "advanced’
propagator Ky(xt; x't") which vanishes when t" <.

We are interested in the amplitude for detecting a final particle with definite
momentum, i.e. a plane wave .. This is called the scattering amplitude S,
and is the overlap of the wave functions

S =JW§ut(xftf) Y (xet) dxg
= JWﬁm(Xftf) Ko(x¢ts: xi 1) Wi (Xi1;) dx; dx;
- _;l‘fwzl;ut(xftf)KO(xftﬁ xt)V(x, 1) Ko(xt: X1;) Pin(xi1;) dx¢ dx dx; dt

= fwgut(xftf)¢(xftf) dx; — %f%ku:(xfff) Ko(xsts: xt)

X V(x, 1) Ko(xt; Xt;) Yin(x;1;) dx¢ dx dx; dr (5.31)
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where ¢(x¢t;), just like i (xit;), is a plane wave. If the initial and final
momenta are p; = hk;, p; = fik¢, we have, with box normalisation,

=L el ipx - E
win(XI) \/l_exp[h(l)x X Elt)]?

Youlx1) = %exp [—;—@f x - Efo] (5.32)

where E = p?/2m and 1 is the volume of the box, which of course is arbitrary.
Substituting (5.32) into the first term of (5.31), using

j 9% dx = (2m)°6(q),

and putting, for convenience, 7 = (27)*, we get

S = (ki — ky) — % f Wea(xet) Ko(xetg X0V (x, 1)
X Ko(xt; xit;) ¥in (x;;) dx dx dx; d¢. (5.33)

The scattering amplitude is then seen to be one element of a matrix S, whose
(fi) element appears above; this is the scattering matrix or S matrix. The first
term corresponds to no interaction giving momentum conservation and a unit §
matrix. Genuine interactions are represented by the second term in (5.33), and
the amplitude that a particular ‘out’ state results from a particular ‘in’ state is

A= —-;ll—ngut(xftf)KO(Xftf; xN)V(x, 1) Ko(xt; X 1;) Pin(x;1;) dx¢ dx dx; dr.

(5.34)

We now have an expression for the scattering amplitude in terms of the
free propagator K, and the interaction potential V. Equation (5.34) may be
translated into a set of simple rules for the scattering amplitude; these rules are
known as the Feynman rules.

We may represent amplitude (5.34) (which is a first order approximation),
by the diagram

(5.35)

X.I.

It is clear that the rules for translating this diagram into the expression for the
scattering amplitude may be summarised by making the correspondence
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Ko(xat7; x111) (5.36)

Xt Xyty

|4

1 . .
/(\ —;V(xt); integration over x and ¢

In addition, we multiply by vy, and %, at the ends of the diagram and
integrate over the two relevant spatial variables. Thus, the amplitude for the
second order process

Xt

iti

|4

5.37
»V//X'I’ ( )

X! xf’f

is
—i\?
A® = (7) [ttt Kot XV, £ Kol 13 0V (3, 1

X Ko(Xt; xiti)win(xiti) dx; dx d¢ dx'dt’ de.

The rules (5.36) are called the Feynman rules. In the non-relativistic quantum
mechanics we are dealing with at present, these rules are hardly necessary to
do calculations, but in quantum field theory. to be considered in the next
chapter, they are a great aid to calculation.

The rules (5.36) are written in co-ordinate space. In many calculations,
however, it is more convenient to work in momentum space, and in the
remainder of this section we will derive the corresponding Feynman rules in
momentum space. Let JH(py, t1; poto) be the amplitude that a particle with
momentum pg at time ¢y be later observed to have momentum p; at time ¢;. It

is given by

i i
H(p1, t1; Poto) = fexp (‘%m : Xl) K (x1t1; Xotp) €xp (zpo . Xo) dxo dx;. (5.38)
The free propagator Ko(xX;t1; Xoto) is given by the 3-dimensional generalisation
of (5.19),i.e.

im (%9 — x1)°

2 (6= 1) ] (5.39)

m 32
Ko(x111; Xotg) = 6(t; — 10)[.—“—‘—] CXP[
lh(tl d [0)

Ho is then
m 32 i
Ho(p1t1; Poto) = 6(t1 — to)(_“—‘—, ) fexp [—(Po’ X0 — P1 'Xl)]
ih(t; — t0) n

. w2
X exp [ﬂgg—x—l)—] dx dx;.
21 (1y = to)
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To evaluate this integral we introduce the variables
Xx=% —X;, X=X +X, p=po—P1, P=po+p
so that
2(po %o —p1°x) =P-x+p-X.
The Jacobian of the transformation is (%)3 = gl-, so we have

20 V1 i
Ho(p1s 11: Pos Lo) = O(t1 — m(%") -éj exp —2—‘h—p-x dx
1

X fexp (LP . x) el* gy
2h
where o = m/2h(t; — t3). The first integral is 8(27#)>dp = 8(274)*8(py — P1),
SO

32 .
3{0([)1[1; po[o) = (2ﬁf2)39([1 - [0)(3([)0 - pl)(-g:ey—) J’exp (iP X + IO’XZ) dx.
1

The integral may be evaluated by appealing to equation (5A.3) giving

—iP(1, — ro>]
mh

Ho(p111; Poto) = (2wh)*6(ty — 10)S(Po — Pl)eXP[ .

Note that the delta function implies that p; = pg, and there is only propagation
when momentum is conserved. Moreover, we then have P? = 4p(2), so finally

.2
1 {1 —1
Ho(p1ts; Poto) = (2mA)36(t; — ro)a(po—poexp[——p“z;m 0)]. (5.40)

This propagator, as already noted, gives the amplitude for observing a particle
with momentum p; at time ¢, if one has been observed with momentum p at
time rg. The Fourier transform of this quantity is, of course, Ho(x1t1; Xoto),
given by the inverse of (5.38), which yields, on substituting (5.40),

Ko(ati: otg) = — g f exp (Lpl 'xl)ﬁfo(pltl; Po’o) exp(—LPO'XO) dp: dpo
(2mh) h h

= 0(t; ~ 1g)— jexp {L[q (x1 = %0) = ‘q’z—(h - fo)]} dq.
(2mh)’ h 2m

(5.41)

We shall use this expression in the calculation of Coulomb scattering in the
next section.

Finally, let us take the Fourier transform of the ¢ dependence, so as to treat
time and space in a symmetric manner. This is necessary for relativistic
examples. The propagator we require is then
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i .
ko(p1Ev; PoEo) = feXP (;Eltl)%o(pltl; Pofo) €Xp (“—‘;:E()to) dtodt,

. 2
= e’ 500 = p1) 010 exp( sk r)

m
X exp [—;I—(Eltl - Eoto)]dtodh (5.42)
where T = t; — to. Regarding 7 and ¢, as the independent variables, this gives

Ho(pLE1; poEo) = (2mh)’8(po — pl)f exp [—;1—(E1 - EO)IO] dt,

* i pi
x O(r)exp|—| E, — —|r|dt.
J—w() p[h( : 2m)]
The first of these integrals is (2772)6(E, — E,). The presence of the 6(1)
function in the second integral means that it is of the form

ool

f elTdr
0

which, if o is real, does not converge. To make it converge, w must be
replaced by  + ig, where ¢ is small and positive. The value of the integral is
then i/(w + i€).* Substituting for @, we have finally

ko1 Evs poEo) = (2h)*8(po — pIS(Ey — E)—— . (5.43)
E, - LAl + ig
2m
As may have been anticipated, this propagator yields energy conservation as
well as momentum conservation. The limit € — 0 should be understood in
equation (5.43). An important observation to make is that the energy E is not
necessarily p?/2m for a particle described by wave mechanics. E and p are
independent variables (used to define Fourier transforms from ¢ and x space).
It is only for a classical point particle, described in quantum theory by a wave
packet of vanishing size, that £ = p?/2m. In this limiting case, the propagator
above has a pole. Propagation takes place in general, however, for any value of
E and p.
It is now straightforward, if tedious, to show that if we introduce the Fourier
transform of the potential V(x, ) by

V(x.1) = fexp [%(q-x - Wt)]v(q. W)dqdw (5.44)

* Equivalently. the Fourier transform of 6(r) is given by

o(1) = lim Lje L
e 21 w — i€
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then the amplitude (5.34) may be expressed in terms of ky, and v, and
summarised by the momentum-space diagram

PoEo\\’/’nEl
v

P: Po
E,—E,
whose meaning is given by the Feynman rules
1A
p,E L . : , (5.45)
2mh 2
@) f _ P e
2m
\\ / —L2nh)*o(q, W).
v h
q. W with energy and momentum
conservation.

These are the Feynman rules in momentum space. The expression for the
scattering amplitude A contains ¥, ¥, and integration over relevant vari-
ables.

5.3 Coulomb scattering
Let us now apply the theory developed above to the well-known problem of
the scattering of charged spinless particles in a Coulomb field (Rutherford
scattering). The scattering amplitude in the first Born approximation is given
by (5.34)
A= %f%kut(xﬂl)Ko(Xﬂu x)V(x, 1) Ko(xt; Xot0) Yin(Xoto) dx; dx dx ds

where V(x, t) represents the Coulomb potential. Now substitute for K, from
(5.41), and for Yoy and yy, from (5.32), giving

_-i1 S Pt _
S (2nh)6Jexp[ n (pf H 2mt1)]9(t1 )
X exp {i[q - - Loy - r)]}
h 2m

: 2
X V(x, t)exp{%[q' “(x = Xo) - g—m(t - to)]}g(’ = 1o)

. 2
X exp [%(Pi "X — zp—'to)] dx; dx dxodsdqdq’.
m
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Integration over x; and x( gives the delta functions
Qah)*6(ps — q) and (27h)’8(q" — py).

Integration over q and q' then eliminates the terms in #; and #y. Taking the
limits tg — —%, t; — = to eliminate the 8 functions then gives

A= ;_Tifexp{%[(pi —p)x—(E — Ef)t]}V(x, 1) dx dt

with E;; = pif/Zm. For the Coulomb potential V = Ze?/4meyr and integration
over t then gives

—i E. - E 2

A= 71277(5(-—1 f)—Ze

i 1
exp|—(p; — - X |[—dx.
- | p[h(p ) ]r

47780

The last integral does not converge at infinity, so a factor e is introduced,
and, on letting a — 0, the value of the integral is 474 /g%, where q = p; — p;. SO

A= (5.46)

—i 2w Ze*H? a( E, - Ef)

ht  gq? h

This is the scattering amplitude, from which we want to calculate the scattering
cross section 0. |A|? gives the probability that a particle emerges with momen-
tum p¢. Assuming a box normalisation volume 7. then

Tdps
(2mh)?

AP

gives the probability that a particle emerges with momentum between p; and
pr + dp;. If the interaction lasts an effective time 7', then

AP de
T (2nh)}

is the number of particles per second emerging in this momentum range. To get
the cross section, we divide by the incident flux and integrate over p;. The
incident particles travel with speed p;/m and there are 1/t of them per unit
volume, so the flux is p;/Tm particle per second per unit area. The cross section
is then

2
o= j——“‘” m Tdpe (5.47)
T pi (2ah)’
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|AJ? involves |8(E; — E¢/h)|*. What is this? We appeal to the definition of

o(x):
(52 |
h

lim

T—=

1 T2
— f exp[i(E; — E¢)t/n]dt
2r)-TR

Sil’l[(Ei — FE
7(E; — Ey)/h

- ia(ﬂ)
27 7]

~ sk - Ep (5.48)
2

T—=<

where we have used the formula lim,_. (sin® ax/ax?) = w8(x). Collecting
together equations (5.46-8) gives

- mz%e f__é(Ef E;) & ps
4‘7'8()

_ mZe lipfdpfa(Ef E;)dQ.
477’28() Di

Now use E = p?/2m to put p; = (2mE Y2 and pidps = Qm*E )l/szf and
integrate over E; to give

2,4

_ m?Z% f 2 4o
477'280

where, because of the delta function, p; = ps = p. Hence g* = 4p?sin®(6/2)

where 0 is the angle between p; and p;. Finally, putting p = mv we have the

differential cross section

d_ff:( Ze? )2 1 (5.49)
d@2  \8rgymuv?/ sin*(6/2)

which is the Rutherford formula.

5.4 Functional calculus: differentiation

Quantities like the propagator
-
(xstelx;ty) = Jébx exp [% L(x, x) dt]
t

are functional integrals: the integration is taken over all functions x(r). The
left-hand side is a number, so the integral associates with each function x(t), a
number. The integral is called a functional, and clearly depends on the value of
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the function x(t) at all points. We may write this in short hand:

functional: function — number. (5.50)

A function, for example f(t) = t> + 2¢, has a value (a number) for each value
of the independent parameter, which is also a number. Given a value for ¢, we
calculate the value of f. In short hand:

function: number — number. (5.51)

In mathematical notation, numbers belong to the space of reals R, so a
function defines a mapping

function: R — R. (5.52)

Sometimes, of course, a function may be a vector quantity, like an electric field
E, and therefore belong to R>; and it associates this electric field with every
point of 3-dimensional space, and so is a mapping R> — R®. On the other hand,
a scalar function ¢(x) clearly defines a mapping R?> — R. In general, then, we
have the definition

function: R” — R™. (5.53)

Functions are continuous - to be precise, they are n-times differentiable. In
physics, we generally concern ourselves with functions which are infinitely
differentiable. The underlying co-ordinate space is a manifold M (for example
R, or R? for 3-dimensional Euclidean space), and a function is denoted C"(M);
and in the case of infinitely differentiable functions, C*(M). A functional,
then, from (5.50), defines a mapping

functional: C*(M) — R. (5.54)

It should by now be obvious, but nonetheless important to note, that a
functional is not a function of a function, which is, of course, a function. It is
common to denote a functional F of a function f by using square brackets,
Ff1.

We now define functional differentiation. By analogy with ordinary differen-
tiation, the derivative of the functional F[f] with respect to the function f(y) is
defined by

SFIF()] _ . FIf(x) + edx = y)] = FIf()] (5.55)
of(y) = e

Let us take a specific example. Consider the functional

F[f] = ff(x)dx. (5.56)
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Then

SFIf] _ .. 1
o gg%;{ JUreo) + eox = yax - | f(x)dx}

= J(S(x — y)dx =1. (5.57)
As a second example, consider
Elf] =[G, »)f(y) dy. (5.58)

Here, x on the left-hand side is to be regarded as a parameter. Then

SR[fl _ . 1
of(z) £‘L%;(f (Gl If() + ey = D)) dy - [Glr, y)f(y)dy)
= [G(x. )8y ~ 2y dy
- oo (5.59)

5.5 Further properties of path integrals
We have shown that the transition amplitude from g;¢; to gst; is given by

.
(qetelgits) = Nf%q exp [—;Tf dtL(q, q)
n

in the case where H = (p*/2m) + V(q), which is sufficiently general for the
present purposes, and the boundary conditions of the problem are

q(t)) = qr, q(t;) = q;-

This type of boundary condition may be appropriate in the motion of
classical particles, but it is not what we meet in field theory. Its analogue there
would be, for example, y(t;) = v, y(t;) = Y. But what really happens is
that particles are created (for example, by collision), they interact, and are
destroyed by observation (i.e. by detection). For example, in measuring the
differential cross section do/dQ for N scattering, the pion is created by an
NN collision, and it is destroyed when it is detected.

The act of creation may be represented as a source, and that of destruction
by a sink, which is, in a manner of speaking, a source. The boundary
conditions of the problem may then be represented as in Fig. 5.6; the vacuum
at t = — evolves into the vacuum at r — %, via the creation, interaction and
destruction of a particle, through the agency of a source. We want to know the
vacuum-to-vacuum transition amplitude in the presence of a source. This
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—

Particle destroyed

Particle created

[— -0

Fig. 5.6. Representation of the vacuum-vacuum transition amplitude in the presence of
a source.

formulation, using the language of sources, is due to Schwinger (1969). The
source J(t) is represented by modifying the Lagrangian

L— L+ hi(t)q(e). (5.60)

If |0, ¢)7 is the ground state (vacuum) vector (in the moving frame) in the
presence of the source, i.e. for a system described by (5.60), then the transition
amplitude is

Z[J] o <07 oOiO, _°°>] (561)

where a proportionality factor has been omitted. The source J(¢) plays a role
analogous to that of an electromagnetic current, which acts as a ‘source’ of the
electromagnetic field. The charged scalar field ¢, for example, has the Lagran-
gian (3.65) and its interaction with the electromagnetic field A* is given by the
Lagrangian (3.73), of the form J,A". The current J, acts as a source of the
electromagnetic field, and this idea is generalised by Schwinger in the above
formulation: any field ¢ may be ‘created’ by an appropriate source J. Z[J] is a
functional of J, and we now derive an expression for it, i.e. for the transition
amplitude up to a constant factor. The salient feature is the presence of the
ground state; how do we arrive at it?

The situation is represented by looking at the time axis in Fig. 5.7. What
follows leans heavily on Abers & Lee (1973). The source J(¢) is non-zero only
between times ¢ and '(r < t'). T is an earlier time than ¢, and T’ a later time
than ¢', so the transition amplitude is

(0'T'|QT)’ = Nf@q exp [lfrdt(L + th)]. (5.62)
hlJr

\ v T . -
.J=0 J¢QN Time axis
Rotated

)

time axis

Fig. 5.7. Rotation of the time axis in calculating the vacuum-vacuum transition ampli-
tude.
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We may write

<Q'T'|QT>’=jdq'dq<Q'T'|q'r'><q'r'|qr>’<qr|QT>. (5.63)

i i
exp|——HT' |exp|—Ht'||q’
p( h ) p(fz ) 1 >

=2 0m(Q")¢h(q") exp [—;{Em(ﬂ - T’)], (5.64)

Referring to (5.3) we then have

—

where ¢,,(q) are a complete set of energy eigenstates, Similarly,

(qt|QT) = Z%(q)ﬁ(Q)eXp[—%En(f - T)]- (5.65)

Now substitute these equations into (5.63). By taking the limit T’ — we ™,
T — —we ® with § an arbitrary angle < 7/2 (see Fig. 5.7), we see that, since
the imaginary part of T is i|T|sin 8, the term (i/h)E,T contains a real part
—(1/R)|T|sin 6 which gives a damping factor exp {—(1/4)E,|T|sin §}. In the
summation in (5.65), then, all the terms are damped but, the larger E, is, the
more they are damped. Hence the term which suffers the least damping is the
one with the smallest E,, that is E,, the lowest energy stage, or vacuum.
Hence in the summation only the ground state (vacuum) contribution survives.
This is the feature we want. We then have

Tli‘li_.a(Q'T"QT)] = ¢6"(Q)¢0(Q')CXP[_%E0(T' - T)]
T——xe™i0
X qu'dq%“(q’, t'){(q't'|qt) $o(q, 1)

or

qu’dq%"(q’, 1) {(q't'|qt) ¢o(q, 1)
Xy all J
- lim (o'T ‘Q.” . (5.66)
[ ‘EO(T'—T)]

T==2e™ $5(Q)Po(Q") exp r

The left-hand side is the ground state expectation value of the transition
amplitude. The times ¢’ and —¢ may be taken as large as one likes, so the
left-hand side becomes (0, |0, —=)’. The denominator on the right-hand side
is simply a numerical factor, so we have
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QT)’ (5.67)

(0,20, =)« lim (Q'T’
T'—o0e™10

T

with
i" :
(o rior) = N[aex {1 alL@. 0) + 1.
hir

Finally, instead of rotating the time axis as we have done, the ground state
contribution may be isolated by adding a small negative imaginary part to the
Hamiltonian in (5.64) and (5.65); adding —%isq2 will achieve the result. This is
equivalent to adding +3ieg? to L, so we finally define Z[J] in (5.61) by

B Z[J]= J(:bq exp [%J' dr(L + hJg + %isqz)] x (0. [0, —=)’. (5.68)
This expression for the transition amplitude will be taken over when we
consider field theory, in the next chapter. Meanwhile, we shall prove one more
relation, involving the functional derivatives of Z with respect to J(t).

To begin, instead of (qg¢t¢lq;t;), consider (g¢t;|q(t,)lgiti), where t; > 1, >
t;, and it should be remembered that ¢(z, ) is an operator. Consider equation
(5.6), and choose t,, to be one of the times ¢;, . . ., t,. Then

(qgetelg (1)l giti) = qux oo dgn(qetelgntn) (Gntnl qno1ta-1)

ca <qnltn||q(tn|)|qn1—1tn1—l> o Aaqinlgin).

The expression (g ty,|q(tn)|{qn-11s,—1) may clearly be replaced by
q(12){qn,tn,|{Gn,~1tn,~1), Where this time ¢(r,) is a scalar. The rest of the
argument is analogous to that leading from (5.6) to (5.13). so we have, finally,

DqgDp

(gstdlg(t)lgiti) =f q(t;) exp {-;l—f“[pq - H(p, q)]dt}- (5.69)

Next, we suppose we want to find
(getilg(ta)q(tn ) giti) -
If r,, > t,, we have
<qftf|q(tn|)q(tn3)|qiti> = J.dql s dqn<qftf|Qntn> s <Qn1[n1|q(tnl)|qnl—l[n1—1>
EE <qnztn2iq(tng)|qn:—ltn:—1> LR <‘htl|‘hti>,

giving, finally,

(aetdatae)lain) = | @q}f‘iq(rl)q(mexp [% [ g - H)dr] (5.70)
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if 11 >1t,. If, on the other hand, t, > r;, this is not true; in that case, the
right-hand side of (5.70) is equal to

(gstilg(t2)g(tr)lgiti).
In general, then, the right-hand side of (5.70) is equal to

(qete| T[q(t1)q(12)]lg;it;)

where the time ordering operator T has the definition

iAol - | gehe | (5.71)

T has the effect of putting earlier times to the right. The result we have found
generalises to

(g Tla(t)ates) - a()llas) = [P Lq(0)a(rs) . q()

-
X exp {% [pg — H(p, q)]dt}~ (5.72)
t
In the case where H is of the form (5.8), this becomes
(et Tla(t)q(r2) - - - q()lgits) = N [Dgq(tn)q(z2) - - q(t,)

(i "Ld) (5.73)
Xexp|— ty. .
P50

However, from the definition of Z[J] in (5.68), its functional derivative with
respect to J is

8Z[J] _ . [i - ’ ]
= =1|9qq(t;)exp|—| dt(L + AJg + 3ieq”
St qu( 1) exp hf_w ( q +3ieq”)
and hence

" Z[J]

-

=i" ir i 2
oIty - . 0J(ty) ! f@qwo e q(tn)eXP[hf dt(L + hJq + 3ieq )}

(5.74)

which gives, on putting J = 0,

8" Z[J]
8J(1y) ... 8J(ty)

= i"f@qq(tl) ... g(t,)exp [—;—J’i} de(L + %ieqz)]. .

(5.75)

J=0
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Comparing the right-hand side of this equation with that of (5.73) above, we
note that the difference lies in the %isq2 term: but we know, from what was said
above, that it is this term that has the effect of isolating the ground state
contribution, so we finish up with the vacuum expectation value of the
time-ordered product:

O"Z[J]
0J(ty) ... 8J(ty) li=0
This is the second result we wanted, and to which we shall have recourse in the
next chapter.

xi"(0, ©|T[q(r) . . . q(t,)]|0, —).  (5.76)

Appendix: some useful integrals

We begin by stating a well-known formula

P ’ T 1/2
j e dy = (—) (@>0). (5A.1)
—x o
Proving it is clearly the same as proving that
f f e dy dy = L, (5A.2)
—cJ — o

and this is shown by going over to polar co-ordinates (r, 6):

x

27 % R R
f je—“"rdrde =27rJ e~ dr
0 /0 0

nj ear’ d(rz)
0

T
o

Thus, (5A.1) is proved.
Now we pass from the integration of Gaussians to that of quadratic forms

x< N x©
j e—ax-+bx+c dy = J' eq(x) dx.
—_ —x

Let X be the value of x giving a minimum of g:
,

b..
, qg(x)=—+c.
1 da

_ b
X = —
a

This allows us to ‘uncomplete’ the square:

q(x) = q(x) — a(x — %)*.
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Hence

f el dy = eq(f)J'ac e ax=%)’ 4y

12
= eq(f)(_“_)
a

* b* 7\
J' exp(—ax? + bx + ¢)dx = exp (T + c)(——) : (5A.3)
—x a

a

from (5A.1). Finally, we have

Lastly, we show that

o

f exp {iM[(x; — @)* + (x2 — x1)* + ... + (b — x,)*]} dxy . .. dx,

it }1/2 [
————| exp
(n + A"

iA

B n+1

(b - a)z]. (5A.4)

It is proved by induction; we assume it is true for n, and show it is true for
n + 1. We have

=

f exp {iA[(x; — a) + ...+ (b = xu)?] dxy - . . dxya

i"r" 12 o iA 2 . 2
=|—"=| [ e (o1 — @) | exp[i(b = x,41)7] Ay
(n + A" —w n+1
i"ﬂn 12 e . 1 2 2
=|—"=| | ewiir (st = @2 + (b = %) | § Ay
(n + 1)A" —o n+1
Putting x,.; — a = y, the term in square brackets becomes
n+2
Y2+ -a-yP= y2=2y(b—a)+ (b - a)’
n+1 n+1
2
_ n+2[y_ ’H'l(b—a)} L1 (b — a.
n+1 n+2 n+2

Now we put A — (n + 1/n + 2)(b — a) = 7 and find that the integral is

‘n..n 1/2 oc .
(—l——) f exp it 222 + it (b - a)z]dz
(n+ 1A" - n+1 n+2
sn+1l,n+1 1/2
_ _I_W___T] exp[ S a)z]
(n +2)A"* n+2

which is (5A.4) with n + 1 instead of n. It only remains to show that the
formula holds when n = 1. In this case the integral is
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x

I= f exp (iA[(x — a)? + (b — x)}]} dx

_ o[ A= by i_n)”2
exp [1—————2 ](2A

where in the last step (5A.3) has been used, but with a in that equation
imaginary. This value for [ is the same as the value obtained from (5A.4) by
putting n = 1. We have therefore proved (5A.4) for all n.

Summary

'Feynman’s path integral formulation of quantum mechanics is explained, and
%a perturbation series (the Born series) developed. The S matrix (for scattering
of ‘particles’) is defined and it is shown how the resulting transition amplitudes
may be obtained by reference to the ‘Feynman rules’. These are written down
in co-ordinate space and momentum space. °It is shown how the case of
Coulomb scattering results in Rutherford’s formula. *A brief account of
functional differentiation is followed by °a demonstration that the scattering
amplitude, written as a vacuum-to-vacuum transition amplitude in the presence
of a source J, is a functional integral of J, and relates the vacuum expectation
values of time-ordered products of operators to corresponding functional
derivatives of this functional integral. The appendix proves the integrals
needed in the course of the chapter.

Guide to further reading

The first papers on path-integral quantisation were Dirac (1933) and Feynman
(1948); these are both reprinted in Schwinger (1958). An expanded account is
to be found in Feynman & Hibbs (1965). There are by now a number of good
reviews of path-integral quantisation as used in physics, among which are the
following: Marinov (1980), DeWitt-Morette, Maheshwari & Nelson (1979),
Schulman (1981), Lee (1981, ch. 19), J.R. Klauder in Papadopoulos & Dev-
reese (1978), Blokhinstev & Barbashov (1972), and Abers & Lee (1973). Good
introductions to the mathematical aspects of functional integration are Gel’fand
& Yaglom (1960), Kac (1959), Keller & McLaughlin (1975). For more rigorous
treatment, see Gudder (1979), Simon (1979), and M.C. Reed in Velo &
Wightman (1973). Schwinger’s philosophy of sources is explained in, for
example, Schwinger (1969).
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Path-integral quantisation and Feynman rules:
scalar and spinor fields

In this chapter we shall quantise scalar and spinor fields by path-integral
quantisation. in analogy with the treatment of quantum mechanics in the last
chapter. This will enable us to find the propagators for the scalar and spinor
fields. We shall then introduce interactions, treat them perturbatively, and find
the Feynman rules. After considering spinor fields in more detail, we conclude
by calculating the pion—nucleon scattering cross section.

6.1 Generating functional for scalar fields*

Suppose the scalar field ¢(x) has a source, in the sense of §5.5, J(x), then,
analogously to expression (5.68), we may define the vacuum-to-vacuum transi-
tion amplitude in the presence of the source J as

Z[J] = J?.Zgbexp {1J d4x[.§£(¢) + J(x)p(x) + %sg‘oz]}
o <0’ w|0’ —°°>]- (61)

Here we have made the substitution @¢(t) — @¢(x#), and have put i=1. Lis
the Klein—-Gordon Lagrangian (3.10). So, instead of dividing time up into
segments, we divide space and time up, and Minkowski space is broken down
into 4-dimensional cubes of volume &* in each of which ¢ is taken to be
constant

&~ o(xis ¥j» 2i> 1)
Derivatives are approximated by, for example,

3¢

1
ax ik = —6—[¢(XI + (S’ y]’ Zk’ tl) - (P(xi’ Yj, Lk tl)]‘
i.j.k.

Now let us replace the four indices (i, j, k, I) formally by one index n, and
write

cE£(¢(-xx" Vs Lk tl)’ ay‘P(xb Vs k> tl)) = §£(¢)m ay‘pn) = f%n'

* In this section and for much of this chapter I have drawn on the lectures of J. Wess, Karlsruhe
University, 1974 (unpublished). and Popov (1983).
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If i, j, k and [ each take on N values. then n takes on N* values, so the action
S.= [ d*x becomes

N4
§S= 6%,
n=1
The vacuum-to-vacuum amplitude Z[J] is then
N* N* ;
Z[J] = Al]im JH d¢, exp {12 (34($,, + ¢, + Esqf,)} (6.2)
—* =1 n=1
Let us now calculate this for a free particle (field), for which
%o = 33,499 — m*§?).
The corresponding vacuum-to-vacuum amplitude is (taking the limit N — )
Zo[]] = J Dpexp (i f (38,93 ¢ — (m* — ie)¢?] + PJ} d4x). (6.3)
We use the identity

j 3,3t pdix = f 3,(¢9"p) d*x — j PO d'x,

and convert the first term on the right to a surface integral, using the
4-dimensional version of Gauss’ theorem. This surface term vanishes if ¢ — 0
at infinity, so we have

f 8,$3"pd*x = — j oOpd*x, (6.4)
giving
| ZoJ] = f@¢exp {—if[%d)(l:l + m? —ie)p — ¢J] d4x}. 6.5)

(Note that the field ¢ in this generating functional does not obey the Klein-
Gordon equation (3.8).) To evaluate Zy[J], let us change ¢ to

P(x) = P(x) + do(x). (6.6)
Using the fact that
f¢0(t:1 + m? —ig)pdix = j¢(m + m? — ig)gy d'x,

which follows from an argument analogous to that leading to (6.4), we have,
under (6.6),

[Bo@ + m? ~ i) — pJd'x > [Bo(@ + m? ~ ie)p + $(0 + m? = ic)go

+3¢0(0 + m? — i)y — ¢J — PoJ] d*x.
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If ¢ is now chosen to satisfy
(O + m? = ig)po(x) = J(x) (6.7)

then this becomes

j Bo(@ + m? — ie) — 2poJ] dx. (6.8)

Now the solution to (6.7) is

Pu(x) = = [Ar(x = y)J(y) dy (6.9)
where Ag(x — y) is the so-called Feynman propagator, obeying
(O + m? — ie)Ap(x) = —&*(x). (6.10)

Substituting (6.9) into (6.8), we see that the exponent in (6.5) is —i times
§j¢(m + m? —ie)pdix + %_JJ(x)AF(x — W) dixdty.  (6.11)

So Z[J] now takes the form (where dx stands for d*x, and similarly for y)
Zo[J] = exp [‘%IJ(X)AF(X - y)J(y)dx d)’]

x f@d)exp[—%j(fo(ﬂ + m? - ie)cpdx]. (6.12)

The superiority of this expression to (6.5) lies in the fact that here Z,[J] has
separated into two factors, one depending on ¢ only, and the other on J only.
In fact, the integral involving ¢ is actually a number, let us call it N, since the
integral has been taken over all functions ¢. Finally, then, we have

[ | ZyJ] = Nexp [—%f](x)AF(x - y)J(y)dx dy]. (6.13)

Since we are only interested in normalised transition amplitudes, the value of
N, in the applications we consider, is irrelevant.

The aim of this section, to derive equation (6.13) for the vacuum-to-vacuum
transition amplitude, has now been achieved. In the next section we shall show
how the same equation is derived using rather higher brow mathematical
techniques of functional integration. Before finishing this section, however, we
shall consider briefly the Feynman propagator Ag(x), defined by (6.10). It is
easy to see that Ag(x) has a Fourier representation

- 1 . e—ikx
Ap(x) = d*k . (6.14)
4 2 2 4
(2m) k* — m” + ie
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Note that the presence of the ie term, which was put in originally (see (6.1)) to
ensure vacuum-to-vacuum boundary conditions, dictates the path of integration
round the poles at kg = +(k? + mz)l/?'. In fact, the poles are at k% =k%+

m? — ie, and therefore at

ko= (k> + m)”2 Fio=+£E Fié. (6.15)

This is shown in Fig. 6.1, where the integration path of k is along its real axis,
as shown. In the limit §— 0, i.e. £€— 0, which is implied in the expression
(6.14), the poles reach the real axis, and in this case the integration path is as
shown in Fig. 6.2.

There is another way of incorporating the vacuum-to-vacuum boundary
conditions, which is to rotate the time axis, instead of through the small angle
8, shown in Fig. 5.7, through an angle of #/2, so that t — —ie. Defining

x4 =it = ixg (6.16)

this limit is x4 — . This space—time, with an imaginary time axis, is Eucli-
dean, for the invariant interval is

4
ds? = (dx?) = (dx')? — (dx?)* — (dx*)? = = 3 (dx*)%.

u=1

Fig. 6.1. Integration path along the real k axis in the definition of Ag(x).

Fig. 6.2. New integration path on taking the limit ¢ — 0(6 — 0).
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Defining, in addition,
ky = —iko, (6.17)
giving, in the Euclidean space,
K= —(K+ K+ K+ kY =~k (6.18)
and
d*kg = Pk dk, = —id*k,

the Feynman propagator is

-1 4 e—ik,:_x

Ap(x) = j dke— : (6.19)
@m)* kg + m?

Here there is no problem of choosing a contour, for the poles are not on the

real axis, but at k; = *i(k? + m?)"2. Referring to equation (6.3) for Z,[J],

noting that d*x = —id*xg and that (3#¢)? = —(8£¢)?, the Euclidean transition

amplitude is

Zo[J] = j %eXp(— j (3l(3Ee)? + m*¢?] — @J) d“xF_). (6.20)

The exponent in the integrand is negative definite, so the integrand converges;
the role of the ¢ term in (6.3) was, in effect, to make the integrand converge.

6.2 Functional integration

We shall now generalise the usual formulae for Gaussian integration over a
finite number of variables, to formulae for functional integrals, and then show
how (6.12) (or (6.13)) follows from (6.5). To begin, we have, from (5A.1),

12
J e~ dx = (ﬂ) (6.21)

a

(the limits —o and % are to be understood in this, and all subsequent,
integrals). Now we take the product of n such integrals (with all a; > 0)

2m)"/2
fexp (—%Za,,xi) dx; ...dx, = (” Ui (6.22)
n 1/2
a;
i=1
Let A be a diagonal matrix with elements a4, . .., a,, and let x be an n-vector
(x1, - - . » x,). Then the exponent above is the inner product

Sty = (x, Ax)
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and the determinant of A is

n
detA = aya, ... a, = []a.
i=1

Equation (6.22) then becomes
[ertroParx = am)(der a) ™2 (6.23)

Since this holds for any diagonal matrix, it also holds for any real symmetric,
positive, non-singular matrix. Defining the measure
(dx) = d"x(2m) "2,

equation (6.23) becomes

f e~ (A2 (dy) = (det A) V2. (6.24)
This equation may be extended to quadratic forms

Q(x) = Xx, Ax) + (b, x) + c. (6.25)
The minimum of Q lies at ¥ = —A~!b and

O(x) = Q(F) + 3(x — &, A(x — %))

so we have

JCXP{—[%(-\T, Ax) + (b, x) + c]}(dx) = exp[3(b, A7'b) — c](det A)~2.
(6.26)
This equation is analogous to (5A.3).

Let us make a small digression to the case of Hermitian matrices. Squaring
(6.21) gives

J’e‘“("l‘L-"z)/z dxdy = -21

a

Putting z =x +1iy, z*=x —iy,dxdy = ~lidz*dz, we have

j grars 42" dz 1 (6.27)
Qmi)"? @m)?  a

The generalisation of this formula is that if A is a positive definite Hermitian
matrix and we define the measure (dz) = d"z(2mi)”"/>. then

j e~ (49 (dz#)(dz) = (det A)~. (6.28)
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The formulae written down so far are rigorously true; they are simply the
result of generalising the integration space from one dimension to a finite-
dimensional vector space. We now assume that we can generalise the above
formulae to an infinite-dimensional function space. This actually needs a
careful mathematical justification, but, assuming that this can be made, then, if
the generalisation is to the case of a single real variable f(r), the inner product

(7. f)is
(1. ) = [[F@P

In our case, we are concerned with real functions of space—time, ¢(x*), so we
have

(9. 9) = [[o(0F d'x. (6.29)

The generalisation of equation (6.24) is
f @¢exp[—§ f cp(x)Aqb(x)dx} = (det A)~2; (6.30)

A may be, in general, a differential operator. If ¢ is a complex field, we
instead generalise (6.28) to give

f BT pexp [— j qb*(x)A(p(x)dx} = (det A)~1. (6.31)

We are now in a position to prove (6.12) from (6.5). The exponent of the
integrand of (6.5) is a quadratic form, so we employ equation (6.26) (or,
rather, its functional generalisation), with A = i(0 + m? —ig), b = —iJ, ¢ =0,
giving

ZolJ] = exp [éjl(x)([] + m? —ie) " J(y)dx dy}[deti(l] + m? - ie)]_l/z.

The determinant term is defined by (6.30), and we have, from (6.10),
(O+ m? —ie) = —Ap(x — y), (6.32)

SO
20 = exp | =L [10x(x = D) a5y
x jgzqaexp [-—%f(j)([] + m? - ie)¢dx]

which is equation (6.12). We recall that the last factor is just a number N, so
Z[J] can be written in the form (6.13).
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6.3 Free particle Green’s functions

We shall now show that the amplitude Z,[J] is the ‘genérating functional’ for
the free particle Green’s functions, which will be defined as we proceed. We
begin by expanding equation (6.13), to give

Zo[J] = N{l - % [7) 86 = ) I(y) dx ay

zi(l)[ [70)8ex = 970 ax d.v]h

+ %( ) [J](Y)AF(X - y)](y)drdyr 4. } (6.33)

Introducing the Fourier transform of J(x) by
J() = [I(pye P d'p, (6.34)

we have, using (6.14) and temporarily reverting to d*x instead of dx, etc.,

—i J»](pl) e Pt k)x o—i(pr=k)y J(py)
2(2m)*
X d*p,d*p, d*kdx d*y

(2 ) f ﬁw—(f)l—g d*k (6.35)

=2 [100)Ax(x = p) () dixdty = ——
2 k> — m* +i¢

in which we have integrated over x and y to give two delta functions, and then
over p; and p,. We may represent this diagrammatically by using the following
rules of correspondence (Feynman rules in momentum space).

4 1 i
(277)4 p2 - m?+ ie’
» (6.36)
" i@2n)*J(p).
J

These Feynman rules may be compared with those in (5.45). Since the
non-relativistic limit of p> — m? is 2m(T — p*/2m) (T = kinetic energy), the
propagator above is clearly the (relativistic) propagator for one particle. The
expression (6.35) then corresponds to the diagram

$—X
J J (6.37)

1o
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The vacuum-to-vacuum amplitude (6.33) may then be written in terms of
Feynman diagrams (ignoring N)

2
Z()'-l‘f';)(_._.___x-l' 1(1) H—x

21\2/ ¥—x
1 (1)
+ —(—) X—x +

31\2) x——x

—_——0 , e 00

141 + L(l)

2 21\2

S S ———C'e —_—T— 0
+oe.. (6.38)

where, in the last line. we have resorted to a pictorial representation reminis-
cent of Fig. 5.6. We shall now show that the implied suggestion is correct; in
other words, it is correct to interpret this series as the propagation of one
particle between sources, the propagation of two particles between sources,
and so on. We therefore have a many-particle theory, consistent with our
original philosophy of using a field, which yielded particles on quantisation.
Each term in the above series is a Green’s function so Zy[J] is a generating
functional for the Green'’s functions of the theory.

To understand how to interpret the power series expansion of a functional,
let us first recall the formula for the power series expansion of a function, say
F(yi, ..., yx) of k variables yy, ..., y;. Itis

k kg
E Z;—T(ih---,in))’ip-'m

uMs

F{y}=FOu, -y =
where
T(iy, ... . i)=—oF0r | (6.39)
ay,'1 . ay,'n y=0

Going over to the case of continuously many variables, i —» x;, y; (i=1, ...,
k)— y(x), —»<x<x and >,;,— fdx, and we obtain the power series
expansion of a functional

Fly] = Zojdxl o dxniT,,(xl, e X))y (x1) - y(x)

where

T,,(xl-. ey X)) = 0 .. 0 Flyll . (6.40)

0y(x1)  Oy(x) — ly=0
F[y] is called the generating functional of the functions T,(xy, . . ., x,).
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Now we return to Z[J]. It is convenient here to settle the question of its
normalisation. Zy[J] is the vacuum-to-vacuum transition amplitude in the
presence of the source, J, so it is sensible to normalise it to Zy[/=0]=1. In
that case, referring to (5.61), we may define Z,[J] by

Zo[J] = (0, =[0, =)’ (6.41)
which automatically obeys

Zol0] = 1. (6.42)
Equations (6.5) and (6.13) must then be rewritten as

febqsexp {—ij[%qb(l] + m?—ie)gp — ¢J]dx}

Zo[J] = (6.43)

febqsexp[—iﬁqa(m + m? - i£)¢»dx}
and

ZolJ] = exp [—% j J(O)AR(x = y)J(y)dx dy]. (6.44)

These new definitions clearly obey (6.42). Then Z[J/], as defined by (6.44), is
clearly the generating functional for

Nz
(e x) = ol/]

= (6.45)
in 8J(x1) . .. 6J(xy)

J=0

At this point we refer back to equation (5.76), which was derived for its use
here. The analogous equation in the case of fields, and using our new
normalisation, is

8" Zo[J] . ,
) . ) =0 (0] T(@(x1) - - . ¢(x4))[0) (6.46)
or
1 0" Zy[J]
(@) - 60 = Lm Sml ] L (64D
Comparing (6.45) and (6.47) we have
(xy, ..y %) = (0| T(P(x1) . .. (x,))]0). (6.48)

These quantities, the vacuum expectation values of time-ordered products of
field operators, are called the Green’s functions or n-point functions of the
theory. They are closely related to the S matrix elements — we shall see this
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connection later, when we introduce interactions. We then have

[J7] = il—n—j dxy ... dx,J(x) ... J(x)T(xqg, .. .5 Xp) (6.49)
n=on!

which expresses Z as the generating functional of the Green’s functions 7. This
equation corresponds to the pictorial equation (6.38).

Let us now calculate some n-point functions. We start with the 2-point
function

(x, y) = —M— (6.50)
8J(x)oJ(y) li=0
with Zy[J] given by (6.44). (Recall again that we are still concerned with a free
field theory, since we started with the free Lagrangian, and thus with (6.3).
The expressions we shall find below refer, therefore, to the free particle
Green’s functions. The corresponding Green’s functions for interacting fields
will differ from these, and will be found later.)
From (6.44) we have

16Zo[J] 1 &

i
i oJ(x) iaf(x)e""[“gf dxldxzﬂxl)AF(xl—x2)1<x2)]

=~ [Ae(x = x1)J(x) dxyexp [—% [ ey dradGer) A = xz>1<xz>],

161 6
i18J(x)i 8J(y)

Zo[J] = 1Ap(x = y)exp (-—%J]AFJ)
+ j Ap(x = x1)J(x1) dx, f Ap(y = x1)J(x1) dx;

x exp(—%f]AF]). (6.51)

Here we have abbreviated the notation in the exponent, for simplicity. Finally,
putting J = 0,

1 61 ¢ . _
151 0T ZolJ] o 1Ap(x = y),
or
(x, y) = iAp(x = y). (6.52)

What is the physical significance of this? From (6.48) the 2-point function is
w(x, y) = (01 T(9(x)9(2))]0)
= (016(xo = yo)p(x)@(y) + 6(yo — x0)P(¥)$(x)[0).  (6.53)
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From (4.14), we may decompose ¢ into its positive and negative frequency
parts

900) = ¢() + 9Ox) (6.54)
with
(F)(x) = ___93_1‘___._ k
90 = | ERCNTEAULG
(—) - d3’—k % T k
900 = | FRCIMTEANG

and where f,(x) is given by (4.11). Because a(k) and a'(k) are annihilation
and creation operators, the only terms to survive the vacuum expectation value
in (6.53) are ¢'7)(x)¢{7(x), so that
(%, y) = 6(xo = yo){0[g™ ()¢ (»)I0) + 8(yo — x0)(0[¢'" ()9 (x)|0).
(6.55)
The first term is the amplitude for creating a particle at y, at time y,, and
destroying it at x, at time xo (> yg). The second term is the amplitude for
creating a particle at x, at time x, and destroying it at y, at time yq, (> xp).
These are represented schematically in Fig. 6.3. We shall now verify that the
sum of these terms is the Feynman propagator iAg(x — y).
To prove this, let us first re-express Ag(x — y). From (6.14)

d4k e—ikx
Qr)* k> — m? + ie
3 J'd3kdk0 g ikx

Qm* ki — (K + m?) +ie
B fd3k dko e71F ( 1 _ 1 )

(277)4 2(0k \ko - Wy + 1(5 k() + Wy — 1(3

M) = |

where wi =k? + m?. The integration path over kg is shown in Fig. 6.1. The
exponential contains e "%, so, when x, > 0, we may complete the integral in
the lower half of the k; plane, and the contribution on the semicircle at infinity

Time Time

) j ) (
Yo Xo
Space Space

Fig. 6.3. Interpretation of equation (6.55). (See text.)
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. the other hand,
will vanish: the I7ath enidoses the pole at kg = wy —i6. On lose the pole at
when o, =0y “umplete in the upper half plaPe and enc
ko=~ + i6. s, pplysng Cauchy’s theorem then gives

0 RIEr? . : alWiXo .
/\,,()!) I rjk¥(,“ [f/(x“)("i) e 1w 6(—XO)1e ]
(27)" 20,
In the second ints

. ; lue of
pral, e may change k to —k without affecting the va
the integral, «

O, finally,

’ T _ eik(x—y)]_
Aplx -y .I d,k.:.h]_.[(/(x“—yo)e WD) 4 0(yg — xo)
(2m)* 2, 6.56)
)

This iy the form we

Want for Ap(x — y). Now we substitute (6.54) into (6.55),
giving

Hx, y)- J p L
(211) 2os, 200,

P00 ) 0atk) fi(y)at (k') f1(x)]0)]

~’ (l"kd“k’

20, — )65 (0la(Ra"(K)0)
(Vu )"’/,l//, 2w,

[0(x0 = yo){Ola(k)fi(x)a" (k") f%:()10)

Oy - xp)e ™y kix) (Ola(k)a'(k")|0)]
where we have "

i tion
A (4.11) for Jiu(x). Now we use the commutation relati
(4.1()(1), to find

o
d

— - - ik(x—y)
( l(}(x( - yo)e ik(x=y) + 6(_)/'0 - xo) e G-y ]
. - )

(27/) 12(1)’(

(6.57)
A (x =~ y)

from (6.50). We have now
an interpretatiog lor the 2-

x, y) - ‘

. nd
proved (6.52) again, and have in tf}e process fggon
point function in terms of the creation, propag

i ints. .
I particle between two poin ) is the 1-point
i cxpression for the 2-point function. What i P
that

We have found
function? 1y s clew

_L0ZWNL g (6sg)
1) 01T )0y = (0]g(x)0) = i 0J(x) li=o
Let us now find e .¥—|_min| function.
1(\ =1 6 1 616 ZolT ’
R VAT ER TR I
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We saw above (equation (6.51)) that

1.6 1 6
i 6](X2) i 6J(X3)

ZolJ] = iAp(xs — x3)exp (—é j JAF])

+ fAf_-(x2 - x)J(x)dfoF(x3 — x)J(x)dx exp(—-%j!AFJ).

Further differentiation then gives

1 6 1 6 1 6
i 0J(xy) i 0J(x2) i 6J(x3)

= —iAp(xy — x3) f Ap(x, = x)J(x)dx exp % f JAFJ)

Zo[J]

—iAg(xy — Xl)jAF(-\'s — x)J(x)dxexp (—-%j]AFJ)
—iAp(xs = x1) j Ap(xs = x)J(x) dx exp (—% f ]AFJ)
dx

- f Ap(xy — x)J(x)dx f Ap(x; = x)J(x)

XjAF(Xl — x)J(x)dx exp(—-%f]AFJ). (6.59)
Putting J = 0 reduces this expression to zero, so

T(x1, X2, x3) = (| T(9(x1) P(x2) P(x3))[0) = 0. (6.60)
To find the 4-point function we carry on in the same way, by differentiating
(6.59) once more and putting J = 0. We have
1 9 1 6
16J(xy)  i6J(xy)

ZolJ] = —Ap(xy = x3)Ap(x; — x4) exp (—%f]AF])
— Ap(xy = x1)Ap(x3 — xy) exp(—iaf]AF])

— Ap(xs = x)Ap(xy — n)exp(—-%leﬂ)

+ (terms which vanish when J = 0),

so the 4-point function is
T(x1, X2, X3, x4) = (O] T(P(x1)P(x2) p(x3) p(x4))|0)
= —[Ap(x1 = x2)Ap(xs = xy)
+ Ap(xy = x3)Ap(x; — xy)

+ Ap(x) = x3)Ap(x — x3)]. (6.61)
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This is simply the sum of products of 2-point functions, and may be written

Xy X,4 X3 X4
T(xl’ X2, X3,X4) = +
XX, X, X5
X3 Xa
+ (6.62)

Going to higher orders, it is clear that if n is odd, the n-point function always
vanishes,

(X1, X9y« oy Xopsy) = 0, (6.63)

and it turns out that, if » is even, the n-point function is a sum of products of
2-point functions,

T(X1, X25 ooy X20) = > T(Xp, Xp) oo T(Xp s Xy )s (6.64)
perms

where
™(x, y) = iAp(x — y).

This important result, when derived using the ‘canonical’ method, employing
the operator commutator relations, is known as Wick’s theorem.

In this section we have derived the Green’s functions in a scalar free field
theory. The interesting case, however, is the one for which interactions are
present; how do we calculate the Green’s functions then? When we know this,
we are one step nearer calculating a scattering amplitude for a real physical
process!

6.4 Generating functionals for interacting fields

The Lagrangian

£ = 13,08"¢ — sm’? - f,df‘ =%y + Lin (6.65)

describes a scalar field which interacts with itself, through the term in ¢*. We
shall first show how to find the Green’s functions for a general interaction &,
and then in the next section apply the formulae to the case of ¢* theory. The

normalised generating functional is
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j@¢exp(i5 + ij]qbdx)
Z[] = - (6.66)
F_M)eis

with § = L‘E dx. It is clear that, when ¥;,, =0, this becomes the expression
(6.43), which we were able to show is the same as (6.44). Equation (6.44) is in
a form suitable for functional differentiation with respect to J, and therefore
for finding the Green’s functions. We want to find the expression which
corresponds to (6.44) in the case of interacting fields. We proceed by finding
the differential equation satisfied by Z[J], and then solving it in terms of
Zy[J].
First note that, from (6.44),

1 6

i 8J(x)

FAUEE j Ap(x = y)J(y)dy exp(—% j JAF] dx dy),

s0, since A is minus the inverse of O + m?,

10
8J(x)

@+ mz)% ZolJ] = J(x) Zo[J]. (6.67)

This is the differential equation satisfied by Z[J].
Now we have, from (6.66),

fexp (iS + ij]¢dx)¢(x)§b¢

?Zf([])] = . (6.68)
i 8J(x feisgbcp
We define the functional
Z[¢] = e (6.69)
Then
Zl] = f 2(¢]exp [i f ](x)(;b(x)dx]?bqb. (6.70)

This is the functional analogue of the Fourier transform. Now we take the
functional derivative of Z[¢], noting that

§ = [(13,99"0 ~ Im’¢? + L) d'x = = [0 + m)p = L] d'x. (6.71)
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We obtain

6Z[¢] —i m* 4 is
5¢(x) 6¢{6XP[ J[,¢(D+ )¢~ Eind ]}U @¢}

~ aﬂfl ~
= (O + m’)p(x) Z[¢] - —Z[¢]
99
= (@ + m)p(x) Z[¢] — Lin(9) Z[¢] (6.72)
where the prime on ¥}, means differentiation with respect to the argument.

Now we multiply both sides of (6.72) by exp [i f J(x)¢(x)dx] and integrate over
¢. The right-hand side gives

f(m + m2)¢(x) exp (iS + ij]qbdx)?bqb j:f;m(qa) exp (iS + iqubdx)@q&

Jei5@¢ fe‘sébqb

- @+ m»)10ZU]

16
TN .
i 8J(x) "’[1 o7 |2 (673)

where (6.68) has been used, and the argument of &£/ has been changed from ¢
to (1/1)(8/8J), since it operates on Z[J]. The left-hand side of (6.72) gives

féi exp(f]qbdx)@(p— 1exp(f1¢dx Z[¢]'
+ fJ(x)2[¢]exp(ifJ¢dx)@¢
= J(x) Z[J] (6.74)
from (6.70). Equating (6.73) and (6.74) gives

@+ m )152[11 -Slfmt(l )

I G ))Z[J] = J(x)Z[J]. (6.75)

We must solve this equation for Z[J]. In the free field case, £, = 0 and the
equation reduces to (6.67), for Zy[J]. We shall now show that the solution to
(6.75) is

Z[J] = N exp [i j .sgim(%é—éj) dx] ZolJ] (6.76)

where N is a normalising factor. The proof is in two stages.
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Proof

(a) We first prove the identity ,

exp[ JSE ( 0 )dy]](x)exp +1f58 ( 0 )dy]

nt ](y) int i (5](}’)
1 6
=Jx) - &£ t( ) (6.77)
"\i6s(x)
This follows by observing that the functional analogue of
[xi, 13 =19y
i Ox;

o .
[ (%), :m =1i6(x — y).

Repeated application of this equation gives

[() (1 af(y>)n]: ot ‘y)(xaf?n)n‘l

S|
i 6J(y) i 6J(y)

5 n—1
=1id(x = y)n (1 6J(y)) . (6.78)

By expanding the function

F(9) = F(0) + 9F'(0) + %zmm b =32 R

n=0 n!

and making the replacement ¢ — (1/i)(8/8J), it then follows from (6.78) that

_ (18
[()J ( 6J(y)) } 1F(ié](x))' (6.79)

Now we use the Hausdorff formula

eABe‘A:B+[A,B]+%[A,[A,B]]+.‘. (6.80)

where A and B are operators, and put A = —i| %y ((1/1)(8/8J(y)))dy and
B = J(x). Since, in this case, A commutes with [A, B] (from (6.79)), only the
first two terms on the right-hand side of (6.80) appear, and (6.77) is proved.
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(b) We must now show that (6.76) is the solution of (6.75). From (6.76) and
(6.77)

10 Z[1) = NJ(a)exp[ if :B( g ]‘(Sy) )dy]zom

- Nekp“g'“‘( Jc(Sy)) H (= '"’(151((5 ))]Zo[f].

The first of these terms is transformed using (6.67) and, in the second, the
order of e!l¥m and ¥i,, may be interchanged, giving

10Zy
16J(x)

_ Ny (16 (e (10
Nse,m(l M(x))exp [1 j:ff( 0] )dy]zo[fl

=@+ m)r 22U :B[ ] 1
idJ(x) 8J(x)
where (6.76) was used. This is equation (6.75). QED.
We are now in a position to calculate the Green’s functions in the interacting
field case, which we proceed to do, as usual in quantum theory, by perturba-
tion theory.

(0 + mz)

J(x)Z[J] = Nexp [i f seim(% 51((3y) )dy

6.5 ¢* theory
Generating functional

As we saw in (6.65), the interaction Lagrangian in ¢* theory is
Pint = —qub“. (6.81)

The normalised generating functional Z[J] is

exp[ j&f( Mfz))dz]exp[ %j!(x)Aﬂx——y)J(y)dxdy]

o)
{exp[ j ﬁzlm(l — (z))dz]exp[ j Jx)Ap(x = y)J(y)dx dy]}'lzo
(6.82)

Z[J]=

The only way of treating exp (ifo?iim) is as a power series in the coupling
constant g, i.e. by perturbation theory. Substituting (6.81) into (6.82) and
expanding in powers of g, the numerator of Z[J] is

[1 _ig (1 S ‘)4dz N O(gz)] exp[_ifj(x)AF(x - y)](y)dxdy].
16J(z) 2
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To order g°, we just have the free particle generating functional Z,[J]. To
order g, we proceed as follows:

i
?aj(zf"p[ HEGLNE y)J(y)dxdy}

= -fAF(Z — x)J(x)dxexp _%J]('V)AF(X = y)J(y)dx dy];

(f - J‘zz))" exp[—% [7aex = 70 @y

= {iAF(O) +

[astz - x)](x)dx}"} exp r——% [ 7086 = () ax d,v];

1 s\ i 1
(?6](@) exP[_QfJ(x)AF('V - y)J(y)dx dy-

= {3[——iAF(O)]J’AF(z - x)J(x)dx — UAF(Z - x)J(x)dx]D}

X exp [—%J](x)AF(x — y)J(y)dx dy];

(E2 ) exp | -2 s00mntx = s ax |
i 57(z) 2

= {-3[AF(O)]2 + 6iAF(0)[ f Af(z - x)J(x)dx]' +

1
JAF(Z - x)](x)dx] }

X exp [—%jl(x)AF(x - y)J(y)dx dy].
(6.83)
We may write this expression diagramatically. Let
x ———y = Ap(x — y) (6.84)

represent the free particle propagator. Ag(0) = Ap(x — x) is then represented
by a closed loop

O — AR(0). (6.85)

Equation (6.83) may then be written

(%51‘2@)4 exp =2 78¢1) = (-3 00 + 6+ 3 pexp (L 180,

(6.86)
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The meeting of four lines at a point in the three diagrams in (6.86) is clearly a
consequence of the fact that ¥, contains ¢*. Moreover, the coefficients 3, 6
and 1 follow from rather simple considerations of symmetry. The first term on
the right-hand side of (6.86), for example, results from joining up the two pairs
of lines in the third term, in all possible ways; and there are three ways to do
this. The second term is got by joining any two lines of the third term, and
there are six ways to do this. These numerical coefficients are known as
symmetry factors. The first term, with two closed loops, is known as a vacuum
graph. because it has no external lines. The term with one closed loop has two
external lines (i.e. two Js) and the last term four external lines (four Js). It is
now an easy matter to write down the denominator of (6.82). Putting J =10
eliminates the second and third terms in (6.86), so we have

[exp (i f :£im) exp ( —% j JAFJ)]

The complete generating functional, given by equation (6.82), is, to order g,

[1 _lg (-3QQ +6i 5 Qy + X)dz]exp(—%f.’AFl)

41

_q_igf,_
=1 Zf( 300)dz. (6.87)

J=0

zZl=
_igf_
1 4!f( 300)dz

ig { .. i
= 1»-f 6i + d ——fAJ, 6.88
[T R I R
where the denominator has been expanded by the binomial theorem. The
interesting thing that has happened is that the vacuum diagram has disappeared
in Z[J]. It turns out that this is true to all orders in perturbation theory, and is
a general property of normalised generating functionals.

2-point function
The 2-point function is defined by

&FZ[]]

_oZUl (6.89)
8J(x2)8J (x1)

(X1, Xp) = —

J=0

By looking at (6.88), it is seen that the first term in Z will give iAg(x; — x,) in
7; this is the free particle propagator. The term in in (6.88) contains four
Js and so gives no contribution to the 2-point function. The term in »% QO 4 is

_j’.AF(O)f dx dy dzAp(z — x)J(x)Ap(z — y)J(y)exp(—%J]AFJ).
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On differentiation we get

1.9 __ig ~ B
ié](xl)( ) , Ar (02 f dy dzAg(z = x1)Ap(z = y)J(y)
X exp(—%J’JAF]) 4+

1 6 1 6

( ) = —%AF(O)J’ dzAp(z = x1)Ap(z = x3)

X exp(—%J]AFJ)-!—...,

where the omitted terms vanish when J = 0. We then have

i 0J(x) i 0J(xy)

T(x1, X2) = IAF(x; = X)) — %AF«)) j dzAp(z = x)Ap(z ~ x2) + O(8%)

(6.90)

=i —% Q1+ 0(gY. (6.91)

To order g, this represents the effect of interaction on the free-particle

propagation. The free-particle propagator is, from (6.14),

Ap(x —y) = d'k,

1 j e—ik-(x—y)

Qm)*) kK — m? + e
and its Fourier transform contains a pole at k> = m?. This identifies the mass
of the particle as m. We shall now show that the effect of the interaction is to

change the value of the physical mass away from m. Indeed, the second term in
(6.90) is

~1¢AF(0) j Ap(x; — 2)Ap(x; — 2)dz

_ g Ap(0) p eTiPmma) emig(na)
) 2 Qe lpP-mP+ie ¢* - m? +ie
__ 8 Ag(0) e~ip(x1—x2)
2t (- m ey
_ _8 A0 g (ni—x)
2@t (- m ey

d*pdiqdiz

8'(p + q)d*pdiq

d4p,

giving, for the 2-point function (6.90),

5igA(0)

. — d*p. (6.92)
p-—m + 1€

i e~ (ximx2)
T(xla -x2) = f

(@m)*

pt—m?+ie



204 Path-integral quantisation and Feynman rules

Formally, the term in square brackets above can be written as

[1 _ _3gAx0) ]-1
p2 —m?+iel

so we have
: —ip+(x1—x2)
(x), x7) = — f e 1 d*p. (6.93)
2m)*) p? — m? — 3igAg(0) + ie
The Fourier transform of t(x;, x,) will now possess a pole at p* equal to
m? + LigAp(0) = m? + 6m* = m? (6.94)
where
om? = ligAp(0); (6.95)

m, is now identified as the physical mass, or renormalised mass. The change in
(mass)?, dm?, is a quadratically divergent quantity, since Ap(0) contains four
powers of p in the numerator (d*p) and two in the denominator. It happens,
then, that the renormalisation of the mass is by an infinite quantity, but that is
a distinct circumstance; the essence of renormalisation is that the physical
quantity (mass, in this case) is not the same as the parameter in the Lagran-
gian, if an interaction is present. More will be said about renormalisation in
Chapter 9.

4-point function
Let us proceed, finally, to the 4-point function, given by (equation (6.45))

AR

, (6.96)
0J(x1)0J(x2)0J(x3)0J(x4) |7=0

r(xla X2, X3, -x4) =

where Z[J] is given by (6.88). The first (order g°) term in 7 is the same as that
found in (6.61)

—[Ap(x; = x2)Ap(x3 = x4) + Ap(x; — x3)Ap(x; — x4)
+ Ap(x) = x)A(r — x3)] = (= + || + N) = =3(=). (6.97)

This is the free particle 4-point function and will not contribute to the
scattering. The next term in Z[J], of order g, gives, as may be checked,

e o[ s <o)
4 8J(x1)6J(x2)0J(x3)0J(x4) =P ZJJ(X)AF(X Py ddy
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_g 5
4 8J(x,)0J(x2)6J(x3)8J(xa)

x {AFw) j dx dy dzAp(x — 2)Ap(y — Z)J<y>1(x)exp(-52. j JAFJ)}

J=0

izi&AFw) [[dzlan(z = x)ae(z = x2)8p(xs = 2

+ Ap(z = x1)Ap(z = x3)Ap(x2 = x4) + Ap(z — x1)Ap(z — x4)Ap(x; — x3)
+ Ap(z = x2)Ap(z — x3)Ap(x1 — x4) + Ap(z = x2)Ap(z — x4)Ap(x; — x3)
+ Ap(z — x3)Ap(z — x4)Ap(x) — x2)]

- _3ig —43—] (6.98)

The diagram above does service for the six equivalent terms in the expression
above it. Each of these terms contributes twice, so the ‘symmetry factor’ of the
diagram is 12.

The final term in Z[J], of order g, gives

& 2 { Xewo| -2 [rartx = 3 dy]}l
41 8J(x1) 07 (x2) 87 (x3)8J (x3) 2

J=0

_ —ig &
4! 6J(x1)6J(x5)0J(x3)0J(x4)

x {UAF(z - x)J(x)dx]4 exp(—%f]AFJ)}

~ig j Ap(x1 = 2)Ap(xs — 2)Ap(xs = 2)Ap(xs — 2)dz

J=0

—ig[ X ] (6.99)
The complete 4-point function, to order g, is then
(1, 2, X3, X4) = —3[:] - 3ig(£__) ~ig ( % )
= ) o)

(6.100)

The first term, of order g° does not contribute to the scattering. The
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numerical coefficients above are easily derived by simple combinatorics, and
this suggests a rather direct way to write down all the diagrams of a given
order. Let us consider, for example, all diagrams contributing to the 4-point
function of order g. in g¢*/4! theory. We deduce them as follows. First of all,
we are considering a g¢* theory, so to order g" we have the n vertices

XX X X (6.101)

and corresponding to the 4-point function we draw four external points

X® RES (6.102)

X2 & ° X4

The 4-point function in g¢ theory to order g is then constructed from the
following prediagram

% X X3 (6.103)

X, X4

(This is called a prediagram to distinguish it from a real Feynman diagram.)
We now join up all the lines. There are three topologically distinct types of
Feynman diagram which result, drawn in Fig. 6.4. The multiplicities are
calculated as follows. To get diagram (a) (in Fig. 6.4) join x; up to one of the
legs of the vertex in (6.103). There are four ways to do this. Now join x; up to
one of the remaining three legs — there are three ways. There are 4! = 24 ways
to complete the diagram (a), which is the coefficient in equation (6.100). Next,
to make diagram (b) join x,; directly to one of the other external points x;, x3,
x4. There are three ways to do this. Choose one leg of the vertex and join it up
to one of the two remaining external points. There are 4 X 2 ways to do this.
Join one of the three remaining legs of the vertex to the one remaining point.
There are three ways to do this. Join the remaining two legs together. The total
multiplicity is 3 X4 X2 x3=12x6, as in (6.100). The reader will easily
convince himself that the multiplicity of diagram (c) is 3 X 3 =9. The reason
this diagram does not appear in (6.100) is that it is a multiple of the vacuum
diagram OQ (see above) and Z[J], being properly normalised, produces no

vacuum diagrams.

(@) (b) (©)

Fig. 6.4. First-order terms in the 4-point function.
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In summary, the Feynman rules for ¢* scalar field theory, in co-ordinate
space, are

line x y Ar(x — y)
vertex Xz _ig

integration over z (6.104)
symmetry factor - s/4

In calculations of realistic processes, involving, for example, electrons and
photons, the particles are not identical and there is then no symmetry factor to
contend with. We postpone, until we consider these real scattering processes,
the derivation of the § matrix from the Green’s function.

It is however, convenient to mention here that, of the two order g diagrams
in (6.100), the first one,—#_—-lz, only contributes to the trivial (diagonal) part
of the § matrix, so is not interesting. It describes the two particles moving
independently, and the effect of the interaction is to modify the propagator of
one of them. This graph is called disconnected. The other order g graph, >,
is connected, since every line in it is connected to every other line. Only
connected Feynman diagrams contribute to S — 1, i.e. to the non-trivial part of
the S matrix.

6.6 Generating functional for connected diagrams

Now it turns out that there is a generating functional W, which generates only
connected Feynman diagrams or connected Green’s functions. It is related to
Z by

Z[J] = "l (6.105)
or
W[J] = —iln Z[J]. (6.106)

We shall now show, by considering the 2-point and 4-point functions in ¢*
theory, that W[J] generates no disconnected graphs. We have, firstly,

YW _ i sz 6z _ i &z (6.107)
8J(x1)8J(xy)  Z20J(x1)) 8J(xs)  Z 8J(x1)0J(xy) '
When J = 0, we have
OZIN _o. zjoj=1 6.108
8J(x) l1=0 [0 (6.108)

SO

FW
6J(x1)6J(x2)

&z

7=0 - —im = it(x1, x,) (6.109)

J=0
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showing that W generates the propagator, to any order in g. This is as we
expected, since the propagator has no disconnected part. To find the 4-point
function, we differentiate (6.107) twice more and set J = 0, to give

s'w _ i[ 1 &z &z
J(x1)0J(x2)0J(x3)0J(x4) l7=0 Z2 8J(x1)0J(x3) 8J(x3)8T(x4)

1 &z a4

Z? 6J(x1)0J(x3) 6J(x2)07(x4)
1 &z &FZ

Z?% 8J(x1)0J(x4) 8J(x2)0J(x3)

1 8z

Z 8J(x1)0J(x2)0J(x3)8J(x4) 1y=0

= i[T(x1, x2)T(x3, x4) + T(x1, X3)T(x2, X4)

+ T(Xl, x4)r(x2, X3) - r(xl’ X2, X3, X4)].

(6.110)
We have to show that this contains no disconnected diagrams. The most
convenient way to do this is to substitute the diagrams themselves into (6.110).
Working, as always to order g, and substituting equations (6.91) and (6.100)
into (6.110) gives (in a notation which is meant to be self-explanatory; 1 stands

for x,, etc.)
&'w
O0J(x1)0J(x2)8J(x3)0J(x4) |1=0

=i[(i1 2_£102)(i3 4_5304)
2 2
3

+(i1 3 g1 )(iz 4_£204)
2 2
+(11 4—£IO4)(12 3_£2o3)
2 2
(1 2 1 3 1 4
+ + + )
3 4 2 4 2 3
(1l a2 1 3001 4 3 4 2 4
+5( -, 0o —0- -0 -0
213 4 2 4 2 301 2 1 3
293)
+
1 4

.12 1.3
+ l&( X+ X 4., @4 terms))]
I\3 4 2 4
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1 2 1
= —(3><4 >< +...(24 terms)) =-gX. (6.111)

We see, indeed, that only the connected diagram survives*.
Finally, let us briefly consider the n-point function. It is

n
Wy, e xy) = 22U . (6.112)
i" 6J(xy) ... 8J(x,) l7=0
We then define the irreducible n-point function ¢(x,, . .., x,) by
n
Px1, -5 Xp) = L ) : (6.113)
i" 0J(xy) ... 0J(x,) l7=0

To justify the name, note that we have, from (6.100) and (6.111),

w(xy, ..., xg) = —ig X —3ig o (6.114)
ip(xy, ..., xy) = —ig >< |

and from (6.110)

ip(xy, ..., xq) = 1(x1, - ooy X4) = T(x1, X3)T(X3, X4)
— (xq, x3)T(x2, Xg) = T(x1, x4)T(x2, x3).

We have, however, 7(x;, x5) = i¢(x1, x5), SO
T(xps v oy Xg) =1P(x1, oo, Xg) — E‘P(Xil, xi) P(xiy, X (6.115)
P

where > » stands for the sum over all possible partitions of the indices (1 . . . 4)
into classes (i1, i3)(i3, i4). Equation (6.115) is now the same as (6.114). The
4-point function is decomposed into an ‘irreducible’ (or ‘connected’) part »
and reducible parts and in which, in general, a subset of
the incident particles scatters into a subset of the final particles, quite inde-
pendently of the rest. For the 4-point function we have,

% = % irred. + E (6.116)

which gives, to first order in g,

>@< - >< . s 4 - (6.117)

* For a more general proof that W[J] generates only connected diagrams, see J. Zinn-Justin, (1997), section
6.1.1. T am grateful to Dr B. Sheikholeslami-Sabzevari for bringing this reference to my attention.
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This generalises to n-point functions, for example

e _)?_ T e

irred.

6.7 Fermions and functional methods

We saw in §4.3 that there is a connection between spin and statistics, so that
fermion fields obey the anticommutation relations

{UJ(X), W(y)}lx‘ﬁyo =0.

(Actually, the restriction x’ = y° is unnecessary; the fields anticommute at all
times.) In the canonical approach to field theory, y(x) are regarded as
operators, so we deal with a set of anticommuting operators. In the functional
approach, however, the generating functional for the Green’s functions is
written as a functional integral over the fields, which are regarded as classical
functions: c-numbers. To extend functional methods to Fermi fields, therefore,
demands that, in the functional integral, they are regarded as anticommuting
c-numbers. To most physicists this notion is strange, if not contradictory, but in
the mathematical literature it goes back to 1855, where it appears in a paper by
Hermann Grassmann on linear algebra. The generators C; of an n-dimensional
Grassmann algebra obey

{C,’, C]} = C,‘Cj + C]C, =0 (6119)
where i, j = 1,2, ..., n. In particular,
Ci=0. (6.120)

The expansion of a function contains only a finite number of terms; for
example, for two variables

f(Cr. o) = a9+ a;1C; + a,C, + a3C G
= ay+ a1C1 + 612C2 - 03C2C1

where ag, ..., a3 are ordinary c-numbers. There are no terms in C%Cz, etc.
because of (6.120). We may define differentiation as lefr differentiation, so
that, for example, operating on the function above

L
X ' aLl (6.121a)
f =_‘——f =dap; — a3C1.

3G, 3G,
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Of course, it would also be possible to define it as right differentiation
Y
aC,

but I shall usually choose differentiation to mean left differentiation. Note that

a; — a;Gy, (6.121b)

of
Ci—— =a,C; + a;C,C
18C1 161 3616,

Cif =agCy + a,Ci Gy

2 (1) =ay + asCa.

aC,
hence
) )
e+ )=
or
SR I
aC, o
as an operator identity. In general we have
{C,' 2 } =5, {——a 2 }“—‘0; (6.122)
3G 3¢ 9G

the second identity is one which the reader will have no problem in verifying.
We now need to define integration with respect to Grassmann variables. We
clearly need the infinitesimals dC; to be Grassmann quantities, so that

{Ci7 dC} = 0,
{dG;, dd} = o} (6.123)

Multiple integrals are to be interpreted as iterated, so for example
[acidcifc, ey = | dcl[ [acsic. Q)].

What are del and fCl dC;? We have

(fdcl)2 = fdclfdcz

= fdc1 dc,

—fdc2 dc,

e
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hence
fdc1=fdc2=o.
Since there is no other scale to Grassmann variables, we are free to define
f dC,C; = 1, etc.
In the n-dimensional case these last two equations become
jdc,. =0, fdc,q =1 (6.124)

(there is no summation over i in the second equation.) Referring to the
function f(Cy, C,) above, we then have

ijlf = ijl[aO + alCl + 612C2 + a3C1C2]

= aofdc1 + aldelCl - azczfdc1 + a3C2ij1C1

=a + (13C2.

From (6.121a) we see that differentiation and integration give the same result!
Now let 77 and 7 be independent (complex) Grassmann quantities, so that

fdn=fdr7=o, fdnn=jdfm= 1.
Because 7 = 77 = 0, we have
e M=1-1n
and hence

fdﬁdne"ﬁ" = fdﬁdn ~ fdﬁdm‘m

=0+ fdr‘]dnm‘y
=1.

We now look for the generalisation of this formula to higher dimensions: let us
consider the 2-dimensional case,

(3} o8]

The exponent #n (which should properly be written #'n, where T stands for
transpose) is ' '

m=m + fmp
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o)
(Tm)* = (m + fam)(m + Mth)
= Mimikm + Tahihm
= 2
and higher powers of #jn are zero, so we have
e™™M=1= (m + M) + imian.

Applying the integration rules above, and defining d7j dy = d7, dy, d7, dn,, we
then see that i
[ dndne=m = [ dn, diy dny dm i,

=1, (6.125)

as in the 1-dimensional case.
Now let us change variables, putting

n=M«, nH=Na& (6.126)

where M and N are 2 X 2 matrices, and « and & are the new independent
Grassmann quantities. We have

M = (Muay + Mpay)(Myay + Myay)
=(MuMy — MpMay)aa;
= (det M) o;.
However, in order to preserve the integration rules
J’d'h dipmm, = J’dalda@a’la’z
we must require
dn, dn, = (det M) ' da; da, (6.127)

in contrast to the normal rule for a change of variable. Substituting (6.126) into
(6.125), and remembering (6.127), we now have

(det MN)’lJ’ dadae oV ™e = 1,
But since det MN = det MT N, this gives, putting MTN = A,

jd&da/e‘““ = det A. (6.128)

This formula, or rather its generalisation to the infinite-dimensional case, will
be used in the next chapter, in finding the Feynman rules for gauge fields.
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To describe Fermi fields, we now make the transition to an infinite-dimen-
sional Grassmann algebra, whose generators may be denoted C(x). They obey
the relations

{Ckx), C(»)} =0,
aL.RC(x)
sC(y)

de(x) =0; fC(x)dC(x) =1.

= 5(x — y), (6.129)

Integrals like (6.128) then become functional integrals over complex Grass-
mann variables. As in the case of scalar fields, we shall treat these formulae
with the confidence that, one day, a rigorous mathematical justification for
them will be found. In this spirit, we write down an expression for the
generating functional for free Dirac fields, by analogy with our treatment of
scalar fields — see equation (6.1). Since the Lagrangian for the Dirac field is

L= i‘I’Y"apﬂP - ””7“/),

the normalised generating functional for free Dirac fields is
_ 1 (= =g
2in. ) = L [agayess {iftieoir -5 - myvco

+ () p(x) + Plx)n(x)] dx } (6.130)

where the integral over x is 4-dimensional, and
N = f@ﬂ@wexp [ijﬂ;(x)(iwa - m)lp(x)dx]. (6.131)

Here 7)(x) represents the source term for y(x), and n(x) the source for y(x). It
is now our aim to express this in a form analogous to equation (6.13), so that
we can perform functional differentiation, and calculate Green’s functions and
S-matrix elements. To simplify the appearance of the formulae, we define the
operator S™!

S~ =iy"3, — m. (6.132)
Then
Zoln, 7] = %f@i@wem [if(ﬂ’S‘lw + Ay + yndx|.  (6.133)
Putting
Oy, ¥) = pS™ 'y + iy + ym,

we now find the value of v which minimises Q. It is
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Ym = =8N, 'I’m =-7S

(where we have assumed that S™! possesses an inverse; it will be shown below
that it does), and the minimum value of Q is

O = Q(Vp, 1YJm) = -7NSn.
We then have
Q = Qm + ('I’ - ’J’m)S—l(w - Wm)

and
2= L [aiayesp {i[10n + (7= 5)S™(0 = vl ox
= —i}-exp [—ijr‘](x)Sn(y) dx dy] det(—iS™1).

In the last step, €'~ has been placed outside the integral, since Q,, does not
depend on v or 1, and equation (6.128) has been used, duly extended to the
functional case. Moreover, it is clear that N = det (—iS§ '1), so, finally,

Zo[n, 7] = exp [—i [1)SG = yyn(y) dx dy]. (6.134)
It is easy to show that § exists. It is given by
S(x) = (iy-2 + m)Agp(x) (6.135)
where Ap(x) is the Feynman propagator. With equation (6.132) we have
S71S = (iy-3 — m)(iy- 3 + m)Ap(x)
= (=0 = m*)Ag(x)
= &*(x).

We may now find the free propagator for the Dirac field. By analogy with
equation (6.50), it is defined by

_ 6220[777 7—7]
) = T Oy a0
_ o) fo) (s _
= o) exp{ xjn(x)S(x y)n(y)dxdy} .
=iS(x — y). (6.136)

Let us summarise our formulae for the free propagators of scalar and spinor
fields. For scalar fields, with Lagrangian (up to a total divergence)

Lo =133,93"¢ — 3m*¢* = —3(0 + m?)¢
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we found the 2-point function

©(x, y) = iBp(x = y) (6.52)
where the Feynman propagator Ag obeys
(O + m>)Ap(x — y) = =6*(x — y). (6.10)

For spinor fields, the Lagrangian is (see (6.132))
$o = iy 9,y — myyp = YS~'y
and the 2-point function is i times the propagator

o(x, y) =iS(x — y).

In each case, it is seen that the propagator is the inverse of the operator
appearing in the quadratic term in the Lagrangian. (The factor % in the scalar
Lagrangian is immaterial, and appears because ¢ is real; for complex ¢, it is
absent.) It is possible to take this as a definition of a propagator, and this is
what we shall do when we consider gauge fields.

Finally, it will be convenient here to point out a further consequence of fields
obeying Fermi statistics. It follows from the relation obeyed by the differential
operators for the Grassmann fields. By a generalisation of (6.123), we have

& _ &
on(x)on(y) on(y)om(x)

where 7 is a fermion source, and the operation of differentiation refers to
either left or right differentiation. For left differentiation we have

(6.137)

[1C)n(y)] = 8*(x1 = x)n(y) = 8*(x1 = y)n(x).

5(1)

What we want to show is that these rules result in a factor of —1 for each
closed fermion loop in a Feynman diagram. For example, a spinor field
coupled to a scalar field will give a correction to the free scalar propagator
shown in Fig. 6.5, which contains a closed fermion loop and two interaction
vertices. The appropriate 2-point function will be derived from the generating
functional with interactions included. By a generalisation of (6.76), this will
take the form

Zin, il = exp[ i se(l (fn 16%) dx] Zofn, 7l (6.138)

Fig. 6.5. Modification to the scalar field propagator by a closed fermion loop.
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with Z given by (6.134). The third term in its expansion is

—% [ dxdy dx’dy 7GS(x = »)nIREDSE = y)n(y).

The loop in Fig. 6.5 will contribute a term of the form
& & 7
oni(z)omj(z) omi(z")om(z")

(i, j, k and [ are spinor indices). On substituting (6.138) for Z[n, 7] and
applying (6.137), this term is seen to be

+ Su(z = )8z’ = 2).

The overall sign would be — if the fields obeyed Bose statistics, hence the —1
factor for the fermion loop.

[n, 7]

6.8 The S matrix and reduction formula

We have seen how to calculate the Green’s functions for an interacting theory,
but we now want to calculate quantities which we measure directly in experi-
ments. The commonest types of process which concern the elementary particle
physicist are firstly scattering processes, in which a cross section for a particular
reaction is measured, and secondly a decay of one particle into two or more, in
which a partial lifetime is measured. The calculation of both these quantities.
the cross section and the lifetime, is carried out by first calculating the quantum
mechanical amplitude that the process takes place. Once we have the am-
plitude, the rest of the calculation is fairly straightforward. In this section we
show how to calculate the amplitude, which we call the scattering amplitude,
and show how a particular scattering amplitude is related by a simple formula
to a corresponding Green’s function. We apply this to the case of the
pion—nucleon interaction, and in the next section show how to obtain the
scattering cross section. Let us consider, quite generally, a process in which an
initial configuration of particles a ends up as a final configuration . We
denote the scattering amplitude for this Sg,, and call it the (Ba) ‘matrix
element’ of the scattering matrix or S matrix. S is the collection of all Sg,. The
states « and S are defined asymptotically, at times t— —x and r—
respectively, so we define

Spa = (B, t > ®|a, 1t — —). (6.139)
In the absence of interactions with long-range forces, these asymptotic states
consist of free particles, which is a great simplification. Long-range inter-

actions, like electromagnetism, bring complications which we prefer to leave
aside. An alternative notation is to define the "in’ and ‘out’ states

lCY)in = ICY, L— _°°>’ Iﬁ)out = |ﬁv - °°>~
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Suppose the ‘in’ state consists of two scalar particles, with momenta p; and p,;
then

la>in = a?n(pl)agn(pZ)l()) ’

and the creation operators aj, obey the usual free particle commutation
relation (4.16a) with ay,.
The definition

Sﬁa = out<ﬁ‘a/>in
is clearly equivalent to
aou(p) = S?ain(p)s’
aou(p) = S'al(p)S,
which in turn is equivalent to the relation between the free field operators
Pout(x) = §" Pin(x)S. (6.140)

We want to find an expression for the operator S. To begin, we take the
seemingly irrelevant step of considering the field operator ¢(x) at a time
intermediate between —o and +; in other words, when it is subject to
interactions. From the Lagrangian

| m?
<= 7au¢a”¢ - 7¢2 + Line

¢ obeys the equation of motion

ao(gint

(O, + mH)e(x) = , (6.141)
3¢(x)
or, denoting the Klein—Gordon operator by
K, = (O, + m?), (6.142)
we have
L.
K.(x) = Sbine (6.143)
3g(x)

Let us now solve this equation.* Denoting its Green’s function by G(x — y),
we have, by definition,

@, + mHG(y — x) =8y — x), (6.144)
so on multiplying (6.141) by G(y — x), and the above equation by ¢(y),

subtracting, and integrating over y, we have

* The solution is equation (6.149) or (6.150), below. Readers who are familiar with, or too
impatient to follow, the proof are invited to skip to the solution.
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[ GG =)@, + m)e(y) = 9)@, + m)G(y = x)]
(v - X) Lo d'y = ¢(x).
j 3¢(y)
The left-hand side of this equation is

—fd3y dyo{[G(y — V() = ¢(VV?G(y = x)]

[ ¢(y)———G(y - Xx) }
oy y 0
The ‘space’ part of this expression vanishes by Green's theorem:

j Py dye(GV2¢ — $V°G) = j ds? dyy - (GV¢ — ¢V G)
= ()’

so long as ¢ and V¢ vanish on the boundary at spatial infinity. As for the ‘time’
part, we have

2 2
Gav¢_¢aqG= 3 (G 3 ¢_¢a G)
3yo 2yo Syo\ 9yo 3o
3 o
= ——(G39),
3Yo

so, collecting these results together gives
3%,
9(x) = (j j )d3yG(y~x>ao¢<y>+j dyG(y = x)— (6.145)
yo 9¢(y)

where we have carried out the time integration between times y, and yar , Or,
more generally, over the spacelike hypersurfaces o~ and o™. Equation (6.145)
is the solution to (6.141), but it is not yet in the form we want. From the theory
of differential equations, we know that the general solution to (6.141) will
consist of the sum of the solution of the homogeneous (free field) equation,
plus the integral of the Green's function times the inhomogeneous term. It is
obvious that this last is the second term in (6.145); we shall show that the first
term represents a free field, but exactly what free field depends on the
boundary conditions. In fact, the Green’s function, satisfying (6.144), is itself
not unique; for uniqueness, boundary conditions must be imposed. We there-
fore define the advanced and retarded Green’s functions by

A(x) =0  forx?>>0,x, < 0,}

Auav(x) =0  for x2>0, xp >0, (6.146)

(@O + m*)As(x) = 8*(x). (6.147)
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Now for any two Green'’s functions, G; and G,, we have
Gy(x = y)([@y + m*)Gy(x = 2) = 8(x = 2)Gy(x = y)
Gy(x = 2)(Ox + m*)Gy(x = y) = 8(x = y)Galx — 2),

hence, subtracting and integrating over x,

Gi(z = y) = Galy — 2) = ( [-] ) PxGy(x — 2)3Ga(x = y).

Applying this to the retarded and advanced Green’s functions gives
Arer(x) = Aggy(—x). (6.148)

Now substitute G = A,q4, into equation (6.145), remembering that yaL is a later
time, and y an earlier time than x,; we find

a")Sgim
3(y)

This is the conventional result using retarded Green’s functions, where ¢(x) is
expressed in terms of its boundary values at an earlier time. Now let yj — —,
and denote the first term on the right-hand side by

o) = [ dyaulx = »)8s(y) + f dyAse(x = y)
Yo

9-o(x) = lim_[ &yAealx = y)3,,0(00).
yo

It is easy to see that this satisfies the free Klein—Gordon equation, for

@+ m)p-u(x) = lim_[@yo'(x = y)3,,90),

and the right-hand side clearly vanishes as yo— —, for any given x,. So we
may identify ¢_.(x) with the ‘in’ field ¢(x), and write the solution to
equation (6.141) as

B #(x) = din(x) + j dyApe(x — y)ga;%%’f)—. (6.149)

It is clear, moreover, that we may equally well take an alternative solution,
using the advanced Green’s function, and the boundary conditions at yy = +0:

aggin
% 9(x) = Goulx) + [ dy Auau(x = y)—" (6.150)
9¢(y)
Using equation (6.143) we express these solution in the form
9(x) = Pulx) + [ dy Az = y) K, ().
(6.151)

$(x) = Pou(x) + f Ay Agan(x = ) K, ().
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It is obvious that, in some sense, we require
A(x) =32 Pou(x),

as an asymptotic condition. It has been shown, however, that if this condition is
taken as it stands, as an operator condition, there is no scattering. This is called
the strong asymptotic condition, and is obviously not what we want. The
correct form was found by Lehmann, Symanzik & Zimmermann (LSZ) (1955)
and is known as the weak asymptotic condition:

Tlim_{alg(x)[b) = (algm(x)|b) (6.152)

where |a) and |b) are arbitrary states in Hilbert space. The point is, of course,
that although the strong condition implies the weak one, the converse is not
true. It is our job now to find an expression for the operator S, defined through
equation (6.140)

¢out(x) = ST¢in(x)Sr (6140)
using equations (6.151) and (6.152). First, we define the functional

1[J] = Texp [i f J(x)(x) dx] (6.153)

where T is the time-ordering operator. This implies that

1681[J] _
) T(¢(x)I[J])-

Comparing this equation (and corresponding higher derivatives) with (6.46), it
follows that the vacuum expectation value of I[J] is Z[J]:

Z[J] = (0|1[J]0). (6.154)

Now we multiply equation (6.151) by I[J] and T, bearing in mind the
asymptotic condition, to give

_1.5_1[]_]=1] . dyA - K_l.ﬁ_]_[_]l
I [719(x) + [ dyAcelx = ) ST
léﬂﬂ: I dvA — Klﬂj_]_
](3]()() ¢out(x) [J] +j y adv(x y) yi 6](}))7
and hence, on subtraction,
. OI[J]
J = Iy, =1 dyA(x — y)K,—— 6.155
Boul = 19 =i dyAx = K28 (6.155)

where

A(X) = Aadv(x) - Aret(x)~
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Substituting for @,y from (6.140) and noting that S is a unitary operator, SST=

S'S =1, we then have

o(S1{J])
8J(y)

This equation. unappetising as it looks, is not difficult to solve. Indeed, a
simple re-arrangement of the Baker—Campbell-Hausdorff formula (6.80)

[fn(x), SI[J j dyA(x = y)K, (6.156)

eBAe B = A +[B, A],
where A and B are operators whose commutator is a c-number, gives
[A, eP] =[A4, Ble?

Now consider the expectation value between the states (0| and |p) of the
second term on the right hand side of (6.151). We have

(0[K;@(y)lp) = (01T + m*)¢(y)lp)
= (O + m?) ™7 (0l¢(0)|p)
= (m* = p"){0l¢(»)Ip)
= 0.
Hence, on using (4.39),
(Ol[gin(x), din(»)]10) = (Ol[(x), B(»)]I0) = iA(x — y).

It can be shown (Zimmerman 1958), however, that the commutators above are
c-numbers, so the relations above may be written without taking vacuum
expectation values

[#in(x), Pin(¥)] = 1A(x — ).

In view of this, the following solution to (6.156) suggests itself

SI[J] = exp [ f dn(2)K 61‘1) dz]F[J] (6.157)
where F[J] is some functional of J. Indeed, we have, assuming this solution,
[$in(x), SIT = iJA(x - K Mfy) dy exp Ud’m(z)Ké;Zz) dz]F[J]
= . 6 1 —_ v 5F—[J]
exp Uqu(z)Kéj(z) dz]lfA(x K 0 d

and

S(SITD) B ] SF[J]

sror = | [auton e S
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so (6.157) solves (6.156). To find F[J], we take the vacuum expectation value
of (6.157). This implies first that we shall have to normal-order the exponen-
tial. But having done that, note that :

(0]:e?:]0) =1
for any operator A, so we have
(0|SI[J]|0) = F[J].

Furthermore, in the absence of external fields we may put (0|S = (0| (see
Fried 1972, p. 22),* and hence

(o[sz{J1j0) = (o}Z[J]j0) = Z[J]
so F[J] is simply Z[J], and we have

SI[J] =: exp qum(z)K dz]: Z[J].

o)
6J(2)
Finally, noting that I[J] - 1 as J — 0, we obtain

(6.158)

s ol fnon L] 2

0
6J(z)
This is the reduction formula in functional form. How it works out, as we shall
see below, is that, on expanding the exponential, a typical term contains
(8/8J)" Z[ ]| =0, which is, of course, the n-point Green’s function. For each
external particle, we have an operator K = (00 + m?), which reduces the
propagator to a delta function; we then multiply by the free particle wave
function ¢;,. In the above formula, of course, ¢y, is not a wave function, it is a
field operator — note that S is an operator. What we shall show is that when we
find a particular S-matrix element, it is indeed given by this simple prescription.
To be more explicit, we first find the variational derivatives

1 01 0 190 zipl =6, ... x)
Lol i0I(x) 10y im0

which are the n-point Green'’s functions, then multiply by

1@, + m),

J=0

which removes the external legs from the Green’s function, and finally multiply
by

H‘P(Xi)a
i
* It follows that in the Hawking effect, or in particle creation by an external electric field, this

statement may not be valid. I am grateful to Professor J. Anandan for bringing this to my
attention.
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the external free-particle wave functions. Collecting this together, the n-parti-
cle S-matrix element is

Sp(x1, ooy xy) = H(j}(x,-)(l]x, + m)G(xq, ..., X,). (6.159)

Of course, it must be remembered that this formula refers to scalar fields, and
interesting physical processes involve spinor fields. In this case the Klein—Gor-
don operator K,= (O, + m?) is replaced by the Dirac operator
D, = (iy-3 — m). We now have all the formulae we need to calculate the
pion-nucleon scattering amplitude.

6.9 Pion—nucleon scattering amplitude

In the presence of scalar and spinor fields, of respective masses m and M, the
formula (6.158) becomes generalised to

- 0 - o 60 € _
S = exp [ | (%K— + YD — —Dwm) ]: z[7,, n]‘ (6.160)
oJ on  on 0
where
D =iy"3, - M, D= —iy*3, - M (6.161)

and the arrows indicate that K, D and D operate on the ¢, 1 and ¥ brought in
from the functional differentiation of Z, and not on ¢, ¥, and ;. The pion
is actually a pseudoscalar particle, so its interaction with the nucleon system is
given by

Lo = igPysty- . (6.162)

The bilinear yysy is a pseudoscalar - see equation (2.126) — making ¥, a
scalar. The vectors yysty and ¢ are in isospace, since pions are isovectors.
Defining

—

ég«m +igy), ¢ = s,

F

this gives
Line = 1V28(Pysnd™ + fiyspg™) + ig(Pysp — fysn)¢’.

Suppose we are considering 7+ p scattering. Then the only interaction term of
interest is ' :

Line = 1V28(Pysne* + Aysp¢),
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and the complete Lagrangian is
L =Ly + Loy = DY, + MYy + 30463, — m? @
+1V2g(pysn¢™ + Ayspd”). (6.163)

Here the terms in the free part, £, are isoscalars, and. in the interaction term,
n and p describe the destruction of n and p particles, or creation of their
antiparticles; ¢ describes destruction of 7% or creation of 77, and ¢~
destruction of 7~ or creation of 7*.

The generating functional Z[J, n, 7] is given by the equation analogous to
(6.76):

(. 5 6 8 \. _
P {‘f (‘Vzg on(z) " on(2) 6J<z>)d“} Zld

-]

Z[J,n, 7] = (6.164)

J=n= n:O
with

Zo[J, m, 7]

j D ¢DnDAexp [i j (WS~ 'p — 30K o+ My + yn + J¢) dx]

-]

= exp {—if[%J(X)AF(x = J) + (x)S(x - y)n(y)]dxdy}' (6.165)

J=1=7=0

Here J and 7 refer to the sources of whichever pion or nucleon field we are
concerned with. This will become clear below, when we use these expressions.
First, however, we shall calculate the S-matrix element for 7" p scattering, and
show that it is obtained from the corresponding Green’s function in the way
described at the end of the last section.

The kinematics are shown in Fig. 6.6. The initial proton has momentum p
and spin s, the initial pion momentum k, and the final values of these

Ps p.s

Fig. 6.6. Kinematics of pm* scattering. The solid line denotes the proton, the dashed
line the pion.
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quantities are denoted by a prime. We want to calculate the scattering
amplitude

S = (p’,s'; k'|S|p, 5; k)

with

S = exp f(¢1nK’67 + Wm 57_7 me )

0

The operators K(6/8J), D(6/67) and (6/677)D may be brought outside the
bracket, and act directly on Z. Writing the initial and final states as

Ip, s; k) = bli(p)a’(k)|0)
(p',s'; k| = (0lby(pa(k’),

and expanding the exponential, we have, up to first order,

S5 = (0lby(pa(k)| 1+ (¢,,,1<.§?J_ + 3D~ 2 By, dx) ]z

on on
x bl(p)a’(k)[0).

The zeroth order term only contributes if p = p’, s =s’ and k = k', and that
corresponds to no interaction, which is not interesting. We shall now show that
the first order term vanishes. The general idea is to change the order of the
creation and annihilation operators, remembering that b,(p)|0) = a(k)|0) =
Since the boson and fermion operators commute with each other, we may
consider these terms separately. In that case, substituting for ¢;,, which we
simply write as ¢, the free field operator, and using equation (4.14), the boson
term is

0

(Ola(k) [ dx Ui)alg) + f30)a'(la’ ()]0 K~

(27 )32 NEs

{<O|a<k ) dx qu( ©lag), a'(K)]l0)

0 b T la(k). o ) ) R
-0

where we have used the fact that the commutators displayed are c-numbers,
hence in the first term we have a(k’) acting on |0), and in the second, a(k’)
acting on (0|. So the first order term is zero, as claimed.

Now consider the second order term. The coefficient of 2(K [6/8J])% is, in the
bosonic sector,
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3 3 0
(Ola(k’) [ dxy dx, [(zﬂ)fz‘fo = [(zﬂ)‘j;u Al G)a@ata)
q q'

+ flx) [y (x2)a’(g)alg) + fi(x)fy(x2)a’(q)alq")
+ F5(e)f5(x2)a’(9)a"(g")]a’ (k)[0). (6.166)
We have, here, carried out the normal-ordering prescription of putting annihi-
lation operators to the right of creation operators. As above, we then write
suitably chosen products of a and @' as (c-number) commutators, so it is

immediately clear that the first and last terms vanish. As for the second and
third terms, observe first that

(Ola(k")a'(q")a(q)a’(K)[0) = (Ol[a(k"), a’(q")][a(q), a’(K)]|0)
= (2m)* 40w 8 (k' = q')8(q - k),
(Ola(k")a'(q)a(q")a’(K)[0) = 2m)*4wp 0, & (k' = q)8(k = q'),

so expression (6.166) becomes, using (4.11),

3 3 ) )
jdX] de”d—qd—gl‘E4wkwk'———L—l/:[e—l(qxl—q x2)
[4wg0q]" [dw 0,17

X Sk’ = q)8(q = k) + @IS (k' — q)8(k - q')]
= jdxldxz(e-ikrl eik'X: + eik'x1 e—ikxz).

This whole term is the coefficient of

K, —2 k.2 z(7,n7
5I(xy) " ol(x)

J=n=n=
Because of the symmetry under x; <> x,, the bosonic contribution to the

S-matrix element is

o 6 -
X2 Z[‘]? rl’ 77]
6J(x1) 6J(x2)

K. e (6.167)
J=n=7=0

f dx, dx, ¥ @ K

where the arrow on K, indicates that it acts on the functional derivative of Z.
We now turn to the fermionic sector, and see a very similar pattern. We have
to evaluate

de3dx4(0|b (p'): [ (M)Dmé ) = Y(x 4)677(x4) .n]

Dy———
[W(xs) pe ( 3 Y(x 3)577( 3

On substituting for ¥(x) and ¥(x) from (4.44), and turning products of

_n]: bi(p)[0).
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operators into anticommutators, it is seen that the :9(xs)¥(x3):
:(x4)Y(x3): terms vanish, while the :9(x4)¥(x3): term gives

Pqd'y’ M M3 big)at(g) e + dolg)p(q)e o
2 77 q090 aa’

X [ba(g")u®(q')e™ ™ + dy(g)0% (") €9%]: b(p)|0)

—(0/b,(p’ )j

3 !
IM?- ik > (0lbs(p")bi(g)ba(a")bi(p)|0)
(2m) q0q0 aa’

X aa'(q)uaf (q/) equ,, e——lq’x3

—a* (p")u'(p) e? reTPn,

The other non-vanishing term comes from :(x4)y(x3):, which gives the
same as above, with x3 <> x4, and an additional minus sign, coming from the
definition of normal-ordering (see the remark above equation (4.48)). These
terms are, respectively, the coefficients of 3D, (8/07(x4))(8/0n(x3)) Dy, and
%(6/677()64))5x4Dx3(6/61‘7(x3)). On making the interchange x5 <> x, in the second
term, and observing that the Ds commute, but 8/6n and 6/67 anticommute (cf.
(6.137)), thus introducing yet another minus sign, we can then write the
fermionic contribution to the S-matrix element as

o 09 Z[J, n, 7] (Exﬂs(p) e~ipxs
577()‘3) O7)(x4) J=n=7=0

fdx3 dxge? %75 (p') D

(6.168)

Combining, finally, the pion and nucleon contributions, we may write the
pion—nucleon scattering amplitude as

Sﬁ=fdx1. Cdxge* e g5 (VR Bot(xs - . -, x4) D Ko,

X u'(p)e Preikn (6.169)
where 1(xy, x5, X3, x4) is the 4-point function or Green’s function:

(X1, X9, X3, X4) = 0 0 0 _5 Z[J,n, 7] . (6.170)
6J(x1) 8J(xz) 6n(x3) 67)(x4) J=n=7=0
This is the content of the reduction formula for this particular scattering
process; the scattering amplitude is obtained from the Green’s function by
multiplying by the Klein-Gordon, or Dirac, operators, as appropriate, for the
external particles, then multiplying by the wave function of the particles at
positions xy, . . . , X4, and integrating over xy, . . . , x4. Although exhibited here
for the case of pion—-nucleon scattering, this recipe is general.
To get an explicit expression we need to know the 4-point function, obtained
by functional differentiation of the generating functional given by (6.164).
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Fortunately, however, we do not need to perform this task explicitly, for we
can invoke the rules we discovered in §6.5. making the obvious adaptation
from ¢* to iyysy¢ for the interaction term. We first draw a prediagram for the
propagation of (wN) to (7N), with two interaction terms, as in Fig. 6.7. We
are only interested in constructing connected Feynman diagrams, since only
these give a contribution to the scattering. The pion lines from the interaction
vertices must be connected to the external pion lines, and a pair of nucleon
lines from the vertices must be joined together. There are clearly two ways of
doing this, indicated by the dotted lines in Fig. 6.7. The two resulting Feynman
diagrams are redrawn in Fig. 6.8. Let us recall that these diagrams, in our
convention, are to be read from left to right (with the incoming particles on the
left). Many writers draw them to be read from bottom to top, and in fact the
most logical way is to draw them from right to left, the same way as the
expression for the matrix element (out|Slin). In the general case, both
diagrams of Fig. 6.8 will contribute to the scattering and the cross section will
show an interference term so characteristic of quantum phenomena but, in the
case of 7™ p scattering, Fig. 6.8(a) will not contribute, since the intermediate
nucleon state, N** with charge 2, does not exist. The virtual N in Fig. 6.8(b)
is, in this case, a neutron. Recalling that the coupling constant for the (7* pn)
vertex (equation (6.163)) is \/2g, and that the vertex contains an (iys) factor,
we may immediately write the 4-point function for Fig. 6.8(b), redrawn in
Fig. 6.9, as

o, 2, 23, %) = 28° [ dyr dyaiAr(es = y2)iS(xs = yDlivs

X i8(y1 — y2)iysiS(y2 — x3)iAg(x; — y1). (6.171)

n

N N
n N\ T

N N N N,

Fig. 6.7. Prediagram for 7N scattering to second order, showing the two possible ways
of forming a Feynman diagram.

(@ ()]

Fig. 6.8. Connected Feynman diagrams for pion-nucleon scattering, to second order.
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Fig. 6.9. #* p scattering.

This is to be inserted into (6.169). Recalling that
KAp(x = y) = (O, + m)Ap(x — y) = =8'(x — y),
DS(x = y) = (iy- 3, = M)S(x — y) = &*(x — ),
S(x = y)D. = S(x = y) =iy 8, - M) = 8x - y),

we obtain
S = -—2ig2j dx; ... dxsdy;dy,e** e 75 (p")8* (x5 — y2)
x 8*(xs = y1)vsS(y1 = y2)v56*(y2 = x3)
x &' (y1 — xy)u(p) e
= ‘Zing dyy dy, eP=velK =P (p")ysS(yy = y2)vsid(p).
Combining equations (6.135) for S(x), and (6.14) for Ag(x), we have

f do Vi qut M iy (6.172)
@mtl g - m?

Inserting this into the above equation, we may first carry out the integration
over y; and y;:

S(y1—y2) =

fdyldy2 ellP =Ky ik =p)y2 e=ia(ni=3) = (2m)B8*(p’ — k — q)8* (k' — p + q)
=@Qmt*(q-p+ k)& (p' + k' —p—k
= (2m*s*(q - p + k") (P: — P),

showing that the intermediate neutron has 4-momentum ¢, and 4-momentum is
conserved at each vertex, as well as overall. The integration over g may now be
carried out, as long as g is replaced by p — k' = p’ — k. Therefore

S = —id*(Py — P)2g°2m)*a* (p')ys v (p-k)+M
(p = k')? = M?

vsu'(p). (6.173)
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Now using the Dirac equation (2.140) in momentum space and the properties
of the y matrices, this expression may be simplified to give

1

pk’ — m

Sg = i6'(P = P2g*@m)*'a (p')y - k'u(p) (6.174)

.
From the scattering amplitude, the next task is to find the scattering cross
section, and this is dealt with in the next section. Before finishing this section,
however, we shall summarise briefly the Feynman rules for calculating the
scattering amplitude for an interaction involving scalar (or pseudoscalar) and
spinor particles. It will immediately be seen that they yield the expression
(6.173) for the particular case of 7* p scattering to lowest order perturbation
theory.

1. To nth order, perturbation theory corresponds to a diagram with n vertices.
The amplitude for a particular process (i.e. with particular ingoing and
outgoing external lines) to a particular order is obtained by adding the
amplitudes of all topologically inequivalent connected diagrams. Fig. 6.8
shows the two diagrams for (pseudo-)scalar spinor scattering to second
order. Fig. 6.10 shows some fourth order diagrams. Spinor lines are
continuous, scalar lines dotted.

2. For each incoming spinor particle write u(p) (v(p)) for its antiparticle), and
for each outgoing spinor particle &(p).

3. For each vertex write ig (for scalar interaction) or igys (for pseudoscalar),
where g is the relevant coupling constant read off from the interaction
Lagrangian, and multiply by (27)*5* (incoming momenta).

4. For each spinor propagator (internal line) of momentum p write

1 i .
em*(y-p—-M)

Fig. 6.10. Some fourth order diagrams for scalar/pseudoscalar-spinor (e.g. pion-
nucleon) scattering. The last diagram is disconnected and is not counted.
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Table 6.1. Feynman rules for scalar (or pseudoscalar) and spinor theories

Factor in S matrix Diagrammatic representation
u(p) ——— incoming fermion (external line)
a(p) _ outgoing fermion (external line)
kp

ig(ys)2m)*o*(p + k — p’) > vertex

! -——(with j d* p) ————— > fermion propagator (internal line)
@emiy-p-M P

LN with j d* p) - -—--> ----scalar propagator (internal line)
@n)* p? = m? P

5. For each (pseudo-) scalar propagator write
1 i
@m)* p? = m?

6. Integrate over internal momenta.

d*p.

These rules are summarised in Table 6.1.

6.10 Scattering cross section

We now show how to calculate the scattering cross section from the scattering
amplitude. First, we define the Lorentz invariant amplitude M by

(pi, Phs -5 IS = 1p1, pas - )
= (2m)*8 (Py ~ P)IM(p3, Py -+, p1, Pas - ), (6.175)

recalling that what we calculated above did not include the identity contribu-
tion to the S matrix. It also only referred to the connected part of § — 1, but
this we shall take to be understood. Further, for simplicity, let us consider the
simplest case of 2-particle — 2-particle scattering.

Now, in general, the initial particles will not be sharp momentum states p,,
D>, but will be wave packets:

&k, dk
(2m)*2kY (2m)2kS

which, however, have momenta peaked respectively about p; and p;:

f(k1)g(ka)lkq, k)

initial state |i) = j

k= p1, k= p,.

The final state is

If) =1lpi, p3)
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so the transition amplitude is (with dk = d®k/(27)°2k?)
| ki dEaf (k) g(Ra) (pip3lS = 1]kika)

= @' dky dkaf (ki)g(k2)d(pi + p3 = ki = k) M(pi, pi, ki, ko)

and the transition probability is

W = n)* [ dk, dk; 47, g f (k) (ko) f*(91)8*(42)

X &6(pi + py = k1 — k2)6(pi + pi— q1 — q2)
X M(Pi’ pé7 kl’ kz)M*(Pi, Pé, q1, q2)'

Because of the first delta function, the second one may be written as
O(ky + ky — g1 — q3). Also, since f and g are peaked around p; and p,, we
may approximate M above by M(pi, p3, p1,p»)- Finally, to get W into a
comprehensible form, we introduce the Fourier transforms of f and g

J) = [dg e f(q)
where, as above,
d? q

dj=—99
(2724,

So
PP = [ dkydgyema f(k) f*(q1)
and similarly
()P = [ dkodg, € g(k)g*(02);
f(x) and g(x) are the wave functions of the incoming particles. Noting that
(@' 8ks + ky = gy = go) = [elbrrimaade gy,
we have, gathering these facts together,
W =[x FEPBOIPED (ot + ps = pr = po)| M(pi, P, 21, o)

(6.176)

The first factor is the overlap of the wave functions, a precondition for
scattering. This factor is unity when the initial state is a momentum eigenstate.
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The second factor is the familiar expression of Fermi’s Golden Rule. We can
then write the transition probability per unit volume per unit time as

dw
dV d:

Using our covariant normalisation, which corresponds to 2p, particles per unit
volume (see §4.1), we have, for our wave packets, that the number of particles
‘1" per unit volume is |f(x)[?2pY, and the corresponding number of particles 2’
is |§(x)|22p(2). Now assume that particle 2 is initially at rest, pY = my' The
incident flux is the relative velocity v = |p;|/p} times the particle density
2p3|F(x)?, which is 2|p||7(x)[?. The target density, similarly, is 2m5|g(x)|?.

Now the scattering cross section do is defined in terms of dW/dV dt, the
number of transitions per unit time and unit volume, by

dw
dVv dt

= |f(x)Plg(x)*@m*s(pi + p5 — p1 = p2)|M(p1, p5, p1, P2)I*

= (incident flux) X (target density) x do

which gives

’ ’ 1
do = 2m)*8*(pt + p5— p1 — p2) |M2.
4my|py|

There is a Lorentz invariant generalisation of the quantity m,|p;|, namely

B =[(py- p2)* = mim3]?

= m,|p;| inlaboratory frame.

As it stands, this expression for the cross section refers to an undefined final
state, subject only to the condition pj + p5 = p; + p>. What is measured in the
laboratory, however, is the differential cross section, for scattering into a
particular solid angle d€2; and therefore with final momentum in a range dp;.
We therefore write the cross section for the final momenta in the momentum-—
space interval d3pi &ps as

do = @m' _ dpi &’ p}
4B (2m)°2(p1)o(27)*2(ph)o
In the case in which the initial particles have spins s; and s,, there will be a

summation over spin states, so for an initially unpolarised state we replace |M|?
by

6*(ps = po)IMP. (6.177)

M L S My 2.
(251 + 1)(252 + 1) 51,5¢

The formulae above hold for bosons. When (massive) fermions are involved,
the normalisation of our Dirac spinors is equivalent to po/m particles per unit
volume, so if the target is a fermion, the target density is |g(x)[*>. For the final
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state fermion, the Lorentz invariant phase space d’p/(2m)*2p, is replaced by
(m/po)[d® p/(2m)*]. Putting these things together, the cross section for pion-—
nucleon scattering is given by 4

1 &pi &pp M
do = 3 1 - 8*(ps — 3> | Mgl
(277) 2E1 EZ/M 2B spin
1 &pi &pr M2
= — PR S(E| + Ey— E)S(pl + ps - p) S M52
327 E1 E)} B pZ

Let us now work in the centre of mass system

i

P1 = —P2 = pr.

Then the phase space integral becomes

&p; &
I= j PLAP spy 4 By - E)S(pt + ph— )
E| Ej

&
_f PtS(EL + Ej— E)
EE2

dp; &
fpf PP S(E) + Eb — E).
E\E}

Invoking the formula

8(f(x)) = [ (x0)]8(x — xo), where f(xo) =0,

we then see that
=Pt J ao,
E;
so the differential cross section is

dQ 32772 BE i spin

do _ 1 szfZ‘M 2

In the centre-of-mass system, B = py(E| + E5) = p¢W where W = E; is the
total energy of the system, so

— = M2 (6.178)
dQ 3272 spZn :

The invariant amplitude My is, by comparing equations (6.174) and (6.175),

1
p-kl—m

(6.179)

My =282 (p')y - k' (p) -
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We now have to evaluate a quantity of the form

S |’ Aul?
spins

where u’ = u*'(p’) and A is a Dirac matrix operator. We have

(lj’ALl)* — LlIT')/O*A*u*

il

ut ATyt

aAu'
with A = y°A7y". Hence

il

|7’ Aul® = (@' Au)*(i' Au)

nAu'tt' Au

g Aty A pilh
= u;a;cAklulamZmi'
Summing over spin, we now appeal to equation (2.145)

a —a * M
S (P (p) = (%)}

to give

S Ja' Auf? = Tr{(V’P' + M)A(V'P + M)A} (6.180)
spins 2m 2M

where the trace is over the Dirac matrices. We also know that (see (2.147) and
(2.151))

Tr(y-a)(y-b)=4a-b
Tr(y-a)(y-b)(y-c)(y-d) = =Tr(y-b)(y-a)(y-c)(y- d)
+2a-bTr(y-c)(y-d)

and that the trace of an odd number of y matrices vanishes ((2.150)). This gives

1 21 , , :
E\Mfil2=4g“( 2) STe{(y-p' + M)y K'(y-p + M)y- k')
spin : 2p-k’-—m 4M

4 2
1 ’ ’ ’ ’
= —g—z(—~———,) H2p - k)(p - k) + mM? = (p- P}
M-\2p-k' — m*
In the centre-of-mass system
lpl=1p'| = k| = [k'| = ¢
p=(g+M)?%q), k=(g"+m)" ~q



6.10 Scattering cross section 237

p' =+ M)? q), K =((¢"+m)" ~q).
At low energies, m, M> g and p-k'=Mm, p'-k'=Mm, p-p' = M?,
giving
8 4
D[ G
spin (2M - m)

and hence, since W = M + m in equation (6.178),

do _ 8_4( M )2 1L & 1 (6.181)
dQ  4r’\M + m) QM - m)®> 167° M?
if m is neglected in comparison with M.

If we know g we can arrive at a prediction, from first order perturbation
theory, of the pion—-nucleon scattering cross section; g may be found by two
distinct methods, and they give very different values. First, it may be found
from the deuteron binding energy. The Yukawa potential between nucleons a
distance r apart is

y-s8"
’
where 1= 47!, where 7 is the pion Compton wavelength, 1.4 X 107 m. At a
separation of r =2.8 X 10715 m, the exponential term may be neglected, and
the r dependence of the potential is the same as the Coulomb law. We know
from the theory of the deuteron that the potential well between two nucleons
at a distance of 2.8 X 107 m is about 20 MeV deep. On the other hand, the
electrostatic interaction is only about 0.5 MeV at the same distance. Hence

g2
e2 05

where e is the electric charge of the proton in e.s.u. Hence

=40

2 2
E a4 x L ~03. (6.182)
hc hc

Putting this value in (6.181), we predict

=120 ub* (6.183)

* 1b=10"% m2.
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which is an order of magnitude smaller than the low energy pion—nucleon
scattering cross section = a few mb.

A second determination of g can be made from a knowledge of the phase
shifts in m— N scattering. By using a derivative coupling (m = pion mass)

Lo = %ﬂ’}’s}’”ﬂll' 3,0 (6.184)

it may be shown using a static theory with cut-off, that a resonant behaviour is
to be expected for the 7— N scattering amplitude. This is, of course, observed
(see. for example, Fig. 1.2). Comparison of the theory with the measured
phase shifts gives a value for f (see, for example, Sakurai 1964, p. 215):

2
I~ 0.0s. (6.185)
4
On the other hand, it may be shown (see, for example, Schweber, Bethe & de
Hoffmann 1956, vol. 1, §26) that to first order, the pseudovector coupling
(6.184) and the pseudoscalar coupling (6.162) are equivalent if g = (2M /m)f
(M = nucleon mass). This gives

2

& ~1s. (6.186)
47
The corresponding cross section is
o= 4799 < 43, (6.187)
de

which is far in excess of the experimental value.

In conclusion, neither value for g produces agreement with experiment. The
value (6.186), which tends to be taken more seriously by particle physicists, is
so high that a perturbation series in g* will diverge. It may reasonably be
objected that this makes the theory meaningless. From a contemporary per-
spective, however, g is not a fundamental parameter. The basic strong inter-
action is the one between quarks and gluons, which is a gauge interaction. We
shall start to consider these interactions in the next chapter, and in Chapter 9
will see that the coupling constant concerned actually changes, depending on
the energy at which it is measured. The present exercise, then, is seen to be a
rather academic one, but has served the useful purpose of illustrating the
application of the Feynman rules.

Summary
'The generating functional Z[J] for scalar fields is written down, and con-
verted into a form involving the Feynman propagator Ag, which is also written
down in Euclidean space. *Functional integration is introduced and it is shown
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how the results of §6.1 may be derived by use of it. > Z,[J] is shown to be the
generating functional for the free particle Green’s functions and the relation-
ship is shown between the n-point functions and the vacuum expectation value
of the time-ordered product of n fields. Wick’s theorem is proved. *Inter-
actions are introduced and the relation between Z[J] in the interacting case,
and Z,[J] in the free particle case, is shown. SThese results are applied to ¢*
theory, whose 2- and 4-point functions are calculated to first order. Feynman
diagrams are introduced and the distinction between connected and discon-
nected diagrams made. *The generating functional for connected diagrams is
found. ’Grassmann numbers are introduced and it is shown how the generating
functional for a spinor field may be expressed using elements of a Grassmann
algebra. 8The S matrix is defined, and the reduction formula, giving S in terms
of functional derivatives of Z, obtained. Using this formula, °the pion-nucleon
scattering amplitude is obtained to second order, and the Feynman rules
summarised for the case of scalar and spinor fields. °The cross section for 77 p
is obtained.

Guide to further reading

Early papers on functional methods in quantum field theory are Matthews &
Salam (1955), Higgs (1956), Umezawa & Visconti (1955). Good accounts
appear in Nash (1978), Amit (1978), Fried (1972). For an account of Grass-
mann algebras, see Fearnley-Sander (1979). The application of Grassmann
algebras to Fermi fields is discussed in Berezin (1966), Ramond (1981), Lee
(1981), and Itzykson & Zuber (1980). The reduction formula and the S matrix
are treated in Symanzik (1961), Bjorken & Drell (1965), Faddeev & Slavnov
(1980), and in Amit (1978), Fried (1972) and Itzykson & Zuber (1980).
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Path-integral quantisation: gauge fields

7.1 Propagators and gauge conditions in QED

We saw in the last chapter how the Feynman rules could be ‘read off’ from the
generating functional — more particularly, from the Lagrangian of the theory.
As remarked in §6.7 (p. 216), the propagator is the inverse of the operator
appearing in the quadratic part of the Lagrangian. Our aim now is to extend
this work to the gauge fields, and in this section we restrict our attention to
quantum electrodynamics. It turns out that, because of the freedom to make
gauge transformations, we encounter difficulties which were not present with
scalar and spinor fields. We exhibit these difficulties in both the canonical and
path-integral formalism, the former being more transparent, the latter more
succinct and formal. It is, however, the path-integral method which has the
greater power, and in the next section we shall show how to apply it to the case
of non-Abelian gauge fields.

We begin this section by outlining the difficulty in finding the propagator of
the electromagnetic field, using the canonical formalism.

Photon propagator — canonical formalism

We shall proceed, in our study of gauge fields, from a generating functional
which in the case of quantum electrodynamics takes the form

Z[) = f@A,,eXpif(se + JUA,)dx (7.1)

where J* is the external current source, and, in the absence of matter,
1
L= —zF, F*". (7.2)

This was our method of procedure for scalar fields (see (6.1)) and for spinor
fields (see (6.130)), and it stemmed from equation (5.15) in quantum mech-
anics. We should recall, however, that the more fundamental expression for
the transition amplitude (generating functional) is equation (5.13), which
reduces to (5.15) when H is quadratic in p with a constant coefficient (as in
(5.8)). It is true also in field theory that the only safe path integral is the one
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based on the canonical formalism, that is, involving

”@wnexpif(qsﬂ—%)m[

After performing the integration over 7, the canonical momentum, the simple
‘Lagrangian’ path integral is not recovered unless there are no constraints and
€ is quadratic in the m with constant coefficients. There are many field theories
in which these conditions are not satisfied, and they include the non-linear
sigma model, non-Abelian gauge theories and gravity. In non-Abelian gauge
theories, however, the Faddeev—Popov technique gets one out of trouble, so at
the expense of some rigour it is justifiable to proceed from expressions like
(7.1), introducing the Faddeev—Popov ghost fields when the need arises. In the
case of gravity, the Faddeev—Popov technique fails to get one out of trouble —
but we are not intending to quantise gravity. We shall therefore use a simple
‘Lagrangian’ path integral for the generating functional in what follows.
Students interested in seeing the method based on the canonical path integral
should consult Faddeev & Slavnov (1980), Ramond (1981) and Itzykson &
Zuber (1980).%

After these cautionary remarks, we return to equations (7.1) and (7.2). As
we saw in §3.3, variation of the Lagrangian (7.2) gives Maxwell’s equations

O F" =23,(0"AY - 3"A") =0
or
(g0 —23,8,)4% =0. (7.3)
After partial integration, and discarding of surface terms, & may be written

¢ =3A"g,0—3,3,]4". (7.4)

According to our prescription, the photon propagator D, is the inverse of this
operator

(800 — 3,3,) D" (x — y) = 8;6*(x — ). (7.5)

(Alternatively, and equivalently, we see that D" is the Green’s function of
Maxwell’'s equation (7.3).) Now we multiply (7.5) by the operator 3*, giving

(0-3,) D" = 3*8*(x — y).

from which we see that D" has no inverse, and is therefore formally singular

* I am grateful to Professor P. W. Higgs for emphasising these points to me.
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This is because the operator (g,,[0 — 3,9,) has no inverse; if applied to 3*A,
for example, it gives zero:

(g0 — 3,8,)3#A = (3,0 — 03,)A = 0,

so the operator has a zero eigenvalue, and therefore no inverse.

Our straightforward attempt to find the photon propagator has failed. Some
light is thrown on the reason for this failure by appealing to the path-integral
method.

Photon propagator — path-integral method

Here we simply consider the generating functional
Z= I@A,,eiﬁ‘fd)‘.

£ is invariant under gauge transformations A,— A, + 9,A, but the integra-
tion is taken over all A,, including those that are related only by a gauge
transformation. This clearly gives an infinite contribution to Z, and therefore
to the Green’s functions, obtained by functional differentiation of Z.

Gauge-fixing terms
What must we do to get a finite value for Z? The obvious answer is to fix a
particular gauge, so that the integral over A, does not extend over values
simply related by a gauge transformation. To be definite, we impose the
Lorentz gauge condition 3,A* = 0. This gives the Lagrangian

P =3A"g,,0A". (7.6)
The operator g,,[0 has an inverse, known as the Feynman propagator
De(x, ¥)uv = ~8uAp(x, y; m = 0) (7.7)
The Lagrangian is then written
£ = —3F, F* — 3(3,4"
=%+ Lor (7.8)
where
Lor = —3(3,4") (7.9)

is the "gauge-fixing’ term introduced on page 146 above.
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It may be helpful to reproduce the above line of reasoning in momentum
space. The operator g,,00 — 3,3, becomes ~~g,“,k2 + k,k,, and it is easy to see
that this has no inverse. If it did, it would have to be of the form Ag™ +
Bk¥k*, with (— kg, + k,k,)(Ag"™ + Bk*k") = &,. This implies

~ AR, + Ak k= 5,

which has no solution. On the other hand, in the Lorentz gauge, the operator
~ gwk2 clearly has an inverse — g"*(1/k?), and the Feynman propagator is

De(k)yy = — g’:". (7.10)
More generally, instead of (7.8), we may add to the Lagrangian an arbitrary
amount of Lgg:

&= —1F, P - L3,am
2«

= %A“[guvD + (L - 1)8,,,8‘]14" (7.11)
o

with « finite. The ‘quadratic’ operator in momentum space is
2 1
—kguw+ |1 — —|kuk,
o

whose inverse gives the propagator

1

kuk\'
D(k)yv = _?[gyv + (d - 1)‘_‘] (712)

k'.’

Particular nomenclatures associated with « are

« — 1: Feynman propagator (Feynman gauge).}
(7.13)

« — 0: Landau gauge.

The physics, of course, is unaffected by the value of «.

Propagator for transverse photons

The propagator (7.10) applies to photons in the Lorentz gauge. This is a
covariant gauge in which photons have a polarisation vector &*, with k& =0,
so that only three of the four states are independent. Physical photons,
however, are described by only two polarisation states — those with transverse
polarisation. In this subsection, we calculate the propagator for transverse
(physical) photons. From §4.4, we see that we are working in the radiation (or
Coulomb) gauge, in whichV-A =0, ¢ =0.
Recall that the relation between the propagator and the 2-point function is

<O!T(Ap(x)AV(y))|0> = iD,UV(x - y) (714)
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We calculate the left-hand side by substituting for A ,(x) from (4.64) (or from
(4.80), but with the sumover A =1, 2 only). Hence

CE_ S O ael k)
(27r)32k0 (2m)* 2k} 23=1
X {[aP(k)e ™ + aD7(k)eit]
x [a®) (k") e Y + a® (k") e*7]6(x0 ~ yo)
+ [a¥) (k") e Y + a® (k) ek
)

(OIT(A4,(0)A(y)0) = < l o[-

X [aP(k)e ™ + aW(k)e*]6(y — xo)}

3 dBk 2 )
< IJ d’kd’k (A)(k)g(vl)(k,)
(277) 2k02k0 ll 1

x [aP(k)a™ (k") <60 = yo)

+ a().’)(kr)a(]t)’r(k) ei(ch-—k'y)g(y0 _ xO)]

o)

The two terms in aa’ may be replaced by their commutators, given by (4.68).
The delta functions then enable one to integrate over k' and sum over A,
giving

dk
.____;___2 (l)(k)s(l)(k)
(2m)° 2k =1
X [e*096(xy — yo) + € 7V 0(yo — x0)]. (7.15)

(OIT(A,()A,))I0) = |

Now, from equations (6.14) and (6.56), the Feynman propagator for massless
particles is

Ap(x, m = 0)

‘if‘—(ik—[@(xo) e + 6(—xo) e'™]
(m)*2k,

J, d4k e—ikx
Qm* K +ie

Hence we may write

—ik(x—
d*k e Eem(k)sm(k)
@m)* K +ig i=1

(OIT(ALAMI) =i

and the propagator for transverse photons is then

4 —ik(x—y) 2
((; ’)‘431(-2_;—_——25;“(/()59(/(). (7.16)
T 1€ A=1

What is 23-,€(k)e\”(k)? Now ¢, is orthogonal to k,, which is lightlike; €, is

Dix=y) = |
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therefore spacelike. We introduce a timelike vector 7, = (1,0, 0, 0), which is
orthogonal to ¢, in the radiation gauge. We then form a tetrad from 8;,1’2), Nu
and one other spacelike vector, denoted k: )

wo K= et
[(k-n)? = K717
It is straightforward to verify that k is spacelike:
oo K20k + (e _
(k) — &2

where we have used 77 = 1; and that k is orthogonal to &:

=

1,

Foe=ke- (kg _
[(k-n)? — K]

since k- e = 0 and 7+ ¢ = 0. Having constructed a tetrad, we now have

2
8uv = Muly — EEEf)(k)EE/)(k) - /;#/Ev,
A=1
hence
2 A A T
/12 854 )(k)gv(k) = —8uv + Ny — kykv
=1

_ kb (kem)(Reny k)
(k- m)? = K (k-n)* =k
K
(k-m)? = k>

This is the desired expression for E%ﬂeff)(k)s(f)(k), and when substituted in

(7.15) it gives an explicit expression for the propagator for transverse photons.

= —g”v

(7.17)

7.2 Non-Abelian gauge fields and the Faddeev—-Popov method

We now want to extend what we have done to non-Abelian gauge fields
(Yang-Mills fields). Our aim is to discover the general rules for finding the
gauge field propagator. We proceed by developing the formal path-integral
method referred to in the last section, based on making Z finite. This method
was first devised by Faddeev and Popov.

We saw above that Z is infinite because the functional integration extends
over all A,, even over those related by a gauge transformation, under which
the integrand is invariant. In a schematic way we may write each A, as

Ay~ Aua A(x) (718)
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which expresses the idea that each potential A, can be reached from some
fixed A, by a gauge transformation given by the function A(x). The different
ZH belong to different gauge classes — they may not be obtained, one from
another, by a gauge transformation. Then in the same schematic way the
integral for Z may be split up

Z= jezA,,eiS ~ fgmyeisfgm (7.19)

Since S is gauge ipvariant the integration over A separates out: and it is this
last factor. f@/\, which gives rise to ‘overcounting’ and causes a divergerice in
Z. Faddeev and Popov showed how to achieve the desired separation in a
rigorous way. Their argument is not easy to digest at first sight, being (of
course) based on functional methods, so it may be helpful to consider a simple
analogy in ordinary integration in two dimensions.

The example we take is the integral

I= f f dx dy e ™™+ (7.20)

Here the integrand is rotation invariant. Changing to polar co-ordinates we
have

I= fdefdrr e (7.21)

and the first factor, fd@( = 2m), is clearly analogous to fEDA in (7.19). We want
a more general expression for this separation. Let us write (7.21) as

I= fdGJ’drdHre"’zé(B), (7.22)

which is clearly equivalent to (7.21). The second integral in (7.22) has been
reduced from a 2-dimensional to a 1-dimensional one by the delta function
6(8), which reduces the integration to one along the x axis (6 =0). Let us
choose, however, to integrate instead along a path at fixed non-zero 8 — which
we may surely do since the integrand is rotation invariant. This path is given by
y cosf = x sinf or

f(8) = ycosf — xsinf = 0. (7.23)
If we choose this path how is equation (7.22) changed? We invoke the formula

- 8(f(6)) = EWIQ)‘

13

5(6 - 6;) (7.24)

‘d@‘
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where 6; are the zeros of f(6). From (7.23) we see that f(8) =0 at
6, =tan"! (y/x), 6, =7+ tan"!(y/x) (7.25)

and at these points
T (7.26)
so (7.24) gives

S(F(8)) = —i—[aw —6) + (6 — 6]

hence
[acrcya = % = -\/xzz?v (7.27)
This may be written in the form
A(r) f 5(£(6))d6 = 1 (7.28)

where

AC) = AV F Py = VXY (7.29)

2

It is clear, however, that f(6) is simply obtained by rotation from the y axis, so
we may write

y' = ycos@ — xsinf
(7.30)

x'" = xcosf + ysinf

and of course x'> + y'?> = x? + y%. Equation (7.28) then becomes
AV T+ 2 )fa(y')de =1. (7.31)

Viewed as an expression for the identity, let us now insert this into equation
(7.20), giving

I= fdef dx’dy’ e CIAN T + y2)(y). (7.32)

This is the general expression which exhibits the separation of variables made
possible by the rotation invariance of the integrand. The second integral is
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independent of 8, so fd@ is simply an overall multiplication factor in /. In the
above expression A(r) may moreover be written as (see (7.28))

AT = [a(f(8)) 8

= f 8(f(8)) det

= det 49

df [f=0

de
ol

hence

df

A(r) = det
(r) 15

(7.33)

f=0

We now turn to the problem of the generating functional in gauge theories,
where the action S is gauge invariant. We write the gauge transformation
(3.162) as

Ay =UAU' —i(a,U)U", U =A™ (7.34)
whose infinitesimal form is
A= AL+ feAlAC + 3,A%, (7.35)

£%¢ being the structure constants of the group G.
A gauge condition is written in the form

FA,]=0 (7.36)

where a is a ‘colour’ (non-Abelian) index. For example the Lorentz gauge in
QED is given by 3*A, =0, so F = 3" A, (no colour index). Now consider

AF'[A) = [oUsFla] (7:37)

with A, given by (7.34). The quantity F(A ) vanishes for some A, and 8[F]
is a delta functional

S[F[A]] = [TS(F[AGM)]); (7.38)

xHa

a product of Dirac delta functions at each point of space-time. We first
observe that A7'[A 4] is gauge invariant. We have from (7.37)

CAFA fgwa Fralv. (7.39)

Now putting U” = U'U and using the result that (for compact groups) the
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volume element in group space defines an invariant measure (see, for example,
Hamermesh 1962, p. 313 or Talman 1968, §9.2):

@U =2U"
then
AR AV = f DU"S[FAL ] = AF[A,], (7.40)
so AF'[A 4 is indeed gauge invariant. Writing equation (7.37) in the form
1= AgA,] f DUS[F[AY]] (7.41)

(which is analogous to equation (7.31)) and inserting this expression for the
identity into equation (7.19) gives

Z= f DAAE[A,] j DUS[F[AU] €. (7.42)

Now perform a gauge transformation taking Af,J to A, and use the facts that
DA g is the same as DA, the action S is gauge invariant, and so is Ag[4,]
(equation (7.40)). This gives

Z= J’EDA#AF[A#]JQDUé[F”[Ag]] eis
= f@U J’EDA,,AF[A,,]é[F“[AH]]eiS (7.43)

where we have been able to take out the factor fQZ)U since the integrand is
independent of U. The isolation of this factor is exactly what we wanted to
achieve. It contributes only an overall multiplicative constant to Z and may
therefore be ignored. The correct expression for Z is therefore

Z = f DA AE[AJOFLA] . (7.44)
We now want an expression for Ag[A,]. In analogy with equation (7.33) we
write

OF

A | F=0

Af[A,] = det = det M. (7.45)
Now change M to iM and use the formula (6.128) in the form

detiM = f@ﬁ@nexp(—-i f 7 My dx). (7.46)

This is to be substituted into (7.44). As a final modification, it is convenient to
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modify the gauge-fixing term &[F,[A,]]. For example, instead of the Lorentz
gauge condition F? = 3" A, we may consider

F* = 3*A% + C(x)

where C?(x) is an arbitrary function. The generating functional is then
Z= f DA N[AJS[[FA,] — CY e,

We have already noted that Z may be multiplied by any overall factor (since
only the normalised form of Z has physical consequences). Since C is inde-
pendent of A, Ag[A,] in the above equation is still given by (7.45) and Z is
independent of C(x). We may then multiply Z by the overall factor

exp [—-—l—jCﬁ(x) dx].
2o
This gives the final form for Z, taking note of equations (7.45) and (7.46),
Z= Nj@A,,@f,@nexp {if[se - El—F2 e abnb]dx}. (7.47)
o

where N is an overall (and irrelevant) normalisation constant. Equation (7.47)
can be written in the form

Z = Nf@A,,@ﬁ@nexp (ifSBeffdx) (7.48)

where the effective Lagrangian is

1 _
Letg = &£ — EZFZ - 1" Mgpn®

=%+ ggGF + 'SgFPG- (749)

&cr is the gauge-fixing term, encountered above, and Zgpg is the Faddeev—
Popov ghost term. The Grassmann fields , 7 are called ghost fields, since their
unphysical spin-statistics allows them only to appear in closed loops in Feyn-
man diagrams, never as external fields.

After this heavy formal reasoning, we may now find the Feynman rules for
QED and non-Abelian gauge fields. They depend on the gauge. We shall
consider first the Lorentz gauge and then the so-called axial gauge.

Feynman rules in the Lorentz gauge

First, let us consider electrodynamics, in which there is no internal symmetry
index. We have

F=3"A,.



7.2 Non-Abelian gauge fields and the Faddeev-Popov method 251

From (7.35) we have

0A,=9,A
therefore
OF = OA.
Hence from (7.37)
M = oF _ O
oA

and
z-= NJ’QDAMexp {if[sgo - —21—(8 : A)2] dx}f@ﬁﬂnexp (ifﬁmndx) (7.50)
o

where ¥, is the gauge-field Lagrangian, —%FMVF #_ The last integral in the
ghost fields contributes only an overall constant factor to Z. The photon
propagator is obtained by finding the inverse of the quadratic term in
%o — (1/2a)(3 - A)?, which has been found in (7.12) above. The 2-point func-
tion is then

k 1 k,k,

- —| g+ (@—1 7.51
o A e (75D
Next, we consider Yang—Mills fields. The gauge condition
F?=23"Aj
together with (7.28)
a _ gpabc 4 b ¢
0A, = f" A0 + 3,0
gives
OF% = foe3i(AL o) + Do
and hence
Mab - oF — _fabcayA,Cl _ fabcAZa,u + 6ab|:|‘
Saw® '

Re-introducing the coupling constant g, which was dropped in (7.34), the éhost
part of the action is

J’Qbﬁ@n exp (—ijﬁ”ainb dx)
dawb

= f@ﬁ@nexp {—ifﬁﬂmna dx +ig abff[(ﬁ“a»“nb)A; + 3*A (7)) dx}.

(7.52)
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This gives the ghost propagator and the ghost gauge-field coupling

b (7.53)
__gfa cp”‘
ER ]

a b

(Here we have not included the (27)* and momentum conservation é-functions.
They are to be understood; cf. Table 6.1.) The ghost propagates like a scalar
particle but has Fermi statistics.

The gauge-field term F“ is like that above, so the gauge propagator is like
the photon propagator

a k b 1 k k
MWW — g 4 (o — 1)L 8%, (7.54)
i v 2 # 2

k k

Besides the fact that the ghost couples to the gauge field, the other
complicating feature of the non-Abelian case is that the gauge field couples to
itself. The physical significance of this was discussed in §3.5. This means that
we have at least cubic terms in A appearing in the Lagrangian. To obtain the
pure gauge-field Lagrangian, we define the field by (3.166)

Guw=20,A,—03,A,—ig[A, A}
and the Lagrangian is then

P = —3Tr G,,G". (7.55)

It may, for example, be checked that in the case of SU(2), this gives
—%Wm,- WH as in (3.132). On expansion this is

&= -G, G

= —3[3,A% — 3,45 + gf "ALA[BH A — 8V AM + gfmAFmA™]

—1[quadratic term + 2gf“b‘AﬁA$(8”A”’ — 3YAM)

+ ngabCfamnAzAf’AymAvn]. (756)
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The quadratic term gives the propagator, which we have already found. The
cubic and quartic terms give the couplings

bev
q —zgfabc[(r,u - q,u)gvp +(py — rv)g,up
+ (Qp - pp)g,uv]’ (757)
arvp 7 c
L p
a v

b _gz[fabefaje(gypgva - g,uagvp)
+ faa’fbt’d(g_uagpv - guvgpo)
+ fadefbte(g_uvgap - gppgov)]~ (7'58)

The coupling of spin % matter fields with gauge fields follows immediately by
replacing 3, in the free matter Lagrangian by the covariant derivative

D, =3,—igA'T* (7.59)

where T are n X n Hermitian matrix generators of the group, the matter field
v forming the basis for an n-dimensional representation. This is easily seen to
give the Feynman rules

104
matter propagator —————,
vp—m

gauge field-matter coupling —igy, (T ). (7.60)

This completes our search for the Feynman rules for non-Abelian gauge
fields and their coupling with matter, in the Lorentz gauge. A crucial feature of
these rules is the Faddeev—Popov ghost. As we have mentioned before, ghosts
only occur in the internal parts of Feynman diagrams, and have the wrong
spin-statistics relation. Their existence, however, is crucial, for without them
unitarity would be violated. as we shall see below. Nevertheless, the reader
would be forgiven for regarding them as something of a mathematical artifice,
and asking, in consequence, if there is a gauge in Yang-Mills theory, in which
their contribution may be integrated out, as it is in electrodynamics. In fact
there is: it is called the axial gauge, and we conclude this section with a brief
consideration of it.
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Gauge-field propagator in the axial gauge
The axial gauge is defined by the condition
A, =0, t'r,=~1 (7.61)
where 1 is a spacelike vector. The gauge-fixing term is then
F*=1"A} (7.62)
and under the gauge transformation (7.35) we have
SF% = fubcAZtyAc + t;layAa
= #3,A"
Hence
OF _ swbpmy, (7.63)
sAP

This does not contain Ay, so, inserting it into the ghost part of the action, we
see that the ghost decouples from the gauge field, and its contribution may be
integrated out. This convenience is bought at a price, however, for the
gauge-field propagator turns out to be quite complicated in this gauge. The
effective Lagrangian, not including the ghost term, is

L+ Lop = —3G4,GH ~ i—(tﬂA;:)Z.
200

The corresponding quadratic part of the action is, after partial integration,

1 L 1 va
EJA‘”(DgW - 8,3, — ;tyt‘,)A dx.

The operator in brackets is, in momentum space,

—k*gu + kuk, — lt!,rv.
o

It is straightforward to check that this has the inverse

2 2\ LUV TRy urLv
__1_[gMV+(t+a/k)kk_kt+tk]' (7.64)
k? (k- 1)? (k-1)
In the limit o« — 0, we have the correspondence
k b . 2 v urv
MAAAM —L[ woyp L g KO E TR ]6‘“’. (7.65)
u v k? (k- 1‘)2 k-t
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7.3 Self-energy operator and vertex function

Having got the Feynman rules, we can now calculate the amplitude for any
process to any order in perturbation theory. A question which then naturally
arises is, are there any implications of gauge invariance for physical processes
which hold true to all orders in perturbation theory — in other words, which are
exactly true? It turns out that there are, and they are called the Ward identities
in QED; they have generalisations to the non-Abelian case. The generalised
Ward identities are crucial in proving the renormalisability of gauge theories,
and renormalisability, in turn, is crucial in order that these theories make sense
and are believable. The Ward identities and their generalisations are stated in
terms of complete propagators and vertex functions. and our job in this section
is to define these things.

We saw in the last chapter how perturbation theory was applied to calculat-
ing the 2- and 4-point functions, and therefore to scattering processes, and saw
how the mass of a particle, defined as a pole in the 2-point function, was no
longer the bare mass m, but m + dm, with ém? = —%igAF(O) in ¢* theory. We
want now to consider the problem of summing to all orders, and therefore
(assuming that perturbation theory makes physical sense!) of obtaining exact
Green’s functions. We continue to refer, for the present, to ¢* theory, though,
of course, we shall broaden our outlook when we consider gauge invariance: ¢*
is not a gauge theory!

Let us begin by recalling some results from Chapter 6 and introducing some
new notation. Z is the generating functional for the n-point functions 7(x;,
..., x,) or Green’s functions G (xy, . .., X,):

1 8"Z[J]

. (7.66)
i" 0J(xy) ... 8J(x,) lu=0

T(xy, .oy X)) = G (xy, ..., x,) =

These contain connected (or irreducible) and disconnected (reducible) parts,
for example (see (6.100)),

G® = -3 ~3ig=C——ig W +0(g);  (7.67)

the first two of these terms are reducible, the last term is irreducible. Only the
connected Green’s functions contribute to the scattering, and these are gener-
ated by W (where Z = e'"), so that the connected Green’s functions are

1 8"W[J]
"1 8J(xq) ... 8J(x,) l1=0

ig(x1, .. x) = G(xy, ..., x,) = (7.68)

In ¢* theory, referring to (7.67),
G = ~ig W + 0(g). (7.69)

We saw that G may be expressed in terms of G, entirely; it is Gﬁ") plus
products of G{™, connected m-point functions of lower order, m < n. This
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was a useful simplification, based on a classification of diagrams. We now
introduce a further classification. If we ignore numerical factors such as i, the
(connected) 2-point function is, to all orders,

GP= + ¢

Q0 —8—+—e—]

+g3:Q—QQ+—8—Q-+-@Q
P

+ 0(g*). (7.70)

These are all connected (irreducible) diagrams, and we want to devise a
method of summing them. The sum is called the complete or dressed propaga-
tor and is denoted

x—O—y = GP(x, y). (7.71)

The effect of the terms of order g and higher is to change the physical mass
away from the ‘bare mass’ m, and hence to give rise to ‘self-energy’. The
graphs above all contribute to self-energy. Consider the first graph of order g,
O QO .1t may be written as a product

1T P
The first and last factors are merely external propagators, which are common

to all the graphs, so we define truncated graphs by multiplying the external legs
by inverse propagators. We denote them then by dashed lines, for example,

The second graph in g2 becomes ----8---- , and the third graph ----©----. We
may similarly deal with the g graphs, and those of higher orders. Of the three
graphs of order g%, then, the first is a product of graphs of lower order, but the
other two are not; this is because the first graph contains a propagator. It is
called a 1-particle reducible graph. It may be cut into two by cutting one
internal line. This is clearly not true of the second two graphs, which are
therefore called 1-particle irreducible (1 PI) graphs. Based on this classifica-
tion, we define the proper self-energy part as the sum of 1 PI graphs, denoted
as follows:
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+p____8___;+..., (7.72)

The complete propagator (7.70) (in momentum space) may therefore be
written in terms of the bare propagator G(p) =i/(p? — m?) and the proper
self-energy function 2(p) as follows

GO (p) = Go(p) + %(p)%”)c;o(p) + Go(p) Z(f) G(p) Z<i”) Golp) + -+ -

26,2

= Go(l + EGO +
1 1 1

-1
= Go(]. - -—Z—Go)
1

I P PN ¢ -
=1Gy (p) iZ(P)

GO"'"')

i

== 3 ; (7.73)
p*—m” = X(p)
or, in diagrams
() -
U ; ' 7 )
(7.74)
¥ @ @ P
Defining the physical mass m, by the pole in the complete propagator
GOp) = ——— (7.75)
P~ T Mphys
gives, on comparison with (7.73),
Monys = m* + X(p) (7.76)

which justifies the appellation "self-energy’ term to 2. It represents the change
in mass from the ‘bare’ to the ‘physical’ value, calculated to all orders in
perturbation theory.

From (7.73), we have

[GO(P)]™ = Go(p)™! - %ap), (7.77)



258 Path-integral quantisation: gauge fields

so the inverse of the 2-point function contains, apart from the inverse bare
propagator, only 1 PI graphs. This is an example of a vertex function, and may
be generalised.

The 2-point vertex function I'®)(p) is defined by

GO(p)r®(p) =i. (7.78)
Together with (7.77) this gives
rép) = p* - m* - 5(p) (7.79)

We shall now show that there is a generating functional for I'"(p). It is
denoted I[¢] and is defined by the following Legendre transformation on
w[J]:

W[J] = ITe] + f dxJ(x)p(x). (7.80)
This gives
SWJ _ orf¢] _ _
) o(x), e J(x). (7.81)

If we define the propagator by

FWl _. 0¢(x)

Gx,y)=—i 7.82
S TSm0y T i) 75
and the kernel by
__ &Ilg 6J(x)
I'(x, y)= = - 7.83
ST Sem000) | o9y) (75
it is easy to see that in essence these are inverses of each other:
[426u(x, 1z, y) = =i FWI] _ &Ilg]
6J(x)0J(z) 6¢(2)69(y)
- i[ 4z 200 )
6J(z) 6¢(y)
=1i6(x — y). (7.84)

Now differentiate this equation with respect to J(x"), using

5 _ f 098
8J(x") 6J(x") 6¢(z")
=i f dz"G(z", x")ﬁ. (7.85)
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This gives (on relabelling y — z')

jdz SwW &r
8J(x)8J(x")81(z) 5¢(z)0p(z")
+iJ’dzdz”——6le——Gc(z”,x”) &'r =0 (7.86)
6J(x)dJ(z") O@(2)0¢(z")0p(z")
hence
dz oW I'(z, z')
0J(x)0J(x"6J(z)
&r
— [dzdz"G.(x, 2')Gu(2", x" =0. (7.87
J a2 4Gtz )Gtz D ss@oansg T

Now multiply (7.87) by G.(x', z') and integrate over z’, using (7.84), to give
i SW
OJ(x)dJ(x")oJ(x")

B sz dz’dz"Ge(x. 2)Ge(x', 2)Ge(x", 2")

o 8r

0¢(2)09(z")dep(z")
This says that the connected 3-point function is the same as the irreducible (1
PI) 3-point vertex, with exact propagators in the external lines. It may be
represented diagramatically by Fig. 7.1. Equation (7.88) may also be inverted,
using (7.84), to give

8T

0¢(y)o9(y")o9(y”)

= —de dx'dx"I"(x, y)T(x’, yL(x", v

(7.88)

SwW
8J(x)8J(x")8J(x")

Since I'(x, y), etc., are the inverse propagators, the right-hand side of this
equation is the truncated connected 3-point function. which is therefore the
same as the 1 PI 3-point function.

e

(a)

(7.89)

Fig. 7.1. Two representations of equation (7.88).
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Differentiating (7.88) once more gives an equation for the connected 4-point
function, which is represented in Fig. 7.2. The connected 4-point function is
seen to contain a 1 PI part (the first term on the right), with exact propagators
in the external lines, and three 1-particle reducible parts, related to each other
by “crossing’.

The 1-particle irreducible function I' are useful for stating the generalised
Ward identities, and also in connection with spontaneous symmetry breaking,
as we shall see in the next chapter.

The relations we have derived, or alternatively Figs. 7.1 and 7.2, show that
the theory can be expressed either in terms of WI[J] or I¢], where
oW /8] = ¢, 5T'/6¢ = —J, and

W=r+ﬁw. (7.90)

This Legendre transformation has a simple geometrical interpretation, and is
also commonly used in thermodynamics. In fact, it would appear that there are
fairly close analogies between quantum field theory and statistical mechanics
(thermodynamics) which are revealed by this formulation of field theory. We
close this section by considering these two topics in turn.

Geometrical interpretation of the Legendre transformation

For simplicity, consider the case of functions of only one independent variable,
x. Suppose we have such a function

f=7rx); (7.91)

for example, f and x may be physical quantities and (7.91) is the relation
between them; x is the independent variable. Suppose now that we want to
change the independent variable to df/dx = u. The question is then: what

s
YW

Fig. 7.2. See text.
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dependent variable should we choose, so as not to lose any of the information
contained in (7.91)? Consider a graphical representation, and let f(x) be
represented as in Fig. 7.3(a). This corresponds to (7.91). Now, when the
independent variable is u = df/dx, if the dependent variable is f, we have the
graph in Fig. 7.3(b). Does this contain all the information in Fig. 7.3(a)? To
see if it does, try to reconstruct f(x) from Fig. 7.3(b). We arrive at Fig. 7.3(¢c),
which shows that the reconstruction cannot be done uniquely — some informa-
tion has been lost. So we ask again: if u=df/dx is to be taken as the
independent variable, what should we choose as the dependent variable?
A tangent to the curve in Fig. 7.3(a) has the equation

f=ux+g

where g is the intercept on the f axis, and u is the gradient. So, if u is the
independent variable, choosing g as the dependent variable,

g§=f—ux (7.92)

(@) (6)

|

()

@

Fig. 7.3. Geometrical interpretation of the Legendre transformation.
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means that, from a knowledge of g = g(u), Fig. 7.3(a) may be reconstructed as
the envelope of tangents, as in Fig. 7.3(d). (7.92) is an example of the Legendre
transformation. The generalisation to more than one dimension is trivial: if
f(x,y) is a given function, and we wish to change the independent variables
from (x. y) to (u, y) where u = df/dx, then the correct function of u and y to
choose is

g(u7y)=f(x7y)_ux' (793)

Equation (7.90) is of this form (though of course it is a functional equation),
for we may write it as

el = W[J] - f ) (7.94)
where ¢ = 6W/dJ.

Thermodynamic analogy

In a thermodynamic system, the internal energy U is a function of entropy S
and volume V, U = U(S, V). It may, however, sometimes not be convenient
to express the energy of a system in terms of a function of S, since the entropy
is not easily measured! The temperature T is, on the other hand, very easily
measured (and is an intensive quantity, while S is extensive). What is the
corresponding function of T which provides a description of the system? It is
the free energy F, given by

F=U-TS
or
F(T,V)y=U((S,V)~-TS (7.95)
where
T (?_Q)
aS /v

as follows from
dU =TdS — PdV.

It is clear that equations (7.94) and (7.95) have the same mathematical form,
but actually the analogies between field theory and thermodynamics - ap-
proached through statistical mechanics — go much deeper than this. They start
with the partition function Z, which is analogous to the generating functional
for Green’s functions, also denoted Z. The partition function is related to the
free energy F by

Z = e F/NKT, (7.96)

These analogies are summarised in Table 7.1.
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Table 7.1. Analogies between field theory
and statistical mechanics

Field theory Statistical mechanics

) Z partition function
7 =W 7 = e—F/NKT

W[J]=T[¢] + [IJ¢  F(T)=U(S) - TS

Another example is magnetisation (Brezin, Le Guillou & Zinn-Justin in
Domb & Green (1976). Let Z be the partition function of a system in the
presence of an external field H. Then it is also the generating functional for
the Euclidean Green’s function

Z[H] = 2%[ dep .. deyH(xy) - . Ho)GM(xy, - .., xy). (1.97)

Similarly,
W[H] =1nZ[H]

is the generating functional for connected Green’s functions. Also W /8H is
the ‘magnetisation’ M

M) = L]
8H(x)

and 1 PI vertices are generated by I'TM] where
M) + W[H] = f dxH (x)M(x).

As a final example of a Legendre transformation we may cite the relation
between the Lagrangian and Hamiltonian formulation of classical mechanics.
For point particles, L is a function of x, x and ¢, and H a function of x, p and
t, and we have

H(x,p) = —L(x,%) + ip, p= aa—L (7.98)
X

7.4 Ward-Takahashi identities in QED

The Ward identity and its generalisation by Takahashi are exact relations
between 1 PI vertex functions and propagators, true to all orders of perturba-
tion theory. They follow from the gauge invariance of QED, and play a key
role in the proof of the renormalisability of this theory. We shall prove these
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identities starting from the generating functional Z for a system of photons and
electrons, given by

Z= Nfng#@J@wexp (if:feffdx), (7.99)
Lot = ~3FnF™ + 1973, + ieA, )y — miy
- -21—(3#,4,,)2 T RAL Y+ . (7.100)
o

This effective Lagrangian contains the free field photon part, the free field
electron part, with the ordinary derivative replaced by the covariant derivative
to account for the interaction with the electromagnetic field, a gauge-fixing
term for the Lorentz gauge, and source terms for A, ¥ and y. What is missing
is the Faddeev—-Popov ghost term. Since, as we have seen, the ghost does not
couple to physical fields (in this gauge), its contribution to Z is only an overall
constant, and may be taken to have been absorbed into N.

We recall that without the gauge-fixing term (and source terms), the Lagran-
gian is gauge invariant. This made Z infinite and the search for a photon
propagator doomed. To find a finite propagator, we were forced to introduce
the gauge-fixing term (and ghost term, which in the Abelian case we may
ignore). This however, means that £.; is not gauge invariant. The physical
consequences of the theory, expressed in terms of Green’s functions, however,
cannot depend on the gauge. so Z rmust be gauge invariant. This is a non-
trivial requirement, and leads to a differential equation for Z, which we now
find.

On performing an infinitesimal gauge transformation

A.ll_) A+ a#/\, Y- P —ieAy
P — P+ ieAP (7.101)

(cf. (3.67) and (3.74), with A— eA; the electron has charge e(< 0)), the first
three terms in (7.100) are invariant, but the rest are not, so the integrand of Z
picks up a factor:

exp {i f dx[~—%(a“A,,)DA + JH3,A — ieA(Ry — ﬂm)]},
which, since A is infinitesimal. may be written
1+i f dx[~%D(S“A#) — 4], — ie(iy — Jm)]A(x), (7.102)
where we have integrated by parts to remove the derivative operator from A.

Invariance of Z implies that this operator (7.102), when acting on Z, is merely
the identity. Since A is an arbitrary function, the operator may be written
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1 . -
———;D(G”A,‘) — o*J, —ie(fy — yn).

Making the substitutions

pold G181
167 i6n 1 8J#
we find the functional differential equation
i o 6 o)
—Oet—— —=34J, — el i— — n— ]| Z[n, 7, J] = 0. 7.103
« o " ("577 "an)] 7. (719

Putting Z = e'%, this may be written as an equation for W:
SEFVLLAT Y . ie(ﬁé—v_v - né_W) -0,

(7.104)
a  SJH o7 on

where W = W([n, 7, J]. Finally, we convert this into an equation for the vertex
function I', given by

Iy, %, Ad = Win, 7, J,] - fdx(ﬁw T n+ TRA) (7.105)

which implies that

o _ o, W _ AMCo),
OA ,(x) 8J,(x)
or SW
= —1(x), ——=9y(x), | 7.106
S(x) 57(x) (7.106)
ST W -
— = —n(x), = P(x).
SY(x) on(x) J
Equation (7.104) then becomes
O . oI . . - or
—Z3HA,(x) + D + iew —iep——_=0. (7.107
a X +1 FoA,(x) ev Sy(x) ev SP(x) (7.107)

Now functionally differentiate this equation twice, with respect to y(x;) and
Y(y,), and put Y = Y= A, = 0. The first term vanishes, and we obtain

184 — &10] = ied(x — xl)——_—i[o]—
OY(x1)0Y(y1)0A*(x) OY(x1)0y(y1)
—ied(x — y)— 21101 (7.108)

Sp(x)oy(y,)

The left-hand side of this equation is the derivative of the (1 PI) electron—
photon vertex, and the two terms on the right are the inverses of exact
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propagators. The content of (7.108) becomes clear if we express it in momen-
tum space. We therefore define the proper vertex function I',(p, g, p') by

8°170]
SY(x1)OY(y1)6AH(x)
=ien)*8(p' = p — q)T(p, q, p'). (7.109)

On the other hand, &T /5ydvy is, as we have seen, the inverse propagator,
which we denote Sg (to distinguish it from Sg, the bare propagator), so

&110]
SY(x1)0Y(y1)
Multiplying (7.108) by expi(p’x; — py; — gx) and integrating over x, x; and
y1 then gives
& q4“Tp. 4. p+4q) =S¥ (p + q) = SF ' (p)- (7.111)
This is known as the Ward—Takahashi identity and it may be represented
pictorially, as in Fig. 7.4. Taking the limit g, — 0 yields the Ward identity

asy!
apH
As stated above, this relation holds to all orders in perturbation theory. It is

instructive, however, to examine it to the lowest two orders; they are shown in
Figs. 7.5 and 7.6. To lowest order, Sg is simply the bare propagator Sg, so

jdx dx;dy; eilp'x1=py1=qx)

del dy,elPxmmy = @2m)*8(p’ — p)S¥ '(p). (7.110)

=TIyu(p,0, p). (7.112)

SF'(p) = yup* — m

q -1 -1

—_— — —
¢ p; p+a o p+a ? ]

Fig. 7.4. Ward-Takahashi identity.

P

Fig. 7.5. Expansion of I',(p, q, p + q).

J RN . T hhiiic TP

Fig. 7.6. Expansion of Sg(p).



7.4 Ward-Takahashi identities in QED 267

and

38k '(p) _

u

Y- (7.113)
op

Let us now calculate I',(p. 0, p) to lowest order. First of all, from a generalisa-
tion of (7.89) to the present case, noting that the I'(x, y) are the relevant
inverse propagators and W = —iln Z, we have

8r
SY(x1)Y(y1)0A“(x)

= — [ duy doy dufiSE '(uy — )i (01 = y)]

x {—iD;‘}(u — (=) 5 Z[0] }
on(uy)om(v1)6J"(w)
(7.114)

where D, is the photon propagator function (whose explicit form we do not
need). We now need to calculate the third derivative of Z, which itself is given
by (7.99). Recalling the general theory in Chapter 6, we separate out the
7nteracti0n term, e@y!,wA'“, and write

1 6 531 61 6
ion(z) i67(z)id8J4z)

Z[n, 7, J] = Nexp [ie f dz ]Zo (7.115)

where the generating functional for free electrons and photons is
Zo = exp [*if dx dy7(x)Se(x - y)n(,v)]
X exp [é f dx dyJ*(x) Du(x — y)JV(y)]. (7.116)

This gives, to lowest order,
8 Z[0]

6n(u1)67)(v1)6J*(ue)

Substituting this in (7.114) and the result in (7.109) gives, to lowest order,

= —je f dzS(u; — 2)Se(vy = 2) Dyl — 2)y". (7.117)

r(p,q,p+9q) =7, (7.118)

which, in view of (7.113), satisfies the Ward identity (7.112). In fact, it ‘more
than’ satisfies it, for, in this case of lowest order the vertex function y, is
independent of the photon momentum g. We shall see, however, that this
feature does not persist in higher orders; to second order (which is order e%)
the Ward identity is satisfied, and g = 0 is an essential condition.

Before considering the second order, it is convenient to recast the first order
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Ward identity in a different form. Differentiating the identity Sg(p)Sf (p) = 1
with respect to p# gives

3Sk(p) 35:'(p)
OORP) g () 2F \P) ¢
3pt r(p) ap r(p)
= —Se(p)7.Se(P) (7.119)

where (7.113) has been used. The right-hand side of this equation has the
correct factors to describe the simplest vertex diagram — the first in Fig. 7.5 - in
which the external photon has zero momentum. Formally, then, differentiation
of the propagator with respect to p" corresponds to insertion of a zero
momentum photon line into the internal electron line.

Now let us consider the next order in Figs. 7.5 and 7.6. We begin by writing
out an expansion for the complete electron propagator iS¢ in terms of the bare
propagator iSg. In analogy with (7.73) we write

IS = 1Sy + iSpoiSy + iSpmiSeiSy + - -
1 1 1

- iSF(l + Eisg) (7.120)
1

from which follows
Sel=8-= (7.121)
Hence, using (7.113),
38% asf! oz

sp# op* ap*
=y, - 8—2 (7.122)
op*

Writing the vertex function expansion, shown in Fig. 7.5 as

I'(p,q,p+q) =v.+tAAp,.q P+ q) (7.123)

where A, represents the truly 1 PI contribution to I',, the Ward identity
(7.112) now implies that

X
ap*
It is now our task to verify this explicitly to lowest order, i.e. when A, is
represented by the second term on the right of Fig. 7.5, and X by the second
term on the right of Fig. 7.6. Comparing equations (7.120) and (7.121), it is

clear that X' is given by the self-energy bubble in Fig. 7.6, without the external
legs. From the Feynman rules this is

Au(p,0,p) =~ (7.124)
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I _ o[ dk —iga . i
i ( 16)J(2ﬂ)4 e «/-(p—k)—-mYA
= - (‘;ﬂ’; 7S = B (7.125)

Here we have taken the photon propagator in the Feynman gauge, i.e. with
a = 1in (7.54). Now using (7.119), we have

op*

Ly sp - by

3x _ Jdk 1
(277)4k2 3p*

.o d*k 1

=i’ [“ oy Se(p — B Se(p ~ byva (7.126)
(2m)" k

To calculate A,(p,q,p + q) we simply apply the Feynman rules to the

propagators and vertices in Fig. 7.5, and recall from our first order calculation

above that these graphs add up to —iel’, (i.e. that —iel', = —iey, to first

order). Hence, using the Feynman gauge for the photon propagator,

igkl 1
—ieA(p, 4, P+ q) = (- le)f r* Vu
# em* k¥ v (p—k)y-m"
X 1
v (p—k+q—-m
d*k 1
= —ef(z )4?1/ *Se(p = k)v,Se(p — k + 9) ;.

Hence
d'k 1

R V'Se(p = K)7uSe(p = k + q)y;. (7.127)
T

Adp.q.p+q)= —iezf
It is now clear from (7.126) and (7.127) that the Ward identity (7.124) is
satisfied.

As mentioned above, the Ward identity comes into its own when we consider
renormalisation. Let us briefly anticipate some of the work of Chapter 9. The
integrals which we have exhibited above are actually divergent, and so are all
the other terms which contribute to Figs. 7.5 and 7.6, so the vertex function
and complete propagators are highly divergent quantities. In a renormalisable
theory, however (and QED is renormalisable), these functions may be repre-
sented (at least near p*>= m?) as infinite constants multiplied by the bare
propagators and vertex terms. So we put

Sg— Z,S8k,

1
1
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The Ward identity then implies that
Z1 = Z'), (7129)

so the renormalisation of the theory may be done with one constant, not two
(actually, there is another constant Z;, for wave function renormalisation).

The Ward identity holds for the simplest gauge theory, QED, and it is
natural to enquire whether analogous identities hold for non-Abelian gauge
theories. They indeed do, and were first derived by Slavnov and Taylor, but it
turns out that the easiest way of arriving at the Slavnov-Taylor identities is to
introduce a rather clever transformation derived by Becchi, Rouet and Stora,
under which the effective Lagrangian (7.49) is invariant. This the subject of the
next section.

7.5 Becchi-Rouet-Stora transformation

Our starting point for deriving the Ward identity was to observe that, although
the generating functional Z is required to be gauge invariant, the effective
Lagrangian is not, because of the gauge-fixing term; in the Abelian case, we
could ignore the ghost term. In the non-Abelian case, we have a similar,
though more complicated, situation. From equations (7.47)—(7.50) and (7.52)
we have

Z= NJQDA#QDﬁQDnexp (if.sgeffdx)
where
=(£eff = —%FZVFHW + gGF + gFPG‘ (7130)

For the gauge-fixing term we choose the Lorentz gauge
Lor = —i(a“A;’,)2 (7.131)
2a

and the Faddeev—-Popov ghost term may be written
Prpg = —7(6%0 — gfabcayA; — gf e ASamynp
= —7'0n" + gf 7 (" Ay + A3
= 3“7"9,n" — gf“**(3"7*)A,m” + total derivative
= B4 + gf P AL)
= 3“7 D 1"
= =73 D,n" + total derivative. (7.132)

Here we have introduced total derivative terms twice. They may be ignored
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since they only contribute surface terms to the action. We have also introduced
the covariant derivative D,n for the general non-Abelian group, as a general-
isation of (3.155) for SU(2).

We want now to investigate the behaviour of £ under the gauge transfor-
mation (which is the generalisation of (3.124))

0A

Z a‘uAa + fabcAzAc

o | o |-

(D,A)". (7.133)

It was Becchi, Rouet and Stora (BRS) who noticed that if we choose
A = —nA (7.134)

where both A and #7* are Grassmann quantities (so that A2 =0), and A is a
constant, so that

oAt = - L (D) (7.135)
4
and if we also demand that
on = —3f PenP A, (7.136)
o7 = -1 (3442 (7.137)
ag

(remember that #) and 7 are independent Grassmann fields, so have independ-
ent transformations), then £ is invariant. The three equations above con-
stitute the Becchi—Rouet-Stora transformation. We shall now prove that £ is
indeed invariant under (7.135)—-(7.137).

To begin, it is clear that the gauge field term &£, = -—%F ZVF % is invariant,
since (7.134) is merely a reparametrisation of A®. For the gauge-fixing term we
have, under (7.135),

6% = (A% L (3D 2, (7.138)
o 4

and the ghost term gives
O0Lppg = —(67*)3"Dyn* — 7*3*(8Dyn"). (7.139)

From (7.137) the first term is

=a L a 1 a v
=(67°)3" Dy = ;g(a"A,,)l(a D,n°)

=~ L @ an@ DA (7.140)
ag
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since 7 and A anticommute. (7.138) and (7.140) cancel, so we have finally
O0feit = —1*3*(6D,n"), (7.141)

and we must show that, under (7.135) and (7.136), 6D,n° = 0, and hence L
is invariant. This turns out to be a rather long job. We have

S(Dun") = S[3,n" + gf A ]
8(8n") + gf P (SAN + gf A (Sn°)
=3 BN = FE[Ru + gf A A
+ gf A=)
Because 7 is a Grassmann quantity, the derivative in the first term is
Fo0,(nP 1) = fU@u")N + n°(3um°)]
= U@ = @I’
= 2f @ )"

Hence
6(Du77a) — _fab((aynb)(ncl + An(‘) + gfabcfbm"AZlnnnc/l
_ % fabCfcmnAznmnn}"

The first term vanishes, since A and n° are Grassmann quantities. In the last
term, since the structure constants f obey the Jacobi identity (3.148) we have

fabCfcmn = _famecnb _ faancbm
and so
a cgbmn g4 m_n.c amc gen n anc b
8(Dun) = gf P fomm A A + 3gf T f M A" A + 1gf " P A "

Interchanging the dummy suffixes m <> n in the last term, this is seen to be
equal to the second term. On further relabelling the indices, we have

6(D”7’]a) — g(fapnfpbm + fampfpnb)AznmnnA
= g(_fapmfpbn + fampr"b)AannnA
=0. (7.142)

Hence 6% = 0, and the Lagrangian is invariant under the BRS transforma-
tions (7.135)—(7.137). Note in passing that (7.135) and (7.142) imply that
(A = 0; (7.143)

in highbrow language, the variation in A, is nilpotent.
We now perform a BRS transformation on Z to yield the Slavnov-Taylor
identities, analogous to the Ward identities in electrodynamics.
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7.6 Slavnov-Taylor identities

It is convenient to introduce a generating functional dependent on five sources
(Kluberg-Stern & Zuber 1975b) rather than the expected three:

Z[s,x, y;u, v] =f9bi;€u,@,4“eififmdx
with
itot = =(£eff + SZA”# + x”na + ya;’a + uZ(}_D.“n) + Ua(_%fabcnbnc).
8

(7.144)

Of these sources, x, y and u are anticommuting sources. We shall subject Z to
a BRS transformation. Our first observation is that the coefficients of the
sources u and v are invariant. That the coefficient of u is invariant is the
content of (7.142). To prove that the coefficient of v is invariant, we have

S(fennt) = fPU(Sn ) + n°(on)]
= _Lpabe pbmnpm e Lpabe pemn b pn )
= =[P fn T A
= =3/ LT+ ™+ A
= _(paepemn 4 pancpebm 4 pame penbypmyn by
=0 (7.145)

where we have relabelled suffixes and used the Jacobi identity. Note, in
passing, that from (7.136) this implies that the change in 7 is also nilpotent:

&(°) = 0. (7.146)

Our second observation — or rather task - is to show that the Jacobian of the
transformation is unity. The Jacobian is

Je J( Ap(x) + 0AY(x), 1 (x) + On°(x), 7(x) + o7 (x)
AS(y), 1P (p), 7P (y)

The only non-vanishing elements of this determinant are

J[An(x) + A, (x)]

). (7.147)

— (5;64()( _ y)(éab _ fabcr]cl)’

34Y(y)
a[r/a(x) + 6770(x)] - (34()( — y) 6ab — li(famnnmnn)l]
an’(y) 2on

= ' x = Y)[6” = 5™ — A
= 8'(x = y)(& + f0h),
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where we have taken the differentiation as ‘right differentiation’ (see
(6.121b)); next

B[AL(x) + 0ALW] _ o

(x = y)f A
() ’

and finally
MW+ ™) _ A e
A0)  ag kTOETY

So, in schematic form, the Jacobian is (where 7 is the number of generators of
the group)
1-mA  fAA 0
J=@YI8@-n7| 0 1+frd 0
- -—l— o 0 1
ag
= ()8 -y

since A2 = 0. Hence the Jacobian is unity.
As a result of these two observations it now follows that, since & is
invariant under the BRS transformations, the invariance of Z implies that

S + f dx(s%6AM + x26n° + y"éﬁ")]}

Z = I@A#%ﬁébnexp {i
= J@Ay@ﬁ@neis[l + ifdx(sﬁéA”“ + x6n" + y“éﬁ”)]
(where § = I&Bm dx) hence
j DA, SN ES j dx(sS0AM + x*8n° + y*87°) = 0, (7.148)
where 0AH, 6n° and 67 are given by (7.135)—(7.137). It will be noticed that

these quantities are respectively the coefficients of u and v, and proportional to
3 Ay, where Ay is the coefficient of s, so (7.148) implies

o\ 8Z 6Z 1 02
Afd ‘ T2 WP -0
f "{s”(x) o) (x)év“(X) ag’ (x)[ "6sZ(x)]}

This equation contains only first order derivatives, which is a consequence of
introducing sources u and v for the non-linear terms A and On. Putting
Z =¢'%, a similar equation (in fact the same one) holds for W

fdx[szé—vv— + xa_(_S_V_V_ - —1—y”(au oW )] =0. (7.149)
duy, S ag sy,
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We now convert this into a condition on the generating functional I". So we
define in the usual way (except that we do not transform the sources u and v)

Wis, x, y;u, 0] =T[A, n, % u, v] + fdx(SZA‘M + X% + y*i9).  (7.150)

Then
T . (.15
SAH on° o7’
In addition,
W _ g OW _OL W _or (7.152)
5SZ 5u (Su ov ov
so (7.149) becomes
fdx[ OF OF , OF OF _ 1 qusey 0L\ _o (7153
SA, outt  onf v ag o

To obtain a simpler form for this equation, note from (7.132) and (7.144) that
the terms in Z involving 7 and u are

zZ-= j@A @rﬂbneXP{ jdx[ n(a“Dyn)"+n"y“+g ul(DHn)* + 1},

o)
6Z
— = J@4, Dy DRl — (3*D, )Y exp {i] dx [.... ]}
Ui
=1iy'Z — g3, oz
5u#
therefore
SW _ e _ g3 (6W)
&7° g duj,

But 6W/6%° = 0, and y* = —8I'/67°, therefore

or or
. _gau( a)
ont ou,

and (7.153) becomes

[ [ ( —ia»“(aVA‘;)) L or or ]=o. (7.154)
Sut\oA, «a ov® ont
Finally, defining the functional I'" by
r=r - LJ dx(3"A%)2. (7.155)
2o
(7.154) gives
fdx[ or' or'  oI" or ] = 0. (7.156)
SudAy  ov® on’
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This expresses the content of the Slavnov-Taylor identities, though in a
different form from that of the original authors. Written as they are here they
are in a form which may most easily be shown to imply the renormalisability of
Yang-Mills theories.

7.7 A note on ghosts and unitarity

In this chapter we have seen the necessity of introducing ghosts; they were
required in order to have a gauge-independent and finite generating functional.
As long ago as 1962, however, Feynman saw that ghosts were required in order
not to violate unitarity at the ‘1-loop’ level. In this section we shall outline in
rather general terms how this argument goes.

We begin by defining unitarity of the S matrix. The operator S is defined by
the relation that the probability amplitude that a particular state |m) results,
after interaction and scattering, from a particular state |n), is (m|S|n). The
states |n) are orthonormal and complete:

(m|n) = 8, > |m)(m| = 1. (7.157)

The probability that the system ends up in some final state or other is, of
course, unity, so

Sl(mlS|n)? =1

which implies that

> (m[S|n)*(m|S|n) =1,
> (n|S*m)(m|S|n) =1,

(n|S'S|n) =1,

where (7.157) has been used. And since the state |n) is arbitrary, we have

SSt=S8'S=1; (7.158)
the S matrix is unitary. Now put

S=1+IiR. (7.159)
R is called the reaction matrix. Unitarity then implies that
A R- R =iR'R

or, since R — R"=2ilm R

2ImR = R'R = RR". (7.160)
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Let us take the matrix elements of this equation between the 2-particle states
(p3ps| and |p; p,). We have

2Im(pspslRIpipa) = S (papsl RIn) {pupal Rln)™.

Putting R = (2m)*6(p; — p;)T, and writing the states |n) in terms of the
momenta k; of the particles in it, however many there may be, gives

2Im(p;pd| T|p1p2)

(Pt Pk — k= = k)

_ 1 J’d3k1d3k2 )
(277)2 n W1 W2

X (p3pal Tlkiky ... k) p1pa| Tlkyky ... ky)*. (7.161)

The summation on the right-hand side is over all rea/ (not virtual) intermediate
states consistent with energy—momentum conservation. This equation may be
represented diagrammatically in the following way

= + : j + : +oe

This is the import of unitarity, with the additional observation that it applies
order by order in perturbation theory.

The idea is now to apply this fundamental constraint to particular processes,

and we begin with the process e*e™ — e*e” to order e? in QED, shown in Fig.
7.7. To this order, only 1-photon exchange is involved, and the amplitude is

(7.162)

T oUv
—10
10

A = (=ie)*5(p2)y,u(p1) i4(p3)yyv(pa) (7.163)

q2+18

by a straightforward application of the Feynman rules, when the electron and
positron have initial and final momenta py, ..., p,, and the virtual photon

Fig. 7.7. Electron-positron scattering to order eZ.
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momentum is g. We have chosen the Feynman gauge, where the photon
propagator is —ig»“"/(q2 +ie). Here we have deliberately left in the ie to
emphasise that A is complex, for unitarity is a condition on its imaginary part.
It may be shown (see, for example, Eden ez al., 1966, §2.9) that
Im—8—— = —irg""8(¢*)6(q); (7.164)
q- +ie

that is, the propagator is replaced by functions making the photon on mass-
shell with positive energy — i.e. ‘real’ except, as we are about to see, it is not
quite real. For, from the covariant propagator (7.10), we deduce that

3
> ef‘")e(f) = —8uw (7.165)
=0

(compare, for example, equation (7.16) for the radiation gauge propagator).
Hence

3
ImA = M“[E gﬁ>g<f>]M"* (7.166)
A=0

where M* is essentially y*u, and the other constants have been absorbed. The
interesting thing is that all four polarisation states occur in (7.166), whereas
physical photons are transversely polarised, with A=1, 2 only. So, in the
imaginary part of the amplitude, the photons are not quite real, since although
they have g*> =0, they occur in unphysical, as well as physical, polarisation
states. Will this make trouble?

The unitarity relation, (7.161) and (7.162), says that Im A is equal to the sum
of the squares of all relevant processes, to order e. In fact, there is (in this
simple example) only one relevant process, which is electron—positron annihi-
lation, e*e” — y, shown in Fig. 7.8. The photon in this process is entirely
physical, of course. Call the amplitude for the process B; then in the same
notation as above

B = M"¢g,(q, A)

where A =1, 2, only, since the photon must be transversely polarised. Hence
the ‘unitarity sum’ in (7.162) is

BB = M" 3 ¢,(q, Ve lq, HM" (7.167)
A=1.2

Fig. 7.8. Electron—-positron annihilation.
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and this should be equal to (7.166). This will happen if the contribution of the
unphysical polarisation states vanishes

M* 3 ()N g)M ¥ =0

1=0,3
or

3 ) '

M"[E ePel - 3 sff')e(f)]M” =0. (7.168)
i=0 A=1,2

From (7.165) and (7.64) with a = 0 (the axial gauge) (7.168) becomes

2 t, + .

M‘“[—-——t ~qudy ~ Ao T t"qv]M‘”’ =0,
(g-1) (g-1)

and this is obviously satisfied if
q.M"* = 0. (7.169)

This, however, is a consequence of gauge invariance. The amplitude for Fig.
7.8 is g,M", and this must remain unchanged by a gauge transformation
£,— &, + aq,, yielding (7.169). In fact, for a general process, (7.169) is
actually a Ward identity, which of course follows from gauge invariance.

We conclude that, in the case of electrodynamics, at least to order e?,
unitarity is satisfied by virtue of gauge invariance. It may in fact be shown that
it is satisfied to all orders. Turning to non-Abelian gauge theories, however,
the situation becomes more complicated — as, by now, we have learned to
expect! In fact, the complications are only those we are by now familiar with -
the interaction of the gauge field with itself and the occurrence of ghosts — but
the interesting thing is that they are all required if unitarity is to be satisfied.
Here we shall merely sketch the argument. The reader is referred to Aitchison
& Hey (1982) for details.

Let us consider the process g§ — gg to order g* in QCD, illustrated in Fig.
7.9. It involves two gluon propagators. We shall call the amplitude for this
process A. According to unitarity, Im A = > B'B where B is the amplitude for
all possible processes gG — . . ., or order g2, which make ‘half’ the Feynman
diagram for gg — gg (in the sense that Fig. 7.8 is ‘half’ of Fig. 7.7). Now the
totality of diagrams contributing to g — g to order g* is given in Fig. 7.10.

q q9

g

1)

Fig. 7.9. Quark-antiquark scattering to order g* in QCD.
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X e
Sl

Fig. 7.10. The four diagrams in QCD contributing to ¢g — gg to order g*. Wavy lines
are gluon propagators. dotted lines ghost propagators.

j},; S, Pt

Fig. 7.11. Unitarity and ghosts. The fourth diagram, featuring the ghost, contributes to
the unitarity relation.

The first two diagrams contribute distinct amplitudes, as may be seen when the
Feynman rules are applied. The third and fourth diagrams contain closed
loops, involving a gluon and a ghost. Their contribution to the amplitude is
easily evaluated by applying the Feynman rules (7.53), (7.54) and (7.57).
Hence B is the sum of the amplitudes for the processes in Fig. 7.11. Here it
looks as if the ghost is a real particle, but of course it is not. It only appears in
Fig. 7.11 because it contributes closed loops to ordinary physical amplitudes. It
turns out, by virtue of gauge invariance (Ward identities), that Im A = B'B,
and unitarity is satisfied, but only by virtue of including all the diagrams of Fig.
7.11, including the ghost, in B.

We see, in conclusion, that when loop diagrams (as distinct from tree
diagrams) are considered, unitarity demands the existence of ghosts contribut-
ing to closed loops. This was first noticed by Feynman. It is indeed remarkable,
and doubtless of profound significance, that ghosts solve, simultaneously, the
problems of unitarity and gauge invariance.

Summary

Tt is demonstrated in the canonical formalism how the usual procedure for
finding propagators does not work for the photon, because of gauge invariance.
The impasse is avoided by adding ‘gauge-fixing terms’ to the Lagrangian. The
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propagator for transverse photons is found. “The analogous problem is con-
sidered for non-Abelian fields, but using the path-integral method, rather than
the canonical one. It involves finding a well-defined way of taking out the
(infinite) factor produced from integration over the group space, and results in
the introduction of the Faddeev-Popov ghost field. The Feynman rules are
displayed. *The self-energy X and vertex functions I' are defined, and the
generating functional for I' defined by a Legendre transformation on W, the
generating functional for connected Green's functions. The thermodynamic
analogy with field theory is briefly discussed. *The Ward-Takahashi identities
for QED are derived, in terms of I and 2. Their non-Abelian generalisations,
the ®Slavnov-Taylor identities, are derived by first introducing the *Becchi-
Rouet-Stora transformations. The connection is exhibited, briefly for QED
and even more sketchily for QCD, between the existence of ghosts and the
demands of unitarity.

Guide to further reading

The Faddeev—Popov method originated in Faddeev & Popov (1967). Detailed
accounts appear in Faddeev & Slavnov (1980, §3.3), Lee in Balian & Zinn-Jus-
tin {1976), Ramond (1981, p. 303), Itzykson & Zuber (1980, p. 577), and
Taylor (1976, ch. 11). Vertex functions and self-energy operators are discussed
in Itzykson & Zuber (1980, §6-2-2), and in Amit (1978, ch. 5), Bjorken & Drell
(1965, ch. 19), Lifshitz & Pitaevskii (1973, ch. 11), and Bogoliubov & Shirkov
(1980, §28). An elementary account of thermodynamics and Legendre transfor-
mations is to be found in Callen (1961). For the analogies between statistical
mechanics and field theory, see, for example. E. Brezin, J.C. Le Guillou & J.
Zinn-Justin in Domb & Green (1976), de Dominicis & Martin (1964). For the
Ward-Takahashi identities see Ward (1950). (1951), Takahashi (1957); also,
for example Bjorken & Drell (1965), Lifshitz & Pitaevskii (1973), Bogoliubov
& Shirkov (1980).

The Becchi~Rouet—Stora transformation is to be found in Becchi, Rouet &
Stora (1974). For the Slavnov-Taylor identities see Taylor (1971), Slavnov
(1972). Good reviews appear in Taylor (1976. ch. 12), Slavnov (1975), ’t Hooft
& Veltman (1973) and Faddeev & Popov (1967. §4.6).

The necessity of ghosts in gauge theories was first seen by Feynman (1963).
See also R.P. Feynman in Klauder (1972, pp. 355, 377) and R.P. Feynman in
Balian & Llewellyn Smith (1977, p. 121).

The connection between ghosts and unitarity is very clearly outlined in
Aitchison & Hey (1982, §12.1). See also (for QED only) Nash (1978).
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Spontaneous symmetry breaking and the
Weinberg—Salam model

The foregoing chapters have dealt with field theories, including gauge theories,
and their quantisation. The stage is now almost set for applying this knowledge
to particle’physics. One crucial bit of scenery, however, is still missing — the
idea of ‘spontaneous breaking of symmetry’. About 1960 Nambu and Gold-
stone realised the significance of this notion in condensed matter physics, and
Nambu in particular speculated on its application to particle physics. In 1964
Higgs pointed out that the consequences of spontaneous symmetry breaking in
gauge theories are very different from those in non-gauge theories. Weinberg
and Salam, building on earlier work of Glashow, then applied Higgs’ ideas to
an SU(2) x U(1) gauge theory, which they claimed-described satisfactorily the
weak and electromagnetic interactions together, in other words, in a unified
way. Serious interest was shown in this theory when ’t Hooft proved, in 1971,
that is was renormalisable. It has met with notable experimental successes.
These matters are the concern of this chapter (with the exception of renormal-
isation, which we deal with in the next chapter). We begin by explaining
spontaneous symimetry breaking, which, when applied to field theory, is a
concept that refin€s our notion of the vacuum.

8.1 What is the vacuum?

We begin by considering two simple physical examples. First, consider the
situation illustrated in Fig. 8.1. Place a thin rod of circular cross section
vertically on a table, and push down on it along its length, with a force F. If F

F

1

\

Fig. 8.1. A rod bent under pressure. The bent position exhibits spontaneous symmetry
breaking.
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is small, nothing happens. If F exceeds a critical value, F;, however, the rod
bends, as shown, in a plane which it ‘chooses at random’. The symmetric
(unbent) configuration becomes unstable when F > F_;, and the new ground
state is unsymmetric. Also, there are infinitely many possible new (degenerate)
ground states, which are related by a rotational symmetry. The rod can only, of
course, choose one of them, but the others are all reached by a rotation. The
salient points of this example are

(i) A parameter (in this case force F) assumes a critical value. Beyond that
value,
(i) the symmetric configuration becomes unstable. and
(iii) the ground state is degenerate.

The second example we consider is ferromagnetism. The atoms in the
ferromagnet interact through a spin-spin interaction

H= - _ .J,~,-S,--S,-
L)

which is a scalar and therefore invariant under rotations. The ground state,
however, is one in which all the spins (within a domain) are aligned, as in Fig.
8.2, and this is clearly not rotationally invariant. The direction of spontaneous
magnetisation is random, and all the degenerate ground states may be reached
from a given one by rotation. As Coleman (1985) points out, a ‘little man’
living in such a ferromagnet would have to be very clever to realise that the
Hamiltonian H is rotation invariant! The spontaneous magnetisation disap-
pears at high temperature T, when the ground state becomes symmetric (that
is, the atoms become randomly oriented).

It is clear that the general situation here is the same as in our first example,
the relevant parameter here being T. These two examples exhibit what is
known as ‘spontaneous breaking of symmetry’. In both cases the system
possesses a symmetry (rotation symmetry) but the ground state is not invariant
under that symmetry: rather, it changes into one of the other (degenerate)
ground states.

One subtlety about the ferromagnet is that it must, in principle, be an
infinite system. The magnetisation has singled out a particular direction, and a
(quantum-mechanical) measurement of direction (angle) will give a sharp
answer. But the conjugate variable to angle is angular momentum (recall that

|

|

|
- > >
- -
- >
B e
- >
- >

|

|

|

Fig. 8.2. Spin alignment in a ferromagnet.
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J. = ih3/3¢), so the angular momentum of the system is completely undefined}
and must therefore be an infinite sum of all possible values of J. The fact that
the ferromagnet is infinite makes it an interesting system to compare with field
theory, since a field, of course, is a system with an infinite number of degrees
of freedom.

We therefore now look for a similar situation in scalar field theory, in which
the symmetry of the Lagrangian is not shared by the ground state solution. In a
field theory the ground state is regarded as being the vacuum, so we are in
quest of a theory with a new type of vacuum. Since ¥ must have a symmetry,
we choose complex ¢* theory:

L = (3,4)(3"¢*) — m*¢*p — A(¢*p)°
= (3,9)(3"¢*) — V(9, ¢%). (8.1)

The A term is a self-interaction. In the usual scalar field theory, quantisation
yields particles of mass m, but here m? is regarded as a parameter only, and
not as a mass term. This is because we shall shortly let it become negative. &£ is
invariant under the global gauge transformation

¢— e¢ (A const). (8.2)
The ground state is obtained by minimising the potential V. We have
ST 28 ) (83)

so that when m? > 0, the minimum occurs at ¢* = ¢ = 0. If m? <0, however,
there is a local maximum at ¢ = 0, and a minimum at
2
m
9] = ——=d’, (8.4)
24

i.e. at |¢| = a. In the quantum theory, where ¢ becomes an operator, this
condition refers to the vacuum expectation value of ¢

{0]¢|0) > = . (8.5)

The function V is shown in Fig. 8.3, plotted against ¢; and ¢,, where
¢ = ¢ + iy (though it should be borne in mind that ¢ is a field, not simply a
pair of co-ordinates). The minima of V lie along the circle |¢| = a, which form
a set of degenerate vacua related to each other by rotation. The physical fields,
which are excitations above the vacuum, are then realised by performing
perturbations about |¢| = a, not about ¢ = 0. Let us work in polar co-ordin-
ates, putting

$(x) = p(x) o), (8.6)
so the complex field ¢ is expressed in terms of two real scalar fields p and 6.

* In fact, the uncertainty relation involving J; and ¢ is somewhat problematic since ¢ has only a finite range
and therefore a maximum uncertainty. See Constantinescu et al. (1976), pages 79, 91-2. I thank Dr B.
Sheikholeslami-Sabzevari for bringing this to my attention.
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Fig. 8.3. The potential V has a minimum at |¢| = a, and a local maximum at ¢ = 0.

Let us choose the vacuum state

(0|9[0) = a (8.7)
where a is real; then
(0lpl0) = a, (0]6j0) = 0. (8.8)

We see that this field theoretic example exhibits the same features as the
ferromagnet. It has degenerate vacua, which are connected by the symmetry
operations of the theory. A particular vacuum involves a particular choice for
the values of the field ((8.8) in the field theory, direction of magnetisation for
the ferromagnet), and is, of course, not invariant under the symmetry.

Now let us put

P(x) = [p'(x) + a] ¥, (8.9)

so that p’ and 6 both have vanishing vacuum expectation values. We regard
them as the ‘physical’ fields, and express £ in terms of them. We have, from

(8.1),
V = m2p'? + 2mlap’ + m?a® + Ap'* + 4ap” + 6a’p? + 4a’p’ + a*)
= Ap"* + dakp” + 4Aa*p? — Jat
= A(p" + a)* - @’ - Aa*
= A(¢*¢ - a*)? - Ad*
where (8.4) has been used. In addition,
(3,83 0%) = (3,0)(3"0) + (9 + a)*(3,0)(3")

with £ = (3,¢)(3"¢*) — V. We see that there is a term in p'%, so p’ has a mass
given by

2 _ 2
my = 4la*,
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but there is no term in 6, so 6 is a massless field. As a result of spontaneous
symmetry breaking, what would otherwise be two massive fields (the real parts
of ¢), become one massive and one massless field. We may interpret this with
reference to Fig. 8.3. It clearly costs energy to displace p’ against the restoring
forces of the potential, but there are no restoring forces corresponding to
displacements along the circular valley |¢| = a, in view of the vacuum de-
generacy. Hence for the angular excitations 6, of wavelength A, we have w— 0
as A— <, s0 w* A", E =< p, and the relativistic particles are massless. The 8
particle is known as a Goldstone boson. The important point is that this
phenomenon is general: spontaneous breaking of a (continuous) symmetry
entails the existence of a massless particle, the Goldstone particle.” This
statement, known as the Goldstone theorem, will be proved in the next
section.

For future reference it is useful to display this result using a ‘Cartesian’,
rather than a polar, decomposition of ¢. If, instead of (8.9), we have

+ ¢1(x)\-;2i¢»2(x) (8.10)

so that (¢;)o = (1) =0, it is easy to see that (ignoring constant terms)

P(x) = a

L = 33,017 + 30,0)? — 2227 — V2Ap(¢1 + $3) — %(qb% + @22 (8.11)

Hence the ¢, field is massless, but ¢, has a (mass)® of 4%a?, the same result as
above.

We conclude by noting the analogy of the above with the ferromagnet.
Consider a ‘spin wave” of long wavelength A. It induces a slow variation in the
direction of magnetisation, over the specimen, as indicated in Fig. 8.4. Because
the forces in a ferromagnet are of short range, it requires very little energy to
excite this situation, so the frequency of the spin waves approaches zero with
increasing A, i.e. o= ck. In the relativistic domain, this is equivalent to a

—
—s

s
A

—
—_—
—

Fig. 8.4. A spin wave inducing a slow spatial variation in the direction of magnetisation
in a ferromagnet.

* In this example it has spin zero, but this is not always the case. For example in theories of
spontaneous breaking of supersymmetry, there are spin 1+ Goldstone particles.



8.2 The Goldstone theorem 287

massless particle. It is noteworthy, however, that this argument breaks down if
there are long-range forces, like for example the 1/r Coulomb force; in other
words if there is a gauge field present. In this case, it still costs a finite amount
of energy to excite a spin wave of even very long wavelength, since work has to
be done against the Coulomb force, so w— finite as A— ©, k— 0, and the
corresponding excitations are massive. What is more, so are the photons! It
was this situation in solid state physics, discussed in these terms by Anderson
(1963), which led first Higgs (1964a, b; 1966) and then Weinberg (1967) and
Salam (in Svartholm 1968) to consider the application of these ideas to the
relativistic domain and particle physics. The situation in particle physics, on the
face of it, seems to offer no fruitful ground for the application of gauge theories
or theories of spontaneous symmetry breakdown. They both predict massless
particles; the gauge particles, with spin 1, and the Goldstone bosons, with spin
0 — and, apart from the photon, there are no massless particles in existence.
The observation on the ferromagnet above, that the presence of both effects
together gets rid of both massless particles, is the key to the Weinberg—Salam
model of electroweak interactions, described below.

8.2 The Goldstone theorem

In the example above, the Lagrangian has a U(1) symmetry, and the two real
fields in ¢ form a 2-dimensional representation of U(1). One of these fields has
a non-vanishing vacuum expectation value, and there turns out to be one
massless particle (the Goldstone boson) and one massive one. It should also be
emphasised that the argument above is classical. So two questions arise: first,
in the general case where & is invariant under a symmetry group G, how many
Goldstone bosons will there be? And second, what is the status of all this in
quantum theory — in particular, how do we prove the existence of massless
particles given degenerate vacua? We shall tackle these questions in this order.
The case of a general symmetry group is best approached by considering a
specific non-Abelian group, say SO(3). So let us consider an example like the
above, except that ¢; (i = 1, 2, 3) is an isovector Lorentz-scalar field, and

2
£ = 30,0:9"¢: — m7¢i¢)i — M) (8.12)

(summation convention applies).
¥ is invariant under isospin rotations, which generate the symmetry group G

(in this case SO(3)):
G: ¢; — Qg e 0% = (e7%) 0, = Upg; = [U(g)@)i-  (8.13)

Here «; are the angles of rotation in isospin space, Q; are the generators of the
group, and 7; a set of matrices obeying the Lie algebra of the group, of the
same dimensionality as the representation to which ¢ belongs — in this case
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3-dimensional. The matrix U(g), corresponding to the group element g, is a
unitary matrix (if 7 is Hermitian), hence we have a unitary representation.
Although essential in quantum theory, this is not essential in the classical case,
but there is no loss of generality in having one.

We look, as before, for the minimum of the potential V(¢,)

_ m* 2
V= 7¢i¢i + M¢i9) (8.14)

When the parameter m? > 0, this occurs at ¢; = 0. When m? <0, there is a
minimum when

i

_ 2\l
—’"—) a. (8.15)

(6 4 Rt AV =
(ol = (1 + @3 + ¢3) (4)»

We again have degenerate vacua and we are free to choose which one is the
physical one. We choose

-

0 = aeés. (8.16)

The vacuum value of ¢, ¢, points in the 3 direction in isospin space. This is
sketched in Fig. 8.5. It is clear that ¢, is not invariant under the full group G,
so that there are elements g € G for which

G: ¢o=U(g) P # ¢o; (8.17)

but it is invariant under a subgroup H of G, in this case rotations about the 3
axis:

H: ¢o=U(h)po = o
U(h) = el (8.18)
On the other hand, of course, V is invariant under the whole of G:

V(¢)=V(d), ¢ =U(g)9 (8.19)

. - . . . . . . . .
Fig. 8.5. The vacuum value of ¢ points in the third direction in isospin space.
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and it is this which gives rise to the Goldstone bosons. How many are there?
Putting
¢33 =yx+a, (820)

the physical fields are ¢;, ¢ and yx, and it is straightforward to verify
(remembering (8.15)) that

V= TH0h + 03+ Gt @)+ ot + 9+ o+ 0T

= 4a’i? + dady(r + $1 + 1) + M@1 + 91+ ) = Aa*

= (¢ — a®)’ — a']. (8.21)
Only the field x has a quadratic term, and therefore a mass
my=8a’h, my =my =0, (8.22)

so, after spontaneous symmetry breaking, we have rwo Goldstone bosons, and
one massive scalar field.

Now we can understand this in a very general way. Expanding V(¢) about
its minimum, since

1% —0,
O, lp=¢o
we have
1 3%V
V(¢) = V(go) + —( ) xixj + 0(0) (8.23)
2\0¢:30; ) o=t
where x(x) = ¢(x) — ¢y. and hence the mass matrix is
2
M; = ( oV ) >0, (8.24)
090, / 9=¢0

Since V(¢y) is the minimum. M; must be positive or zero. To find out for
which fields it is zero, we do a group transformation. The invariance of V,
equation (8.19), gives

2
Vi) = V(U(g)d) = V(o) + 1( v ) 560, + -+

2 8¢i8¢j %0

and hence

v
(S ,‘(S i = O, .25
(a@ad», >¢o #i9) (8:29

where O¢; is the variation in ¢; under a group transformation. What is this?
From (8.17) and (8.18) it depends on whether the group element g belongs to
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H or not. If g belongs to H, then ¢y = ¢y and d¢; = 0, or equivalently

5 = (_ag) Boda = 0 (8.26)
Qw3 ) a3=0
so (8.25) is satisfied already. If, however, g does not belong to H (if it is, in

our example, a rotation about an axis in the 1, 2 plane), then

Sy = [(ﬂ) ¢0] S # 0. (8.27)
aa’[ a,=0 m
(Recall that (8.17), and therefore the above equation, are matrix equations.) In
this case, from (8.24) and (8.25),

M;[U'(0)¢ol; = 0

and the fields U’(0)¢y have zero mass. These are the Goldstone bosons. It is
now clear that the question of the number of fields with non-zero mass and the
number with zero mass is simply a matter of group theory. A field whose mass
is not required to be zero (though, of course, it may be zero ‘by accident)
obeys (8.26), and the number of such fields is simply the dimension of the Lie
algebra (or order of the Lie group) of H, the subgroup under which the
vacuum is invariant. In our case, H = SO(2) ~ U(1) with one generator (7T3),
so one field remains massive. The elements of G which do not belong to H, do
not form a subgroup (they cannot, since the identity is in H), but a coset G/H
may be defined; and the number of Goldstone particles is the dimension of the
coset space, which is the number of generators of G that are not also
generators of H — in our case 3 — 1 = 2. These results agree with the explicit
calculation above. The interesting finding, however, is that this result does not
depend on what representation of G the fields belong to — in our case it was the
vector (regular) representation — nor on what form the potential V takes: the
number of Goldstone bosons is simply the dimension of G/H. This fact is of
great importance when we come to consider the spontaneous breaking of gauge
symmetries.

Finally, to emphasise the generality of the conclusion, note that it also
applies when the symmetry is not spontaneously broken. In this case there is a
unique vacuum (a singlet under G) which is therefore invariant under G itself,
so H = G, the coset is simply the identity, and there are no Goldstone bosons.
At the other extreme. if the vacuum is such that there is no subgroup H which
leaves one of the vacuum states ¢ invariant, then H is the identity and
G/H = G, and the number of Goldstone bosons is equal to the order of G.
We have now answered the first question posed at the beginning of this section.

We therefore turn to the second question, and ask what the status of the
above, classical, argument is in quantum theory. Here the Goldstone theorem
states that if there is a field operator ¢(x) with non-vanishing vacuum expecta-
tion value (0|¢(x)|0) # 0, and which is not a singlet under the transformation
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of some symmetry group, then massless particles must exist in the spectrum of
states. There are some rather subtle questions of existence raised by this topic,
and for a careful treatment the reader is referred to Bernstein (1974) and
Guralnik et al. (1964). Here we shall simply outline the proof.

We begin with some preliminary remarks about the symmetry group. If £ is
invariant under a group of transformations then (see §3.3) the currents

j(x) = 0L  6¢(x)
3(3kp) oa”

have zero divergence, 3"/, = 0, and the corresponding charges

0 = f Bxjé(x) (8.28)

are conserved, dQ"/dt =0, and have the commutation relations of the sym-
metry group

[Qa’ Qb] - CabCQc

where C are the structure constants of the Lie algebra. The unitary operator
corresponding to a group transformation is

U =el@, (8.29)
If the vacuum is invariant under the group (i.e. a singlet), U|0) = |0), hence
Q%0) =0 (8.30)

and the charges annihilate the vacuum. This is the usual case for a symmetry. If
this is not the case, we may say that we have ‘degenerate vacua’;
U|0) =[0)"#1]0) or Q%0) # 0. Strictly speaking we should say that Q°0)
does not exist in Hilbert space — in other words, its norm is infinite (Fabri &
Picasso 1966).

Returning to the operator ¢(x), since it is not a singlet under the group,
there must exist an operator ¢'(x) such that, for some a,

[0 ¢'(x)] = ¢(x) (8.31)
and, since (0|¢(x)|0) # 0,
0[[Q7, ¢'(0)][0) = (0]Q"¢'(x) — ¢'(x)Q7(0) # 0. (8.32)

This means that (8.30) cannot apply, so we do not have a symmetry in the
usual sense (of degenerate multiplets). (An example of one of the subtleties is
that, from above (0|¢’(x)Q%0) exists, whereas 0°|0) does not.) We now show
that (8.32) implies the existence of massless particles. Substituting (8.28) into
(8.32) and inserting a complete set of intermediate states we have

Efd3y[<0|1'6’(y)|n><n|¢’(X)|0> = (09" () ) (n[j5(»)[0)][zo=y0 # 0. (8.33)
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(The restriction x° = y© arises because this is necessary to prove (8.31).) Now
translation invariance implies that

jo(y) = 7P jg(0) e
so (8.33) becomes

Efd3)’[<0|f8(0)\n><n|<1>'(x)|0> &P — (0]¢'(x)|n)(n]j§(0)|0) 7P 10=y0
= 27’3 & (Pn)[(01j&(0)n) (n|¢’ (x)[0) e

— (0[¢"(x)[n) (n]j5(0)[0) e P=] |10 0
= (27)*3 8 (p)[(0]j5(0)|n) (n] @' (x)[0) M

= (0]’ (x)|n) (n[;5(0)[0) ™M) oz yo
#0 (8.34)

where we have performed the spatial integral, and, in view of the delta
function in p,, put p,o = M,, the mass of the intermediate state n. It remains
only to show that (8.34) must be independent of yo; if we can show this, we
conclude that M, =0, so all the intermediate states have zero mass, which is
the Goldstone theorem. Moreover, these intermediate states rmust exist, in
order that (8.34) be non-zero: it will be noticed that the vacuum (|n) =(0))
gives no contribution to the sum. To show that the above expression is
independent of y,, we start from the fact that j,(y) is divergenceless:

Hju(y) = 3ojo(y) + V-j(y) = 0,

which on integration gives

3 g y
———fd3ylo(y) = —fd3yV 3.
dyo

Hence, since (8.34) is the same as (8.32),

(ol )0} = = [y (OILi3). #'I0)
dyo 3yo

- j By (0|[V-§(y), ¢'()][0)

- j ds - (O|[§“(y), ¢'(x)][0)

and under fairly orthodox assumptions (Guralnik, Hagen & Kibble in Cool &
Marshak 1968) this surface integral may be shown to vanish. Hence the
Goldstone theorem is proved.
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In the 1960s a lot of effort was devoted to searching for a role for
Goldstone’s theorem in high energy physics. Although there are no zero mass
hadrons, the pion has a seductively low mass and might be nearly a Goldstone
boson. This would account for the success of the PCAC hypothesis (partially
conserved axial current). For accounts of this topic, the reader is referred
elsewhere (Lee 1981, chs. 16, 22, 24; Taylor 1976, ch. 5).

8.3 Spontaneous breaking of gauge symmetries

Now let us see what happens when the symmetry in question is a gauge
symmetry. Consider the simplest model, that of equation (8.1), but now let us
demand invariance under

¢ — e Pgp, (8.35)

This results (see (3.84)) in the introduction of the electromagnetic field through
a covariant derivative, and (8.1) is replaced by

L= (3, +ieA,)p(d" — ieA")p* — m>p* ¢ — M¢*p)? — 1F,, F*. (8.36)

As before, we consider m? as a (positive or negative) parameter, so that in the
case m® < 0, and in the absence of a gauge field, the vacuum is at

_ 2 \12
9] =a=( 2’:) (8:4)
Then, as in (8.10), setting
Pp(x)=a + wﬁ (8.10)

V2
gives for the Lagrangian, in terms of the physical fields ¢, and ¢,:
P = — 1F F* + e2a A, A" + 5(3,01)% + 5(3,$2)°
- 2/1a2¢>% +V 2eaA"d,¢, + cubic + quartic terms (8.37)
where we have taken account of (8.4). The interesting term is the second one,
proportional to Aft. It indicates that the photon has become massive. The
scalar field ¢, is a massive field, and ¢, appears to be a massless one, but there
is the odd mixed term in A”3,¢,, which would seem to indicate that a
propagating photon could turn into a ¢, field, so ¢, does not seem to be a very
physical field. In fact, it can be eliminated by a gauge transformation. For
infinitesimal A in (8.35), (8.10) gives
d)i = (Pl - A¢29
(8.38)
¢ = ¢ + Apy + \/2Aa.

This shows that ¢,, like A,, undergoes an inhomogeneous transformation
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corresponding to a rotation and translation in the (¢, ¢,) plane, and so does
not have a direct physical interpretation. We may then choose A to make
¢, =0, and the mixed term above disappears. In this gauge, the Lagrangian
(8.37) becomes (putting ¢; rather than ¢1)

¢ = —%FM,F’“’ + ezazAuA" + %(ay@)z - 2)La2¢>% + coupling terms. (8.39)

This Lagrangian contains two fields only, the photon with spin 1, and ¢; with
spin 0, and they are both massive. The ¢, field, which in the case of
spontaneous breaking of the global symmetry became massless (Goldstone
boson), has in this case disappeared. And in addition, the gauge field whose
presence is due to the fact that we have a local symmetry, has now acquired a
mass — the ‘photon’ has become massive. This phenomenon is called the Higgs
phenomenon. In this Abelian model it is summarised by saying that sponta-
neous breaking of a gauge symmetry results, not in the presence of a massless
Goldstone boson, but in the disappearance of that field altogether, and the
appearance, instead, of a massive, rather than a massless, gauge field. Sponta-
neous breaking of U(1) symmetry, then, yields the following particle spectrum,
depending on whether the symmetry is global or local.

Goldstone mode (SB of global U(1) symmetry):
2 massive scalar fields — 1 massive scalar field
+ 1 massless scalar field. (8.40)

Higgs mode (SB of gauge U(1) symmetry):
2 massive scalar fields} {1 massive scalar field
— . (8.41)

+ 1 photon + 1 massive photon.

Note that the number of degrees of freedom is preserved under these
transformations. In the Goldstone case, this is trivial, since massless and
massive scalar fields each have one degree of freedom: 2 =1 + 1. In the Higgs
case, a massless photon has two degrees of freedom, but a massive one has
three, since it has a physical longitudinal polarisation state: 2+2=1+3.Ina
manner of speaking, we can say that the photon has eaten a scalar field and
acquired a mass; or, more properly, we may compare the situation with the
Gupta—-Bleuler mechanism (§4.4). In that mechanism, the longitudinal and
timelike components of the photon cancel each other, leaving the two trans-
verse components. Here the timelike component of the photon is cancelled by
the scalar field, leaving three polarisation states for the photon, rendering it
massive.

It should be remarked that although these conclusions about the particle
spectrum were reached by considering the Lagrangian of (8.39), there is
nothing otherwise special about this particular form. In fact, when we come to
consider renormalisation, it is much more convenient (and, of course, physi-
cally equivalent) to consider (8.37). The gauge defined by (8.39) is called the
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physical or unitary gauge (or U gauge), since in this gauge, only physical
particles (i.e. those which would appear in the unitarity condition) appear.

We now turn to the non-Abelian Higgs phenomenon (Kibble 1967) and for
definiteness consider the O(3) model discussed in the previous section. The
Lagrangian (8.12), then, needs to be modified by substituting a covariant
derivative for the ordinary one, and adding the gauge field term. This gives

= XDu9)(D"0) — o 0i01 = Kpio)” — SFWF®. (642
where, from (3.122) and (3.131) (making no distinction between upper and
lower internal indices, so that /% = Eijk)

D, ¢; =23,¢; + gfijkA{szk
Fl,=09,A, - 3,A, + ge*ALAL. (8.43)
The potential V has a minimum (for m* < 0) at
| ol = (_m2)m =a (8.15)
41
and, as before, we choose the vacuum which points in the 3 direction
@0 = ass. (8.16)

The physical fields are then ¢y, ¢ and y= ¢; — a. After some algebra, it
follows easily that

£ = %[(au(l)l)z + (au¢2)2 + (ayX)zl + ag[(aqul)Ag - (a;t¢2)ALll]
2,2 . .
+ SEAW + (A0] — 36,40 = 9,417
— 4a*Ay* + cubic + quartic terms. (8.44)

We have shown explicitly only the terms quadratic in the fields, since for the
present purpose they are the only important ones. This Lagrangian is analog-
ous to (8.37); it contains a mixed term in A* and ¢. so is not easy to interpret.
To obtain a more ‘physical’ Lagrangian, we may now make use of the fact that
we have a local symmetry, so may perform independent gauge transformations
at each point in space—time. We therefore select a gauge — the unitary gauge —
so that at every point in space—time (1) lies along the third isospin axis:

B(x) = 8305 = 23(a + ). (8.45)
This gets rid of the fields ¢, and ¢,, and we have
/4¢1 - g(a + /)A“,
Dy = —gla+ DA,
D,u¢3 = 8,uX,
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so that
(D) = @g[(A) + (AT + @) + -
and
£ = - 18,4y = 3,4, — 3’ [(A)7 + (4]
+ %(8!,)()2 — 4a%Ay* + cubic + quartic terms. (8.46)

The remaining particles, then, are one massive scalar, two massive vectors and
one massless vector particle. In particular, the Goldstone bosons, present in
the spontaneously broken global symmetry model, have both disappeared in
the local symmetry model, and two of the massless gauge fields have become
massive. Thus, analogously to (8.40) and (8.41), we may summarise the results
for spontaneous breaking of an O(3) symmetric model as follows:

Goldstone mode (global O(3) symmetry):
3 massive scalar fields — 1 massive scalar field

+ 2 massless scalar fields. (8.47)
Higgs mode (local O(3) symmetry):
3 massive scalar fields 1 massive scalar field
— 1 + 2 massive vector fields (8.48)
+ 3 massless vector fields + 1 massless vector field.

We may also check that the number of independent modes is preserved: in the
Higgscase3+3X2=9=14+2x3+2.

This O(3) model contains all the features of the general non-Abelian case. It
should be clear that one massless vector field remains because the subgroup H
(= U(1)) under which the vacuum remains invariant has one generator — it was
this circumstance that allowed one scalar field, in the Goldstone case, to
remain massive. Thus, the number of massless vector fields is dim H. And on
the other hand, the two vector fields which have become massive have done so
by absorbing the two Goldstone modes; so the number of massive vector fields
is dim G/H. Thus the total number of gauge particles (massive or massless) is
dim G, as expected, since the gauge field transforms according to the regular
representation of the group. The fact that in the model above, there is also a
scalar field remaining is because we chose the scalar fields to belong to an
isotriplet. We see again that the outcome of the Higgs mechanism is dictated
largely by group theory.

8.4 Superconductivity

Superconductivity provides a nice illustration of the Abelian Higgs model. As
everyone knows, superconductivity is the phenomenon, shown by many metals,
of having no resistance at very low temperatures. Such metals are therefore
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capable of carrying persistent currents. These currents effectively screen out
magnetic flux, which is therefore zero in a superconductor (the Meissner
effect). Another way of stating the Meissner effect is to say that the photons
are effectively massive, as in the Higgs phenomenon discussed above. We shall
show very briefly how these conclusions follow from the Lagrangian (8.36).

To begin, we consider a static situation, so dy¢ = 0, etc., and (8.36) takes the
form

= — (V—ieA)¢p- (V + ieA)p* — m?|p* — A¢* — AV x A)
or
—F =XV x AP + |[(V — ieA) > + m?|¢)* + Alo|*. (8.49)

Now — % is the Landau-Ginzburg free energy, where m> = a(T — T.) near the
critical temperature T = T,; ¢ is the macroscopic many-particle wave function,
and its use is justified by the Bardeen-Cooper-Schrieffer (BCS) theory,
according to which, under certain conditions, there is an attractive force
between electrons, and the field quanta are electron pairs, which, of course,
are bosons. At low temperatures, these fall into the same quantum state
(Bose—Einstein condensation), and because of this, a many-particle wave
function ¢ may be used to describe the macroscopic system. Now, at T > T,
m? >0 and the minimum free energy is at |¢| = 0. But when T < T.. m> <0
and the minimum free energy is at

2
R LN 50
¢l 0 (8.50)

which is, of course, an example of spontaneous symmetry breaking. Now £ is
invariant under the usual phase transformation

p—e®p A A+ iVA(x)
e

and the associated conserved current is
j=—1(¢*Vo — pVo*) — 2e|pPA. (8.51)
When T < T,, and ¢ varies only very slightly over the sample, the second of
these terms dominates over the first, and
2
j= A= —kA (8.52)
A
where k is a positive constant. This is the London equation. The electric field
E = —9A/3t = 0, and Ohm’s law defines resistance by E = Rj, so
R=0

and we have superconductivity.
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The Meissner effect (expulsion of magnetic flux) is easily derived. Ampére’s
equation is

VXB=j.
Taking its curl, remembering that V- B = 0, and using (8.52) gives
V’B = k’B. (8.53)

Confining ourselves for simplicity to one spatial dimension, (8.53) has the
solution

B, = Bye™*~,

so that magnetic field only penetrates the specimen to a characteristic depth
1/k. When the numerical factors are properly taken into account, we get
1/k =~ 107% cm. Finally, it is clear that (8.53) implies that V?A = k?A, or, in a
Lorentz covariant form,

OA, = —k*A,

which means the ‘photons’ have a mass k, which is the characteristic feature of
the Higgs phenomenon. =

Following this application of the Higgs phenomenon to a low energy exam-
ple, we now describe its application to weak interactions.

8.5 The Weinberg—Salam model

Spontaneous breaking of gauge symmetries was the crucial new ingredient in
the model of unified weak and electromagnetic interactions constructed inde-
pendently by Weinberg and Salam. The general idea was that weak interactions
should be mediated by gauge bosons (W?*), which are, ‘to begin with’,
massless. The Lagrangian for the theory also contains terms for massless
electrons, muons and neutrinos, and is invariant under an internal symmetry
group, which is a gauge symmetry. A scalar field (the Higgs field) is then
introduced with a non-vanishing vacuum-expectation-value. The resulting
spontaneous breakdown of symmetry gives masses to e, u and 7 and to the
gauge bosons, but not to the photon and neutrino. It is therefore ‘realistic’,
and has indeed met with a good degree of success in describing weak inter-
actions. The model may also be extended to hadrons, but this will not be
described here.
We start with the spinor fields. The Dirac Lagrangian

<= 117’}’”8#1/1 - "“7"/’
becomes simply iyy - 3y if m = 0. Writing, as in Chapter 2,

_ 1—Y5) =(1+75)
YL ( 2 Y, Yr D) Y
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it follows that
iy -3y = iyry - YR + iYry- Sy
since ys anticommutes with y,. The electron and muon have L and R

components, but according to the 2-component neutrino theory, v, and v, have
L components only, so the lepton Lagrangian is

%= iéR‘y' 8€R + iéL'}/' aeL + i\_/e‘}/' aVe + (e d /,l) (854)

It is clear that terms for the 7 and its neutrino may also be added if desired;
there would then be three ‘generations’ of leptons. From now on we shall
forget about the u and t generations, which may trivially be added at any stage.
What internal symmetry does (8.54) possess? The transformations must be
between particles whose space-time properties are the same, so the only
possibility is a mixing of e; and v,. We therefore write the ‘isospinor’

L= (") (8.55)

eL

and assign to this doublet a non -Abelian charge I = 7(1 w 18 ‘weak isospin’). v,
has a third component I 2, and ey has I3, = -5 1. This is obv1ously in straight
analogy with (strong) isospin. The remaining partlcle

R = [55:3 (856)
is an isosinglet: I,, = 0. We have
¥ =iRy-3R +iLy 9L (8.57)

and & is invariant under

L — e‘(i/Z)r'aL,
(8.58)

R - R,

which are rotations in weak isospin space. They generate the group SU(2).
More explicitly, the transformations are

e-—(i/Z)r-a X 0
Vv, Lo Vv,
SU(Z) ey | — X ey |. (859)
e 1.
‘R 0 0. 1) \R
The relation between electric charge O, and / 3‘, is
L:Q0=1)-% RQ=1I,-1. (8.60)

When we come to gauge this symmetry (i.e. make « a space—time function) we
will acquire three massless gauge fields. The photon, however, will not be one
of them, since eg, being a singlet, will not interact with our gauge fields, but
does interact with the photon.
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Note, however, that SU(2) is not the maximal symmetry of £. We could also
have a simple U(1) transformation on eg

U(1): eg — e'Peg. (8.61)

How will this affect L? It can only be by an overall phase; in other words, v,
and e must pick up the same phase (as each other), since otherwise it would
be a special case of an SU(2) transformation. This phase, however, is not
necessarily the same as that of R. We write, therefore,

V, e"f 0 0 v,
UQQ):|e | =10 e’ 0 er (8.62)
€rR 0 O élﬁ [4:3

where n is a number, which we must now find. This U(1) symmetry leads to a
conserved charge, of which eg possesses one value, and v, and e; another
value. It is clearly not Q, since v, and ey have different values of Q. (In other
words, the gauge field we get on gauging U(1) is also not the photon field.)

Weinberg suggested that this charge is ‘weak hypercharge’ Y,, defined by a
quasi-Gell-Mann-Nishijima relation

Q=1+ Yu (8.63)
2
Comparing with (8.60), it is clear that
LhasY, = -1,
Rhas Y, = -2, (8.64)

s0, in (8.62), n = %; the left-handed fields couple, with half the strength of the
right-handed field, to the hypercharge gauge field. The U(1) transformation is
then

Ve ez o 0 v,
Ul):{e.|—1{0 eif? 0 eL | (8.65)
erR 0 0 elﬁ €R

The Lagrangian (8.54) is then invariant under SU(2) ® U(1). (Note that the
U(1) could be identified with lepton number, giving n = 1. This would then
result in a different theory.)

We now gauge the theory. Gauging SU(2) means that we introduce three
gauge potentials WL so that, acting on the isospinor L, the ordinary derivative
is replaced by the covariant derivative (3.153):

D,L=93,L - égt-W#L. (8.66)

Here g is the SU(2) coupling constant. Gauging U(1) introduces another
potential X, and coupling constant g’, and, from (8.65), since L has half the
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hypercharge of R, the covariant derivatives are

D,L =3,L++g'X,L,
2 (8.67)
D,R =3,R +ig' X,R.

Putting (8.66) and (8.67) into (8.57), and adding the gauge-field terms (see
(3.131)) gives the Lagrangian

%, = iRy*(3, +ig' X,)R + iiy"(a_u + %g’XM - %ngﬂ)L

- i@W, —3W, + gW, X W,)? —i(3,X, — 3,X,)%.  (8.68)

Next, we introduce an isospinor scalar field (the Higgs field),

¢+>
= . 8.69
¢ ( ¢ (8.69)
From (8.63), it carries the quantum numbers

¢ I, =3 Y,=1 (8.70)

so that both ¢* and ¢° are complex fields (the particle and antiparticle are
distinct), and we may put

1 .
o Vz‘(% + i)
¢ = 20 (8.71)
—(¢y +1
\/2(¢>1 #2)
where ¢, ..., ¢, are real. In addition, by virtue of (8.70), the covariant
derivative of ¢ is
D, = (a!, - %gr-W# - %g’Xﬂ)q). (8.72)

The Higgs field ¢ also interacts with e~ and v, with strength G,, so the overall
Lagrangian containing ¢ is

,
+ Tt Aot i P
£ = (D9) (D) = Z-9'9 = 2(#9)° = G(LoR + R¢'L). (8.73)
The interaction term in &,, written out fully, is
~G(Voer@* + ererd’ + eV + érerd?), (8.74)
and

P'o = (¢t + (9")*¢° = 3(¢7 + 3 + @3 + ¢3). (8.75)
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As usual, in the case m? > 0, this describes a scalar field with mass m, and
lowest energy state corresponding to ¢ = 0. But if m? <0, the lowest energy
state is not at ¢ = 0, but at

5
m-

(¢"¢)o = T (8.76)

We choose the isospin frame so that

,
2m*

(¢1)o = — — (92)0= (93)0 = (@10 = 0,

or

2\1/2
(¢1)o = (—2': ) =1/2n (8.77)
and
() = (2) 1 real. (8.78)

We now have a degenerate vacuum, and spontaneous breaking of the gauge
symmetry. For excitations of ¢ above the vacuum, we might expect to have

$s(x) i¢4(x)
V2 V2
$1(x) " i¢2(x )
V2 V2
but this is not the case. The fact that the symmetry is local means that we may

perform a different isospin rotation at each point in space, so ¢(x) may be
reduced to the form

P(x) =

n+

0

P(x) = o(x) (8.79)
-+ /2

at every point. (This is the same argument that led to (8.45).) From (8.72),
D¢ is then

0
. 3 1 2 .,
= _ﬁW# W, —iW, 18"
D,¢ 1 ‘ ) ; +-5x
u %a,‘o 2\wL+iws —-w, 2
0
o
'r, —

+
V2
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gn(Wh—iw?) + £2w! - iw?)

V2

_1
2 . 3 , o 3 ,
V23,0 + n(—gW, + g'X,) + —\/—2(—gWH +¢'X,)

Hence

2
(D) (D) = 43,07 + EL(OWLP + (Wi

,
+ —Z—(gWZ - g'X,)* + cubic + quartic terms. (8.80)

Now we define

3
W, —g'X
7 = EVu " 8 Au cos GWW3 —sin By X, (8.81)
u !
(& + g’2)1/2

and the orthogonal field
1yar3
4 =8 Wit gXy _

(g% + g!2)1/2
where the ‘Weinberg angle’ Oy is given by

sin By W, + cos Oy X, (8.82)

’

— & —cosfy, & =tan Ow. (8.83)
(g2 + ng)l/Z g
We see, from (8.80), that W},, Wft and Z, pick up masses
2 2 M3
Miy, = My, = £ T = g;’Z = (8.84)
2 2cos” By cos” Oy

and A, is massless. A, is therefore provisionally identified with the electro-
magnetic field. The identification may be justified by noting that the lepton
gauge-field coupling is, from (8.68) and (8.81)-(8.83),

iRy*(3, +ig'X,)R + il_,y"(a“ + %g'Xu - %gt-WH)L
= iey"3,e + ivy"9,v — gsin Oy ey'eA,

. _ 1 _ 1
+ 8 (sin? Oweryer — 308 20we YieL + 5VyMV) Z,,
cos By

+ —j—z[(w"eLWL) + h.c.] (8.85)

where h.c. stands for Hermitian conjugate, and W, = (W}l + iWi)/\/ 2. Note
that the A, field couples only to the electrons, and not to the neutrinos, and
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that it couples to left and right components equally strongly. We are thus
justified in identifying A, with the electromagnetic potential, and it follows
immediately that the pertinent coupling constant should be e, the proton
charge:

| e = gsin Oy. (8.86)

From the last term in (8.85) g is the coupling of the weak field to the
electron—neutrino (and muon-neutrino) current. To second order, therefore,
this interaction will account for muon decay,

w —e +v+v,
through the diagram of Fig. 8.6, in which the gauge field W is propagated

between the two vertices. From (8.85), then, the effective interaction is

2
Hiy = %\‘/MVKML(PrOP)KaéLy‘ve
_g

V,7(1 — y5)u(Prop) ey (1 — ys)ve. (8.87)

co

At low ¢, however. the propagator simply becomes g,,/M W, so (8.87) be-
comes

2
Hi =~ jlljs (8.88)
SMw

where

Jo= 11 = ys)v

is the lepton (/) current. (8.88) is, however, exactly the Fermi current—current
interaction

G gt
Hiy = %]u Jea (8.89)

where G is the Fermi constant. Hence we have the equality

g2
4H/2M3,

From muon decay (see. for example, Lee 1981, ch. 21), G has the value

Fig. 8.6. Muon decay in an intermediate vector boson theory.
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G =1.43 x 107 ergcem?, which in ‘natural’ units 2= ¢ = 1is G ~ 107° m;Z, a
‘small’ number (if the proton mass sets the scale). It is because G is small that
the weak interactions are called weak. In the Weinberg-Salam theory, how-
ever, the fundamental coupling constant is g, and, from (8.86), if Oy is not too
small, neither is g. The weak interaction is then not intrinsically weak, but,
from (8.90), only appears weak because My is large. In fact, numbers may be
put to these quantities. From (8.85) both the neutrinos and charged leptons (e
and u) couple to the neutral field Z, so we expect, for example, to observe
v, — e scattering:

v,te —v,+e,

through the Feynman diagram of Fig. 8.7. This is an example of a "neutral
current’ interaction typically predicted by the Weinberg—Salam theory. This
scattering has been observed, with a cross section o = (1.6 % 0.9) x 107+
(E,/GeV) cm? (see, for example, Lee 1981, p. 599). It is clear that this cross
section gives a value for 8y (or, equivalently, for g). This is (Lee 1981, p. 686)

. 0.06
sin? By = 0.225 7 VY0, 8.91
v ~0.05 ®91)
Equations (8.86) and (8.90) then yield
2 62
My = ————— = (78.6 GeV/c?)? (8.92)
4\/2G sin? Oy
and (8.84) gives for the Z mass
Mz = 89.3 GeV/c?. (8.93)

The existence of the charged and neutral vector bosons with the above
masses is a crucial prediction of the electroweak theory, so the verification is all
the more spectacular since these particles have now been found (UA1 Colla-
boration, Physics Letters, 122B, 103; 126B, 398 (1983)) at the correct mass. It
is worth pointing out that neutral current processes (also observed) follow from
any theory whose Lagrangian is invariant under a global SU(2) symmetry. It is
only when the theory is gauged that it becomes renormalisable and that
intermediate vector bosons are predicted. For further details of the electro-
weak theory and its experimental implications, the reader is referred else-
where.

Fig.8.7. v,e~ scattering by Z° exchange.
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Finally, an interesting speculation concerns the high temperature behaviour
of the electroweak interaction. If the analogy with ferromagnetism holds good,
the symmetry, which is spontaneously broken at low temperatures should be
restored at high temperatures, and above the critical temperature 7. the W
and Z bosons, like the photon, would be massless, and the weak force would
become long range like electromagnetism. Kirzhnits & Linde (1972) have
speculated that this happens, with T.~ 10'® K, and more formal calculations
seem to vindicate this idea. It is based on the prescription that the finite
temperature scalar field 2-point function (for example) is obtained by taking
the Gibbs average of the ‘ordinary’ 2-point function:

Tr e—ﬁ"’((;lrl"e(i(;w(y))l()) (8.94)

where B = (kT)™!. If this hypothesis is correct, it will have cosmological
implications, since, on the standard ‘big bang’ model, there was certainly a
time when the temperature of the universe was higher than 7. One interesting
question is, when T cools below T, how does the spontaneous breaking set in?
In a ferromagnet, for example, the direction of spontaneous magnetisation
characterises not the whole sample, but only a domain, and domain walls
separate regions magnetised in different directions. Does this happen in the
universe? Another interesting question is whether, when T > T, the long-
range weak force leads to large-scale repulsive effects between particles with
the same Y, and I3, (just as it does between particles with the same Q in
electromagnetism). For these and other related questions we refer the reader
to the literature (Linde 1979).

iAFﬁ(x —y)=

Summary

'Ferromagnetism is shown to illustrate the phenomenon of spontaneous sym-
metry breaking (SSB), and a model scalar field theory is exhibited with SSB,
which results in the presence of a massless particle, the Goldstone boson. “In
the general case, where the Lagrangian is invariant under a symmetry group G,
but the ground state (vacuum) is only invariant under a subgroup H, the
number of Goldstone particles is shown to be dim G/H. It is also shown that
the above (classical) arguments also hold in quantum theory: that spontaneous
symmetry breaking implies the existence of massless particles. This is the
Goldstone theorem. 3SSB of gauge theories, on the other hand, exhibits quite
different phenomena: there are no Goldstone particles, and some (or all) gauge
fields become massive. This is shown in Abelian and non-Abelian models. “It is
shown that superconductivity is a theory with SSB of electromagnetism, an
Abelian gauge theory,. and the *Weinberg—Salam model of unified weak and
electromagnetic interactions is described. It exhibits SSB of an SU(2) ® U(1)
gauge symmetry. Some experimental implications are discussed.
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Guide to further reading

The possibility of an analogy between the ground state in many-body physics
and the vacuum in quantum field theory was first entertained by Nambu
(1960); Nambu & Jona-Lasinio (1961), and is reviewed by Nambu, in Giirsey
(1964). Goldstone’s model appeared in Goldstone (1961) and is proved in
Goldstone, Salam & Weinberg (1962); see also Weinberg, in Deser, Grisaru &
Pendleton (1970). Good discussions of the Goldstone theorem appear in
Bernstein (1974), Guralnik, Hagen & Kibble in Cool & Marshak (1968), Lee
(1981, chs. 16, 22, 24), Taylor (1976, ch. 5), O'Raigheartaigh (1979). For the
Higgs phenomenon, see Higgs (1964a, b; 1966), Englert & Brout (1964),
Guralnik, Hagen & Kibble (1964). Good reviews are to be found in Bernstein
(1974), Guralnik, Hagen & Kibble in Cool & Marshak (1968), Lee (1981),
Taylor (1976), O’Raigheartaigh (1979) and S. Coleman, in Zichichi (1975). For
the non-Abelian case, see Kibble (1967), also Guralnik, Hagen & Kibble in
Cool & Marshak (1968), Taylor (1976) and O’Raigheartaigh (1979). For
readable accounts of superconductivity, see, for example, Tilley & Tilley
(1974), de Gennes (1966). A good review of the Ginzburg-Landau theory is
Cyrot (1973). Good accounts of superconductivity for particle physicists are
Kirzhnits (1978), Aitchison & Hey (1982, ch. 9). The electroweak unified
theory originates in Weinberg (1967), A. Salam in Svartholm (1968); see also
Glashow (1961). For reviews, see Bernstein (1974), Lee (1981), Taylor (1976),
O’Raigheartaigh (1979), and the 1979 Nobel prize acceptance speeches; Wein-
berg (1980), Salam (in Svartholm 1968, p. 525), Glashow (1961, p. 539).
Up-to-date reviews, particularly of experimental data, are to be found in
conference proceedings. The following papers deal with symmetry restoration
at high temperatures: Kirzhnits & Linde (1972), Weinberg (1974), Dolan &
Jackiw (1974). For a review, see Linde (1979). For finite temperature Green'’s
functions, see Kirzhnits & Linde (1972), Weinberg (1974), Shuryak (1980),
S.W. Hawking, in Hawking & Israel (1979, pp. 754-5) and S. Weinberg in
Zichichi (1978).
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Renormalisation

If the doors of perception were cleansed everything would appear as
it is, infinite.
William Blake, The Marriage of Heaven and Hell

We have seen in previous chapters that integration over internal loops in
Feynman diagrams gives divergent results. Since our approach to field theory is
based on perturbation theory, however, it is imperative that we make sense of
the perturbation series — and that series is one in which higher order terms
involve more and more internal integrations, and therefore the possibility of
increasing degrees of divergence. It is obvious that, in order for a field theory
to be at all sensible or believable, the problems raised by the divergences must
be satisfactorily resolved. In this chapter we show how this is done for ¢*
theory, electrodynamics (QED) and Yang—Mills theories (QCD). Our general
approach is to proceed order by order in perturbation theory (actually in the
loop expansion — see below), and show that at each order the quantities of
physical interest (masses, coupling constants, Green’s functions) can be re-
normalised to finite values. Then (for QED and QCD) we show that this is, in
principle, possible to all orders; these theories are therefore renormalisable.
(So is ¢* theory, but we do not prove that.) We begin with ¢* theory.

9.1 Divergences in ¢* theory

We saw in Chapter 6 that A(x — x) = A(0) is a divergent quantity, which
modifies the free particle propagator and contributes to the self-energy. In
momentum space it corresponds to

d'q R S 9.1
gf(zﬂ)4q2_m2- 9.1

There are four powers of g in the numerator and two in the denominator, so
the integral diverges quadratically at large g (it is ultra-violet divergent; in this
chapter we do not concern ourselves with the problems of infra-red divergence
(g — 0)). This diagram is of order g. Another didgram to diverge is the O(g?)
graph.
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Py zf d'q, d*q; 8(qy + q2 — p1 — p2)

>Q< SV @ (@ = m)(gi— md)
P - ng d'q 1 L 9.2)

@m° (¢* = mA(py + p2 = q)° = m’]
Here there are four powers of g in both numerator and denominator. so we get
a logarithmic divergence.

How may we find the degree of divergence of a particular graph? It is clear
that each propagator contributes g to the denominator, and each vertex four
powers of g to the numerator, together with a momentum-conservation &
function. Also, the number of independent momenta (over which integration
takes place) is the number of loops (1 in the two diagrams above). So consider
a diagram of order #n, i.e. with n vertices, E external lines, [ internal lines and
L loops, and, for future purposes, consider that space—time has d dimensions
(so that vertices contribute d powers of g to the numerator). We ask for the
superficial* degree of divergence D of this diagram. It is clearly

D =dL -2I. (9.3)

In the above diagrams this formula gives D =2 and D =0, as required. We
now want to express D in terms of E and n, so we must eliminate / and L.
There are I internal momenta; there is momentum conservation at each vertex
(of which there are n), but there is also overall momentum conservation, so
there are n — 1 relations between the momenta; hence the number of in-
dependent momentais / — n + 1. But thisis L:

L=1-n+1. (9.4)

In ¢* theory, each vertex gives four legs, so there are 4n legs, some external
and some internal. In doing a leg count, however, the internal ones count
twice, because they are connected to two vertices, so

4n = E + 21I. (9.5)

Equations (9.3)-(9.5) give
D=d—-(§—- 1)E+ n(d — 4). (9.6)

In the case d = 4, we have
D=4-E, 9.7)

which gives the correct result for the diagrams above. It also indicates that
diagrams with more external legs than 4 will all converge; for example, if
E =6, D = —2. Is this true? We shall consider this question below.

* See the paragraph below (9.9) for an explanation of ‘superficial’.
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For the present, consider the last term in (9.6). It conjures up a horrifying
prospect, for if the coefficient of n is greater than 0, D increases with n, so the
complete theory (summed over all n) will contain an infinite number of terms,
each one more divergent than the one before, which is hopeless. In ¢* theory
in four space-time dimensions, however, (9.7) shows that D depends on E
only . not on the order in perturbation theory, so we have only a small number
of divergent graphs, and the hope is that the effects of these can be eliminated
by (infinite) renormalisation of various physical quantities. If this turns out to
be true (which it does) the theory is called renormalisable. Of course, we have
not yet shown that ¢* theory is renormalisable — we do that in §9.3 below. We
have shown only that the perturbation series does not give an infinite number
of different types of divergent graphs, which is obviously a sine qua non for
renormalisability. It is instructive, finally, to write the analogous formulae for
¢" theory. Equations (9.3) and (9.4) are unchanged. (9.5) becomes rn =
E + 21,50 (9.6) becomes

d

D=d—(?—1)E+n%(d—-2)—d] (9.8)

which. when d = 4, gives
D=4—-F + n(r—4) (9.9)

This clearly reduces to (9.7) when r=4. But in ¢° theory, for example,
D =4— E + 2n, so the theory is unrenormalisable; ¢ theory, on the other
hand gives D=4— E — n, and is called ‘super-renormalisable’, since D
decreases with increasing n, so there is only a finite number of divergent
graphs for given E. Equation (9.8) also gives the curious result that in two
dimensions D =2 — 2n, so is independent of r.

Now let us return to equation (9.7), and enquire whether all graphs with
E > 4 are convergent. In ¢ theory, E is even, so consider the graphs in Fig.
9.1, with E = 6, which ‘should’ be convergent: (@) is convergent, as may be
seen by writing out the amplitude, but (b) contains the 1-loop contribution to
the 2-point function, as in (9.1) above, and this is always divergent. Similarly
(c) contains, as marked, two 1-loop contributions to the 4-point function, so is
also divergent. This happens with all Feynman diagrams; if they contain hidden
2- or 4-point functions with one loop (or more) they will diverge, despite the

r==""

--d L3

(@) & (c)
Fig. 9.1. Diagrams with six external legs in ¢* theory.
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formula D =4 — E. This is why D is called the superficial degree of diver-
gence. The nice thing is that the converse of this is true. According to
Weinberg’s theorem a Feynman diagram converges if its degree of divergence
D, together with the degree of divergence of all its subgraphs, is negative. We
shall not prove this.

The two divergent diagrams G® and G® in (9.1) and (9.2) above are called
primitive divergences. They are the only primitive divergences in ¢* theory. In
the next section we shall consider explicitly how to cope with these diver-
gences.

Dimensional analysis

Dimensional analysis provides some useful insights. The action (in d dimen-
sions)

S = fddxyf

is dimensionless (neglecting the 1/4 factor). Hence
[£] = L™ (L is length),
or
[£] = A? (A is momentum).

The kinetic energy term in & is 3“$3,¢ (ignore the dimensions of g,,), so since
[0, = L7, we have

[¢] = L1797 or A%2~1, (9.10)

Now consider an interaction g¢”. If [g] = L™ (or A®) then

-0+ r(l——‘—i—)=—d
2

6=d+r——r2i. (9.11)

So the coupling constant g has the following dimensions in the following
theories.

gpt:o=4—d [g]=A"",

¢ 6=3— % [g] = AV, (9.12)

gPt:6=6—2d [g]= A",
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Substituting (9.11) into (9.8) (eliminating r) gives

D=d—(—§——-1)E—n5. (9.13)

Hence a renormalisable theory must be one whose coupling constant g has a
mass dimension 6=0. This is why Fermi’s theory of weak interactions,
characterised by G, with dimensions (mass) 2, is unrenormalisable.

It is convenient to know the dimensions (sometimes called ‘canonical’ or
‘engineering’ dimensions) of various Green’s functions and vertex functions.
For ease of reference these are shown in Table 9.1. The entries in the table are
explained by the following notes. (1) This follows from the definition. Each
5/8J(x) brings down a ¢(x). For example G®(x,y)=~ fddp P (p? -
m?)~! clearly has dimension d — 2; and G® = > G®G®. (2) The momentum-
space Green’s function is obtained by Fourier transform of G"(x,). (3) By

Table 9.1. Canonical dimensions of various quantities in d-dimensional
space—time, and in 4-dimensional space—time. For notes, see the text

Mass dimension in Mass dimension with
Note Quantity d-dimensional space—time d=4
d
¢ — =1 1
2
1 G (xy, ..., x) n a_ 1) n
2
(n) d _
2 G"(p1. ..., pn) —nd+n? 1 —3n
= -—n(i + 1)
2
3 G _ a4 _
Div---s Dn-1) d n—£-+1 4-3n
4 ' - y) 2+d 6
5 F(")(xl. Cee s Xp) n(% + 1) 3n
(n) d
6 ' (pi...., pn) —dn+n7+1 —-n

7 f(”)(pl,...,pn_l) d+n(1-——§-) 4—n
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translation invariance, overall momentum conservation allows us to define

G(n)(pl’ cee pn) = G(n)(pl’ ] pn—l)é(P)

and 6( P) has (mass) dimension —d. (4) See equation (7.84), remembering that
8(x — y) has mass dimension d. (5) Follows from the definition, analogous to
equation (7.89) for I'®(xy, x,, x3). (6) Follows by Fourier transform. (7)
Follows from overall momentum conservation, as G (p,) above.

9.2 Dimensional regularisation of ¢* theory

Regularisation is a method of isolating the divergences in Feynman integrals. It
makes the task of renormalisation much more explicit and easy to follow.
There are several techniques of regularisation. Perhaps the most intuitive one
is to introduce a cut-off A in the momentum integrals. In electrodynamics a
particular example is to modify the free (photon) propagator

1 1 A2

—_ — =

Kok K- A2 KA(K2 =A%)

Similar to this is the Pauli-Villars regularisation in which a fictitious field of
mass M is introduced. In both these cases the limit A — % (M — ) is taken,
and the renormalised quantities are independent of A(M). These methods
become problematic, however, particularly when non-Abelian gauge theories
are considered. A trouble-free and elegant method is that of dimensional
regularisation, which has therefore become popular, and will be outlined in this
section. The idea is to treat the loop integrals (which cause the divergences) as
integrals over d-dimensional momenta, and then take the limit d — 4. It turns
out that the singularities of 1-loop graphs are simple poles in d — 4. In this
section we show how to apply this technique to ¢* theory, and in §9.3 we show
how renormalisation is performed, to ‘get rid of’ the unwanted infinite expres-
sions.
We first need to generalise the 4-dimensional Lagrangian

2
P =13 patd — T2 — Lot
70u¢3" P 5 ¢ 4!¢>
to d dimensions. Since ¢ has dimension %d — 1 and ¥ dimension d (see (9.10))
g is dimensionless in four dimensions, but to keep it dimensionless in d
dimensions, it must be multiplied by w*~? where u is an arbitrary mass
parameter. SO

2 4—d
- L 84 (9.14)

P = 13,¢43"p —
30,93"¢ 5 "



314 Renormalisation

Now we use the corresponding Feynman rules to calculate the order g
correction to the free propagator. The loop integral (cf. (9.1)) is

1a—q[ d%p 1

O ey j <P - (9.15)
@n? p? - m?

The % is the symmetry factor, and we are working in d-dimensional ‘Minkow-

ski’ (not Euclidean) space. Throughout this chapter we shall be dealing with

integrals like the one above, and they are derived in the Appendices to the

chapter. From equation (9A.5) the above expression is

_i_gm2(4”_”2)2—d/2r(1 - i) (9.16)
327 2 2

-m
The gamma function has poles at zero and the negative integers, so we see that
the divergence of the integral manifests itself as a simple pole as d — 4. From
Appendix 9B, we have

(=n+¢) = % i +yy(n+ 1)+ 0(5)] (9.17)

where

wl(n+1)=1+1+---+-1——y
2 n

and y = —y;(1) = 0.577 is the Euler—Mascheroni constant. Putting
e=4-4d (9.18)

gives
[ —dp) =T(-1+¢2) =-2=1+y+ 0(). (9.19)
£

So, expanding (9.16) about d = 4, gives (using a®=1+ elna + - - )

. 2 2
igm’) 2 14yt oell1+ fln(—47’“ )]
37 L ¢ 2 \-m?
: 2 : 2
= lgm | 18m g y + In (__477;[2 ) + O(¢)
l6m%e 3247 —m?
: 2
= 18" | finite. (9.20)

167°¢

The finite part of the correction to the propagator is not very important, but
note that it depends on the arbitrary mass u.
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Now let us calculate the 4-point function to order g*>. The Feynman rules
give (for the s-channel contribution - see below)

P
Py p

. —af d? 1 1
=1 [ ——— . (9.21)
@m* (p=m)(p—q)" = m
P> p—q Pa

The denominators in the integrand are combined by using the Feynman
formula

1 1 dz
= 9.22
ab fo[aZ +b(1 =) 622

(which is obtained by observing that

L=_1_.(i_i)= 1 fbﬁii

ab b—al\a b b—als x?

and putting x =az + b(1 —z); a and b are to be considered as complex
variables, to avoid the singularity at @ = b). Then

1 1 ! dz
pP-m(p-qf—m fo[pz - m* =2pq(l - z) + ¢*(1 - )
By changing variables to
p=p-q(l-2)
we see that the denominator in the integrand is the square of p'> —

m? + q°z(1 — z). Butd?p’ = dp, so relabelling p’ — p, (9.21) becomes

2)4d 1
gl J j(2ﬂ)" [p? = m? + ¢’z(1 - )P

The last integral is now in the form of equation (9A.5), so we get

18 18 2y d( - )dzr(z d/Z)f dz[q%z(1 - z) — mz]d/z—z

rQ)
: 2 1 201 _ N _ 27422
_ g WA rre - d/z)f dz[ qgz(l—2)—m . (9.23)
3277 0 dmp?
In the limit d — 4, equation (9.17) gives
rQ2-dpR)=rpR) = 2 vy + O(¢) (9.24)

£
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s0 (9.23) becomes

ig'u (2 v+ 0(e)){1— Jd ln[q l=2)=m ]}
3277 dmu?

: 2
_ g g {y-i—fdzln[q =z =m ]} (9.25)
167%e 3277 dmu?

Here, the leading term depends on y, and the finite term depends on the total
momentum (p, + p,)* = ¢° = 5. Putting

2

F(s, m, u) = J:dz In [&(_1;_2)_:_21_2] (9.26)
mu

we have, finally, for (9.21),

g _ g = [y+ F(s, m,w)] = g W + finite. (9.27)
l6m’e  327° 16m°e
We have now obtained in explicit form the lowest order corrections to the 2-
and 4-point functions of ¢* theory. We conclude by writing out the correspond-
ing vertex (1PI) functions I'®(p) and I'¥(p;). In the notation of (7.72),
equation (9.20) is X/i, so to order g

2
>=-S8" | finite
167¢

and I'® is given by equation (7.79) (ignoring the finite part of X):

o — __8

p)=p’—m (1 ) (9.28)
167

It is clearly infinite in the limit £ — 0. The 4-point function I'(py, ..., py) is

given by the analogue of equation (7.92), but in momentum space I'¥
(P1s- - ps)=GO(p)™' ... GO(ps) 'GH(py, ..., ps) where the Green’s
function G™ is the sum of the order ¢ term (equation (6.111)), equation (9.27)
above, and the ‘crossed’ terms, obtained by substituting the Mandelstam
variables ¢ and u, for s, where

s=(p1+p2)% t=(p1+p3)’ u=(p1+ ps) (9.29)

The four functions G®~! have the effect of amputating the external legs in the
usual way, so we have (the amputated legs, as in Chapter 7, being denoted by
dashed lines)

’ - ’ -
N / N 4
(4 = \ , g
I'(p)= > = { + + P
3 \ e N ’ Ve ~ R
7 ~
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e digh _igtu
l6re 3277
X [3y + F(s, m, u) + F(t, m, u) + F(u, m, u)]

= —igu

167°¢

- —igw(1 _ 3¢ )+ finite. (9.30)
This, again, is infinite. To be physically sensible, the vertex functions I"® and
'™ should be finite. We shall see in the next section how this renormalisation
is achieved. Meanwhile, it is worth remarking that the corrections we have
made are not to the same order in the coupling g. I'? is to order g, and I'¥ to
order g*. The parameter which is the same in our calculation of I'® and I'¥) is
the number of loops — in this case one. There are reasons for believing that an
expansion in the number of loops has more physical relevance than an
expansion in powers of g. We shall conclude this section by reviewing this
argument.

Loop expansion
What we wish to show is that an expansion in L is equivalent to an expansion
in A. To see this, recall that f % dx has the dimensions of Planck’s constant, so
the formula (6.66) for the generating functional (of a scalar field theory) should
properly be written

Z[J(x)] = j Bpexp {_;{ j [ + AI(0)(x)] dx}. (9.31)

Splitting up & into ‘free’ and ‘interacting’ parts £ = £, + £;;, (though actually,
as we shall see below, the distinction is somewhat artificial), we then obtain, in
place of (6.76),

- lgz-m[li]} z 9.32
201 = exp{ Lt L2 ]} 2 032)
where
Zo[J] = f Bpexp [% f dx (%, + h1¢)]. (9.33)
Finally, in place of (6.13). we have
Zo[J] = Nexp[—%ih j dx dyJ(x)Ap(x — y)](y)]. (9.34)

It is now clear from (9.32) that each vertex contributes a factor 77!, and from
(9.34) that each propagator contributes a factor %, to a general graph in nth
order perturbation theory. Hence such a graph contributes a factor
Al=" = pl~! using (9.4). and an expansion in the number of loops is an
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expansion in powers of # around the classical theory. Note that we have
assumed that our general graph has no propagators associated with the external
legs. What we are expanding therefore is the vertex function '™ rather than
the Green's function G, We shall calculate the loop expansion of I" below,
when we consider the case of spontaneous symmetry breaking.

9.3 Renormalisation of ¢* theory

In this section I describe two approaches to renormalisation. The first is more
intuitive, but the second, the method of counterterms, is the one normally used
in high energy physics. The approaches, are, of course, completely equivalent,
and to some extent illuminate each other. The purpose of the endeavour is to
render physical quantities finite.

We begin by considering the vertex functions I'® and I'¥ | equations (9.28)
and (9.30) above. To the (1-loop) approximation we are considering, they
should be finite, so we put

r®p) = p? - mj (9.35)

where m; is a new parameter, defined by this equation. It is taken to be finite,
and to represent the physical mass (at least in this approximation). The
original mass m is taken to be infinite, and to have no direct physical
significance. It is the mass the particle would have if no interactions were
present; and, since they always are present, it is an observable quantity. It is
related to m, by

2_ 2 ng

m- = ml +
16m¢
m11+ g ) (9.36)
16m°¢

where we have substituted m — m in the loop correction. This is valid since
the error involved is of order gz. The physical mass, my, is also called the
renormalised mass and is given by

mi = —I'(0). (9.37)

We now apply a similar treatment to I'. First let us write (9.30) as

2,
ir(p,) = gut - EX18 _ 3y — B(s, m, w) = F(t, m, ) = F(u, m, u)].
32 le

(9.38)

We now define a new parameter gy, the renormalised coupling constant, by

2,,€ 6
g1 =gu — iz_“f[; =3y = 3F(0, m, p)|. (9.39)
T
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Rearranging this expression by substituting g; for g and m; for m where
appropriate (the error involved being, as before, a 2-loop term) gives

_ 3 2”'—25 2
g=g1uf+¥§1zT;—y—F(0,m1,u). (9.40)
i

Here g; is regarded as finite, and g, the original coupling constant, as infinite.
Now g; would be the value of the measured coupling if ¢* theory were realistic
(and the 1-loop approximation was a good enough one to compare with
experiment; otherwise a higher approximation would have to be taken) and if
measurements were taken at the (unphysical) point s = ¢t = u = 0. The variable
g is the ‘bare’ coupling, which would be the measured one only if higher order
interactions did not contribute, which they inevitably do. So g has no direct
physical significance. Expressing I'¥ in terms of g; then gives

2 —¢
ir®(p) = g1 + g;;;z
X [F(s, my, w) + F(t, my, @) + F(u, my, w) — 3F(0, my, w)].
(9.41)
It follows immediately that
ir®(p;=0) =g (9.42)

since, when p; = p» = p3 = p; =0, s =t = u = 0. So the coupling constant gy,
by virtue of its definition (9.39), is the value of iI'® when all external momenta
vanish. It should be clear, however, that if our objective is only to make the
theory finite, there are other ways of defining the renormalised mass and
coupling constant. For example, a common alternative to (9.42) is to define g;
by the value of I'® at the symmetrical point p; = m?, pp; = —m2/3 (i # j). so
that s =t = u = 4m?/3. Note also that T’ (4)(p,~) depends on u, the arbitrary
mass it was necessary to introduce when we embarked on dimensional regular-
isation. It is obvious that physical quantities must also be independent of y; this
is what underlies the renormalisation group, to be studied below.

We have now renormalised ¢* theory to one loop. What happens in the
2-loop approximation? The relevant diagrams are shown in Fig. 9.2. By
analysing the integrals involved, it is found that (see, for example, Amit 1978),
for I'?, the addition of the 2-loop diagram changes the renormalised mass /m,
(this is hardly surprising), but I'® contains an additional divergence, stemming

5 o e XX XT

Fig. 9.2. Two loop terms in I'® and 'Y,
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from the second diagram in Fig. 9.2. The natural question then is, will this
divergence disappear on coupling constant renormalisation? Turning to I'® it
is seen that the 2-loop graphs do indeed give extra divergent contributions.
Some of these disappear when the mass renormalisation is taken into account,
and the rest can be made finite by redefining the renormalised coupling
constant g;. So I'® is finite to two loops, with mass and coupling constant
renormalisation. I'?, however, remains divergent — the coupling constant
renormalisation does notr remove the divergence in the second diagram of Fig.
9.2. It is removed by absorption in a multiplicative factor, and we define a
renormalised 2-point function I'? by

I = Zy(g1, my, IO(p, my, ). (9-43)
r'® is now finite, and Z ¢ infinite; Z ;,/2 is called the wave function (or field)
renormalisation constant. Z , may be expanded in the number of loops, giving

Z¢=1+g1Z1+g%Z2+”
=1+g1Zy+ ", (9.44)
since there is no 1-loop contribution. Equation (9.43) amounts to renormalisa-
tion of the field amplitude, but the value of this cannot be entirely arbitrary.

Analogously to (9.37) and (9.42), we demand that at some point - say p> = 0 —
the field amplitude is unity, so that

ool o1 (9.45)
ap? p*=0
Clearly, the choice of the point p? = 0 is arbitrary. The fact that I'®(p, my, u)
was divergent means, of course, that, in the 2-loop approximation, m; is
infinite (in the limit £ — 0). The renormalised vertex function I, 52), however,
now gives a finite mass m, (r for ‘renormalised’)

2 2,
my = Z¢ml’

that is to say, the divergences between Z, and m? cancel. And, just as the
introduction of Z, has changed the renormalised mass from m, to m,, it also
changes the renormalised coupling constant. It is clear that the analogous
equation to (9.43) is

= zir®p, my, w, (9.46)

so that the new renormalised coupling constant, g,, defined by an equation
analogous to (9.42), is

irY(p;=0)=g = Zig,
g = Zag (9.47)

Z, is a function of g; = gu®, so, writing in this dependence explicitly, the
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renormalised #n-particle vertex function is
I pis g1 me, 1) = Z 3 (gu)(pi. g, m) (9.48)
or
Ip;, g, m) = Z 5" (gu)[{(pi, ge. e, 1), (9.49)

We now have the result that, to two loops, the vertex functions (or,
equivalently, Green's functions), mass and coupling constant in ¢* theory may
be made finite by suitable renormalisation. The question is, does this desirable
property hold to all orders? This is the question of renormalisability, but it is
difficult to answer. We refer the reader to the literature. It may be worth
mentioning that the greatest trouble in proving renormalisability is caused by
the phenomenon of ‘overlapping divergences’. These are present in the second
graph of Fig. 9.2, which (putting m = 0 for convenience) is clearly given by

i f d*k, d*k,
Kik3(p = ki = ko)’
There are two loops, so two integration variables. The overall degree of
divergence is 8 — 6 = 2. If, however, k; (say) is held constant and we integrate
over k,, the degree of divergence is 4 —4 =0, so the graph still gives a
logarithmic divergence. This is the phenomenon of overlapping divergences — it
is impossible to separate out the divergences in k; and k,. It turns out that
overlapping divergences give no trouble in QED because of gauge invariance,
as we shall see below. In this respect ¢* theory is more difficult than QED.

Let us briefly survey what we have done. Starting from a Lagrangian (6.65),
we find that the Green’s functions which contain one or more internal loops are
divergent. They can, however, be made finite, by a renormalisation of the
mass, coupling constant and field amplitude, from their bare’ to their ‘physical’
values. This view of renormalisation has the merit of a clear physical interpre-
tation, and has analogies in solid state physics, where. for instance, electrons
are ascribed an ‘effective mass’ to take into account their interaction with the
lattice. This corresponds exactly with the above view of mass renormalisation.

An alternative view of renormalisation may be taken, however. and is, in
fact, the one more commonly adopted in high energy physics. This is to regard
the parameters m and g in the original Lagrangian as the physical mass and
coupling constant. The fact that this Lagrangian does not give finite Green’s
functions then requires that extra terms be added to the Lagrangian. to cancel
the divergences. These terms are called counter-terms. They may be con-
structed at each order in perturbation theory. We now outline how this is done.

Counter-terms

Consider mass renormalisation at the 1-loop level, given by equations (9.28),
(9.35) and (9.36). We may describe this as follows. The 1-loop modification to
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the free propagator is

)
_ O -l finite,
16m2¢

which diverges as ¢ — 0. We therefore add to £ a term

6m
6f; = — ¢2
' 327728 2

This is treated as an interaction, and gives rise to the additional Feynman rule

= % (9.50)

C o2
e =1 ism?, (9.51)
167 ¢
Then, to order g. the complete inverse propagator is (cf. equations (7.77) and
(7.78))

—a—1 =] + @) + 17! (9.52)

or
rop) = (G2(p)]"!

2 _ 2 : 2 : 2
=i[p _ —(lgm 1+finite)+ 1em ]
i 167% € 167
=p?—m’, (9.53)

ignoring, as before, the finite term (or including it in m?). Here m? is taken to
be a finite quantity, the physical particle mass, and is equal, in an appropriate
order of perturbation theory, to —I"®(0). The Lagrangian is now £ + 6%,
0¥, being a counter-term, which is divergent. It may appear strange to
introduce what is clearly a ‘mass’ term (9.50) into the Lagrangian and call it an
‘interaction’, but, in fact, there is no contradiction. To see this, consider for
example the free theory given by

£ = 1(3,0)(3"¢) — sm*¢*

and regard it as describing a massless field ¢, given by the first term in £, with
an interaction given by the second term. The Feynman rules are then

and the complete propagator is

2, — + + + ...
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=+ —12—(—im2)—12— + —%(—imz)—%(—imz)—lz— +.
p° p p* p p p
i

il

pZ_m2

which is the usual propagator for a massive field.

A similar treatment may be made of I'¥. As seen in (9.30), I'¥, calculated
to order g? from the Lagrangian &, diverges as £ — 0:

I\
Q

+ (2 crossed)

= —-igu“’(l - 3_g) + finite.
167
So by adding a counter-term

13 2,.& Bout
c(.£2=__g“¢4=_ g:“¢4
416 41

to the Lagrangian, we get an additional interaction with Feynman rule

3 3ig2u£
167 ¢
which will render I'® finite
N , 7 N . s \ , N / ,
/@\ = />(\ + :Oi + (2 crossed) + /)(\
, Vs N N , 4 AN N , / N N L ’ N N
= —igu® + finite. (9.54)

Finally, the divergence of I'® at the 2-loop level, described (but not proved)
above, necessitated multiplying '™ by a factor Z ;/ 2. This is clearly equivalent
to adding a counter-term

5%, = %(auq»z

to the Lagrangian, with 1+ A = Z,. Finite Green’s functions may then be
obtained by adding to the original Lagrangian £ counter-terms Lcr:

2 3
£ =30u9) — 0t - Lo, (9.55)
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om® o Beit 9.56)
AR ®:

The total Lagrangian, called the ‘bare Lagrangian’ %y, is

For = iz‘i<ay¢>2 -

1+ A

2 2
m” + Om
( ) ¢
2
so we see that the effect of the counter-terms is clearly equivalent to multiply-

ing ¢. m and g by ‘renormalisation factors’ Z: that is, defining the bare
quantities

Sp=%+%er = ( )(’du@2 -1+ B)—%‘;‘E—w (9.57)

=VZ,0, Zy=1+A4,

e = 7 -m Zz_m2+(5m2
B - b m N
" m2(1+ A)
g = U Z,8, Z, = —H—Bﬂ, (9.58)
(1+ A)°
the bare Lagrangian is
2
m
= HB,90)" = 20b — -9 (9.59)

In the language of counter-terms, a theory is renormalisable if the counter-
terms, required to cancel the divergences at each order in perturbation theory,
are of the same form as those appearing in the original Lagrangian. If this is
the case, ‘bare’ quantities may be defined by (infinite) multiplicative renormal-
isation factors, as above, and the bare Lagrangian is of the same form as the
original Lagrangian. The bare Lagrangian, moreover, is the ‘true’ Lagrangian
of the theory, in that it yields finite physical quantities to any desired order.

9.4 Renormalisation group

We have seen how to renormalise ¢* theory. In the technique of dimensional
regularisation, we saw that it was necessary to introduce a new parameter u,
with the dimensions of mass. The renormalised 1PI function I'" depends on p,
as shown in equation (9.48), through the dependence of Z, on u. In other
words, the unrenormalised function I'") given by (9.49) is independent of u, so
is invariant under the transformation

u—e’u. (9.60)
These transformations form the renormalisation group. Introducing the dimen-

sionless differential operator w(3/3u) we have

ui-r(") =0 (9.61)
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or, from (9.49),
d -n n
FaalZe P(gud)T" (pi. gew e )] =0 (9.62)

where g, and m, depend on u. Performing the differentiation in (9.62) and
multiplying by Z¢/ gives

g 3 3 Mam 3

r' =0. (9.63)
ou g, Su 9m,

—nu———ln VZ,+ ;t—— + u—
ou ou

For simplicity, let us from now on write g for g,, m for m, and '™ for I §"), SO
that, despite appearances, we are always dealing with renormalised quantities.
Then, by defining the quantities

3 . .=
v(g) = u—1In\ Z,,
ou
98
B(g) = u—=, g (9.64)
ou
Am
mym(g) = u—
ou
equation (9.63) becomes
3 3 3 1
u—— + B(g)— = ny(g) + myu(g)—|I™ = 0. (9.65)
ou og cm

This is the renormalisation group equation (RG equation). It expresses the
invariance of the renormalised I'™ under a change of regularisation para-
meter u.

Let us now write down a similar equation expressing the invariance of I'")
under a change of scale. Let p—1p, m—mm, u— tu. I'" has a mass
dimension D given by (see Table 9.1 — where the 1PI function is denoted I"(")

D=d+n(1—i)=4—n+s(£—1) (9.66)
2 2

where d = 4 — €. Then
r'(mp;, g, m, @) = T (p;, g, 17 'm. 17'p)

- uDF(g, cpi ) (9.67)
mu
SO
(ri S D)r<"> - 0. (9.68)
or om du
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Now eliminate u(3I'/3p) between (9.65) and (9.68):

3 5 3 .,
—t—+ f— — ny(g) + m(ym(g) — )— + D|T'"(1p, g, m, u) = 0.
ot og om

(9.69)

This equation expresses directly the effect on I'™ of scaling up momenta by a
factor r. Note that if 8= y(g) = y,,(g) = 0, the effect is given simply by the
canonical dimension D, as would be expected from a naive scaling argument. It
is the effects of interaction which give rise to the need for renormalisation and
therefore to non-vanishing functions 3, y(g) and y,(g), and thence to a
departure from pure scaling behaviour of the Green’s functions. Note particu-
larly that if we start with a massless theory, the Lagrangian is scale invariant,
but the Green’s functions are not, because f and y(g) are non-vanishing. They
contribute to so-called ‘anomalous’ dimensions. The origin of anomalous
dimensions is therefore profound: renormalisation inevitably introduces a
scale, in the shape of a mass u in dimensional regularisation, or in the shape of
a momentum cut-off A in a cut-off regularisation, so even a scale invariant
classical theory does not give rise to a scale invariant quantum theory.

We now wish to find a solution of (9.69). The equation expresses the fact
that a change in ¢ may be compensated by a change in m and g, and an overall
factor. So we expect that there should be functions g(t), m(¢) and f(z) such
that

r'p, m, g, w = fF(OI'"(p, m(1), g(1), . (9.70)

Differentiating this with respect to ¢:

3 (n df
S rp, m, g, 1) = d—ff‘ \(p, m(2), g(1), )

(n) (n)
+f(t)(am or™ g ar )

dt Am ot og

or

2 p, m, g, )
ot
( a7 +f<r>za—’"i + f(e )rgg ag)f‘("’(p,m(r) g(1), 1)

_(,9f . am 3 3g 3\ 1
( tf(t) + 1f(t )at ” )f(t)f’ (tp, m, g, w),

hence

(-t?_+id_f Qom3 33 )F‘")(tp,m,g,u)=0- ©.71)
at  f dr 3t om ot 9g
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Now compare (9.71) with (9.69). The coefficients of 3/3g give

250 — g ©.72)
ot
g(1r) is called a running coupling constant. Knowledge of the function f(g)
enables us to find g(z); and of particular interest is the asymptotic limit of g(t)
as t — %. Along with (9.72) we have g(1) = g. Comparing coefficients of 3/dm
in the two equations gives

om
t=— = mly,(g) — 1] (9.73)
ot
and the remaining terms yield
£L— p—nr(e).
f dr

This equation can be integrated to give
3 4
Fe) = 1P exp[-f n/(g(f))df]’
1 t
which, on substitution into (9.70) gives (using (9.66) and taking the limit £ — 0)

I, m, g, w = r+" exp[—nftM][‘(”)(p, m(1), g(t), ). (9.74)
1 t

This is the solution to the RG equation (9.69), in terms of the running coupling
constant g(¢) and running mass m(t). The exponential term is the ‘anomalous
dimension’. The physics at large momentum is governed by m(t) and g(z), and
a particular use of the renormalisation group is to study the large (or even the
small) momentum behaviour of quantum field theory. An equation like (9.74)
allows us to speculate outside the domain of perturbation theory. Let us
examine some possible behaviours of g(¢) as r — =, i.e. at large momentum,
and assume that (9.72) is still valid there:

280 _ (). (9.72)
ot

First, suppose that 3(g) has the form shown in Fig. 9.3. The zeros of f3, at
g =0 and g = g, are called fixed points. Then we may see that as t — =, a
value of g near to g, tends towards gy. For if g < gq, >0, so g increases with
increasing ¢, and is driven towards gy. If, on the other hand, g > g;. then
B <0, so g decreases with increasing ¢, so is driven back towards g,. Hence
g(») = go; go is called an ulrra-violer stable fixed point. By an analogous
argument, if g is small, then as t — 0, g — 0, and g(0) = 0 is called an infra-red
stable fixed point.

Second, suppose that f3(g) has the form shown in Fig. 9.4. Again there are
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8o
I \ ¢
Fig. 9.3. A possible form of the § function; g is an ultra-violet stable fixed point, and
g = 0 an infra-red stable fixed point.

'\/80 g

Fig. 9.4. Another form of the f function; g is infra-red stable, and g = 0 is ultra-violet
stable. giving asymptotic freedom.

two fixed points, but the sign of f is reversed, so g = gy is an infra-red stable
fixed point, and g = 0 an ultra-violet stable fixed point. For this latter behavi-
our, perturbation theory gets better and better at higher energies, and in the
infinite momentum limit, the coupling constant vanishes. This is known as
asymptrotic freedom.

As an example, let us investigate the asymptotic behaviour of ¢* theory,
assuming that the 1-loop calculation above for the renormalised coupling
constant is a reliable pointer to the asymptotic regime. Ignoring the finite
corrections, we then have from (9.58), ignoring A which is of order g2,

38
g = guf(l + ) 9.75)
16m¢
so that
2
B = cqut + 2y
ou 1672

The S function is given by (9.64), where g in that equation refers to the
renormalised coupling constant, and the limit é— 0 has been taken; so we
obtain

g _ 3¢’

B(g) =limpu—< = =5 >0, 9.76
(&) o Ter? (9.76)

From (9.72), or perhaps more dire:tly by noting that if s=In:. so that
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13/t = 3/3s, equation (9.72) becomes
| L
as

We see that the effective (running) coupling constant increases with s, i.e. with
increasing momentum, so ¢* theory is nor asymptotically free. In fact, it is
easily seen that the solution to (9.76) is

g(s) = B(g(s)). ' (9.77)

8o
1 = agoln (1/uo)
where a = 3/16112, so g increases with increasing u.

This chapter has so far been entirely devoted to renormalisation of ¢
theory, in the hope that the ideas and techniques necessary for renormalisation
may be learned on an example unencumbered by other complications which
the real world has to offer. Nevertheless, we have by no means exhausted the
subject of renormalisation and the renormalisation group. In particular, the
important topics of mass-dependent and mass-independent renormalisation
prescriptions, and the Callan-Symanzik equation, similar in form to the
renormalisation group equation, have not been touched on. Because of the
introductory nature of this book, I make no apology for this, and press on
towards the real world first of all in the shape of quantum electrodynamics.

9.5 Divergences and dimensional regularisation of QED

The only particles in QED are photons and electrons. Divergences occur in
several types of Feynman diagram, for example the electron and photon
self-energy diagrams of Figs. 9.5 and 9.6. We shall treat these diagrams in the
same systematic way in which we analysed ¢* theory, and shall show that there
is only a finite number of primitively divergent diagrams, and hence that QED
is, in principle, renormalisable. We shall then regularise the Feynman integrals,

k

&

» p-k P

Fig.9.5. Electron self-energy diagram.

P
k( )k
p-k

Fig. 9.6. Photon self-energy diagram.
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using dimensional regularisation again (Pauli-Villars regularisation does not
preserve gauge invariance in non-Abelian gauge theories, so it is simplest to
use dimensional regularisation throughout). In the following sections we shall
see how to renormalise QED explicitly to order e* (one loop), and how the
Ward identity guarantees that QED is renormalisable to all orders. We begin,
then. by analysing the divergences of Feynman integrals.

The general formula for the superficial degree of divergence D of a Feynman
graph in d-dimensional space—time is analogous to equation (9.3):

D=dL -2P, - E (9.78)
where
L = number of loops,

P, = number of internal photon lines,

(9.79)
E; = number of internal electron lines,
d = dimension of space—-time.
In addition, let
n = number of vertices,
P. = number of external photon lines, (9.80)

E. = number of external electron lines.

As before, L = number of independent momenta for integration = number of
internal lines —n (because of momentum conservation at each vertex) + 1
(because overall momentum conservation holds in any case):

L=E+P—-n+1. (9.81)

Now each vertex gives two electron legs. If they are external, they are counted
once. and if internal, twice, so

2n=E. + 2E;. (9.82)
The analogous relation for photons is clearly
n=P,+ 2P, (9.83)
Equations (9.78) and (9.81) give
D=(d-1)E+(d-2)P—-d(n—-1)

which, on substituting for E; and P; from (9.82) and (9.83), gives
D=d+n(—d-—2)—(E)Ee—("_z)&. (9.84)
2 2 2
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When d = 4 this yields
3E.

D=4- - P, ' (9.85)
showing that D is independent of n, the sine qua non for renormalisability.

Let us check (9.85) for the two self-energy diagrams. The electron self-
energy diagram, Fig. 9.5, has E. =2, P, =0, so D = 1. The Feynman rules
give

4 .
—iX(p) = (—ie zf k a ! Tigu v )
(p) = (—ie) p, . R (9.86)
which has four powers of k in the numerator and three in the denominator, so
D =1, as predicted. The photon self-energy diagram, Fig. 9.6, has E, =0,
P, =2, so D =2. The photon self-energy is denoted IT,,, and is also called
vacuum polarisation. Unlike electron self-energy, it has no classical counter-
part. The Feynman rules give ‘

T (k) = — 1ef P ( ‘ ) 9.87

(k) = —(~ie) I ]/ k’ —~ (9.87)

The overall minus sign on the r1ght-hand side comes from the closed fermion

loop. It is clear that this integral is quadratically divergent, as anticipated. Note

that this graph gives a modified photon propagator, so that, in the Feynman
gauge, to one loop

iDl (k) = —i5% 4 (—"g““)inaﬁ(k)(——"gﬁ”)
K? K?

k2
=+ AW C e, (9.88)
k k k

Actually, although the electron and photon self-energy graphs are superficially
linearly and quadratically divergent (respectively), they both turn out to be
logarithmically divergent only, as will be seen below.

These self-energy graphs are primitively divergent, and the question we must
answer is what other primitively divergent graphs there are in QED. There are
in fact three more. The first one of them is the vertex graph shown in Fig. 9.7.
It has E. =2, P. =1, 50 (9.85) indicates D = 0, a logarithmic divergence. The
Feynman rules give (cf. equation (7.127))

1e/\u(P q,p+ Q) = ( 16) f(2rr)4 (k__li_g’;j) ypk/ ql, m'yuk, m U

(9.89)

which is indeed logarithmically divergent. This vertex graph. and the two
self-energy graphs above, all have the property that the removal of their
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’ P+a

Fig. 9.7. Vertex graph.

infinities results in a redefinition of various physical quantities, namely electron
mass and wave function normalisation, and electric charge. In other words, no
extra terms in the Lagrangian are required of a type which are not there
already. But the two remaining primitively divergent graphs could pose a
serious threat to the renormalisability of QED. The first of these is the
3-photon coupling shown in Fig. 9.8. It has E. =0, P, =3, so D = 1. It turns
out, however, that this graph is cancelled by a similar graph with the electron
arrows reversed, and so may be ignored.* This is the content of Furry’s
theorem, which actually follows from the C invariance of the Lagrangian. & is
invariant under charge conjugation:

1/’—’ wc = C’(Y)Ta Au"’ _A[u

and it then follows immediately that Green’s functions, with an odd number of
external photon lines, are zero. (In an analogous way, in ¢* theory, & is
invariant under ¢ — —¢, so Green’s functions with an odd number of ¢ legs
are zero.) The second diagram which could cause trouble for renormalisability
is Fig. 9.9, the scattering of light by light. Here E. =0, P, =4, so D =0 and
the graph is superficially logarithmically divergent. It gives a non-zero cross
section for photon—photon scattering, a process for which there is no classical
analogue. It turns out, however, that due to gauge invariance, this graph is
actually convergent, so causes no trouble.

We have isolated the three primitive divergences of QED, so our task now is
to calculate them using dimensional regularisation. We must first generalise the

Fig. 9.8. A 3-photon vertex.

* Arrows in a Feynman diagram correspond to the direction of charge flow.
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Fig. 9.9. The scattering of light by light.

Lagrangian (7.100) (with o =1 and neglecting source terms, which are un-
necessary here),

£ = ipy'a,y — mypy — eAM Py — (3,4, — 8,4, — 18,4,
to d dimensions. Recall from above that the mass dimension of £ is d, [£] = d,
so if
d-1 d

[EU] = 5 > [Au] = 5

then all the terms in £ above, except the third one, have the correct
dimension. To get the third one right, we must multiply e by 1292 where uis
an arbitrary mass. Hence we have

- 1.

L = ipy"d,y — mypy — el P APy, p — 13,4, — 3,4,)% — 33,47
(9.90)

Recall that the extension to d dimensions is to be made only for internal loops,
so external wave functions like u(p), for example, may be left in their
4-dimensional form. All we have to consider, then, is the definition and algebra
of Dirac matrices in d dimensions. We have

{Yw v} = 28w (9.91)
where g,, is the metric tensor in d-dimensional Minkowski space (with
signature + — — — - - -), so that &), = d, hence

Yve=d, vure?' =2 = dy.. (9.92)

In addition,

Tr (odd no. of y matrices) = 0, (9.93)
Trl = f(d), Try,y, = f(d)gu» (9.94)
Tryveve¥i = F(@)(8ux8vi = 8uv8xr T 8ur8xv)s (9.95)

where f(d) is an arbitrary well-behaved function with f(4) = 4; its explicit form
is irrelevant. What we cannot do in d dimensions is define the analogue of vs.
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In four dimensions, we have

1
Ys = :{"Slu pa)’y%r?p?m (996)

but the Levi-Civita symbol ¢“¥? is specific to d = 4. This difficulty has a
bearing on the problem of chiral anomalies, mentioned in §9.10 below.

Now let us consider the primitively divergent diagrams, starting with the
fermion self-energy graph of Fig. 9.5. Expression (9.86), duly generalised to d
dimensions, gives

uv

— = 5(p) = Mﬁdﬂzv i

k—m S
= _ie?ut dfdk Yl = K + m)y
@m [(p ~ k) — m k>

Introducing the Feynman parameter z (see (9.22)) yields

5 —igtde? Yul# = ¥ + m)y
(p) =~ f th<p—m%—mz+ka—zn

Defining k' = k — pz gives

4d2f fddk’ vl — Pz = K + m)y"

2(p) = —iu
@m? [k - m*z + p*z(1 - D)
The term linear in &' integrates to zero, so

dik’ 1
@m)? [k — m*z + p*z(1 — )P

1
3(p) = —iut~e? jodm(ﬂ - pz + m)y* f

Note that in four dimensions the momentum integral is, as claimed above,
logarithmically, and not linearly, divergent. The integral is performed with the
help of equation (9A.5), giving

2 T2~ re-d4dm

by
(p) = YRS

dzy, 1= 2) + mly*{—mPz + pPz(1 — 2)]42
0

As d— 4, I'(2 — d/2) develops a pole. Putting £ =4 — d, and using equations
(9.24) and (9.92) then gives

3(p) = ——f—z—’I‘(s/Z)fldz{Zﬂ(l —2)—4m — A - 2) + m]}
167~ 0

X ( —-m?z + p°z(1 - 2) )_5/2

dm?



9.5 Divergences and dimensional regularisation of QED 335

= ———( 7+ 4m) + IEZE{/“ +7) — 2@(1 + 2y)

8me
+ Zf dz[ﬂ(l - z) — 2m]ll’l( —mzz + pzz(l — Z) )}
° dm®
= %( # + 4m) + finite. (9.97)

Next, we calculate the vacuum polarisation graph. From (9.87) we get, in d
dimensions,

4 dp 1 1
IT,,(k) = ig*~4e? f Tr[y Yy ]
g )? H-m T H—K-m
62.114 df d¢ p Tr[ )’y(ﬁ’/+ m),v(P/ l(‘i’ m)
em? (p* = mA(p - k)* = m’]
Introducing the Feynman parameter, and putting p’ = p — kz then gives
e df fddp' Tr [y (#F + Kz + m)y(F' = (1 = 2) + m)]
(m)* [p? = m*+ Kz(1 - )P

Because of (9.93), and because the terms odd in p' give no contribution to the
integral (from (9A.6)), the numerator N in the momentum integral is

N =[p"*p"™* = kk*z(1 = D] Tr (vuVervvs) + m* Tr(v,7y)
which gives, from (9.94) and (9.95),
N = f(d){zp;tp(' - 22(1 - Z)(kukv - kzg;tv) _gyv[pl2 - m2 + kzz(l - Z)]}
Hence (putting p' — p)

e 2p.p,
,uv(k) le u f( )f —[(ZTT)d{ p_ _ m2 + kZZ(l _ Z)]z
_ 2z(1 - z)[k uky — g#"kz] _ 8uv }
[p? = m?+ P21 = )P [p* = m’ + Kz(1 = 2)]

From equations (9A.5) and (9A.7) the contributions of the first and third terms
in the integrand cancel. The middle term leads to a logarithmically (not
quadratically — see above) divergent integral, whose value is obtained from
(9A.5) (using (9.24)):

2
Hyv(k) = d 7(kukv - guvkz)
27*

1 —m?2 2 -
x{i—l—fdzz(l—z)ln[ n +kf(1 2)
6 0 dru’

+ O(s)}.
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As expected by now, the divergent part is a pole in . The finite part contains
terms depending on k2. so for small k> we have

62 1 k2
Huv(k) = --——(kukv - g“‘,kz)(_ 4+ = 4. )
6m e 10m?

v— gwkz) + finite. (9.98)

u

6mr¢e

Finally, we evaluate the vertex graph of Fig. 9.7. Equation (9.89) gives (note
the change of notation)

—ie? AP, 4, P")
— 2-d/2y3 i 1 —ig"”
- (e ’faﬂ)d U B R BT
—(eu 2— d/7)3f d%% }’v(ﬂ, B k/+ m))’y(ﬂ_ k+ m)y”
@em? Kl(p = k)* = m*l(p’ = k)* — m’]

Now we introduce the 2-parameter Feynman formula, analogous to (and easily
derived from) (9.22)

1-x
=2 f dx f dy ! : (9.99)
‘abe [a1 — x — y) + bx + ¢y
which gives
2 4-d 1 d-x
Au=_'2le—'u‘*‘fdxf dyfddk
Q@) Jo Jo

Y =K+ my = K+ m)y
(k* = m*(x + y) = 2k(px + p'y) + p’x + p'}y?

X

Defining k' = k — px — p'y then gives (with k' — k)
, 21e ut dy
Afp, g, p) = - fdxf dyfd
(2“)
WA —y) —Px — K+ mly[#Q —x) - F'y - + m]

[k —m*(x +y)+ px(1=x)+ p?y(l=y)-2p-p xy]3
(9.100)

This integral contains convergent and divergent pieces. The part of the
numerator quadratic in k is divergent, the rest convergent, so we put

A= AP + AD. (9.101)
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The divergent part Af}) may be written, from (9A.7). as
AD(p. g, p') = ﬁu‘**d(i)d/zr(z —a)[ax[ ay
' 2 4m 0o Jo
VYo Yu¥’ V"
[-m*(x +y) + pPx(L=x) + p?y(1 = y) = 2p- p'xy
By some ‘Diracology’ similar to (9.92),

% ]2—d/2 )

YWYoYuYo¥ = (2 = )VpYu¥o + 2(YuVo¥p = YoYo¥u)
SO
VYV’ Y = Q2 = d)y,
Putting, as usual, € = 4 — d, so that (2 — d)? = 4 — 4¢. we get

2
, e
AP(p, g, p') = =

v, + finite. (9.102)
£

The convergent part of A, is that part with no k in the numerator of the
integrand. Since it is convergent, we may put d = 4 and perform the integration
over k using (9A.5), giving

2 1 1—x
AP(p,q,p) = e—f dXI dy
. 1672do Jo

YW (L=y) = px + mly JF(1 —x) — F'y + m]y”
m*(x +y) = px(L = x) = p"y(1— y) + 2p- p'xy
(9.103)

X

We now have explicit expressions for the three primitively divergent Feyn-
man diagrams in QED, and have found three divergent terms and one
convergent term. We shall see in the next section that the divergent terms may
be cancelled by counter-terms in the Lagrangian, and subsequent renormalisa-
tion; and the convergent term gives an anomalous magnetic moment to the
electron.

9.6 1-loop renormalisation of QED

We summarise, for convenience, the divergent quantities found above:

2
S(p) = S—(—F + 4m) + finite, (9.97)
8me
2
IT, (k) = 667(k#kv — guk?) + finite. (9.98)
mTE

2
AP(p, q. p') = ﬁyﬂ + finite. (9.102)
£
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It is worth remarking, incidentally, that the divergent parts of X and A above
satisfy the Ward identity (7.124). We saw in §7.4, by explicit calculation, that
the Ward identity is satisfied to order e? (that is, to the 1-loop approximation).
Here we see that dimensional regularisation preserves the Ward identity.

Now let us consider what counter-terms it is necessary to add to & to make
the above quantities finite. We begin with the electron self-energy, which, as
we saw in (7.121), modifies the electron inverse propagator to

Ir'®(p) = Si(p)™" = Se(p)™" = 2p)

=pf—m——£2——(—pf+4m)
8n’e

-4 e? e?
= +§;2—;—m1+ﬁ. (9.104)

(Note that we are neglecting the finite corrections. This corresponds to
‘minimal subtraction’.) Because the coefficients of g and m are not equal, we
need two counter-terms: one for the overall magnitude of the propagator,
giving a contribution to the electron wave function normalisation, and one for
the electron mass. So to

£y =Ygy — myy

we add
(£)er = iBYZy — Ayy (9.105)
giving the total (bare) Lagrangian
(£ =i(1 + B)ygy — (m + A)ypy (9.106)

where A and B are chosen to give a finite electron propagator to order e2.

) - + __.&_ + 3 + AV

u —_— 7S
—i%(p) —iA iBp

(9.107)

(It is easy to check that the ‘interaction’ i By modifies the propagator from i/
toi/(1 + B)F.) Hence

2
——(—F +4m) + A — BY = finite, (9.108)
8me
whence, ignoring the finite terms,
A= me?
2me (9.109)
B=-¢



9.6 1-loop renormalisation of QED 339

and
o2
Z,=1+B=1- —. (9.110)
8mle
Defining the ‘bare’ wave function by
Yy =VZyyp (9.111)
enables us to write the bare Lagrangian (9.106) as
(%08 = iYpZys —mpPpys (9.112)
where the bare mass mp is given by
mg = Z; (m+ A)
2 2
=m(1— ¢ )(1+ ¢ )
2% 8m’e
2
- m(l _ e ) = m + om. (9.113)
87 ¢

Since the propagator is the Fourier transform of the vacuum expectation value
of the time-ordered product of fields, the "bare’ propagator is the Fourier
transform of

(0| (v ym)|0) = Z2(0IT (yy)|0),

so, recalling that in this ‘counter-term’ treatment of renormalisation, v refers
to the physical electron (i.e. with interactions included) and g to the bare
electron, we see that Z;' is the probability of finding a bare electron
propagating, in the propagation of a physical electron. In our not entirely
rigorous treatment, the renormalised electron wave function and the renormal-
ised electron mass may be taken to be essentially 1 and m, the ‘original’ ones;
but this is only true if we ignore the finite correction terms, as we did above.
Indeed, it follows trivially that, ignoring these terms. the renormalised 2-point
vertex is

or
r'(p) =i(St(p)) ™"
#—m=—(3(p)+ A - Bp)
= J — m + finite terms (9.114)

where we have used (9.108). The finite terms will, in general, give a renormal-
ised wave function and mass, different from y and m. They are determined by
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deciding the momenta at which the various vertex functions vanish, as ex-
plained in §9.3. Apart from this consideration, however, the philosophy of
renormalisation by adding counter-terms to the Lagrangian is, in essence, the
reverse of the philosophy of renormalisation first discussed in §9.3, by redefin-
ing mass, etc., to be finite when interactions are taken into account. This
necessitates the bare mass (etc.) in the original Lagrangian having an infinite
value. In the counter-term procedure, we start off with a physical (finite) mass,
and this is kept finite by adding (infinite) counter-terms to £. The resulting
bare mass mp (defined, for example, by (9.113)) is what we ‘started out’ with
in the first renormalisation procedure.

Let us turn now to the vacuum polarisation tensor (9.98). From (9.88) it
gives rise to a modified photon propagator

D/y(k) = D,\(k) = Do(k)ITF(k)Dg, + - -

2

2
= 8w _ M_e_[(kakﬁ - gaﬁk2)(1 + _k_)];gﬁx b
k? kK 6 e 10m*/1 K?
2 2 2 2
=~@ﬁ—e - k)—e L&k o)
k2 6m’e  60m* m? 6m’e k*  Kk*

Here we have expressed D,, in the Feynman gauge. Note (1) that the
coefficient of the Feynman gauge part of the new propagator contains an
infinite (as ¢ — 0) part, and also a finite (e-independent) part, proportional to
k?; (2) that the resultant propagator is not in the Feynman gauge, because of
the term in k,k,. Physical quantities are, of course, gauge invariant, so are not
affected by this. Nonetheless, the infinite terms in D,, must be removed by
adding counter-terms to the original Lagrangian. The Lagrangian giving a
Feynman gauge propagator was

§£2 = —%F

WF = 58,41 = 1Akg, OAY, (9.116)
so the required counter-term is

(£2)er = _%F""F - g(ayA“)z. (9.117)

C and E will be different because of observation (2) above. Then the bare
Lagrangian is

(£ —C*C

)FWF K + gauge terms

= —éF,“,F"" + gauge terms (9.118)
4
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with

2

e

Zy=1- (9.119)

62
(£,)g then gives a finite photon propagator to order e2.
The electron self-energy graph gave rise to a bare electron mass different
from the physical one. Will the same thing happen here? In other words, will
the photon acquire a finite mass by virtue of the self-energy effects of vacuum
polarisation? Needless to say, this would be a disaster, but, in fact, it does not
happen, and the reason stems from the fact that IT,(k) is of the form (cf.
(9.98))
TP(k) = (k*kP — g*PI>)TI(K?). (9.120)
This, in turn, follows because gauge invariance demands
ko JT*P(k) = 0 (9.121)
and (9.120) is the most general Lorentz covariant structure consistent with this.
Substituting (9.120) into (9.115) gives, to one loop,
D,, = D,y — Dy (k®kP — g*P K} [I(K*) Dy,
and hence, putting D, = —g,./k,
k. k
D, = ———"_L‘_—(_guv - —‘”—,V—U(kz)) (9.122)
K1+ ()N k?

TI(k*) contains divergences. In dimensional regularisation

2 82 1 k2 €2 2
(k") = —|-+ = — + II(k°) (9.123)
6m*\e  10m*/ 6re
where ITy(k?) is finite and tends to zero as k? — 0. The complete propagator

may then be written

—8uv
K*[1 + TI(k?)]

= —8ur + gauge terms
2
K1+ -+ Hf(kz)]
6m’e
T8 + gauge terms (9.124)
1+ (k)]

D, = + gauge terms

where we have used (9.119). The Lagrangian (9.118), however. which contains
the counter-terms, suggests the definition of the bare field

Al = Z124u (9.125)
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whose __propagator Dy~ (0|T(AAp)0) ~ Z5(0|T(A,A,)|0) = 235;“,,
where D), is the renormalised complete propagator; from (9.124) it is

5/ _ —8uv

w — - -
K1 + (k%))

(We are using the notations D, and 5,’” of Bjorken & Drell (1965).)

We see, then, that the photon mass remains zero after renormalisation. In
addition, as desired and anticipated. renormalisation gets rid of the infinite
terms in the propagator D,,; but it does not get rid of the finite correction
term in k2, which will give rise to physical effects. Ignoring the gauge terms,
the renormalised propagator is

+ gauge terms. (9.126)

N —o 2 52

By, = 8wl K, O(k“)). (9.127)
K\ 60m m?

The correction term (known as the Uehling term) gives rise to a modification

of the Coulomb potential in co-ordinate space. The potential between charges

e a distance r apart is now

2
e e
+

drr 60 m?

The extra term modifies the hydrogen atom energy levels, and gives a signifi-
cant contribution to the Lamb shift, which splits the degeneracy of the 25;,
and 2Py levels. QED predicts that the 25, level is 1057.9 MHz above 2Py p,
of which —27.1 MHz comes from the vacuum polarisation graph above. Since
agreement between theory and experiment is better than 0.1 MHz, we have an
excellent confirmation of the above theory.

We turn finally to the vertex function, and its divergent part Af}) given by
(9.102). It is clear that it may be eliminated by adding to the Lagrangian a
counter-term

8(r).

(£3)cr = — Der Py hy (9.128)

with

e2
D=- (9.129)
87¢
so that
(£3)p = —(1 + D)eu Atyy,p

= —ZeuP Aryy,y (9.130)

with
Zy=1- 2. (9.131)
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The total bare Lagrangian (to one loop) for QED is. from (9.106), (9.118) and
(9.130),

Py =1Zyy" 3,y — (m + A)yy

- Z 5
—Zleug/zA“waw - 73(8#/1‘, —9,A,)" + gauge terms (9.132)

with
2
Z,=Z,=1--"_
8m’e
2 2
z;=1- 2., 4=-"2 (9.133)
6me 21 €

¥y, as distinct from the original Lagrangian (9.90). gives (to one loop) finite
self-energy and vertex, and e and m stand for the experimental charge and
mass. We may, alternatively, write £p in terms of ‘bare’ quantities. From
(9.111), (9.113), (9.125) and the following definition of bare charge egp:

2 Zz -1’
ep = eu’ 11/2 =euPzi?, (9.134)
ZQZ3

we have
Py = iYsy s — mpYpYs — eg ABYRY, VB
- (3. Ap, —0,Ap,). (9.135)

We have now absorbed all the infinite quantities into the definitions of bare
quantities, and the fact that we are able to do this, keeping a Lagrangian of the
same form as the original ((9.135) is the same form as (9.90)) means that, to
this order, QED is renormalisable. The proof that it is renormalisable to all
orders is given in the next section. We close this section by making two points
of less formal, more physical, interest. First. the finite contribution AE,Z) to the
vertex function has the physical consequence that a Dirac particle has an
‘anomalous’ magnetic moment, which we can calculate. Second, an application
of the renormalisation group argument to (9.134) will give a prediction about
the asymptotic behaviour of QED.

Anomalous magnetic moment of the electron

Having removed the infinite part of the vertex function by renormalisation, we
now turn our attention to the finite contribution Aif ) shown in (9.103). We
recall that the complete vertex function is given by (7.123) as y, + A,, and this
expression must be sandwiched between spinors &i(p') . .. u(p). To warm up,

let us show that an electromagnetic current fi(p')y,u(p) describes a particle
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with the ‘Dirac’ magnetic moment with g,=2 (see §2.6). We have the
definitions (2.99) and (2.170)

Yu¥v + V¥u = 28u,
Yu¥v = Vo¥u = —2i04,
and the Dirac equations (2.140) and (2.141)
vup" u(p) = mu(p),
a(p")y.p't = mu(p").

From these it is simple to deduce that

y,u(p) = —j;(pu — i0p")u(p)

- ’ 1 - ’ ’ : v
u(p )Yy = ;n‘u(P )(pu + loyvp )
Hence

a(p")y,u(p) = 5a(p")yu(p)] + 3la(p")yJu(p)
= LA (pa + pl) +i0wa'lu(p)  (9.136)
2m

where ¢ = p’ — p. By comparison with §2.6 it may be seen that it is the second
term, in oyvq" that yields the magnetic moment g = 2. We must now include
the effect of A ) to calculate the total vertex

a(p")Lu(p) = a(p') (v, + AD)u(p), (9.137)

with Aff) given by (9.103). Sandwiched between the spinors, we may replace,
in the numerator of that expression, #' by m on the left, and § by m on the
right. Moreover, since (2.99) gives, for example /y“ =2p,— yﬂﬂ , the numera-
tor of the integrand of (9.103) becomes

—4m(y — xy — x*)p, — 4m(x — xy — y})p; + Dy,

where the term in y, is not exhibited explicitly, because it does not contribute
to the magnetic moment, so is not of interest here. (It is actually infra-red
divergent, which is a problem we do not go into.) In the denominator of the
integrand, putting p?>=p?=m? (p—p')’=q*>=0 gives an expression
m?*(x + y)?, so, sandwiched between spinors, and ignoring the term in y, we
have

2 —e’ .
AP = deJ dy————[(y = xy = x})p, + (x = xy = y*)pjl
A m (x + y
2
—e ,
= (Pu+ PL)-

167°m
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Substituting this in (9.136):
a(p)(p + p)uu(p) = a(p)(2my, — io,q")u(p),

it turns out that the term in y, cancels the one we neglected above, so (9.137)
gives the total vertex as

o _ @+ p) @ \iowg"
a(p)Iu(p) = u(p )[—" + |1+ — | —F—|u(p) (9.138)
2m 2] 2m
where « = e%/4m; «/2m gives the lowest order correction to the magnetic
moment of the electron, which therefore has a gyromagnetic ratio

S -1+ 2 10 (9.139)
2 2m

This was first calculated by Schwinger in 1948, and agreed with the contem-
porary experimental results. Since then g has been calculated to order o, and
a recent comparison of theory and experiment gives, for the electron (Combley
1979)

an =58 = 2)
=(1159652.4 £ 0.4) x 107°
Qexp = (1159652.4 £ 0.2) x 107°. (9.140)

For the muon, agreement between experiment and this purely electromag-
netic calculation is not so good, but neither is it expected to be. since there are
contributions from hadrons, W and Z bosons, and the Higgs boson.

Asymptotic behaviour

The asymptotic behaviour of QED (in so far as the 1-loop approximation gives
a reliable prediction) may be inferred from equation (9.134), which, with
(9.133) gives

o2
eg = euf/z(l + .
127%¢

In the limit £— 0, the bare charge ey is independent of y, so we may deduce
how e scales with u. Differentiating the above equation gives, to order e3

Letting £— 0 then gives

p— = (9.141)
du 1272

But from (9.64), this is B(e). So we see that, like ¢* theory, 8>0 and the
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running coupling constant e increases with increasing scale (i.e. with u), so
asymptotically gets stronger. Despite the smallness of the fine structure con-
stant o = e?/dw = 1/137, then, perturbation theory in QED is not good at large
momenta.

The solution to (9.141) is

_ e* (1)
e*(u) = ) . (9.142)
1 - 0 &
6m Mo

from which we see explicitly the increase of e with u. We also see the so-called

Landau singularity ,
-
> .
e” (o)

The increase of e with u, i.e. with decreasing distance, has an analogy in
macroscopic electrostatics in a dielectric medium. Here, the presence of an
electric charge polarises the medium, as shown in Fig. 9.10. If the free charge
density is p¢ and the polarisation charge density is pp, we have the equations (in
Heaviside—Lorentz units)

V-E = p; invacuo,

V-E =p;+ p, inmedium.

Putting

V:-P=-p,
gives

V-(E+P)=ps
or
V-D = p
where D =E + P. If P = oE, then D = (1 + &)E, so finally
V-E= ( - a)pf, (9.143)

® &
®t®
®

Fig. 9.10. Polarisation of a dielectric medium by a charge, or of the vacuum in QED.
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and we see that the effect of the medium is to ‘screen’ the original charge.
From a distance, the charge (as measured by E) is measured to be less than it is
nearby. At a distance much less than molecular or atomic dimensions, the
‘bare’ unscreened charge is seen.

The same situation holds in QED. Here the photon self-energy graph (Fig.
9.6) may be interpreted by saying the vacuum is ‘filled’ with virtual e*e™ pairs
which screen a bare charge, in the manner drawn in Fig. 9.10. So the charge e
increases with decreasing distance, i.e. with an increasing momentum (or mass)
scale. We shall see below that the situation in this regard is very different in
QCD.

9.7 Renormalisability of QED

In this section we shall prove that quantum electrodynamics is renormalisable
to all orders of perturbation theory. The proof follows closely that of Jauch &
Rohrlich (1976, ch. 10), which in turn is based on the key paper of Ward
(1950).

We have seen above that the complete propagators and vertex functions Sg,
D' and I', are all divergent (to second, and to all orders). We have the
equations (cf. (7.121), (7.123), (7.124))

St(p) ™' = Se(p)™' = (p) (9.144)
D'(k)™' = D(k)™! =II(k), (9.145)
rip,q.p+q) =v.+Ap, ¢ 1+ 9> (9.146)
_22P) _ A p,0, p). (9.147)

op#

where

D, (k) = guwD(k), Dj/k)= g.,D'(k), (9.148)
IT,uv(k) = _gu\'n(k)' (9'149)

(We are working in the Feynman gauge.) In (9.144) X(p) is the proper
self-energy, and similarly II(k) in (9.145) represents the proper vacuum
polarisation diagrams. (9.147) is the Ward identity. X, IT and A are given by
relevant Feynman diagrams. The idea is to analyse the divergences of these to
show that the corresponding divergences in the propagators and vertex function
can all be removed by a multiplicative renormalisation, i.e. that we can define
finite propagators and vertex functions

3 = —zl_SIF’ Be=-Lpp T.=2zI, (9.150)

2 Zs
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which obey the correct functional equations, so that all the infinities of the
theory are absorbed into Z;, Z,, Z3 and mass renormalisation.

We are concerned with divergencies of Feynman diagrams. In Chapter 7 we
defined the class of proper (1-particle irreducible) Feynman diagrams. We now
define a subclass of them, called irreducible. The lowest order graphs for X and
IT (&%, wwowa ) are examples of self-energy graphs, and the lowest
order graph for A, ( ) is an example of a vertex graph. Consider,
now, an arbitrary Feynman diagram, say the one in Fig. 9.11(a). It is proper,
and contains self-energy and vertex parts. To this diagram corresponds another
diagram, called its skeleton, which is obtained by replacing every self-energy
part by a line, and every vertex part by a corner (i.e. a ‘bare’ vertex). The
skeleton of Fig. 9.11(a) is drawn in Fig. 9.11(b). A graph which is its own
skeleton is called irreducible. Otherwise it is reducible. Actually, the irreduc-
ible graph in Fig. 9.11(b) is convergent (see equation (9.85)), and, by the same
formula Fig. 9.11(a) is superficially convergent, but it is actually divergent,
because of the self-energy and vertex insertions.

To analyse these divergences, consider first irreducible graphs. The only
irreducible self-energy graphs are __&™% and WvOWV |, which have al-
ready been analysed. There is, however, an infinite number of irreducible
vertex diagrams, three of which are shown in Fig. 9.12. From (9.85) D = 0 for
all of them, so they are logarithmically divergent, and only one infinite
constant appears in the expression for A, so, as in the second order case we
have

Ay= Ly, + AP (9.151)
where L is infinite and A} is finite and has the definition

Z(p)AL(p, 0, p)u(p) = 0 (9.152)

(a) (b)

Fig.9.11. (@) An arbitrary Feynman diagram. (b) Its skeleton.

AR

Fig. 9.12. Examples of irreducible vertex diagrams.

YVV
AA
\AA4
AAAY
\A A4

AAA

<
b
<
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which is true to second order, as readily seen in the last section. We conclude
that for all irreducible graphs, the divergences may be isolated.

Now consider reducible graphs. Any reducible graph is obtained from its
skeleton by inserting the relevant self-energy and vertex parts in place of the
propagators (lines) and bare vertices. First, consider the vertex part V. with
skeleton V. Writing A, as a functional of S, D. y (the Dirac matrix) and e, as
well as a function of p’ and p, we have (subscript s stands for skeleton)

A,u(p’ Pl§ SF* DF» Y e) = AMS(p’ Pl, Sl,:' Df:’ ra e)' (9153)

Hence

I(p,p')=vu+ Au(p, p': Sk, Dg. T, e). (9.154)

With regard to self-energy parts the situation is more complicated, because
of overlapping divergences, mentioned in §9.3 above. which do not occur in
vertex functions. The graph of Fig. 9.13(a), for example, gives a contribution
to X(p) of

1 1 1
Yu i)

7- klx—m / Ki—fo—-m " KEF-f-m

The integral has a superficial degree of divergence D =1, so is linearly
divergent. But if k; is held fixed, D = 0 and it is still logarithmically divergent
over k-, so the divergences from each integration cannot be separated out. Fig.
9.13(b) also has overlapping divergences. They are a major obstacle in the
separation of divergences and therefore in the proof of renormalisability. but
were overcome in a paper by Ward (1950), by using the Ward identity. The
general idea is, instead of separating out the finite part in X(p), separate it out
in 3X/op* = —A,, a vertex part — this has been done already. For the fourth
order self-energy diagram in Fig. 9.13(a), since differentiation with respect to
p is equivalent to insertion of a zero momentum photon, we get three diagrams
for 93/dp, shown in Fig. 9.14. These diagrams must be added. Mathematically,
this is summed up in the Ward—Takahashi identity (7.111):

Se(p)™" = St(po) ™" = (p = po)*T.(p- Po)- (9.155)

Equations (9.154) and (9.155) are coupled equations for the electron propaga-
tors and self-energy diagrams All the terms are infinite, but the problem of

j d*k, d4k2———y“

ky
p iwf p
k,
(a) (b)

Fig. 9.13. Examples of overlapping divergences in QED.
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(g=0)

Fig. 9.14. The three diagrams obtained by differentiating Fig. 9.13(a) with respect to p.

overlapping divergences in self-energy diagrams has been obviated by an
appeal to the Ward-Takahashi identity.

Now the situation is similar with regard to photon self-energy diagrams IT.
They also possess overlapping divergences — for example, Fig. 9.13(b). So we
proceed in an analogous way. Define the operator A, (analogous to A,) by

_8II(k)
k"

(analogous to A, = —33/3p*). This results in 3-photon vertex graphs; on
differentiation, Fig. 9.13(b) gives the two graphs in Fig. 9.15. (Note, by the
way, that these are not zero, despite Furry’s theorem. This states that for every
diagram with an odd number of external photon lines, there exists another
diagram, with the electron momenta reversed, such that the sum vanishes.
Here we do not take the sum.) Like A,, A, is logarithmically divergent. If A,
is analogous to A, what is analogous to I',? It is denoted W, and defined by

W, (k) = =2k, + A (k). (9.157)

Ay (k) = (9.156)

We can now find a relation between the complete photon propagator D and
W,, analogous to the Ward-Takahashi identity (9.155). From (9.115), (9.148)
and (9.149) we first verify (9.145):

D'=D+ DIID + DIIDIID + ---

_D
1-1IID
(D/)—l — D-—l _ H,

and then, putting D = —1/k?,

3D !
ok

= —2k*

Fig. 9.15. The two diagrams obtained by differentiating Fig. 9.13(b) with respect to k.
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hence
n—-1
a(D") = 2k, - oIT
k" Qk*
= =2k, + Ay (k)
=W, (9.158)

where we have used (9.156), (9.157). This is the relation we wanted between
D' and W,. Finally, we have, analogous to equation (9.153) (A, = skeleton of
A,),

A, (k; S, D, k, e) = As(k; Sg, DE, W, e) (9.159)
and (9.157) then becomes

W (k) = =2k, + A (k; Sk, DE, W, e). (9.160)

We are now in possession of a set of coupled functional equations (9.154),
(9.155), (9.158) and (9.160). They all refer to divergent quantities. We want
the corresponding set of equations for finite functions. First, we may find the
finite vertex functions /~\,L,(p, p') and Ku(k). Since A and A are logarithmically
divergent, only one subtraction is necessary to define convergent functions:

K,u(p’ P’) = Aus(p’ P,) - A;ts(PO» p0)|/0=m» (9161)
K (k) = Au(K?) = A1), (9.162)

where u is an invariant photon mass and p, is the momentum of an on-shell
electron, so that pg = m’. Remember that Ay is to be sandwiched between
spinors @(p)...u(p'); the instruction gy = m means that g, is to be com-
muted through to the right, and then put equal to m. From (9.151) and
(9.152),

Aws(Po> P)lpty=m = L7, (9.163)

where L is an infinite constant. We now define finite propagators and vertex
functions, denoted ~, by equations analogous to (9.154), (9.155), (9.160),
(9.158):

T:,u(p’ p')= Yut Z,us(p’ r'; gF» 5Fa F» €ren)s (9.164)
Se(p)™ = Se(po) ™' = (p = po)*T WP, Po). (9.165)
W(k) = =2k, + A(k; Sg, De, W, eren), (9.166)

3Dp(k)™'
8D _ (k). (9.167)

ok#
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The electron and photon propagators are normalised to
Se(po)™' = Ho — m, (9.168)
K2 Dg(k?)|jempe = 1. (9.169)

We shall now show that IN‘“, S¢, Dg and W# are related to I', Sg, Df and W,
by the relations (9.150). provided that the charge e is also renormalised to

el = Zsel. (9.170)

To show this, first consider I', — more particularly A,. Suppose that, apart
from the original (bare) vertex, it is of order (e’)". Then it contains 2n
propagators Sg, n propagators D and (2n + 1) factors y,. So, introducing the
transformations (9.150) and (9.170),

St — St = 3¢, Di— ——Di = Dy,
Z, Zs (9.171)

F#__) erﬂ = 1’:#’ eZ__) Z3€2 = e?ena
we have
Ay = Z 1Ay
(where we have used the Ward identity Z, = Z,), or

A _Zl_s,{:, ZLD'F, Z.I., z3e2]= Z\AglSk, D, Ty €8], (9.172)
2 3

Now, from (9.164), (9.161) and (9.163),
T,=v,+ Ay
=Yut A~ Ly,

=(1_L)(Y"+ 1—1LA“S)

= Zl{‘;/[l + "1—Ays[§F» ﬁF’ f» e?]}
Z,
which becomes, using (9.172),

= Zl{‘}/_u + AMS[SI"‘» Dl’:'a FV? 62]}

(9.173)
= 7,T,

with Z; =1~— L. So the renormalisation (9.171) is the correct one to yield
(9.164). We see that a subtraction (equation (9.161)) is equivalent to multipli-
cative renormalisation, as first expressed by Dyson.

Similarly we may show that (9.166) holds if

~

W, = ZW, (9.174)
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This is shown by considering a typical graph for A,. A term of order (e?)"
contains (n — 1) D functions, and (2n + 1)I" and S functions (consider, for

example, W\Né}\/v\/\/\ , of order (e?)*), so under (9.171)

Ay — Z3A
or
1 1
A#S[?S;:, — D¢, Z,T, Z3e2] = Z3A4[St, DE, T, €% (9.175)
2 3 :

To show that equations (9.166) and (9.174) are consistent, recall the definition
(9.162), which, together with (9.166), implies

W.(k) = =2k, + A, (k) = A (1P)
=2k, [1 + 38,2)] + A (k%)

Z| -2k, + ZLA,,S(kZ)

= Z;W, (k) (9.176)

where Z; =1+ %As(uz) (we have put A, = k,A,, which is reasonable since a
photon vertex o k,). This is (9.174), so we have again shown the equivalence
of subtraction and multiplicative renormalisation. This concludes the proof that
QED is renormalisable to all orders.

9.8 Asymptotic freedom of Yang-Mills theories

In this section we shall perform calculations analogous to those in §9.6, with
the aim of showing that at high energies the running coupling in Yang-Mills
theories approaches zero, a property known as asymptotic freedom. It turns
out that asymptotic freedom is a property possessed by all non-Abelian gauge
theories, and, so far as is known, only by non-Abelian gauge theories (Cole-
man & Gross 1973). We shall not study the general case, but confine ourselves,
for definiteness and because of the physical relevance of QCD, to SU(3) gauge
symmetry. We shall work, as in §9.6, in the 1-loop approximation.

The key to asymptotic behaviour in the quantity 5(g) defined by (9.64), and
g is the Yang—Mills coupling constant (charge), whose physical and bare values
are related by an equation analogous to (9.134):

- 28
p(g) = u ™

gp = gu?z,27'Z2;"2

(9.177)
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Here Z, is the renormalisation constant for the quark-gluon—gluon vertex, Z,
that for the quark wave function, and Z; that for the gluon wave function
(self-energy). We could perform the calculation without referring to quarks, for
example finding the renormalisation of the 3-gluon vertex, but it is a bit
simpler, and also instructive, to follow as closely as possible the calculations we
performed in QED.

We begin, then, by calculating the quark self-energy diagram, shown in Fig.
9.16; a, b, ¢ and d are SU(3) labels. Applying the Feynman rules (7.54) and
(7.60) and putting o« = 1 (the Feynman gauge) gives

. —af 4 1 woe ¢
—i(p) =~ [, VE(T)aa(T) i
ent F-K-m &k
It is seen immediately that this is simply (7°7T°),, multiplied by the cor-
responding self-energy expression in QED:
(p) = (T°T),»3(QED)

= (Tfo)ab_i(—,/ + 4m) (9.178)
8mle

where we have used (9.97). It remains to calculate the purely group theoretic
factor (T°T), (c is summed over), where T = A°/2, and the A matrices are
displayed in (3.180). It is simple to see that

TTe =305+ A3+ - + g)
=4 (9.179)
where 1 is the 3 X 3 unit matrix, so
(TTVap = 30ab- (9.180)

It is common to denote this quantity C,(F), and by some group theory it can
be shown that for the group SU(N) it has the value

(T°T) e = Co(F)Ou, (9.181)
2 _
G(F) = Y=L tor suv)
= 3for SU(3). (9.182)
K
c
a d b

Fig. 9.16. Quark self-energy diagram.
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From (9.178) we then have
2
S(p) = & (—ff + 4m)5®. . (9.183)
6me

The fermion (quark) wave function is then renormalised by V Z, (cf. (9.111)),
where Z, is given by (cf. (9.110))

&
Z,=1—-—=2—, (9.184)
6m ¢

Next, we turn to vacuum polarisation in QCD, or gluon self-energy. The
complete gluon propagator is

MDA = MWW+ Nwwi:::}/wvw + MMN(:::_\,WW
+ NVWWONWWV\ + N\/VQ/W\ (9.185)

the internal loops corresponding to gluons, ghosts and quarks. The last term is
actually zero, since the loop gives a contribution proportional to

d?k
K2

but in the method of dimensional regularisation we have

f&m#y*=o (a=0,1,...n).

We have, then, three loops to calculate. The first is displayed in Fig. 9.17, and
gives a contribution

(1) = v s

—d ra d‘k E.
=—%g2u4 df cdfbdcj .

(9.186)
@) (p + k)*k*

Fig. 9.17. Gluon loop contribution to vacuum polarisation in QCD.
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where
Ew=1[(=2p = k)o8up + (P + 2K)u80p + (P = k)p8uol
X [(p = k)fgy+ (p +2k),8”" + (—k — 2p)°gi].  (9.187)
The factor % in (9.186) is the svmmetry factor. Using go = d, (9.187) becomes
Eu = p.pld—6)+ (p,ky, + k,p,)(2d — 3) + k,k.(4d — 6)
+8.,Q2p + k) + (p — k). (9.188)

The procedure is now standard. Introduce the Feynman parameters, put
k' =k + pz, and use the formulae (9A.4)-(9A.6) (actually, the terms linear in
k' integrate to zero). Finally, the pole terms are extracted using (9.19) and
(9.24) and we finish up with

_ .2
() = = fz feedpbedtlp b, — 2g,.p7. (9.189)
£

The ghost contribution is shown in Fig. 9.18. Applying the Feynman rules
(not forgetting the minus sign for the ghost loop) we have

i Hj,';?.(Z) = W T

d%%k (p + k),k,

@m)? (p + k) K

and by straightforward application of the techniques used above, we get

- ngcadfdbc‘u‘t—dJ

2
IT(2) = —S—f f*3p,py + 58,07 (9.190)
l6m’e
Adding the ghost and gluon contributions together we have
2
I +2) = o gp® = pupo) (9-191)
e

Finally. we come to the quark contribution, shown in Fig. 9.19. This is

HT(3) = A

__ 2a-af 4% o, b 1 1
=~ [ S (Tl T T |, ve . (9.192)
(2m) Frk-m Y —m
ZEIN
° c °
ap.e “p b
AN WA
n 4 v
\.o’:o'

Fig. 9.18. Ghost loop contribution to vacuum polarisation in QCD.
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+ k
SN

Fig. 9.19. Quark loop contribution to vacuum polarisation in QCD.

This expression is simply (T%)4e(T?) ey = Tr(T°T?) times the corresponding
expression for QED - see below equation (9.97). Hence, from (9.98), we get

2

Min(3) = Tr(T*T) L (pup, = gup?)- (9.193)

6me
We now calculate the group theoretic factors appearing in (9.191) and (9.193).
The A matrices (3.180) are normalised such that
TrAa> = 26%.
Hence, with 7% = 17/2,
Tr(T°T?) = 16%.

This is what would be substituted in (9.193) if only quarks belonging to one
representation of SU(3) contributed to the vacuum polarisation; or, in other
words, if there were only one ‘flavour’ of quark carrying the SU(3) colour
label. But we know this is not true; to date (2000) six flavours of quark have
been found. So if np is the number of quark flavours, we have

Tr(T°T?) = ﬁziaab. (9.194)

Finally, turning to (9.191), it may easily be checked from (3.182) that
foedfhed = 36%. (9.195)

This number 3 is a Casimir operator of the group, commonly denoted C»(G),
and the above equation is more generally written
fa(‘dfbcd = 6ab C:(G), (9 196)
C,(Gy= N for SU(N)
=3 for SU(3). (9.197)
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Gathering our results together, the vacuum polarisation tensor becomes
b g2 2 5 2ng \ cp
HZ\’(]' +2+ 3) = g_(guvp - Pva) §C2(G) - _3‘ 6
€
2 2
= _g_(guvpz - PHP\')(S - _ﬂ)aab. (9198)
8re 3

The renormalisation constant Z3; required to cancel this divergence in a
counter-term follows immediately by comparing equations (9.98) and (9.119):

2 2
Zi=1+ g—(s - ﬂ) (9.199)
8¢ 3

An interesting feature of (9.198) and (9.199) is that the contributions of the
‘pure Yang-Mills’ terms (gluons and ghosts) and of the quarks, to II,,, are
opposite in sign. We shall see below that a consequence of this is that
asymptotic freedom depends on the number of quark flavours.

We must now calculate the quark—gluon vertex function. Two distinct
Feynman diagrams contribute to this, and are shown in Figs. 9.20 and 9.21.
Figure 9.20 is analogous to Fig. 9.7 in QED, but Fig. 9.21 is definitely
non-Abelian in character, with its 3-gluon coupling. The contribution of Fig.

Fig. 9.20. Correction to the quark—gluon vertex.

Fig. 9.21. Correction to the quark—gluon vertex involving the 3-gluon vertex.
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9.20 to the vertex function is

—igi ™ (AD (P, g, p')(1) = (—ig2~ 4Ry} f 7T,

p—k-m

a 1
X ‘yu(T )]1 (Td)lb‘yp kg

v- % -
On comparing this with the corresponding equation for QED (below equation
(9.98)), we see (hardly surprisingly) that it differs only by a group theoretic
factor

Aup, g, p)() = (TT°THALp, q, p')(QED). (9.200)
The group theoretic factor is easily evaluated:
TAT*TY = TUT, T + TTT* = if**TIT + Cy(F)T*

where we have used 7% = 1%/2, the commutation relations (3.181), and (9.181).
Using the commutation relations again, and (9.196), gives finally

Td T8 Td — _%fadc‘fdcb Tb + Cz(F) T
= [-1Cx(G) + Cy(P)] T, (9.201)
Substituting (9.201) and (9.102) into (9.200), we get

G(6)
A1) = [ S CINNYS 2(F) |y, Te. (9.202)
8nle 2
We now evaluate the vertex contribution of Fig. 9.21. It is
.94 aa .2 s—avip [ A%k b
~ign = PA2) = (=ig) (=) [ T am—— e
(2m) (k= P)

X[(p—q- k+p)vgup+(k—p = q+ k)pgur

—_— — (‘
+ (q k p+ q)ug\p] )2 l( mVV( )mn

or

2,4-d

AYR) = BB _paberhey (9.203)

(2m)?
where
I,= f dlk

x )’#(K"‘ m)Y\'[(2p - q— k)vgup + (2k —p - Q)pg;zv + (2q - P~ k),ugvp]‘
(k* = m*)(k = p)*(q = k)’

(9.204)
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I, is evaluated using (9.99) and putting k' = k — px — qy, which gives

Ip=2[dx[dy[dR "W + g+ fy + mypy @ = x)p = (1 + )4~ kg,

+ 2K+ (2x = Dp + 2y — D)ql,o8uv
+ [(2 - )’)q - (1 + x)p - k’],ugvp}
X [k? = m*(1—x—y)+ p’x + q*y — (px + qv)*]>. (9.205)

In this integral, the terms linear in k' integrate to zero. Those with no &’ in
the numerator are finite (convergent) in the limit d — 4, so may be ignored.
The divergent part comes from terms in the numerator quadratic in k', which
are

Np = V“K,Y"(—k:'gup + Zk;,)gyv - k;tgvp)
and by a simple bit of ‘Diracology’ this becomes
N, = =2y §? + (4 = 2d)k K .
Hence the divergent term is
4 = 2d)k K — 2y,k*
1p=2jdxjdyjddk . ( )Pf Yz" —.
[*=m*(1—x—=y)+px+q°y—(px+qy)]
which, by applying the relevant formulae (9A.7), (9A.8) and (9B.1) from the
appendices and putting € = 4 — d, gives a pole part

I,= —S“E—’sz,,. (9.206)

Now the group theory factor in (9.203) is, from (9.196),
fabc Tb T¢ = ifabc‘fbcd Td
2
= %Cz(G)T", (9.207)

so putting (9.207) and (9.206) into (9.203) gives finally (putting p— u, and
d=14)

AY2) = [3C2(G)] (9.208)
gmel 2
Adding the two vertex contributions (9.202) and (9.208) gives
Au= ———[Cz(G) + G(B)]y,T*
8¢
_8 13, 10, (9.209)
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using (9.197) and (9.182). The corresponding renormalisation constant Z; is

2
z,=1-815 ‘ (9.210)
8me 3

We now bring together equations (9.177), (9.184), (9.199) and (9.210) to

give
g = gue/z(l _g E)(l + g_zﬁ)[l - i(§ - E)]
8me 3 8m2e3 8m2e\2 3

2
= gu?|1 + -8 ( 11+—2-’1F-)], (9.211)
167 3
from which follows (in the limit £ — 0)
3 2
B(g) = au Z}z( 11+ ZF) (9.212)

If the number of quark flavours is ng < 16, then <0 and g decreases with
increasing mass (momentum) scale u, so the theory is asymprotically free. It
seems likely that in nature ng <16, so asymptotic freedom is a property
possessed by QCD, and is the justification of the parton model (see §1.10)
according to which partons behave almost like free particles when interacting at
high momentum transfer with photons, inside a hadron.

Finally, we may deduce the form of the running coupling constant

= g*/4m. Writing

A(8) = —g
where t = In (1/p), equation (9.212) may be written as
dg -3
=5 = _pg’
dr
11-2
b= /3 (9.213)
167°
Writing this as
d
— ) =2b
dt(g
the solution is clearly
L1 oy
52 2
g 8
2
7= g
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or
al1) = %
1+ 877bt(¥0

where ag = g2/477. Now r = In u, which in deep inelastic scattering experiments
we may represent as %ln (Q?/A?), so we write

1
1/ag + 4mb In (Q*/A?)

and we see that o (Q?) goes to zero like (In Q*)~!. Ignoring the 1/aq in the
denominator, and using (9.213), (9.214) may be written

(0% = (9.214)

4
(11 — 2ng/3) In Q%/A*

where A is a scale ‘chosen’ by the world in which we live.

a(Q%) = (9.215)

9.9 Renormalisation of pure Yang—Mills theories

In this section we give a brief outline of the proof of renormalisability of pure
Yang—Mills theories; that is, non-Abelian gauge theories with no spontaneous
symmetry breaking. The case of spontaneous symmetry breaking is postponed
to §9.11. The treatment in this section is based on the lectures of Lee (in Balian
& Zinn-Justin 1976) and the book by Taylor (1976), to which the reader is
referred for further details.

Before embarking on the proof proper it is useful to check that the power
counting argument, presented above for ¢* and QED, indicates renormalis-
ability. For simplicity let us deal with the case when no spinor fields are
present. Then there are three types of vertex: 3-vector particles, 4-vector
particles, and vector-ghost-ghost. Let

n3 = number of 3-vector vertices,
n4 = number of 4-vector vertices,
ng = number of vector-ghost-ghost vertices,
' L (9.216)
V. = number of external (vector) lines,

V; = number of internal vector lines,

G; = number of internal ghost lines.
The equation for the superficial degree of divergence is analogous to (9.78)
D =4L -2V, - 2G; + n3 + n, (9.217)

Here we have put d =4, and n3 and n, are present because these vertices
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contain one power of momentum (see the Feynman rules). Analogous to (9.81)
we have, for the number of loops

= Vi - n3 — n4 + 1 (9218)

since ng = G;. Finally, analogous to (9.82), we have

4ny + 3n3 + 3ng =2V; + 2G; + V.. (9.219)
Substituting (9.219) and (9.218) into (9.217) easily gives
D=4-YV,, (9.220)

showing that the number of primitively divergent graphs is finite. Hence
Yang-Mills theory should be renormalisable. (We shall see, when we consider
spontaneously broken theories, that the above argument does not hold because
the vector propagators are different, and the possibility of disaster looms.)

We return now to the task of showing that the theory is indeed renormalis-
able. The crucial physical objects are the 1PI functions I. What has to be
shown is that we can rescale the gauge, ghost and source fields (see equation
(7.144)) and coupling constant

Ay =ZVP ()AL Ma=Z )M, .= ZYP(e)nl,

X(e)

Uy = 2V ()l Vo= ZV ()0}, g= g, (9.221)

Z(e)Z'(e)
so that the generating function I is finite as €¢— 0, and gauge invariance is
preserved at each order. This requirement is contained in the Slavnov-Taylor
identity:

fdx( or’ or' , or 5F)=0. (7.156)
Su SAS St onf

Defining

ry « I, =fdx( or, orp | oh 5F2), (9.222)
du OA ov On

we write (7.156) in the symbolic form
I'sI'=0. (9.223)
We now perform a loop expansion (= expansion in powers of #) on I'
r=3>%r, (9.224)
n=0

and also on the renormalisation constants, so that Z(g) =1+ >, ,-; Z .(¢), etc.
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Substituting (9.224) into (9.223) gives, up to nth order,

S I,*I,=0. (9.225)

p+q=n

The problem which faces us is that I' turns out to be divergent. It is made
finite by adding counter-terms to the action. This suggests the following
notation. The action with no counter-terms (CT) is (apart from finite additions)
the renormalised action. so we put

SO = Sr,

Sy = 38"+ (S1)er,

Sz = Sr + ('52)CT’ (9226)
S. =SB,

where S® is the bare action.

Now I'y(Sy) is finite, because it is the zero-loop functional, which contains no
divergences. Actually, as we shall see in §9.11, I'y(So) = So. I'1(Sp), however,
diverges, and may be split into finite and divergent parts:

T'y(So) = T'i(So) + T'1™(So)- (9.227)
To zeroth order (9.225) reads
So*So=0 (9.228)
and to first order, with (9.227),
So * T'i(So) + T'(Sg) * So = 0 (9.229)
So * T'$™¥(So) + T'TN(So) * So = 0. (9.230)

We now have to find a counter-term (S;)ct such that I'y(S;) is finite, and
Sl * Sl =0 (9231)

in parallel with (9.228). (Our technique is clearly a recursive one, and the
action must always satisfy this identity.) To order %, the new action is

Sy = S — I'S™(So) (9.232)
and the renormalised generating functional is
Ty(S1) = Ty(So) + 81 = So 9.233)

which, by construction, is finite. To show that §;, defined by (9.232), obeys
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(9.231), we observe that
Syx Sy =So%So— So# 'Y = I xSy + ' «I{"
=T+ " ~ o) (9.234)

where we have used (9.228) and (9.230). So, to order #, (9.231) is satisfied.

We have thus made the zero- and one-loop functionals finite, by counter-
terms which respect the Slavnov-Taylor identities. The proof that this is
possible for I',, is made by induction; I',_; is assumed to be finite, and one
shows how to construct a finite I",,. To nth order, (9.225) reads

Fn*F0+r0*rn=—Fn_1*F1—Fl*rn_l—....

Since all terms on the right-hand side are finite (by hypothesis) the divergent
part of I',, satisfies

T(Spo) * So+ So* 'y (Sp_y) =0 (9.235)

which is, from (9.222),

[( 55 5 35 o ) +(550 5 . 95 ___6_)]1*?,“=0, (9.236)
du A v on) \SA du  on v

We write this as
7 rj‘,iv =0 (9.237)

with

38 8 , 08 o
Su 8A v 6n
88 & , 8% &

. (9.238)
0A du on ov

Now ¢ has the important property, which can be proved, that it is nilpotent:

G =0 (9.239)

which means that a special solution to (9.237) is r¥=9Fr(A, n, 7, u, v)
where F is some function. In fact, the general solution (9.237), first conjec-
tured by Kluberg-Stern & Zuber (1975a,b,c), and later proved by Joglekar &

Lee (1976), is
I = G(A) + $F(A, 0, B, u, v) (9.240)
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where G(A) is a gauge-invariant functional

DH(A)—2-G(4) = 0. (9.241)
0A,
Explicit results may be obtained from (9.240) and (9.241), and these yield
explicit expressions, in the loop expansion, for the renormalisation constants
Z, Z and X, of equation (9.221). Finally, it should be mentioned that the
renormalised action (9.226) is invariant under the non-Abelian symmetry
group (Zinn-Justin 1975).

9.10 Chiral anomalies

In QED and QCD, the only type of interaction between matter and gauge
fields is a vector interaction, of the form gy J,W* where W* is the gauge field
and J, ~ yy,y is the vector current (internal indices being suppressed) of the
Fermi matter field. The vector current is conserved:

34J, =0, (9.242)

and this leads to a Ward identity for the vertex function: for the graph of Fig.
9.22, for example, whose amplitude is

WH(p'|Julp), (9.243)
current conservation implies
(p'—pHl,=4q"J, =0 (9.244)

which is the Ward identity.

In the Weinberg-Salam theory, however — more generally, in a gauge theory
of weak interactions, commonly called quantum flavour-dynamics or QFD -
there is also an axial vector coupling between matter and gauge fields,
gaJ; W, with }

I = 9y,7sy. (9.245)

Simple use of the Dirac equation shows that
84J; = 2im{Pysy = 2mls. (9.246)

Js may be called the chiral density. The axial current is not conserved unless
m = 0, but (9.246) does give rise to an axial Ward identity, even in the case
m # 0. To keep matters simple, we shall consider below the situation when
m =0, so the axial current is exactly conserved. This simplification is amply
justified because the complications which arise in the massive case remain
unaffected by putting m = 0.

The statements above are of course purely formal. What we now do is to set
about verifying them in perturbation theory. For the vector coupling, this was
done in Chapter 7; an expansion of the vertex function I', to order e3 gives the
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two diagrams of Fig. 9.22, and it is found that the Ward identity
‘ (p' = p)'Tu=0

is indeed satisfied.

An analogous expansion of the axial vertex is shown in Fig. 9.23, up to order
e>. In each diagram in the expansion, the lowest vertex is YuYs. an axial
coupling, and the others are vector couplings. What we find is that the last
graph, containing a ‘triangle’ closed loop of Fermi fields, fails to satisfy the
axial Ward identities, giving rise to the so-called axial. or chiral, or triangle
anomaly. The serious nature of this anomaly lies in the fact that, as has been
emphasised already, the Ward identity (and its appropriate generalisation in
the non-Abelian case) is essential to proving the renormalisability of gauge
theories; so the triangle anomaly threatens renormalisability of the Weinberg—
Salam model, which would be a disaster! The only way of saving renormalis-
ability is to ensure that the total contribution of the triangle graphs is zero, so
the anomalies cancel. This is a condition on the fermion content of the theory,
which, remarkably, turns out to be satisfied in the Weinberg—Salam model if
there exist quarks as well as leptons, and if the quarks carry an additional
SU(3) (colour) label.

Fig. 9.22. Expansion of the vector coupling between gauge and matter fields to order
es.

Fig. 9.23. Expansion of the axial vector vertex between gauge and matter fields to
order e’.
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This is the sequence of arguments on which we shall now embark, but before
doing so it is worth noting that the chiral anomaly is actually rather an old
problem, and was first encountered in an analysis of 7°— 2y decay by
Steinberger in 1949 and Schwinger in 1951. It was ignored for some time but
resurfaced in the work of Sutherland in 1966 who showed that application of
current algebra and PCAC to 7° decay gave a very small rate (actually a
vanishing rate in the unphysical limit m.— 0), in contradiction with experi-
ment. It was Adler, and Bell and Jackiw, who later realised the important role
of the axial anomaly in the Sutherland paradox, and, in fact, the anomaly is
sometimes called the Adler—Bell-Jackiw or ABJ anomaly. The Sutherland
paradox disappears when the anomaly cancellation condition is applied.

Let us now consider the fermion triangle in Fig. 9.23. (Actually, it is not only
the AVV triangle (A = y,ys vertex, V =y, vertex) which contributes to I f,,
but also the AAA triangle, and also square and pentagon configurations, which
occur in higher orders. It turns out, however, that when the anomaly is
cancelled in the VVA graph. it disappears in all of them, so it is sufficient to
consider the VVA triangle. It also turns out that the anomaly is unaffected by
radiative corrections. So, again, we need only consider the simplest VVA
graph. For details of these matters, the student is referred to the literature.)
There are two contributions to it, shown in Fig. 9.24. The fermion contribution
to the amplitude (i.e. we ignore the gauge field propagators) is

Tklu(plv pZ) = SK).y(ph p2) + Slky(p% pl)a (9247)

since the second graph in Fig. 9.24 is obtained from the first by interchanging
K< ., p;<> p,. The Feynman rules give (ignoring the coupling constants,
which in a real process will depend on Oy)

4 .
Sen(pr. p2) = =(=i) (‘; ’;4 Tr(yk g
T Y 20

Putting m = 0 (see above) gives

YuYS

¢+1;2—m”;z—im)‘

Tr [y = PO vuvsK + #o)vik]
(k — p)*(k + p)*k?

g 4
< .Yl

Sk = —(2m)™* f d*k (9.248)

Pl
et
\ =~

A =

&
'

k+ p,

k+p,

TuYs TuYs

tq =pr+pe

Fig. 9.24. The triangle graphs.
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The expected Ward identities. following from conservation of the vector and
axial currents at the three vertices, are

(pl + pZ)'“TK/l,u =0 (A)9
PiTau=0(V), (9.249a. b. c)
P5 T =0 (V).

The (V) identities follow from conservation of charge, and what we shall show
is that, if these two hold, then the (A) identity (9.249a) does not hold, unless
we impose extra conditions.

Note, incidently, that S is a linearly divergent integral. Also, it is symmetric
under the intercharge (p;, k) < (p2, A), so that the presence of the crossed
graph in (9.247) simply results in a factor 2. Hence the identities (9.249) should
apply to §,;, alone.

We shall proceed to show, following a naive and incorrect argument. that
equations (9.249) all appear to hold.* We shall then have to investigate the
fallacy. First, consider (9.249a). We have

Tr [y — POWF + B)vs(K + #o)vik]

(P + p2)'Sau = =(2m) [ d'k o
' K3k = p)*(k + pa)’

(9.250)
Using the identity
Fr + P)ys ==K = F)vs — st + 1),
(9.250) becomes
N Tr[yevs(K + o) vak]
(Pr + P2)'Seu = @)~ a'k k2(’°'k o :
+ (2Tr)—4f d4k Tr [}/KE}( - ﬂl)‘)’S‘y}.k] ) (9251)
k*(k = p1)?

By a symmetry argument, this must vanish. For S,;, is a rank 3 pseudotensor
(i.e. with abnormal parity), so the left-hand side of (9.251) is a rank 2
pseudotensor. Each integral on the right-hand side, however, depends only on
one momentum, so the equation is impossible, and the right-hand side must be
zero — verifying (9.249a).

Now consider (9.249b). We have

Tr[# (K - Pll)’,/;zl’s(k/ + l"(z)‘/}ﬁ/]'
K*(k = p1)*(k + po)?

PiSe = —(2m)™ f d*k (9.252)

# 1 follow here the argument of Frampton (1987).
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Introducing the change of variable
k= (k + p2)y, (9.253)
and using the cyclic property of traces (and being careless) gives

Tr[(¥ = L)HK — #h — 112)}:;1}’5}(,}’1]‘ (9.254)
(k' = p)*(k' = py — pa)*k’?

p’l\.SK;.'ll = —(277)_4"‘ d4k’
Now observing that

12{1=(k/' —I»’{z) —(k/' —l"(1—l/2)

gives

d*k’ { Tr[(f — A — P)varsKva - Trl(¥ - Plz))’y}’sk/')’;.]}
@l kK = pr = po)? KAk =p? )
which must vanish. by the same argument as above. This verifies (9.2495).
Similarly, (9.249¢) may apparently be verified by making the change of
variable k"= k — p;. and putting = (" + p1 + #2) — (K" + F1). We now
appear to have demonstrated the truth of the three Ward identities (9.249), but
our proof contained a fallacy.

The source of the fallacy is that changing the variable of integration (as in
(9.253)) in a linearly divergent integral changes the value of the integral by a
finite amount. The divergent part of S,;,, is

Tr (v.y.yskyikK)
k6

ptl(SKi.u = —f

Seu = —(2m)™ f d*k (9.255)

If k is shifted to k' = k + a, the change in S, is calculated using the following
considerations

Jd“kF(k) = fd‘*k'F(k' —a) = Jd“k’[F(k’) - az—i o,

The last term is changed into a surface integral by Gauss’ theorem. In our
calculation, F ~ k™. so since the hypersurface ~ k3, the surface integral is
non-vanishing. To find its value, putting k, = (k + a), in (9.255), gives

Siiu= S + Ugpna” (9.256)

where

Ugiw = _(2Tr)—4f d*k C) [TI‘ (YK%)’MYSKYAK)]
okY

k6

Tr (Ysk/)’;.}f/ykk/}’u)]‘ (9.257)

=_(2n)“4fd4k 9 [
kY k®

Now we use the trace formula
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Tr(}’S}’pY/l‘yaYK‘yryu) = 4igktya(6gg/la - 6ggpo + 5ggpit)
— 4i€15a(0c8ru = 078w T Ou8ir)  (9:258)
which gives
Tr()’SkYA#YK%Yy) = 4i8k).,uakak2-
Hence
UK/lyv = __4L8K/1ya/f d4k‘i‘("k——) (9.259)
@m)* k¥ \ Kkt
We transform this integral to a Euclidean space, so that k, =ik,. Then we
observe that if o # v the integral vanishes, since it is odd in k; and if @ = v we

have (k%2 =1k? (e =1,...,4). So, transforming to a 3-dimensional surface
integral yields (using %dQ =277 for §°)

4 3 [k
Uldyv = __—4£K/1;uyf d4 (—)
(2m) okY \ ik

= 1 Slduvfdd[kE ° (_IE__)
(2m)* ak\ k*

1 k*
= o 4EK}»HV§(d3SE)t¥_

i (2717)4 a7 a dQ)

1
= g—igklﬂv (9260)

Referring back to the change of variable introduced in (9.253), we see from
(9.256) and (9.260) that S,;, should be replaced by

v
£ K}.yvp 2

Sin(P1> P2) = —
. 82

and therefore the Ward identity corresponding to (9.249b) should now read

K 1 K_v
pISK/lu = g"z"gk/lyvplp} (9261)
I
Similarly, (9.249¢) becomes
A 1 A_v
pZSld,u = _g_zgki.‘uvpzpl, (9262)
T

whereas the axial Ward identity (9.249a) remains satisfied. We see that it is
impossible to satisfy both the vector and the axial vector Ward identities, but of
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the two the V identity has more right to be regarded as sacrosanct because it
corresponds to conservation of charge. In order to retain (9.249b, c), then, we
redefine the amplitude for the triangle graph to be (cf. (9.247))

' 1 v
TK/'.,u(Pl’ pZ) Klu(Plv pZ) + S/W(Pz, pl) + — S Ai.,uv(pl - pZ) (9263)

i

which satisfies the Ward identities (cf. (9.249))

PiTiu =0 ),
P5T iy = V), (9.264a, b, c)

’ 1 v
(p1+ p)' T, = E_z“ek).u\'pgpl (A).
m

The vector Ward identities are now satisfied, whereas the axial Ward identity
contains an anomaly, which no method of regularisation can avoid. Indeed, in
dimensional regularisation the existence of the anomaly is already hinted at by
the impossibility of defining a suitable generalisation of ys in d dimensions, as
mentioned above.

On reworking the above calculation in the case of massive fermions (m # 0),
it is seen that the axial anomaly is unchanged. On the other hand, in the
massless case, the fact that the Ward identity (9.264c) contains an anomaly
indicates that the axial current JZ is not conserved, i.e. there should be an
additional term in (9.246). In fact, it is not difficult to see that amending
(9.246) to

8“] =2mls + —F,“,F‘“’ (9.265)
8’
where F*¥ (the dual of F*") is defined by (2.234), yields (9.264c), since
FuF" = 3e,,,,(3" A — 3YAM)(3P A7 — 37AF)
= 2£,,p,0" AP AT
= 0%(284yp0 AP A”). (9.266)

Further, since this term is a total divergence the ‘new’ axial current

2
B=17 Epo AT A° (9.267)
o

is divergenceless in the limit m = 0:
V=0 (m=0),

but is not gauge invariant, so cannot be considered as a physical current.
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Cancellation of anomalies

The discovery of anomalies in gauge theories is particularly unpleasant because
the fact that the Ward identities are not all satisfied means that gauge theories
involving axial, as well as vector currents are not, after all, renormalisable if
there is only one type of fermion contributing to the triangle diagram. The only
hope for retaining renormalisability lies in the possibility that if there are
several fermions their separate contributions may cancel. The Weinberg—Salam
model involves axial vector currents, and so is an obvious testing-ground for
this idea.

There are many processes in this model which would involve the triangle
graph, and it turns out that the same cancellation condition emerges from every
example, so, to keep matters as simple as possible, consider the diagram in Fig.
9.25, which shows a contribution to neutrino-neutrino scattering, with W=,
W~ and Z° coupling to the legs of the triangle, round which propagate the
fermions of the theory. In practice, of course, since this process is of such a
high order it gives an extremely small contribution to neutrino scattering, but it
is crucial in principle that its contribution vanishes exactly, otherwise
renormalisability is lost. Let M,, M, and M, be the coupling matrices at the
three vertices of the triangle for the fermion-gauge boson interaction. It is
characteristic of the Weinberg—Salam model that left-handed fermions couple
differently from right-handed fermions. In fact, the right-handed particles have
no weak isospin, so do not couple to W* and W~ (which is what makes this
example simple). In general, however, the triangle contribution of the left-
handed fermions is proportional to

(1 = vs)(Tr MEMEMY + Tr MEMEME) = (1 = ys) Tr MA(MY, MYy,
(9.268)

the two terms coming, of course, from the two diagrams of Fig. 9.24. Similarly,
the right-handed fermions contribute a term proportional to

(1+ ys) Tr Mg{My, MY}, (9.269)
The chiral anomaly vanishes if the terms in y5 cancel
Tr Mg{M}y. M} = Tr ME{M§, M%), (9.270)

Turning to Fig. 9.25 and labelling the W™, W* and Z vertices a. b and ¢
respectively, we have, from the Lagrangian (8.85),

ME=gl¥, My=gl?, (9.271)

where 1 = %(I VY ). and I{ and I} are the components of weak isospin.



374 Renormalisation
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Fig. 9.25. A contribution to v—v scattering in the Weinberg—Salam model, involving the
triangle diagram.

To find M%, we rewrite the coupling of the Z boson in (8.85) (with 8 = Oy) as

E_[(iyty — &,y er) + sin® B(eLy e, + éry'er)1Z,
cos 6
= gsecO(J§ +sin* 0J%,)Z,. (9.272)
Hence

MY = gsecH(IY +sin? 6Q). (9.273)

Since the right-handed fermions do not couple to W*, the right-hand side of
(9.270) is zero, and the equation becomes

Tr(Iy +sin200){I%, 1%} =0.

Since {I,,I_}=1,and Trl; = %Tr 73 = 0, this condition becomes
> 01 =0; (9.274)

that is, the sum of the electric charges of the left-handed fermions should be
zero. In the Weinberg—Salam model with leptons only, this is not satisfied.
When hadrons — quarks — are included as well, however, we have, for the case
of one generation, and quarks with three colours

0.+ 0, +3(Qu+ 0)=-1+0+3G-1=0; (9.275)

the chiral anomaly disappears, and renormalisability is restored. This condition
clearly remains intact if other generations of particles are added with the same
charges as the first generation. This is the case for (u~, v,, ¢, s) and (77, v, 1,
b). The anomaly-free condition (9.274). then, appears to shed some light on
lepton-hadron symmetry, but allows for an arbitrary number of generations. A
solution to the generation problem must be sought elsewhere.
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9.11 Renormalisation of Yang—Mills theories with spontaneous symmetry
breakdown

We come now to the final topic of importance for the application of gauge
theories to particle physics, which is the proof that Yang-Mills theories with
spontaneous symmetry breaking are renormalisable. Formally, what this
amounts to showing is that the divergence structure of non-Abelian gauge
theories is unaffected by spontaneous symmetry breakdown. On the face of it,
the presence of massive vector mesons, which is, of course, a consequence of
these theories, seems to destroy renormalisability. but a clever choice of gauge
(the ’t Hooft gauge) may be made, which restores it. We shall first describe the
’t Hooft gauges, and then show more formally. by using the effective potential,
that spontaneous symmetry breakdown does not affect the renormalisability of
gauge theories. Finally, some consequences of the effective potential will be
mentioned.

't Hoof?’s gauges
We saw in Chapter 8 that spontaneous breaking of a gauge theory makes the
gauge field quantum massive. It is sufficient for our purposes to consider the
Abelian case, where this conclusion follows from the Lagrangian (8.39). By
comparison with the Proca Lagrangian (4.95), it describes a vector meson
(‘photon’) of mass
M =1\/2ea. (9.276)

We shall now show why we expect theories containing massive vector mesons
to be unrenormalisable. The proof follows simply from finding the propagator.
We do this, as usual, by finding the inverse of the quadratic (in A,) part of ¥.
Dropping surface terms. then, we write (4.95) as

¥ =3A4gu(0 + M?) = 3,3,]4". (9.277)
In momentum space, the operator in square brackets is
gl K>+ M?) + kk..
Writing its inverse as Ag*” + Bk'k”, we have
(g(—k* + M7) + k k,J[Ag"” + Bk'k"] = &,
A(=K> + MHE + k kP(A + BM7) = O,
-1 A

A = _— B = — "
kK- M? M-

-

D, = ——-1-—<— P ﬂ‘—) (9.278)
vk M
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The disastrous property of this propagator is that as k,— %, D, — const,
whereas. for example, scalar particles and photons possess propagators scaling
as k77 at large k. It is easy to see, by the power counting argument, that we
have apparently lost renormalisability, since if the vector particles have propa-
gators. given by (9.278), the superficial degree of divergence of an arbitrary
Fevnman diagram will be, instead of (9.217).

D =4L - 2G; + n3 + n,. (9.279)
Equations (9.218, 9.219) are unchanged, so (9.220) becomes replaced by
D =4+ 4n4 +3n3+ n, — 2V,. (9.280)

Since D increases with n3 and n,, the theory is not renormalisable.

We must recall, however, that (8.39) was obtained from the original Lagran-
gian (8.37) by performing a particular gauge transformation to get rid of the
unwanted mixed term A“3,¢, in (8.39). This is equivalent to adding a
gauge-fixing term. To be more general, however, this unwanted term disap-
pears if we add to (8.37) a gauge-fixing term of the form

Por = —;_E(a#A-“ + EM¢,) (9.281)

where £ is a parameter determining the gauge. Depending on the value of &,
we get a class of gauges called the 't Hooft gauges. Adding (9.281) to (8.37)
gives

M2
#=-1F v+ Mg an— g ang av
2 28

+ %(8u¢1)2 - 21a2<1)f 2(a,,¢2)2 E =M <1) + coupling terms. (9.282)

The term quadratic in A* is
%A"‘[gm,(D + M?) - a_ua,,(l - %)]A

The vector meson propagator follows by repeating the argument which leads
from (9.277) to (9.278). We get

Dy = _.__}___[_gw M ey o ]
K- M? - EM?

For finite &, as k, — =, D, — k72, so renormahsab1hty 1s restored. We have a
renormalisable gauge (or R gauge). On the other hand, the ¢, field has
reappeared in (9.282). and will have a propagator with a pole at k* = EM?. We
know that the ¢, field is unphysical (there are only four degrees of freedom -
see (8.41) - so as well as the massive spin 1 field we are only allowed one more
scalar field, which is ¢;) and it may be shown that this pole cancels the other

(9.283)
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pole in the vector propagator (9.283), also at k*= EM?; they are both
unphysical. ,

Particular choices of £ are, for example, & = 1, which we czll the Fevnman
gauge, since it gives a propagator analogous to that in QED, and § = 0, which
for the same reason we call the Landau gauge. The choice £ — = gives back
the propagator (9.278), which suggests non-renormalisability, but the ¢, field
becomes manifestly unphysical.

To summarise, we have a class of gauges. Gauges with & finite are manifestly
renormalisable (R gauges) but are complicated by the presence of five field
components, rather than the desired four. Gauges with §— o are not man-
ifestly renormalisable, but are physical in the sense that only four fields
contribute to the unitarity condition (U gauge). Since S-matrix elements are
gauge-independent, they are independent of &, and so will be physically
sensible, and give rise to renormalisable theory.

Finally, we should mention that the above analysis, carried out for an
Abelian gauge theory, is also applicable to the non-Abelian case. For details,
the reader should consult the literature.

The effective potential

The notion of the effective potential has been found to be a very useful one in
connection with theories exhibiting spontaneously broken symmetry. It enables
them to be viewed in essentially the same way as theories with unbroken
symmetry, and allows one to calculate quantum corrections to the classical
picture of spontaneous symmetry breaking which was given in the previous
chapter. This has led to interesting results concerning the connections between
radiative corrections and spontaneous symmetry breaking, which we will touch
on at the end of the chapter.

For simplicity, consider the case of a real scalar field, with Lagrangian and
classical action

2
£ =10, - V(9): V(9) =9 - Lo,
2 4! (9.284)
S[¢] = j d*xL(P(x)).

The Lagrangian is invariant under ¢ — — ¢, but this symmetry is not shared by
the solution

vy oy (9.285)

do [o=g0
where ¢y # 0. The symmetry has been spontaneously broken. These statements
are classical. Quantum considerations enter with loops (remember the loop
expansion is an expansion in #), and the divergences which they introduce
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necessitate renormalisation. The renormalisation conditions — see, for example,
(9.37) and (9.42) — are stated in terms of I'™ the 1PI functions. The
generating functional for the I'"(xy, . ... x,) is I'[¢], so. in short, to take full
account of quantum effects we must work in terms of I'[¢]. It is called the
effective action, a name which will be justified below.

The connected generating functional W is defined by (see (5.68), (6.66) and
(6.105))

el = (07]07),. (9.286)
The classical field ¢. (see (7.81)) is defined by
) = SV _ (0710, I0"),
0J(x) (07107),

and is seen to depend on the source J(x). The vacuum expectation value (@) is
defined as

(9.287)

(¢) = lim ¢.. (9.288)

From (7.80), I'[¢.] is defined as

Ilgd = WIJ) - [ del(x)@:(x), (9.289)
and from (7.81) it obevs
Or'[¢c]
= —J(x). 9.290
50.(x) (x) (9.290)

When J(x) — 0, ¢.(x) becomes a constant, which, from above, is {¢), so (¢)
is a solution of the equation

drifed|  _ (9.291)

de. Ko
The usual expansion of I'[¢.]. in powers of ¢, is

x

F[(PC] = 2 -1—‘{(1_\'1 s dxnr(n)(xlv B xn)d)c(xl) LR ¢c(xn)v (92920)

n=0Mn.-

or, equivalently, by Fourier transform
- 1
I'ed = Z—Jdpl o dp &' (pr+ -+ o)
n=0n!

X T'"(p1, ..., p)@e(P1) - - - Pe(P)- (9.292b)

An alternative expansion is one in terms of ¢, and its derivatives, as follows:

Mod = [dr[-U(e(x) + 33,07 Z(@elx) + .. ] (9.293)
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The function (not functional) U(¢.) is called the effective potential. We shall
see below that in the classical limit it is equal to the potential V. In the case
where ¢.(x) = (¢) = a, a constant, all terms in the above expansion vanish,
except the first one, so

IMa]l = —QU(a) (9.294)
where Q is the total volume of space—time.

Comparing the expansions (9.292b) and (9.293) we have

e

Ua)=-3 i'a"l'(”)(p,- - 0). (9.295)

n=0n.

Renormalisation conditions, such as (9.37) and (9.42), on I'®(p,=0) and
I'(p; = 0) may then be stated in terms of U

d*U(¢.
—-—(g-’—) = m? (9.296)
de? (e
AU (e
—1——(?—) = (9.297)
dot (e
In addition, the condition (9.291) on the vacuum expectation value becomes
du
Wed| _ (9.298)
d(pc (¢)

To investigate the properties of the spontaneously broken theory, we now
define a new quantum field ¢":

P =¢— () (9.299)

which has vanishing vacuum expectation value. So, in the words of Coleman
(in Zichichi 1975), *“We have recreated the entire structure of our study of
spontaneous symmetry breakdown in classical field theory. The only difference
is that, instead of working with the classical potential V, we work with the
effective potential U.”* Moreover, since all the divergences of the theory have
been taken up by the counter-terms before the renormalisation conditions
(9.296) and (9.297) are applied. it is clear that no new divergences occur in a
theory with spontaneous symmetry breaking, over and above those in an
unbroken theory. So, again in Coleman’s words, ‘The divergence structure of a
renormalisable field theory is not affected by the occurrence of spontaneous
symmetry breakdown.’” The physical implication of this important result is that
the Weinberg—Salam model is renormalisable, since. although there are mass-
ive vector particles, which in the ordinary way would destroy renormalisability,
the existence of these is due to the spontaneous symmetry breaking of a

¥ Coleman denotes the classical potential by U, and the effective potential by V.
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non-Abelian gauge theory. ‘Pure’ non-Abelian gauge theories are renormalis-
able, as we saw in §9.9, and we have just seen that spontaneous breaking of the
symmetry does not affect renormalisation. These results are the climax of a
beautiful and important chapter in twentieth century physics.

Loop expansion of the effective potential

We come to the final task, which is to calculate the effective potential. We
employ equation (9.289), and begin by calculating W[J] by the method of
saddle-point evaluation of the path integral. Suppose we have an integral of the
form

I= f e~f®) dx (9.300)

and f(x) is stationary at some point xg, then by expanding f(x) about x:
fx) = flxo) + 3x = x0)*f"(x0) + - (9.301)
the integral is seen to be
[ =~ g~ f(x0) J e~ 12 =x0Pf"(x0) gy (9.302)
Hence the integral becomes a Gaussian, and is easily evaluated.

Restoring Planck’s constant to the definition of W[J], we have (ignoring
overall normalisation)

UMW) = f G p ML) (9.303)
where
S[p, 1] = j dx[L(P) + hp(x)I(x)]. (9.304)
From (9.284). (9.285) we have
ST — ). (9.305)
o¢(x)

Now we expand the action around ¢y:

Sp(x )‘
+ .;. j dx dy[¢(x) — ¢oll(y) — ¢0]

S[e, 7] = S[ey, J f dx[p(x) = ¢o]

&S
Sp(x)S¢(y) 1o

= S[o0] + k[ dxp(x)J(x)

&S ’ [¢(y) = ¢o] + - -+, (9.306)

1
+ EJ dx dy[¢(x) ¢o]m .
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where (9.305) has been used. By functional differentiation of the action
(9.284), it is easily seen that

38 ’
Op(x)p(y) 9o
By putting ¢’ = ¢ — ¢, (9.306) then becomes

= [0+ V(90)]o(x = y). (9.307)

(6. 1) = Sgu. 7] + 1 A/ (1)) = [ de g/ ([T + V' (elg'(x) + - .

Substituting this into (9.303) and appealing to saddle-point integration (9.302)
gives (relabelling ¢’ as ¢)

exp(_;l_w) — exp {.;75[4)0, J]} [agexp {—;—‘% [axolm+ V"(¢o)]¢>}.
(9.308)

To obtain the loop expansion (equal to the expansion in %) we rescale the field
¢ into A'2¢, so the 4 in the final exponent above vanishes. To evaluate the
integral in this exponent, we go over to Euclidean space (which eliminates the
i), and use the functional formula (6.30), giving

exp(;l—W) = exp {%S[%, J]}{det[[l + V()]}V (9.309)

Using the general formula

det A = Trin4 (9.310)

gives
W[J] = S[¢n] + hJ' dx dy(x)J(x) + i_;iTrln O+ V()] (9.311)

This is the loop expansion of W[J]; corrections terms (or order #?) have been

ignored.
To find the loop expansion of I'[¢.], we substitute (9.311) into (9.289), but
first we need to find S[¢.] in terms of S[¢y], which is easily done. Putting

(po = ¢C - ¢I7
Slgol = Sl = ¢1]

oS

+ O
S(x) )

#

= S[g:d - [dxon()

= S[¢] - # j dx py(x)J(x) + O(H?). (9.312)
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Substituting (9.311), (9.312) into (9.289) then gives, on putting the source
J—0,

e = Slad + %Tr [0+ V"(¢0)]- (9.313)

Now we put ¢.(x) = a (constant). Then I[a] is given by (9.294), and it follows
from (9.284) that S[a] = —QV(a), so (9.313) implies that

U(a) = V(a) - 5 Q ITrin[O + V"(a)]. (9.314)

This shows that in the classical limit, which is the tree approximation, the
effective potential U(a) becomes the same as the classical potential V(a) - as
indeed (9.313) shows that the effective action becomes the same as the classical
action.

Since the trace of an operator is the sum (integral) over its eigenvalues,
equation (9.314), on going into (Euclidean) momentum space, may be written,

U(a) = V(a) + kE + V'"(a)]

= V(a) + —f dkE —In (k%E +m?— %“2-) (9.315)

Now consider the following question. When m? >0 (in ¢* theory) the vacuum
is non-degenerate, and when m? < 0 it is degenerate; what sort of vacuum do
we have when m? = 0? The answer is provided by appealing to the effective
potential. Imposing the condition that the renormalised mass is still zero
(equation (9.296)) it turns out that the minimum of the effective potential
occurs for (¢) # 0, so there is spontaneous symmetry breaking, induced by
radiative corrections.*

Appendix A: integration in d dimensions

We work in d-dimensional ‘Minkowski’ space, with one timelike and (d — 1)
spacelike dimensions. We are interested in integrals of the type

dip
(p* +2pg — m*)*
where p = (pg, r). We introduce polar co-ordinates

(po, 7, @, 01, 05, ..., 04-3)

I(q) = j (9A.1)

* Actually, as pointed out by Coleman & Weinberg (1973), this is slightly misleading, since in ¢*
theory ‘the new minimum lies very far outside the expected range of validity of the 1-loop
approximation’. This criticism does not apply, however, to, massless scalar electrodynamics.
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so that

d?p = dpor?~2drdesin 6, d6; sin® 6, d6, . . . sin? 3 6, 5 d6,_;
d-3
= dpori?drde|[] sin* 6, d6,
k=1

(me<py<®, 0<r<oew, 0<¢<2m 0<6; <n).

Then

d-3

[ sin* 6, d6,
1

14(q) _2TJ dpof r- 2er'O S ———s

Now we use the formula

1 I'(n)I'(m) :
2I(n + m)
and put m = } (remembering that r@) =), giving

f(sin 0)<do = \r—— "
0
o k+2

=2
f (sin 8)2"~!(cos 0)2"~1 d =
0

k

+

+ |~

2

and hence

_(d=1)/2 .= ® -2
L = [
F(d-—l) == 0 (py—rT+2pg — m)°
2
This integral is ‘Lorentz’ invariant, so we evaluate it in the frame q, = (1. 0).
Then 2pq Zypo Changing variables to p; = p,+ gq,, which implies that

p¢—q* = pi+2upy, we have

® o«

2d=1)/2 d-24
Id(q)=—————f dpéf — zr - (9A2)
F(d—l)‘ 0[pg — r*=(g> + m)|
2

The Euler beta function is

F)rey)

B(x,y) = T+ y)

= 2f drel(1 4 2y
0

¥ See, for example, Abramowitz & Stegun (1965, §6.2).
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(valid for Re x >0, Re y > 0), so putting

=ttB 1B s
2 2 M
we have
r(_li_ﬂ_)r(a _ 1+ ﬁ)
[ - - - (9A.3)
s = . ‘
0 (52 + MZ)a 2(M2)a—-(1+[5)/21-(a)
Substituting this into (9A.2), with B=d — 2, M* = —P62 + g% + m?. gives
F(a -4 ; 1 )
—ap(d-1)/ B dpg
1 (q) - (_1) ozﬂ,(d 1)/2 J’
‘ F(a/) —oc(q2 + m2 —_ pbz)a“(d*l)/z
F(a _d-1 )
= (_1)2a+(d—1),r’2n.(d—1)/2 2 - dpg

o T

To evaluate this integral, we invoke (9A.3) again to obtain

e-4)
i/ 2 1

4
T ai d/2 1 . .
o I'(a) (q2 + n,[2)a'—d/2 (9A.4)

(cr d)

d? . 2 1

J > P — = (--1)‘1/21#‘1/2 > Sy (9A.5)
(p° +2pg — m)* Ie)  [-q*— m?)*9?

Iy(q) =

Hence (from (9A.1))

Differentiating this with respect to g*:

—afddp 2P
(p* +2pq — m

2)a+1

=

= (=1)4Pigd/ (—a + fi) 24, .
I'(a) 2 )[=g? — mAedan
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Using BI'(B) = I'(f + 1) and putting o + 1 — « gives

F(a - i)
J’ddp Py _ (_1)1+d/2i7‘_d/2 2 qu _
(p2 + 2pq _ m2)a I‘(a,) (_q2 _ ml)a—d/Z
(9A.6)
Differentiating again with respect to g yields
Jddp PPy = (-1)%? in? !
(P2 + 2pq _ mZ)a F(CY) (_qZ _ rn'_’)a-—d/Z

X [q#qu(cv - %) +3g(—q° - n13)r(a -1~ %)] (9A.7)

Hence, contracting, we have

Jddp v - (~pee it !
(p* +2pg — m*)® (@) (=g% = m?)*

X [qzr(a - %) + -‘2’—(—q2 - mz)F(a - %)] (9A.8)

Note that the naive use of these formulae requires some mathematical justifica-
tion. Equation (9A.1) only converges if d <2a. It has to be shown that this
integral may be analytically continued into one which is convergent for any d
(actually d < 6 will do). Details are given in 't Hooft & Veltman (1972a).

Appendix B: the gamma function®

The purpose of this appendix is to prove that
-1 [1L
I'(=n+¢) = - + yi(n+ 1)+ O(e) (9B.1)
n!l e

where
wl(n+1)=1+%+~--+—1-—y (9B.2)
n

and y is the Euler-Mascheroni constant. We need the formulae

I(z)=T(z + 1), (D
_dinl(z) _ I'"'(2)

%(Z) iz F(Z) > (H)

T ze“i{l(l + f;—)e": n. (D)

¥ I am grateful to Dr W.A.B. Evans for his help with this appendix.
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11 is a definition of ¥;(z), and III is the Weierstrass representation of I'(z); v,
the Euler—Mascheroni constant, is

y = lim(1+%+~-+i—lnn)

n—x n

= 0.5772157.

Formulae II and III appear in standard texts, for example. Morse & Feshbach
(1953, p. 422). From III

—Inl(z)=Inz + yz + E[In(l + i) - i]

r=1 r r

therefore

r=1 r s
1+~
r
~Layes(H -4
Z r=1\2 + r ¥

Hence from I

we=-y-Ley(L-t )
Z r=1\ 7

r+z
When z = n = integer
n-1

yi(n) =—-v+ ZL; Y1) = —v.

r=17T
By a Taylor expansion (& << 1)
I(1+¢)=TI1)+ el"(1) + O(%)
=1+ el(Hy(1) + O(&?)
=1-¢ey+ O(&).

Hence from I

I'(e)=-I(1+¢)

— v+ O(e).

M =
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Using I again
[(-1+¢) = —1I(e)
l1—-¢
=—(l+e+&+ '-')(l—y-i—O(s))
£
1
= - —+1—y+0(s)].
£
Similarly

I(-2+¢) = -zi—r(—1 +€)
— &

_

Teaaion s 0(s>],
€
and in the general case

F(—n+£)=—(:1'i
n!

1+(1+%+-~+i—y)+0(8)]
£ n

which is (9B.1).

Summary

The formula for the superficial degree of divergence shows that the only
primitive divergences in ¢* theory containing 1 loop are the 2-point and 4-point
functions. *These divergences are made explicit by dimensional regularisation,
and are seen to be poles in ¢ = 4 — d. °It is then outlined to one and two loops
how ¢* theory is renormalised; first, by regarding the original parameters in
the Lagrangian as ‘bare’ (and infinite), and the (finite) renormalised ones as
‘physical’; and second, by regarding the original parameters as physical, and
therefore finite, counter-terms being added to £ at each order to keep the
physical quantities finite. *The renormalisation group is introduced and is
shown to give some indication of the asymptotic behaviour of field theories at
high energy. Asymptotic freedom is explained, and ¢* theory is seen not to be
asymptotically free. The power counting formula for the superficial degree of
divergence of Feynman diagrams in QED is derived, and the primitively
divergent diagrams isolated. The electron self-energy. vacuum polarisation and
vertex graphs are evaluated using dimensional regularisation. *QED is renorm-
alised to one loop, and the anomalous magnetic moment of the electron is
calculated. It is shown that QED is not asymptotically free, but that at smaller
distances (large momenta) the effective charge increases, as it does in macro-
scopic dielectrics (‘screening’). It is shown that QED is renormalisable to
arbitrary order. 5By explicit calculation of the relevant Feynman diagrams,
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QCD is shown to be asymptotically free if the number of quark flavours is less
than 16. °It is briefly shown that non-Abelian gauge theories are renormalis-
able. 1°The chiral anomaly, which threatens renormalisability, is explained and
the condition for cancellation of the anomaly derived. The cancellation condi-
tion holds if quarks, carrying colour, are included in the Weinberg—Salam
model. 'In general, theories involving massive vector particles are not renor-
malisable, but it is shown how, by choosing a particular gauge, the 't Hooft
gauge, spontaneously broken gauge symmetries (with massive vector particles)
may be made manifestly renormalisable. The formalism of the effective poten-
tial is introduced to show how the divergence structure of gauge theories is
unaffected by the occurrence of spontaneous symmetry breaking. The effective
potential, evaluated in the loop expansion, indicates interesting connections
between spontaneous symmetry breaking and radiative corrections.

Guide to further reading

Renormalisation is treated in many standard textbooks, for example, Bogoliu-
bov & Shirkov (1980), Schweber (1962), Bjorken & Drell (1965), Itzykson &
Zuber (1980), and Nash (1978). Good modern surveys are provided by the
lectures of C.G. Callan, B.W. Lee and D.J. Gross in Balian & Zinn-Justin
(1976). An excellent introduction to renormalisation is Coleman (1985). Wein-
berg’s theorem on the convergence of Feynman diagrams is in Weinberg
(1960); see also Itzykson & Zuber (1980, p. 405) and Bjorken & Drell (1965,
p. 322).

The original papers on dimensional regularisation are Bollini & Giambiagi
(1972), Ashmore, (1972), ’t Hooft & Veltman (1972a). For a review see
Leibbrandt (1975). Renormalisation of ¢* theory to all orders is treated in
Bogoliubov & Shirkov (1980), by Callan and Gross in Balian & Zinn-Justin
(1976), by W. Zimmermann in Deser, Grisaru & Pendleton (1970) and Rouet
(1980). The renormalisation group is discussed in Bogoliubov & Shirkov (1980)
and in Gell-Mann & Low (1954). For an early review, see Landau in Pauli
(1955). For the Callan-Symanzik equation, see Callan (1970), Symanzik
(1970). Good reviews of the renormalisation group and the Callan-Symanzik
equation are to be found in Coleman (1985), Politzer (1974), Peterman (1979),
Vladimirov & Shirkov (1980), Iliopoulos, Itzykson & Martin (1980), Higashi-
jima & Nishijima (1980), Ramond (1981). An excellent account, though written
more with condensed matter than fields in mind, is Amit (1978). Dimensional
regularisation of QED is outlined in Zichichi (1973) (particularly by 't Hooft
and Veltman). For reviews of this, as well as of renormalisation and the
renormalisation group in QED, see Coquereaux (1980), Narisan (1982). The
anomalous magnetic moment of the electron was calculated by Schwinger
(1948), and measured by Kusch & Foley (1947, 1948). For an account of (g-2)
see Combley (1979). The muon magnetic moment is discussed in Combley
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(1979) and Taylor (1976, §16.2). Good textbook accounts of the renormalis-
ability of QED are to be found in Jauch & Rohrlich (1976, ch. 10), Schweber,
Bethe & de Hoffmann (1956), Huang (1992, ch. 9). The paper by Ward on
which our approach is based is Ward (1950). The discovery of asymptotic
freedom in Yang—Mills theories was made by Politzer (1973), Gross & Wilczek
(1973a, b; 1974). See also Coleman & Gross (1973). For a review, see Politzer
(1974). 1-loop renormalisation of non-Abelian gauge theories is partially
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Balian & Zinn-Justin (1976), Taylor (1976), Faddeev & Slavnov (1980), Leader
& Predazzi (1982), Coleman (1985). Important landmarks in the study of
the renormalisability of pure Yang-Mills theories are the following papers:
't Hooft (1971a, b), Slavnov (1972, 1975), Taylor (1971), Lee & Zinn-Justin
(1972a, b); 't Hooft & Veltman (1972b).

Reviews appear in the lectures by Lee in Balian & Zinn-Justin (1976) in
chapter 14 of Taylor (1976), in §12-4 of Itzykson & Zuber (1980), and in Abers
& Lee (1973), Marciano & Pagels (1978), Costa & Tonin (1975). The chiral
anomaly first appeared in work on 7°— 2y decay by Steinberger (1949),
Schwinger (1951). The Sutherland paradox on 7°— 2y is reported in Suther-
land (1966), (1967). This stimulated further work on the chiral anomaly: see
Adler (1969), Bell & Jackiw (1967). For reviews, see Adler in Deser et al.
(1970) and Huang (1992, ch. 11), Jackiw in Treiman. Jackiw & Gross (1972),
Wess (1972). ’t Hooft’s gauges originate in 't Hooft (1971b). The effective
potential was introduced by Goldstone, Salam & Weinberg (1962), Jona-Lasi-
nio (1964). Its significance was further explored by Coleman & Weinberg
(1973). See also Coleman (1985). Good textbook accounts appear in Itzykson
& Zuber (1980, p. 448), Ramond (1981, p. 99) and Huang (1992, p. 200).
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Topological objects in field theory

Un fourmi de dix-huit metres
Avec un chapeau sur la téte,
Ca n’existe pas;
Pourquoi pas?

Robert Desnos

No-one can deny the success which quantum field theory, in the perturbative
approximation, has enjoyed over the last half century. One need only mention
the interpretation of quantised fields as particles, the description of scattering
processes, the precise numerical agreements in quantum electrodynamics, the
successful prediction of the W particle, and the beginnings of an understanding
of the strong interaction through quantum chromodynamics. Yet despite these
successes, the question of how to describe the basic matter fields of nature has
remained unanswered — except, of course, through the introduction of quantum
numbers and symmetry groups. As far as field theory goes, the matter fields
are treated as point objects. Even in classical field theory these present us with
unpleasant problems, in the shape of the infinite self-energy of a point charge.
In the quantum theory, these divergences do not disappear; on the contrary,
they appear to get worse, and despite the comparative success of renormalisa-
tion theory the feeling remains that there ought to be a more satisfactory way
of doing things.

Now it turns out that non-linear classical field theories possess extended
solutions, commonly known as solitons, which represent stable configurations
with a well-defined energy which is nowhere singular. May this be of relevance
to particle physics? Since non-Abelian gauge theories are non-linear, it may
well be, and the last ten years have seen the discovery of vortices, magnetic
monopoles and ‘instantons’, which are soliton solutions to the gauge-field
equations in two space dimensions (i.e. a ‘string’ in 3-dimensional space), three
space dimensions (localised in space but not in time) and 4-dimensional
space—time (localised in space and time). If gauge theories are taken seriously
then so must these solutions be. It will be seen that they do give rise to new
physics and there is even the hope that they may solve the problem of quark
confinement. :

Not the least interesting feature of this subject is the branch of mathematics
which it involves; for the stability of these solitons arises from the fact that the
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boundary conditions fall into distinct classes, of which the vacuum belongs only
to one. These boundary conditions are characterised by a particular corre-
spondence (mapping) between the group space and co-ordinate space, and
because these mappings are not continuously deformable into one another they
are topologically distinct. The relevant notions in topology will be developed as
we go along. We begin our survey with the ‘sine-Gordon’ equation which has
no relevance to particle physics but whose soliton solutions are quite well
understood, and therefore form a good introduction to the subject.

10.1 The sine-Gordon kink
The sine-Gordon equation
2 2
¢ _Z0 L Gn(be) =0 (10.1)
Carr ax? b

describes a scalar field in one space and one time dimension. It possesses
moving, as well as stationary, solutions. To find moving solutions, we want a
field of the form

P(x, 1) = f(x = vt) = f(&).

It is easy to check that
f(8) = <-aretan exp [£(y/V )] (102)

is a solution, where y = (1 — v?)™"2. The appearance of this wave is shown in
Fig. 10.1. It is a solitary wave, which moves without changing shape or size,
and therefore without dissipation, in strong contrast to the waves set up when,
for instance, a stone is thrown into a pond. These waves spread out and
the energy is dissipated. Solitary waves (solitons) have been observed, for

)
ox

X

Fig. 10.1. A solitary wave (soliton).
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example, moving along canals. In this case they are solutions of the Korteweg
de Vries equation.

Since solitons are solutions of non-linear wave equations the superposition
principle is not obeyed. This means that when two solitons meet the resultant
wave form is a complicated one, but the surprising thing is that, asymptotically,
the solitons separate out again — they ‘pass through’ one another. This property
is, of course, of interest to particle physicists, though we shall not develop it
any further here. Another consequence of the fact that the superposition
principle does not hold is that the quantisation of solitons becomes non-trivial.
We shall not follow this matter any further either. Instead, we turn to the
stationary solutions of the sine-Gordon equation, which possess an interest of
a different type.

It is clear that (10.1) possesses an infinite number of constant solutions
(which, as we shall see in a moment, have zero energy):

¢o=—, n=0,=x1,x2,...; (10.3)

that is, the sine-Gordon equation possesses a degenerate vacuum.” (‘Vacuum’
here does not, of course, mean the state in Hilbert space, but simply a classical
field configuration of zero energy.) The Lagrangian for the sine—Gordon
equation is

=1§z2_1(§g)2_ 0
* 2(8:) 2\ ox V() (1049

with
V(9) = {1 - cos (b)),
b

where the constant has been chosen so that the solutions (10.3) have V = 0.
They therefore have zero energy since the energy density of the field configura-
tion is

. 1{3¢) 1(a¢)2
5 =222} + (22 + v(g). 10.5
(52) <35 o w9
Note that we may write
V(e) = l¢2 - —bz—df‘ +oe (10.6)
2 4!

* It is this property that is crucial in what follows, and so a corresponding analysis could be made
for other field theories with degenerate vacua, for example the ¢* model with m? < 0 considered
in Chapter 8.
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or, with A = b* and unit mass m

2 A
ViY== - Lot 4o oo 10.7
(9) 24’ 4!¢+ (10.7)

and m stands for the ‘particle’ mass and 4 for the self-interaction coupling.

The potential V in (10.4) is shown in Fig. 10.2 with the (zero energy) ground
state given by (10.3). Now construct the following configuration. Let ¢
approach one of the zeros of V (say n =0) as x — —=, but a different zero
(say n = 1) as x — ». Between these two there is clearly a region where

=2 S0
b Ax
and therefore, from (10.5), where there is a positive energy density. We
assume the configuration is static, so 3¢/dt = 0. Because of the boundary
conditions on ¢, we expect the total energy to be finite. Let us find what it is.
For a stationary solution to the sine—-Gordon equation we have

az—¢ = .a—‘i
ax? 3¢
which gives on integration
1 a¢)2
=] = V(9¢), 10.8
2( . (®) (10.8)

the integration constant being zero. From (10.5) and (10.8), the energy of the
stationary soliton is

E:f?fdx

_ (120}’
_f [E(ax) +V(¢)]dx
=Pw@m

2r/b

= fo 2V($)]"2dg

where we have put in the integration limits given by (10.3) between n = 0 and

VAVAVAY

Y.
Fig. 10.2. The sine-Gordon potential V(¢).
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n = 1. This integral is now easily performed on substituting (10.4). We have

7
E= ﬁf b[1 — cos(b¢)]¥2 d¢
b Jo

= ﬁfzn(l - cos )2 da
b2 Jo
_ 8
b
8m?
E=— (10.9)

A
where in the last step we have used the substitution in (10.7). So this soliton
has a finite energy, with the interesting property that the energy is inversely
proportional to the coupling constant. This may indeed be a useful property for
particle physics.

There is a simple model which makes this soliton easy to visualise. Consider
an infinite horizontal string with pegs attached to it at equally spaced intervals,
and connect each peg to its neighbour with a small spring (the ‘coupling’). Each
peg is also acted on by gravity. The ground state corresponds to every peg
hanging vertically. The soliton we have found, with n = 0— 1, corresponds to
the situation in Fig. 10.3. This soliton — and others of this type (see below) - is
called a kink. It should be clear from the peg model that the kink is stable, and
cannot decay into the ground state with E = 0. This would involve a (semi-)
infinite number of pegs turning over, which would need a (semi-) infinite
amount of energy. But what is the mathematical reason for the stability of the
kink? It is to be found in the boundary conditions. ‘Space’ in this model is an
infinite line. whose boundary is two points (the end-points). At these two
points the 1-kink solution has n =0 and n =1, and this is not continuously
deformable into =0 and n =0 (the ground state). The kink, then, is a
‘topological” object. Its existence depends on the topological properties of the
space (in particular, its boundary, which in this case is a discrete set). This
conclusion is a general one; that is to say, the stability of soliton solutions in
non-linear field theories is a consequence of topology.

Finally, the stability of the soliton (kink) obviously signals a conservation
law: there must be a conserved charge Q, equal to an integer N (the difference
between the two integers in (10.3)), and a corresponding divergenceless current

[N B2 . N W U

¢ b & 4T YA
Fig. 10.3. Pegs on a line representing the kink (soliton) solution to the sine~Gordon
equation.
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J* (u=0,1). They are easy to construct. With

=L g (10.10)
27
(¢ is antisymmetric, with &' = 1), we have the identity 3,J* =0, and the
charge is

0= f 70 dx
_b ("3
2 Jloo Ax dx
= 2 () - g(==)] = V. (10.11)
2m

The interesting thing is that the current J* does not follow from the invariance
of & under any symmetry transformation. It is therefore not a Noether current.
Its divergencelessness follows independently of the equations of motion.

We consider, in the following sections, examples of solitons in gauge
theories, beginning with one in two space dimensions — the vortex.

10.2 Vortex lines

Now consider a scalar field in 2-dimensional space. The ‘boundary’ of this
space is the circle at infinity, denoted § 1. We construct a field whose value on
the boundary is

¢=ae"’ (r— ) (10.12)

where r and 6 are polar co-ordinates in the plane, a is a constant, and, to make
¢ single-valued, n is an integer. We propose this form, rather than simply
¢ = a, because it is a generalisation to two dimensions of (10.3). ((10.3) is a
solution of the sine-Gordon equation, whereas it is yet to be seen what
equation describes the 2-dimensional solitons we are in the process of develop-
ing.) From (10.12). we have

Vo = L(inac"?)d. (10.13)

r

The Lagrangian and Hamiltonian functions are

2
¢ = 1(993) —3V¢P - V(9). (10.14)
2\ ot

2
% = 1(952) ) (10.15)
2\ ot



396 Topological objects in field theory

Now let us consider a static configuration with, for example,

V(e) =[a® - ¢* ¢ (10.16)
so that V' = 0 on the boundary. Then as r — =

# = YvgP = LO
2r-

and the energy (mass) of the static configuration is
E~ [trdrdo = ma Lar,
r

This is logarithmically divergent; the kink, as it stands, cannot be generalised to
two dimensions — nor to more than two, for it turns out that in all these cases
the energy is divergent.
To proceed, we add a gauge field, so that what counts is the covariant
derivative
D,p =203,¢ + ieA, 9. (10.17)

By choosing A, of the form

A=21V00) (r— ),
e

i.e.
A, —0, Ay— —;”; (r — @), (10.18)
we find that at r =
Dy = %(2_2) tiedgp=0, D=0 (10.19)

so D,¢— 0 on the boundary at infinity. The Lagrangian is now
P =—iFp+ D> — V(). (10.20)
Since (10.18) is a pure gauge,
A,—= O (r— =), (10.21)

then F,,— 0. For a static configuration % = —%, and with V(¢) given by
(10.16) we have # — 0 as r — =, making possible a field configuration of finite
energy. We shall now see that the effect of adding the gauge field is to give the
soliton magnetic flux. Consider the integral $A -dl round the circle S' at
infinity. By Stokes’ theorem, this is JB -dS = @, the flux enclosed, hence

2wn

@ = ng-dl = 3€A9rd9 = - (10.22)
e
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and the flux is quantised. So we have, after all, constructed a 2-dimensional
field configuration, consisting of a charged scalar field and a gauge field (the
electromagnetic field!). It carries magnetic flux, and since D,¢— 0 and
F,,— 0 on the boundary at infinity, it appears to have finite energy. It is clear
that by adding a third dimension (the z axis) on which the fields have no
dependence, this configuration becomes a vortex line. Apart from the presence
of the scalar field, it is the same as the solenoid discussed in §3.4 under the
Bohm-Aharonov effect; and just as that effect was attributable to the topology
of the gauge group U(1), so here also we shall see that it is this same topology
which ensures stability of the vortex.

It will not have escaped the reader’s notice that the Lagrangian (10.20) with
V(¢) given by (10.16) is that of the Higgs model - see (8.36) and (8.4) — that is,
scalar electrodynamics with spontaneous symmetry breaking. Actually, we saw
in §8.4 that this Lagrangian is the relativistic version of the Landau-Ginzburg
free energy, which describes superconductivity. It is known that on the
occasions when magnetic flux does penetrate superconductors (that is, in type
II superconductors), it does so in quantised flux lines, called Abrikosov flux
lines. It is these that the present solutions are describing, the field ¢ in
superconductivity being the BCS condensate.

To be a little more systematic, let us start from the Higgs Lagrangian (8.36):

L= —iF F* + (3, + ied,)¢|* — m*¢*¢p — M¢*¢)>. (8.36)

Spontaneous symmetry breaking is signalled by m?* < 0, and the vacuum is then
given by (8.4)

—m2\2
‘¢‘vac =a= ( N ) - (8.4)
24
The equations of motion obtained from (8.36) are
D¥(Dy¢) = —m*¢ — 249|¢[*, (10.23)
ie(¢au¢* - 4)*8#4)) + 262A,u|¢|2 = 0" F . (10.24)

We must first check that these equations allow the solutions (10.12) and (10.18)
at infinity. Since by construction (see (10.19)) D,¢ = 0 as r — =, the left-hand
side of (10.23) vanishes; and so does the right-hand side if ¢ takes on its
vacuum value (8.4). Since A, is a pure gauge (see (10.21)) F,, =0 as r — =,
so the right-hand side of (10.24) vanishes. In view of (10.12) and (10.18) the
left-hand side vanishes identically when u=r, and when u= 6 it vanishes
when ¢ assumes the vacuum value (8.4). Hence our particular choices for A,
and ¢ are allowed by the equations of motion.

As r becomes finite, and particularly as » — 0, of course, the values of A,
and ¢ change. Let us now treat the problem as one in three dimensions, with
cylindrical symmetry about the z axis. Then. since there is magnetic flux, the
magnetic field component B, must be non-zero, which means that A cannot be
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a pure gauge everywhere. Also, continuity requires that ¢ — 0 as r — 0; since
this is not the vacuum value, the 2-dimensional soliton will have an energy, and
the vortex will have a corresponding mass per unit length. The forms of A and
¢ are found from the equations of motion. Taking B with a z component only,
and A with a 8 component only, we have

1 d

B=B.=——[rA(r)], A(r)=As=A. (10.25)
r dr
In addition, ¢ is of the form
¢ = x(r)en? (10.26)
with
xr) == 0, x(r)-=za. (10.27)

In the static case, the equation of motion (10.23) then becomes
(@i + ied)’p — (m® + 21 ¢[)¢ = 0
which, on summing over the r and 6 components, gives
2
L_EL(,%) _ [(i _ eA) + o+ 21;(2];( ~0. (10.28)
r dr\ dr r

On the other hand, taking the 8 component of (10.24) gives (recall equations
(2.217)-(2.221))

—LQin)y + 2e? A2 = —3,Fq;
N

and hence

d (—————(rA)) - 2e( + eA)xz =0. (10.29)
dr \r dr

One should now solve the coupled non-linear equations of motion (10.28) and
(10.29). No exact analytic solution, however, has yet been found. In the
approximation where y=a a constant (i.e. for r — =), Nielsen and Olesen
(1973) found (with ¢ a constant of integration and K; and K, modified Bessel
functions)

1/2
A = —i —_ _K1(|e|ar) = i _ ___(i.( T ) e—‘e‘ar 4 .
er er 2le|ar
with magnetic field
ra \?
B. = cxKy(|elar) — (EI—T) elear (10.30)
eir

To obtain the variation of the scalar field, we put

xr) =a+p(r);
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then
p(r)y=e V-7 (10.31)

(recall that —m? > 0). These solutions are sketched in Fig. 10.4.

Why are these solutions stable? As with the kink. the reason is topological.
The Lagrangian is invariant under a symmetry group — in this case U(1), the
electromagnetic gauge group. The field ¢ (with boundary value given by
(10.12)) is a representation of U(1). The group space of U(1) is a circle S!,
since .n element of U(1) may be written exp (i6) = exp[i(6 + 2m)], so the
space of all values of 6 is a line with 8 = 0 identified with 6 = 27, and the line
becomes a circle S!. The field ¢ in (10.12) is a representation basis of U(1),
but it is the boundary value of the field in a 2-dimensional space. This
boundary is clearly a circle S! (the circle r — <, 8= (0— 27)). Hence ¢
defines a mapping of the boundary S in physical space onto the group space S':

¢: S1— S, (10.32)

the mapping being specified by the integer n. Now a solution characterised by
one value of n is’stable since it cannot be continuously deformed into a
solution with a different value of n (a rubber band which fits twice round a
circle cannot be continuously deformed into one which goes once round the
circle). This is to say (see §3.4) that the first homotopy group of S!, the group
space of U(1), is not trivial:

m(ZY) =1Z. (10.33)

Z is the additive group of integers.

The status of a topological argument like this is that it provides a very
general condition which must be fulfilled in order that solitons exist in a
particular model. If, as in the model above, the topological argument indicates
that soliton solutions are possible in principle then one goes to the equations of
motion to find them. Topology therefore provides existence arguments. As an
example, let us enquire whether stringlike solutions to (spontaneously broken)

—_— _ el
- ~ b= 0dvac =ae 0

(a) (b)

Fig. 10.4. The variations of the scalar and magnetic fields in the Nielsen-Olesen
solution.
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gauge theories exist when the gauge group is SU(2). This is the group of 2 X 2
matrices.

3
U= Ug + ithjoj
j=1
where o; are the Pauli matrices, and the condition that U is unitary and has
unit determinant is

u% + u% + u% + u_g, =1. (10.34)

Now this is the equation for the unit sphere S° in 4-dimensional Euclidean
space E*; that is, the group space of SU(2) is S*. There will exist stable
vortices in an SU(2) gauge theory if the mappings of the group onto the S§*
boundary of the two-dimensional parameter space fall into distinct classes; that
is, if 71(S%) is non-trivial. But my(S?) is, in fact, trivial. for S° is a simply
connected space; every closed curve S' on S* may be shrunk to a point, so the
boundary conditions may all be shrunk to the trivial constant condition
¢ = const., and no vortices exist.

The group O(3), on the other hand, is not simply connected but doubly
connected. For example, corresponding to the O(3) matrix

cosae —sina O
sin o cosae 0}, (10.35)
0 0 1

which corresponds to rotation about the z axis through an angle —a, is the
SU(2) matrix

ia/2
e 0
( 0 e-"V2>' (10.36)

Now a = 0 clearly gives the identity matrix in both cases. but a = 27 gives the
identity again in O(3) and minus the identity in SU(2). This is the origin of the
well-known statement that vectors do not change sign on rotation through 27
but spinors do. In other words, corresponding to two elements of SU(2) (the
identity, and minus the identity) there is only one element of O(3):

o = O

o )

SU(2) 0(3)
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There is a two-to-one mapping of SU(2) onto O(3). The group space of O(3),
accordingly, is obtained from that of SU(2) by identifving opposite points on
the 3-space S°, since they correspond to the same O(3) transformation. This
space is doubly connected, as we shall now show. We consider closed curves S
in the group space of O(3). Each curve corresponds to a continuous set of
rotations, starting (say) from the identity 0. and returning there. One possible
type of closed curve is the path c; in Fig. 10.5. This corresponds to a series of
rotations, the angle of which nowhere exceeds 7. If the angle does exceed 7,
then the path in group space becomes like c¢;. On reaching the angle 7 at the
point A, the path reappears at the opposite point A'. and eventually returns to
the origin O. It is clear that c¢; is homotopic (may be shrunk) to a point, where
¢- is homotopic to a line. Readers may convince themselves that a closed path
in which the angle of rotation exceeds 27 reappears at opposite points on the
surface of S* twice, and is therefore homotopic to a point. Similarly. one in
which the angle exceeds 37 is homotopic to a straight line. Consequently, there
are only two types of closed path S' in the group space of O(3): those
homotopic to a point and those homotopic to a line. This means there is one
non-trivial vortex in an O(3) gauge theory. The vortices may have "charges’
(flux) 1 or 0, with the algebra0+0=0,1+0=1,1+ 1= 0, so two non-trivial
vortices will annihilate each other. (It may be parenthetically remarked that
whether the gauge group is SU(2) or 0(3) depends on what particles exist: if
there are particles with “isospin’ of 4 3, 3, 5, etc. then the gauge group is SU(2),
but if all the particles have integral isospin the group is O(3).)

One way of making lines of magnetic flux is to place two opposite magnetic
charges close together. So an obvious question is: if gauge theories allow flux
lines, do they also allow magnetic charges? In fact they do, and these are called
't Hooft—Polyakov magnetic monopoles, after their discoverers. Like vortices,
these monopoles owe their stability (and therefore existence) to the non-trivial
topological properties of the gauge group. In this respect they are completely
different from the ‘ordinary’ magnetic monopoles, which are point magnetic
charges, and which may be introduced into Maxwell's equations to make them
symmetric between electricity and magnetism. Dirac showed that the prescrip-
tions of quantum theory imply a remarkable quantisation condition for point

Fig. 10.5. Two types of closed path in the group space of O(3).
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magnetic charges, and for this reason they are sometimes referred to as Dirac
monopoles. We shall study Dirac monopoles in the next section, and 't
Hooft-Polyakov monopoles after that. This will serve to acquaint the reader
with the idea of magnetic charge, as well as to demonstrate the difference
between the two types of monopole.

10.3 The Dirac monopole

Consider a magnetic monopole of strength g at the origin. The magnetic field is
radial and is given by a Coulomb-type law

B=2Er= —gv(i) (10.37)
r3 r
(we are using Gaussian units). Since V>(1/r) = —478°(r), we have
V- B = 4ngd(r) (10.38)

corresponding to a point magnetic charge, as desired. Since B is radial, the
total flux through a sphere surrounding the origin is

@ = 471’ B = 4ng. (10.39)

Consider a particle with electric charge e in the field of this monopole. The
wave function for a free particle is

i
v=Iesp| oo B0
In the presence of an electromagnetic field, p— p — (e/c)A, so
Y- wexp(-—iA . r);
fic
or the phase o changes by

e
oa—>o——A-r.
fic

Consider a closed path at fixed r, 8, with ¢ ranging from 0 to 27. The total
change in phase is

Ax=-S4A-dl
hc

=ifcurlA-dS
hc

fic

= i(Flux through cap) = Lqﬁ(r, 6); (10.40)
hc hc
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@(r, 0) is the flux through the cap defined by a particular r and 8, as shown by
the shaded area in Fig. 10.6. As 0 is varied the flux through the cap varies. As
60— 0 the loop shrinks to a point and the flux passing through the cap
approaches zero:

@(r, 0) = 0.

As the loop is lowered over the sphere the cap encloses more and more flux
until, eventually, at 6 — 7 we should have, from (10.39),

D(r, m) = 4ng. (10.41)

However, as 6 — m the loop has again shrunk to a point so the requirement
that @(r, ) is finite entails, from (10.40), that A is singular at 6 = w. This
argument holds for all spheres of all possible radii, so it follows that A is
singular along the entire negative z axis. This is known as the Dirac string. It is
clear that by a suitable choice of coordinates the string may be chosen to be
along any direction, and, in fact, need not be straight. but must be continuous.

The singularity in A gives rise to the so-called Dirac veto — that the wave
function vanish along the negative z axis. Its phase is therefore indeterminate
there and referring to (10.40) there is no necessity that as 6 -7, Aa— 0. We
must have Aa =2mn, however, in order for y to be single-valued. From
(10.40) and (10.41) we then have

e
2tn = —4ng,
hc 8

| eg = %nhc. (10.42)

This is the Dirac quantisation condition. It implies that the product of any
electric with any magnetic charge is given by the above. Then, in principle, if
there exists a magnetic charge anywhere in the universe all electric charges will
be quantised:

e=n—-:.
28

This is a possible explanation for the observed "quantisation’ of electric

charge (see the footnote on p. 85), though nowadays this is more commonly

Fig. 10.6.
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ascribed to the existence of quarks and non-Abelian symmetry groups. Note,
however, that the quantisation condition has an explicit dependence on
Planck’s constant, and therefore on the quantum theory. In units i=c =1
(10.42) becomes

| eg = in. (10.43)

Let us now derive an expression for the vector potential A,. As seen above,
it is singular. This much is clear from (10.38), for if B = curl A and A is regular
divB = 0, and no magnetic charges may exist. From the argument above, A is
constructed by considering the pole as the end-point of a string of magnetic
dipoles whose other end is at infinity. This gives

-y X _
A=g—2 | A =g—2 A, =0 (10.44
gr(r+z) Y gr(r+z) ‘ )
or
A= Ag=0, A,= il_—.cﬂ' (10.45)
r sinf

A is clearly singular along r = —z. If, on the other hand, the Dirac string were
chosen to be along r = z, we should have

A = Ay=0, A(p_____gi_—_l—co_s(i'

10.46
r sinf@ ( )

The rationale for writing the alternative expressions (10.45) and (10.46) is
that the Dirac string singularity is clearly unphysical, and in these expressions it
is in different places. The only physical singularity in A is at the origin, where,
from (10.38), divB = div (curl A) is singular. Since it is obviously desirable to
get rid of unphysical singularities, this suggests the following construction.
Divide the space surrounding the monopole — the sphere, essentially — into two
overlapping regions R, and Ry, as shown in Fig. 10.7. R, excludes the negative

Ra

Rv

Fig. 10.7. R, and R, are overlapping domains on the sphere. R, excludes the S pole, R,
the N pole.
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z axis (S pole) and R, excludes the positive z axis (N pole). In each region A is
defined differently:

51—-0059

AT =A%=0, Ag= : (10.47)
r sinf
b _ b _ b_ g l+cosH
A, =Ay=0, Ay=—->—""—. (10.48)
r sinf

Referring to (10.45) and (10.46), it is clear that A® and A® are both finite in
their own domain. In the region of overlap, however, they are not the same,
but are related by a gauge transformation (h = ¢ = 1):

Ab=at- 28 40 gy g (10.49)
rsin 6 e
with
S = exp (2iged) (10.50)

The covariant form of (10.49) is
ab=a2-Ls3,sn (10.51)
e

The requirement that the gauge transform function S be single-valued as
¢ — ¢ + 2 is clearly the Dirac quantisation condition (10.43). To check that
(10.47) and (10.48) really do represent a monopole, we calculate the total
magnetic flux through a sphere surrounding the origin.

@ = fF,,de/"
= 3€curlA .ds

=f curl A - dS +J’ curl A - dS.
R, Ry

Here we take R, and R, as not actually overlapping, but having a common
boundary, which for convenience is taken to be the equator 6 = 7/2. Since R,
and R, have boundaries Stokes’ theorem is applicable, and since the equator
bounds R, in a positive orientation and R, in a negative one we have

cD:ﬂQ AC-dl° —39 Ab-dlb
0=n/2 B=n/2
ifd _
= —¢—(InS™Hd
R¥ 5087 do
= 4rg
from (10.50), and using (10.47) and (10.48). This agrees with (10.41).
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This construction is due to Wu and Yang, and is, in essence, a fibre bundle
formulation of the magnetic monopole. The base space (3-dimensional space
R® minus the origin =~ R® — (point) = §? X R') is parameterised in two inde-
pendent ways, corresponding to two overlapping but not identical regions. In
each region the vector potential is given by a different expression. Readers
familiar with the Mobius strip will recognize a similarity here. There is no
unique parameterisation of the Mdbius strip; locally it is the direct product of
an interval (0, 1) and a circle, but globally the circle has to be divided into two
distinct overlapping regions, with a different parameterisation of the strip in
each region.

There is thus a fibre-bundle formulation of the Dirac monopole. The base
space is essentially S* (the sphere surrounding the monopole) and the group
space is S! (since the gauge group is U(1)). The fibre bundle is not §? x S* but
$3, which is locally the same as S? x S! but is globally distinct. For further
details on the fibre-bundle formulation, the reader is referred to the literature.

10.4 The ’t Hooft—Polyakov monopole

In the context of Maxwell's electrodynamics, with Abelian gauge group U(1),
it is clear that although magnetic charges may be ‘added’ to the theory, there is
no necessity for doing this. A theory with monopoles is more symmetric
between electricity and magnetism than one without, but this does not amount
to a requirement that monopoles exist. They may or may not; the above
considerations do not allow us to decide. When the gauge symmetry is enlarged
to a non-Abelian group, however, and spontaneous symmetry breaking is
introduced, the field equations yield a solution which corresponds to a mag-
netic charge. If such theories are correct, then, magnetic monopoles rmust
exist. and should therefore be looked for. It is a matter of natural curiosity to
enquire where the magnetic charge in this model comes from, since the matter
and gauge fields in the theory carry electric charge only. It will not surprise the
reader to hear that the origin of the magnetic charge is topological. The
theoretical possibility of monopoles of this type was discovered in 1974 by t’
Hooft and Polyakov.

We consider a theory with an O(3) symmetry group, containing the gauge
held F, (a is the group index) and an isovector Higgs field ¢°. The Lagrangian
is (cf. (8.42))

2
= —3F i F" + 3(D,¢")(D"¢") — %(P”(P” = M¢°9")?  (10.52)
where
Fi, =3,A% - 3,A% + es® A0 A,

(10.53
D¢ = 3,¢" + e AL¢". )
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We are interested in static solutions in which the gauge potentials have the
non-trivial form

Al = —tiw— (r— =),
2
er (10.54)
Ag=0
and the scalar field is
ra
¢ =F— (r— x) (10.55)
r
with F? = —m?/4. These expressions have a remarkable form because of the

mixing they employ between space and isospace indices. For example, (10.55)
describes a field which, in the x direction in space, has only an isospin ‘1’
component, in the y direction, only a ‘2’ component, and in the z direction,
only a ‘3’ component. In a manner of speaking, it is ‘radial’ — Polyakov calls it a
‘hedgehog’ solution. It can be shown ('t Hooft 1974) that there exist regular
solutions to the field equations derived from (10.52), which have the asymp-
totic form (10.54), (10.55). For example, the equation of motion of ¢ is

—(m?* + 429" ¢")¢* = D (D"¢7).

Equation (10.55) implies |¢| = F, so the left-hand side of the above equation
vanishes at infinity. It is easy to see that D,¢“ also vanishes; for with i = x, y,
z we have

a c
D;¢? = Fa,-( ! ) + ee AP FL

r r

/

61'11 rira B Frmpc
— — _ pabc
= Fk -—'——3 E7 Eibm

r r

r3

=0.

Hence, at infinity, ¢ takes on its vacuum value and is covariantly constant. but
has the non-trivial boundary condition (10.55), rather than the more usual
(‘Abelian’) condition ¢'? =0, ¢* #0. On the other hand, Fy, is not zero at
infinity. We shall see below that there is a radial magnetic field. This solution is
sketched in Fig. 10.8.

Now let us generalise the definition of the electromagnetic field F,, so that it
reduces to the usual one when the scalar field ¢ has only a third component.
We put

1 4ra 1

Ftv':—— Fw__'_“—acaD bDVC. 10.56
L |¢| 1 eld)Pgb (p( ud) )( ¢)) ( )
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Fig. 10.8. The asymptotic forms of the gauge and scalar fields constituting a 't Hooft-
Polyakov monopole. Polyakov calls it a ‘hedgehog’ solution.

It is quite clear that when

AP=0, A=A+ 0,}

10.57
4)1,2:0’ ¢3=F=/:0 ( )

this gives the usual F,,, so long as AZ= A,, the Maxwell vector potential.
Now, defining

1 a
A,=—¢"A (10.58)
"ol "
a straightforward calculation gives
1
Fm' = ayAv - a\'Au - Wgabc(pa(au(pb)(avd)c)' (1059)
e

This is similar to, but more complicated than, the usual definition of the
electromagnetic field, but it reduces to it when ¢ becomes fixed in isospace.
Inserting the asymptotic conditions (10.54) and (10.55), it is easily seen that
A, =0, so all the electromagnetic field is contributed by the Higgs field; and
we find
1 K
FOi = O, E = ——E,-]-kr . (1060)

er3

This corresponds to a radial magnetic field (see (2.221))
(10.61)

The magnetic flux is, from (10.39),
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so by comparison with (10.41) the magnetic charge g is such that
eg = 1. : (10.62)

From (10.43), this is twice the Dirac unit. We conclude that the configuration
of gauge and scalar fields with asymptotic form (10.54-10.55) carries a mag-
netic charge — i.e. when viewed from infinity, there is a radial magnetic field. It
has been shown by ’t Hooft that this configuration is everywhere non-singular,
and therefore has a finite energy. He estimates the monopole mass to be of the
order 137 My, where My is a typical vector boson mass, so the monopoles are
extremely heavy. The mass is inversely proportional to e? (cf. (10.9)).

What is the origin of this magnetic charge? How does it come about that a
configuration of fields carrying electric charge only can arrange itself in such a
way as to simulate a magnetic charge? To answer this, we write the magnetic
current K, as

= 36#°%3,F,, (10.63)

where Fuv is the dual of F,, — cf. equation (2.236) which holds when no
magnetic sources are present. From (10.59) we then have

1 vpo " " e
K* = —-z-e—sﬂ P9 163,93, 973, ¢ (10.64)
where
~ 1
¢ = —¢".
|

We see that the magnetic current depends on the Higgs field only, as noticed
above in (10.60). Moreover, this current is identically conserved:

3,K* = 0. (10.65)

This property is reminiscent of the current (10.10) for the sine—Gordon kink.
The conservation of both these currents does not follow from a symmetry of
the Lagrangian, so they are not Noether currents. It will be recalled that the
sine-Gordon charge (10.11) - the ‘kink number’ - depends simply on the
non-trivial boundary conditions. We anticipate the same phenomenon here.
The conserved magnetic charge is

M = ——l—fKOd3x
47

1 a i NTER
=~ e $ % (), (10.66)

Here the integral is taken over the sphere S at infinity, which, of course, is the
g p y
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boundary of the static field configuration ¢. Since ¢ must be single-valued, as
(dS); covers the sphere once, the vector ¢ will be covered an integral number
of times. say d. It then follows (Arafune, Freund & Goebel 1975) that the
integral in (10.66) is 87d, hence

= —d—, d integer. (10.67)

e

Since ¢° is an isovector, the unit vector ¢ describes a sphere S? in field space
(isospace). so the boundary describes a mapping of the sphere S? in coordinate
space onto the ¢ manifold, which is 5.

¢: S in field space — S? in coordinate space; (10.68)

d is called the Brouwer degree of this mapping. It is necessarily integral. So
equation (10.67) displays explicitly the topological nature of the ’t Hooft—
Polyakov monopole.

In the model considered by 't Hooft, the non-Abelian group is SO(3),
electromagnetism being represented by the Abelian subgroup U(1). An inter-
esting question is: how does the existence of magnetic charge in non-Abelian
gauge theories depend on the gauge group? To answer this we begin by
reflecting on equation (10.68). It is obvious that in general terms what is
important is the q?) manifold (so the gauge theory must be spontaneously
broken). What is the space of the ¢ manifold in general? In Chapter 8 we
learned that it is the vacuum manifold. If the symmetry group of the theory is
G (in this case SO(3)). and the unbroken subgroup is H (in this case U(1)),
then transformations belonging to H leave the vacuum manifold invariant. So
the space of ¢ is the set of transformations in G which are nor related by a
transformation belonging to H. This is the definition of a coset space. In
schematic terms the elements of the gauge G may be written

G=H+ HM, + HMy + - - - (10.69)

where H denotes the elements of the subgroup H, and My, M,, ... belong to
G but not to H, and are all different. The vacuum manifold is essentially the
space of the elements M;, and that is the coset space of G/H. Consulting
(10.68) again, the existence of magnetic monopoles requires a non-trivial
mapping of G/H onto S?, the boundary in co-ordinate space. As we saw in
Chapter 3 (equation (3.114)) these mappings form a group, in this case the
second homotopy group of G/H, m,(G/H). Magnetic monopoles will exist if
this group is non-trivial. We now invoke a mathematical theorem involving
homotopy groups (Coleman in Zichichi 1977; Tyupkin, Fateev & Shvarts 1975;
Monastyrskii & Perelomov 1975).

Theorem. m(G/H) is isomorphic to the kernel of the
natural homomorphism of 7{(H) into m1(G). (10.70)
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To explain the terms in this theorem: m(H) and m(G) are the first
homotopy groups of H and G. They are trivial if the groups are simply
connected, isomorphic to Z,(C,) if the groups are doubly connected, etc. Since
every closed path in H is also a closed path in G, there is a natural mapping of
m(H) into 7,(G); this is called a homomorphism. The kernel of the homo-
morphism is the set of elements of m;(H) which are mapped onto the identity
of m(G).

Let us watch this theorem in action by applying it to the 't Hooft case, where
G=50@3), H=U(1). Since SO(3) is doubly connected (see above),
7m(G) = Z,. On the other hand, U(1) is infinitely connected (the group space is
a circle, and a closed curve going n times round a circle cannot be continuously
deformed into one going m(# n) times round), so 7 (H) = Z, the additive
group of integers. So the kernel of the mapping of m(H) into 7(G) is the
additive group of even integers, hence

m,(SO(3)/U(1)) = additive group of even integers. (10.71)

This is consistent with what we found; the monopole charge was rwice the
Dirac quantum.

The trouble is that the true non-Abelian electroweak group is not SO(3), but
SU(2) x U(1), given by the Weinberg-Salam model. (The SO(3) model is the
Georgi—-Glashow model (Georgi & Glashow 1972). Its salient characteristic is
that the only neutral current in it is the electromagnetic current. It was
therefore rendered obsolete by the discovery of weak neutral current events,
such as v, + p— v, + p + 7°.) Moreover, the electromagnetic subgroup, al-
though given by U(1), is irregularly embedded in SU(2) x U(1), and so is
non-compact, with the consequence that magnetic monopoles do not exist in
the Weinberg—Salam model. To see this argument. note that in this model
there are two U(1) subgroups, so that a particle with a third component of
weak isospin I3 and weak hypercharge Y™, will transform under these U(1)
groups by

exp (ial3)exp (ifYY). (10.72)

The group space of U(1) is a circle, or, equivalently, a line with the points 0
and 27 identified. Hence the group space of U(1) x U(1) may be represented,
as in Fig. 10.9, by a square ABCD, with the edges AC and AB identified with
BD and CD respectively. This is a torus T?. (In general the group space of the
direct product of n groups U(1) is a toroid T".) The group element (10.72) will
correspond to a point («, 8) in the group space T2 of Fig. 10.9. Electric charge
Q in the Weinberg—Salam model is given by

Q = sin Oyl + cos By Y™

where 6Oy is the Weinberg angle (cf. equation (8.82)). Under an electromag-
netic gauge transformation through an angle y, the state vector for a particle
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c d D
C/ /// ‘
b b
/
@ / a
e / e
B 4 = B
a

Fig. 10.9. The group space of U(1) ® U(1) is a square with opposite edges identified,
hence a torus. An electromagnetic gauge transformation traces out the line
Aaa'bb'cc'dd'ee’ . . ..

with charge Q is multiplied by
exp (iyQ) = exp[i(ysin Owl3 + ycos OBy Y™)],
and to this transformation corresponds a point in group space given by
a = ysin By, [ = ycosBy

hence
«/pB = tan Oy, = irrational. (10.73)

The above condition corresponds to a line in group space Aaa'bb’cc'dd’ee’ . . .
(see Fig. 10.9), which, since «/f is an irrational number, is a line of infinite
length. It winds round the torus without ever meeting itself again. Hence the
electromagnetic gauge group in the Weinberg—Salam model has infinite
volume. and is non-compact. It follows that m( H) does not exist (or is trivial)
so m,(G/H) is also trival and no monopoles exist. If nature is ‘grand-unified’,
however, and the electroweak group SU(2) X U(1) is a subgroup of a grand-
unified semisimple group, say SU(S), then this argument no longer holds, and
monopoles may exist. These questions have recently come to life following a
claim that a monopole has been discovered (Cabrera 1982; see also Cabrera et
al. 1983).

Comparing the ’t Hooft-Polyakov monopole with the Dirac monopole of
§10.3, it will seem as if they have almost nothing in common; to be more
precise, nothing at all except that they both possess magnetic charge. This is
not quite true, however, and it may be helpful to conclude this section by
showing how the two may be related. We start with a Dirac monopole with a
string singularity along the negative z axis. The vector potential is therefore
given by (10.45). Now we submerge this in an SU(2) theory, with the vector
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potential aligned in the third direction in isospin space. Using the matrix
potential A, = A" then gives

Ag=A,=Ap=0, A,= r3(—£)( (10.74)

r

l—cosE))
sin 6

In addition, we introduce a scalar field ¢, with vacuum expectation value F,
also aligned along the third direction in isospin space:

¢ =15F. (10.75)
Now we transform A, and ¢ by a space-dependent isospin gauge transforma-

tion. A general SU(2) gauge transformation may be characterised by the Euler
angles (&, B, y) and written

§ = li/Dats g(/Dn o(/2yes

_ [ cosBj2el@tN2 sin /2l CrHe)?
T\ =sinBRelr"D2  cos f2e7irr )2

Now we put y = —a = ¢, f = —0, giving

—e"i% g
o R (10760
hence
Cig s
57 = (—;‘28531/(29/2 ) cosS]g/g/z)' (10.76b)
The transformation law for A, is (as in (3.162), but with A, = A 7 and
g—e)
AL =SA,57+ Hsa,571, (10.77)

e
From (10.76b) it follows that

—si ~ig
5,57 1=0, 3,5 = 1 ( sin 6/2 e cosB/Z)’

27 \—e®cosf/2  —sin6)2
o I B 0 e ?sin /2
¢ rsin @ \e?sin 6/2 0 '

Substituting these into (10.77), using (10.74) and putting g = 1/e (from (10.62))
gives, after straighforward manipulations,

Ayg=A;, =0,
, 1 .
Afp =-—(7115in ¢ — 1508 ¢),
er
1

Ay =-—(1yc0s Ocos ¢ + 1,c0s Osin ¢ — 135in 6).

er
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The Cartesian components of A may then be found; for example.

A, =A,cos¢sinf + Apcosbcosp — Agsin ¢

_ L[TZ(—Z) N ,3(1)], (10.78)
er r r

This is the *hedgehog’ form (10.54). Under the same transformation (10.76) the
Higgs field (10.75) becomes

¢’ =Ses™!
cos 6 e '?sin 9)
e'?sin 6 —cos 0
= F(sin 6 cos ¢7; + sin 6sin ¢1, + cos O13), (10.79)
i.e.
¢ = Ff; (10.80)

as in (10.55). As a result of this transformation, the string singularity of the
Dirac potential disappears, and the source of the monopole resides, as it were,
in the Higgs field. From equation (10.59) we may say that the gauge trans-
formation transfers responsibility for the monopole from the first (Dirac) term,
to the second (topological, Higgs) one. Thus the Dirac and 't Hooft—Polyakov
monopoles are not so unconnected as they at first appear.

10.5 Instantons

Our final example of soliton solutions is concerned with those which are
localised in time as well as in space, and which 't Hooft has therefore
christened ‘instantons’. (An alternative name, suggested by Polyakov, is
‘pseudo particles’.) It is not surprising that such solutions exist, since the
gauge-field equations are fully relativistic, so allow a topological non-triviality
in time as well as in space. Moreover, the gauge group SU(2) plays a rather
special role as may be seen from the following consideration. To begin with,
space—time is considered to be ‘Euclideanised’ so that it becomes E*. Its
boundary is then S, the 3-sphere. On the other hand, it was seen in (10.34)
above that the group space of SU(2) is also S°. Hence topologically non-trivial
solutions to the SU(2) gauge-field equations are possible if there exist non-
trivial (non-homotopic) mappings of S onto S°, that is if 73(S°) is non-trivial
(see (3.114)). And indeed it is:

m5(8%) = Z. (10.81)

It follows that instantons are therefore possible in the pure gauge theory;
spontaneous symmetry breaking is unnecessary. This distinguishes instantons
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from monopoles. The plan in this section will be to write down the instanton
solution, exhibiting its topological nature, and then to mention briefly the
physical consequences that follow from the existence of instantons. There is a
considerable amount of literature on this topic, so our treatment will be very
introductory and readers are referred to the many excellent reviews to broaden
their knowledge. In addition, instantons have aroused the interest of a number
of pure mathematicians, and many papers explore their connections with
topology and algebraic geometry. But these matters are beyond the scope of
this book, and readers are again referred elsewhere.

We begin with some mathematical preliminaries. Euclidean space has co-
ordinates (x, x, X3, x4) with (see (6.16))

Xo = —ixy (10.82)

(and xq = ct). The Euclidean field tensor F, is defined (Vainshtein ez al. 1982)
in the same way as the Minkowski tensor (see (3.169)):

Fi, =28,A%—3,A%+ ge AL A" (10.83)
with
A, =30°A4, F, =%0"F.,. (10.84)
This takes the form (see (3.166))
Fo=23,A,— 3,4, —iglA,. A (10.85)
Defining
3, Ay =23,4,— 3,4, (10.86)
this becomes
Foo=31,A, —iglA,. A,]. (10.87)
The dual of F,,, denoted F,,, is defined by
Fo = 3600 Fpo (10.88)

(remembering that in Euclidean space there is no need to distinguish upper and
lower indices). With &;534 = 1 this yields

~

Fu = Fy. (10.89)
whereas in Minkowski space, since when £1** = 1, then g3 = — 1. s0
?#\, = —F,, (in Minkowski space). (10.90)
Under gauge transformations
Al =SA,57" - ?(3,,5)5-1. (10.91)

Fl, = SF,S7". (10.92)
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Now we define

Ky = %E.uwc).(A?'aKAi + %&'abCA[‘I,A ZAi)

= € TT (%A‘,GKA 5 - lééiA‘.AKAl). (10.93)

Then
3,K, = 3Tt F, F,, = §FiFb, (10.94)

so that Tr FF is a total divergence.

Proof. Because of the cyclic property of the trace
ayKy = Euvka Tr [%(ayAv)(akA}.) - ig(ayAv)AKAl]
On the other hand,
T 1 . .
Tr FyoFuy = 3600 Tr {8, Ay — ig[ A, A Ay — ig[Ak, AL]}
= 28#\1(/'. Tr (auAv)(aKAl) - Ziggyw\‘l Tr AyAv(aKAl)
— 218800, Tr (3,A,)ALA; — 287, TT A A A LA,
Because of the cyclic trace property, the second two terms above are equal and
the last one vanishes. Hence (10.94) is proved.
Now consider a 4-dimensional volume V* in E*, with boundary 3V* ~ §5.

Suppose it is a pure vacuum, A,=0, F,, =0. Then K,=0. The field

equations (in the absence of matter)
D,F,, =0 (10.95)

are clearly satisfied over the whole region V*, as is the Bianchi identity
D,F,,=0 (10.96)

which, of course, must be satisfied. Applying Gauss’ theorem to (10.94) gives

Tr Fo Fdix = 4| 3,K,d*
v+ |G
= 4§; K, dx. (10.97)
svs
This is trivially satisfied if V* is a pure vacuum.

Now we perform a (space—time-dependent) gauge transformation at the
boundary S*

A= —2(3,5)S" (on S, (10.98)
8
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i.e.
Fu=0

so the boundary becomes a ‘pure gauge’ vacuum; and take

X4 +ix-o
§=—— (10.99)
Ve
where
2 =x2 + x2 (10.100)
Then after some straightforward (but lengthy) algebra we find
A= —x; — o)(0-x + ixy], (10.101)
g7’
gr2
and
2
K,= £ (10.102)
2.4
g7
Equation (10.97) then yields
f Tr F,, F o dix = 4§ K, &
g3
= 8— d(area)
gt
ﬁ, (10.103)
e

using the fact that the area of the 3-sphere of radius 7 is 27°7>. (The area of the
unit sphere " is 7%/22"*1(n/2)!/(n!).) We see immediately that F,, cannot be
zero over the whole volume V*, although it does vanish on the boundary. It will
be appreciated that this is a consequence of the fact that K, is not gauge
invariant.

The above situation is sketched in Fig. 10.10. The field strength F,, is
non-zero inside the volume V*, but vanishes on the boundary S°. where A u
becomes a pure gauge. It is clear that (10.98) is nor a solution to the
gauge-field equations over the whole space, but is simply the asymptotic form
as 7> — ». How are we to understand this? We first show that the integral
(10.103) above defines a topological index. It is called the Pontryagin index (or
Pontryagin class), and denoted g:

= —Tr f o dix. (10.104)
167
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Ay = pure gauge ~ (,5)S!

Fuv:O

=00

Fig. 10.10. The instanton. Inside the volume V4 the field strength F,, is non-vanishing,
but F,, vanishes on the boundary §°.

Then in the case we are considering we have
2
q= :‘_fa#Kﬂ d*x = 1. (10.105)
47*

We shall show that g is the degree of the mapping of the group space, 53, of
SU(2) onto the co-ordinate space boundary S°. Putting (10.98) into (10.93)
gives

€

K,=
L 6g2

£ TT (S718,8)(S719,9)(8713,5),
hence

q= —1— Euwdﬁu Tr (S—lavS)(S—lalS)(SwlaKS) d30
2647 )s T
_ L3 gy
2472 J5:3(0)

= _1_f M (10.106)
247G

where d’g is the invariant element of volume in group space. Hence g gives the
(Brouwer) degree of the mapping S> — S°.

This solution, then, is like the soliton solution, except that E* has one time
and three space dimensions. The similarity is that as one of these co-ordinates
passes from —= to +« the field configuration changes, so that the boundary
conditions at — and + = are different, rather as in Figs. 10.1 and 10.3 for the
sine—Gordon kink. In'that case. of course, the relevant co-ordinate is a spatial
one. An obvious way to interpret the present solution is as an evolution in
time, rather than space. This suggests redrawing the boundary S° as in Fig.
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10.11. T and II are the hypersurfaces x4— » and x;— —c and III is the
hypercylindrical surface joining them. Then
q= L[ d30'84ifkTr(A-,'A]‘/_{k) + dX4f dZUiEi‘,KATI'(ZVAKAA)
247% 1-1n - I

(10.107)

where A, = §71(3,5) = igA,.

Now, as remarked above, A, is not a pure gauge over the whole volume.
The required expression for A, is

A= —T (:i)(S#S)S‘l (10.108)
?+ A\ g

where A is a constant (Belavin ez al. 1975). As x,— T2 this tends to the pure
gauge form (10.98), but in the ‘interior’ of the 4-volume V* is such that
F,, #0, as required. This expression for A, is a solution of the field equations,
and is the one which should be used in the expression for g above. However, g
is gauge invariant so it is convenient to choose a gauge in which A’ = 0 so that
the integral over the ‘cylinder’ III in (10.107) vanishes (since the condition for a
non-vanishing integral is that one of the indices v, k, A should be 4). Such a
gauge transformation is*

A, =UA U —i(3,U)U! (10.109)
when
U= exp [.l_g___e],
(‘L’2 + AZ)I’Z
Xy _
(.L.Z + A?.)I/Z

(10.110)

0 =tan™!

|

o |=|

| x, time

\(’D

=

Fig. 10.11. The instanton boundary. I is x4 — %, [[is x4 — — .

¥ This is taken from A. Chakrabarti, talks given at Rencontre de Rabat, May 1978 (unpublished).
See also Jackiw & Rebbi (1977).
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and A, is equal to 7%(7% + A2)™! times the expression (10.98) (with (10.99)). It
is seen that

A, =0
so that g reduces to the difference between two integrals, on the surfaces

x;— —= and x;— *. A is a complicated expression which in the cases
x4 — * reduces to

x>, Al—i(g) (@), |

. N (10.111)
Xy =, Al i(ge1) " (Bign-1): |
with
n _ s X0
g = (g1)", gl—exp[ ‘"”“—"“—(,zﬂz)m] (10.112)

8n 1s clearly an element of the group SU(2), but g, and g,, (n # m) are not
homotopic. In particular g; and gy = 1 are not homotopic; that is, it is not
possible to find a function g(g;, a) with a a continuous variable between 0 and
1 such that g(g;,1) = g; and g(g1,0) =1 (see §3.4). The instanton therefore
describes a solution of the gauge-field equations in which, as x, evolves from
—% to +=, a vacuum (belonging to homotopy class n — 1) evolves into another
vacuum (belonging to homotopy class n) and the Pontryagin index is

g=n—-(n—-1=1

In between these vacua is a region when the field tensor F, is non-vanishing,
and therefore there is positive field energy. The Yang—Mills vacuum is there-
fore infinitely degenerate, consisting of an infinite number of homotopically
non-equivalent vacua. The instanton solution represents a transition from one
vacuum class to another. Physics enters the scene when we ask what is the
amplitude for this transition. Classically, of course, it is zero, since there is an
energy hump in between two vacua. But because of quantum mechanics there
is a barrier penetration factor. We now consider this.

Quantum tunnelling, 0-vacua and symmetry breaking
What we shall argue is that the barrier penetration amplitude is

e ¢, S = Euclidean action. (10.113)

To see this consider the problem of the motion of a single particle through a
1-dimensional potential well, in the quasi-classical (WKB) approximation. If
V > E the process is classically (h = 0) forbidden, but the actual tunnelling
amplitude is

exp {_. ifb[zm(v - E)]1/2 dx} = exp (-———1—5 ) (10 114)
7 Ja no '
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where Sg is defined by the integral above. We shall proceed to show that Sg is,
in fact, the action for imaginary times. For consider the case where £ >V, and
the transition is classically allowed. In this case the wave function oscillates,
and the number of oscillations is given by

b b
—dex - %f [2m(E — V)]"2dx. (10.115)
a a

On the other hand,

fpdx =fp)édt=f(H+ L)dz=f(£ + L)dr.

If the total energy is normalised to zero, then

fpdx=der=s

which is the total action for the motion from a to b. Now the only difference
between (10.114) and (10.115) is that the sign of E — V is reversed. However,
the sign of V in the equation of motion

_ov
ox

mx =

is reversed if we replace ¢ by it. Hence Sg, defined in (10.114), is the action for
imaginary times. In the case of field theory, this becomes the action in
Euclidean space. The tunnelling amplitude, then, is given by (10.113).

What is the action for our instanton? It is easily calculated from the
inequality

Tr(F, — F.)*=0. (10.116)
Noting that
Euvpouvki = 2(6;)1(60,1 - 6pléak)

it follows immediately that

so that (10.116) yields
Tr Fy Fyy = Tr F . (10.117)

The solution (10.108), however, possesses the property of self-duality (see
(10.89)):

F = F. (10.118)

(This is a crucial property of instantons, and many treatments use it as a
starting point. In view of the Bianchi identity (10.96) self-duality guarantees
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that the field equations (10.95) are satisfied.) It follows that (10.117) becomes
an equality for instantons. Noting that the action (in Euclidean space) is

S = —i f F2F d'x

1
-~ f Tr F Fyy d'x, (10.119)
the equality (10.117) together with (10.104) yields
2
= _§'72_2 - 5 (10.120)
8 8

since ¢ = 1. Hence the tunnelling amplitude between the pure vacuum and the
gauge rotated vacuum is of the order

e 878, (10.121)

Now that we have established that in a Yang-Mills quantum theory the
vacuum is infinitely degenerate, with non-zero transition amplitudes between
the gauge rotated vacua belonging to different homotopy classes, it follows that
the true ground state of Hilbert space may be written

x

lvac)y = > e

n=-—o

vac) , (10.122)

where n is an integer labelling the homotopy class. It is characterised by a
particular value of 6, and the coefficients e"? ensure the invariance (up to a
phase) of |vac)y under gauge transformations g; (see (10.112)). They have the
effect

vac), 25 [vac) s (10.123)
and hence
lvac) 25 e 71|vac),. (10.124)

Gauge transformations of the type g; (or g,), which change the homotopy
class, are sometimes called ‘large’ gauge transformations. ‘Small’ gauge trans-
formations are those continuously deformable to the identity (for example,
infinitesimal ones), which do not change the homotopy class.

Vacua of the type (10.117) are known as 6-vacua, and they have several
important consequences in particle physics. If 60 the vacuum state is
complex, and time reversal invariance is violated. From the CPT theorem, it
then follows that CP invariance is violated. Further, since under parity
g1— (g1)7!, unless 6 = 0, P is also violated. The observed scale of T violation
in physics requires 6 < 107> (Wilczek 1978). A satisfactory explanation of why
6 is so small yet not zero is yet to be found.
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Finally, 't Hooft has drawn attention to a remarkable consequence of the
existence of instantons when fermions are also present. Consider a theory with
N massless quarks, where N is a ‘flavour’ index. It has a chiral symmetry
SU(N)L ® SU(N)r ® U(1). The axial current J,, however, has an anomaly
(cf. equation (9.265))

3,0

N,g2 ~a
W= ———FZVF‘W

167
Comparing with (10.104), however, gives

f d*x3,75 = 2Ng

so that in the field of an instanton with ¢ = 1 there is a violation of axial charge
0° by

AQ® =2N.
This results in decays such as

p+rn—oe’+v, or ut+7,

which violate baryon and lepton number (which are not gauge symmetries).
The probability of these decays is, however,

e—167,‘3/g2 =e" 167/e*sin~2 6w

= e—4mX 137 xsin>6w

= e—6026 _ 10262

if sin® Oy =~ 0.35. This gives a deuteron lifetime of the order of 10°*s=~
10?8 yr. Such an enormously large number is typical of the results of instanton
calculations. It would be interesting if some of the large numbers in physics
owed their origin to considerations of this type.

The methods of the present chapter are in essence non-perturbative; firstly,
because a perturbation around a pure vacuum will never produce an excitation
above a vacuum belonging to a different homotopy class; and secondly, because
the semi-classical approximation is also non-perturbative. This has given a large
measure of impetus and excitement to topological methods in the last few
years, because of the knowledge that areas of physics are being explored which
are completely inaccessible to perturbation theory. Some hope is held out. for
example, that quark confinement may be explained by these methods. In any
case, a new spectre has opened on the world, and non-Abelian gauge theories
like electroweak theory, QCD and grand unification (and gravity?) are now
seen to have a much richer structure than had hitherto been dreamed of.
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Summary

The kink solution to the sine-Gordon equation is exhibited. The stability of
the kink is due to the topology of the boundary conditions. It is shown that in
two (or more) space dimensions finite energy solitons may only exist if there is
also a gauge field. The corresponding solution in 2-dimensional space (or
3-dimensional space with cylindrical symmetry) is a line carrying magnetic flux,
identified with the Abrikosov flux line in superconductivity. Such vortex lines
exist when the gauge group is U(1), but not when it is SU(2). In the case of
O(3), there is only one value for the charge per unit length of the vortex. The
magnetic monopole is introduced, and Dirac’s quantisation condition derived.
Wu and Yang's fibre bundle formulation of the Dirac monopole is briefly
outlined. *Certain spontaneously broken non-Abelian gauge theories possess
solutions with magnetic charge, the so-called 't Hooft—Polyakov monopoles. If
the gauge group is G. and the unbroken subgroup is H, the condition that
monopoles exist is that m,(G/H) is non-trivial. Hence ‘'t Hooft-Polyakov
monopoles do not exist in the Weinberg—Salam model. It is shown how a
gauge transformation relates the Dirac and 't Hooft-Polyakov monopoles.
The instanton is a topologically non-trivial solution to the pure (not sponta-
neously broken) gauge-field equations. It describes a configuration with energy
localised in time as well as in space. Its topological nature is described. The
vacuum is infinitely degenerate, and some physical consequences of this,
depending on quantum tunnelling, are outlined.

Guide to further reading

For comprehensive reviews of solitons in non-linear theories (excluding gauge
theories), see Scott, Chu & McLaughlin (1973), Whitham (1974). For short
reviews, see Coleman in Zichichi (1977), Wick in Zichichi (1978). Early
examples of kinks in physics are discussed in Finkelstein & Misner (1959),
Finkelstein (1966). For an example of possible application to elementary
particles, see Faddeev (1976). Quantisation of solitons is discussed by Coleman
in Zichichi (1977) and in Neveu (1977). Vortex lines were first shown to exist in
gauge theories by Nielsen & Olesen (1973). For an application to the Wein-
berg—-Salam model see Nambu (1977). For a review, see Jaffe & Taubes
(1980). Dirac’s paper on magnetic monopoles is Dirac (1931); see also Wentzel
(1966). The Wu-Yang formulation of Dirac’s theory is found in Wu & Yang
(1975). For further developments of the fibre bundle formulation of the Dirac
monopole, see Trautman (1977), Minami (1979), Ryder (1980). Reviews of the
Dirac monopole are to be found in Felsager (1981, ch. 9), Coleman in Zichichi
(1983), Goddard & Olive (1978), Craigie, Goddard & Nahm (1982). The
original papers on the 't Hooft and Polyakov monopoles are: 't Hooft (1974),
Polyakov (1974, 1976). The topological origin of these monopoles was pointed
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out by Arafune, Freund & Goebel (1975), Tyupkin, Fateev & Shvarts (1975),
Monastyrskii & Perelomov (1975). For reviews, see refs. Nambu (1979),
Rajaraman (1982), S. Coleman in Zichichi (1977), Jaffe & Taubes (1980),
Coleman (1983), Goddard & Olive (1978), Craigie et al. (1982), Huang (1982).
Instantons were discovered by Belavin er al. (1975). Important developments
were made by 't Hooft (1976, 1978), Jackiw & Rebbi (1976), Callan, Dashen &
Gross (1976). Mathematical aspects of instantons are explored in Jackiw &
Rebbi (1977); Atiyah, et al. (1978), Drinfeld & Manin (1978), Atiyah, Hitchin
& Singer (1978). General topological aspects of instantons and monopoles are
outlined in Nowakowski & Trautman (1978), Trautman (1979). Reviews of
instantons are to be found in Coleman in Zichichi (1979), Vainshtein et al.
(1982), Crewther & Schroer in Urban (1978). See also Felsager (1981, ch. 5),
Rajaraman (1982), and Huang (1992). A review of the mathematical aspects of
instantons is to be found in Drinfeld & Manin (1980). A very readable
introductory account of the differential geometry of gauge fields, including the
topology of monopoles and instantons, is Eguchi, Gilkey & Hanson (1980).
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Supersymmetry

This morning I visited the place where the street-cleaners dump the
rubbish. My God. it was beautiful.
Van Gogh, (Letter)

11.1 Introduction

Much of the progress made in understanding the physics of elementary
particles has been achieved through a study of the symmetries they exhibit. As
the reader hardly needs reminding, the very existence of conserved quantities
and therefore of valid labels for particles depends on a Lagrangian possessing a
symmetry. The study of Lorentz invariance and of Abelian and non-Abelian
gauge symmetries has been examined in more or less detail in previous
chapters of this book. Flavour symmetries, related to the existence of different
types of quark, have also played a highly important role in the classification of
elementary particles, most famously in Gell-Mann’s ‘Eightfold Way’ postulated
in 1961. Flavour symmetries, however, unlike space—time or gauge symmet-
ries, are only approximate. They are broken, but the breaking is not ‘sponta-
neous’ as it is in electroweak theory (see Chapter 5).

A symmetry different from all of these was brought to the attention of the
particle physics community in 1974 by Wess and Zumino, and goes by the
name of supersymmetry. What is remarkable about sypersymmetry is that it
‘mixes’ fermions and bosons. If supersymmetry were exact there would exist in
the world fermions and bosons of the same mass. We know that in nature this
is simply not the case; there is no particle with the same mass as an electron,
but with spin 0 (a ‘selectron’) and there is no particle with mass zero, like the
photon but with spin 3 (a ‘photino’). So why bother about supersymmetry?
There are several reasons. First, experience with electroweak theory, for
example, has taught us that there are symmetries in the world which are
difficult to discover because they are spontaneously broken. In the very high
energy regime these symmetries become more manifest. It may possibly be the
case that supersymmetry is spontaneously broken — although there seems at
present no great confidence that this is the case. A more potent reason,
perhaps, is the mathematical appeal of supersymmetry. Despite its exasperat-
ing complexity it has an undoubted mathematical fascination and some physi-
cists incline to the view that God must surely have made use of such an
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interesting theory. For whatever reason, the study of supersymmetry (as a
global symmetry) and of its local generalisation to supergravity became a
growth industry in the late 1970s and the 1980s, despite the complete absence
of experimental evidence that it was correct. In recent years, however, some
small amount of evidence has presented itself in the form of a grand unification
(GUT) point. Without supersymmetry, the running coupling constants of the
strong, electromagnetic and weak interactions do not meet at a single point,
though they become very similar at around 10'* GeV. If supersymmetry with
its attendant radiative corrections is included, however, the coupling constants
actually meet at one point, at an energy of around 10'® GeV. If this truly is the
grand unification energy, the proton lifetime will be larger than 10°? years (its
current predicted value based on 10'* GeV unification point in a simple SU(5)
model), and no longer in conflict with experiment, which indicates a lifetime of
greater than 10 years.

In this chapter we shall follow the philosophy of the rest of the book, and
develop the theory of supersymmetry in as simple a way as possible, but
without further reference to elementary particle physics. The chapter has a
kind of cyclic logic. We begin by studying a Lagrangian for particles of spins 0
and 3 and show that this is invariant under supersymmetry. We then develop
some elegant notions of superspace and superfields, eventually returning to
show that our Lagrangian (the Wess—Zumino Lagrangian) may be obtained
rather ‘simply’ (a misnomer — nothing in this subject is simple!) from the chiral
superfield. To begin, however, we must warm up by refreshing our knowledge
of Lorentz transformations, Dirac and Majorana spinors (with four compo-
nents) and dotted and undotted Weyl spinors (with two components); for it
turns out to be more convenient, in studying supersymmetry, to cast it in terms
of 2-spinors, rather than 4-spinors.

11.2 Lorentz transformations; Dirac, Weyl and Majorana spinors

It will be recalled from Chapter 2 that the Dirac spinor forms a basis state for a
representation of the (homogeneous) Lorentz group. The six generators of the
group, J,,, obey the commutation relations (2.184). With the Dirac spinor as a
basis state the matrix representation of J,, is obtained from the Dirac y*
matrices by defining

v =Ly . (11.1)

1
4
(This is, apart from a factor of 2, the same as equation (2.170).) It is
straightforward to verify that the 4 X 4 matrices (11.1) obey the commutation
relations (2.184), and they are therefore matrix representatives of the Lie
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algebra of the Lorentz group. The corresponding group element is
S(A) = exp [%AWZ“V]

= exp {—ghalV", ¥']} (11.2)

where 2,, = —/,, are the six parameters of a general Lorentz transformation
(three rotations and three boosts). S(A) act on the basis space ¥(x) of Dirac
4-spinors

Yy (x)
_ | v(x)
Y(x) = (x) (11.3)
Pa(x)
so that under Lorentz transformations
Y(x)—> ¥'(x") = S(A)¥(x). (11.4)

Given that ¥(x) transforms this way, we now work out how ¥(x) transforms
under Lorentz transformations. In the standard representation (2.157) we have
(" = Hermitian conjugate)

Y= T = oy S = 0y ly2y3 = S (11.5)
hence
[+, v = =[v, ¥]. (11.6a)
2 v = [0, ] (11.6b)

From (11.2), separating the indices u, v into timelike and spacelike parts, we
have

S = exp {(—g(4{v", v'] + 220", v}
hence, using (11.6),
St = exp {4~ A;lv', v + 220", Y]}
= yPexp {—s(=Ay[v', '] = 24?°, ¥'D}
= 40571, (11.7)
Hence recalling the definition (2.113) of & we have, with (11.4) and (11.7),
P =wty = sy = wisht = g lg = gl
or
U@ =95 (11.8)

Y transforms in a different way from ¥ under Lorentz transformations. We
may, however, find a spinor related to & which transforms in the same way as
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Y. It is given by
pe=CcyPT (11.9)

where T stands for transpose, so that @7 is a column spinor, like ¥ in (11.3);
W is of course a row spinor. C is a matrix obeying

CY#TC—I = _Y#7 CT = —C. (1110)

C is called the charge conjugation matrix, and is related to the operator C
which converts particles into antiparticles and which features in the famous
CPT theorem. In view of (11.10) we have

v 1" = -y v = =C' v, vIC (11.11)
hence
CS™'T = Clexpghuly®, v'1}T
= Cexp {ghulr", v17}
= Cexp{—gtwC '[1*, 1'1C)
= exp {~ghulr", ¥} C
=S8C (11.12)
and so
P = (CPTY =CcP'T=Cc(PsHT =cs1TPT
=SCPT = §P°,
1.e.
e (x) = SW(x) (11.13)

justifying our claim that ¥* transforms in the same way as ¥. It should be at
least intuitively clear to the reader that, if ¥ describes a particle, ¥ describes
the antiparticle. (This becomes clearer on reading the relevant section on ¥ in
particle physics textbooks.) If a spin % particle is genuinely neutral, in the sense
that it is its own antiparticle (like the photon is), then we have the condition

Y=y (11.14)

Spinors obeying this condition are called Majorana spinors. (In recent years
there has been some speculation that neutrinos are Majorana particles; if they
were they would carry no lepton number, since it is lepton number precisely
which distinguishes a neutrino (L = 1) from its antiparticle (L = —1).)

¥ For more details about the C matrix, see for example Bjorken & Drell (1964, § 5.2).
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It is useful to consider a particular representation for the Dirac matrices y*.
In the Weyl (or chiral) representation

0 -1 : 0 o 10
0 = P = . /5 = .

(This differs by an unimportant overall sign from (2.92).) It should be clear
that each ‘element’ in (11.15) is actually a 2 X 2 matrix, 1 is the unit matrix, 0
the null matrix and o' the Pauli matrices (2.50). Putting

B 0 o
= (5‘1 0 ) (11.16)
gives
" = (0%, o) = (-1, o)
_ 0 _ (11.17)
o' =(6",0") =(-1, —0").
We also define
045" — o"G* 0
T -
[ ] ( 0 . 61,0,14)
_fo* 0
= 4( 0 5“\,), (11.18)
Equation (11.1) then gives
S = i((’(’) (_ﬁw). (11.19)

The interesting property of the Weyl representation is, in view of (11.19), that
the transformation matrix S(A), given by (11.2), assumes a block diagonal
form

6_1/2;"‘"0“V 0
S(A) = ( 0 e~ /200" |

(11.20)
This means that the two upper and two lower components of ¥ transform
independently and in a different manner under Lorentz transformation. This
was seen already in Chapter 2, but here we shall need to develop the treatment
of the two-component Weyl spinors in a slightly different manner. Before
doing this, however, it may be useful to spell out the equivalence of equations
(11.20) and (2.78). Putting
Zsijk/lij = Ay,

(11.21)
m; :

Aﬁi=7-
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we have

uv

—w0 = ~a - (A + im).

0 [ -

(11.22)

DO | e

~3h 0" = =0 (A — im).

which follow from (11.18), which gives (o7, 6”) = (=[0", 0/]. 20"), (57, 6") =
(—[d", /], —20"). Hence, writing

s = exp {éa-(l + im)} (11.23)
and therefore

s7l=exp {—%a- (A + im)}

s = exp {—;—0’ (A - im)}, (11.24)
it follows that equation (11.20) may be written
s 0
S(A) = 0 sl (11.25)
In addition
s71T = exp {%UT S(—A - im)}. (11.26)
Together with the relation
0*0'To? = —¢! (11.27)
(11.26) yields
0%~ To? = exp {%a (A + im)} =5 (11.28)

which gives, on taking the complex conjugate,
s = o2s%0?. (11.29)

We see that s* and s™!" are equivalent representations of the Lorentz group,
but s and s~!" are not. The above relations are simply a repetition of those
leading to (2.79), but are included here to make this chapter more self-
contained.

We see, then, that in this Weyl representation we may write the 4-spinor ¥
as two 2-spinors

W= (X) (11.30)
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so that under Lorentz transformations (see (11.25))

x— sy, n— s (11.31)

(For the present the bar in 7 has no particular meaning, but below we shall see
that it stands for complex conjugate.) From (11.28) and (11.31) we see that
under Lorentz transformations

(io°x) = io%y
= io%sy
= s T(ic%y),
hence
(%) T — (io%y)Ts71 (11.32)
which together with (11.31) implies that

(i0%y) Ty is Lorentz invariant. (11.33)

Now let us give explicit indices to the spinor x. We put

- _[x
X=Xa = (Xz)' (11.34)

Motivated by (11.33) we further put

1
gerooa-( -5 o

Equation (11.33) can then be re-expressed as
x%x, is Lorentz invariant (11.36)
and (11.35) can clearly by written
x* =&y (11.37)
with % playing the role of a ‘metric tensor’, with the values
P2 =1, l=-1, l=¢2=0. (11.38)

Alternatively, since (11.35) gives y; = ~°, x» = x! we may define €xp by the
equation

Xe = Eapi? (11.39)
and it has the values

Eapr €12 = “1, &y = 1, E1 = & = 0. (1140)
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The tensors &,4 and %P are the inverses of each other
Eapef? = 6}, (11.41)

as may easily be checked.

This curious ‘discovery’, that the metric tensor in spinor space is antisym-
metric has, particularly for people who are used to doing calculations in general
relativity, some slightly surprising consequences, which call for care when
dealing with spinor relations. For example, the Lorentz invariant expression
(11.36) may be written

X% = X0+ X = o0 — 00
= —xnx — ux*
= —x.x% (11.42)

(contrasting with the corresponding relation for vectors A*A, = A,A". which
holds by virtue of the symmetry of the space-time metric tensor g,,). The
quantity (x)* may be defined by

(07 = 1% = eapt™x’ = =X + %' = 24"
=260 = ~ 200 = € ap, (11.43)

where the Grassmann nature of the spinor has been taken into account - see,
for example, equation (6.119). In a similar way, if x and n are two different
spinors, they obey

= XN = —%aM® = N"Xa = N2 (11.44)

These are the relations that hold for the 2-spinor x in (11.30). The remaining
2-spinor 7 transforms (see (11.31)) differently under the Lorentz group, so it
has a different type of index. We write

i
== (Zz) (11.45)

Analogously to (11.32) we have

(—io*#)T 7 is Lorentz invariant (11.46)

(—ic*7) = ((1’ “(1,) (Z;) - (_n'f) = (Z;) “ R (1L47)

and with the relations

so we put

7= &g e = capil’ (11.48)
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we have
el=1, = —1, ll=¢2=0,
(11.49)
e =—1. &i=1, ¢j=¢5=
(so that numerically £f = gih .) In matrix form
¥ 0 1
aﬁ = aﬂ = =1 2
€ € (_1 0) io”, (11.50)
-1 .
Eap = Eap = ((1) 0) = —id%. (11.51)

We have, therefore, four types of Weyl spinor: x,. x%, x4 and x*. It is common
to refer to these types as dotted and undotted spinors, which appellation should
be self-explanatory. The relationship between them is not hard to deduce. First
of all. from (11.31) we have the following transformation property of y, under
a Lorentz transformation

Yo = 2o = Sal2p- (11.52)
It follows that
X — = Py
= gaﬁsﬁyxy

ePspre,ox
[(i0%)s(~i0%)]%51°
= (0°50%)% s1° (11.53)

Il

and hence, using (11.28),
7= (sl (11.54)

It is then clear (particularly from (11.53)) that x, and x* are the bases of
equivalent representations. Equation (11.31) also gives

7oy = (s (11.55)
and hence
Yo = Yo = 5&6(5_1+)ﬁ'y8w)?5
= (0557109
= 5073 (11.56)

where (11.29) has been used. In addition, comparing (11.52) and (11.56), and
(11.54) and (11.55), we are justified in identifying dotted spinors with the
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complex conjugate of undotted ones:

Fo= ()" 2= GO (11.57)
This fulfils the promise made below equation (11.31). It is useful to state the
Majorana condition (11.14) in a form involving 2-spinors. and it is convenient
to work with a specific representation of the matrix C defined in (11.9) and
(11.10). In the Weyl representation (11.15) y° and y* are symmetric while y!
and y> are antisymmetric so a matrix satisfying (11.10) is clearly

—g? 0
C=nv?y"= nc( 0 o)

o-
2
-1 — ® -0~ 0

(11.58)

in which 7, is an arbitrary phase. Putting in spinor indices we have from (11.30)

A&

v (Xa) =Y =G =P =-¥Y =01

_ n®
= PT = ( ) (11.59)
Hence using (11.58)

0" Xa

from which, choosing 7. =i and noting (11.50) and (11.51). we have
2«
ge=cpT=|"19T) =T, (11.60)
107X X

(In the interest of simplicity there is a slightly loose use of indices in the above;
the top two components should more properly read —io’n® = £ga 1" = Ng:
though even this is not entirely satisfactory.) Then the Majorana condition
¥ = P gives, from (11.59) and (11.60)

X=1 (11.61)

hence
W= qf%("ﬂ?). (11.62)

In general we may put

W= (’_‘g) (11.63)
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giving

b2t

C - chl/ .
P! (x ) (11.64)

and the Majorana condition is then x = x..

Some further relations

It is useful to record some formulae which will be needed later. First, the
Lorentz covariance of the Dirac equation (2.96)

iy'e,W(x) = m¥(x) (11.65)

implies
iy ¥'(x") = m¥'(x"), (11.66)

where
x't = AR X", (11.67)

A¥, being the matrix of Lorentz transformation coefficients. Together with
(11.4) we then have

iy“éicla,,S (AP (x) = mS(A)WP(x) (11.68)
Ax'#

where the rule 9, = (3x"/3x'*)3, for covariant vectors has been used. Now
(11.67) implies

(ATHP ' = (AT Al XY = & ox” = xP (11.69)
hence
3xP -1
= (A7VP, (11.70)
Sx'#

which, inserted into (11.68), gives
i (ATHY,S(A)R, W (x) = mS(A)P(x) (11.71)
or, on relabelling
iISTHA) Y (ATHES(A)Q, W (x) = mWP(x). (11.72)
On comparison with (11.65) this gives

7= (ATHLSTHA)YS(A)
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which, on being multiplied on the left by A”,, gives
AP Y= STHA)YPS(A)
or
YP = AP, S(A)STHA). (11.73)
Note also that the fact that x*x,, is an invariant implies that
AL = (ATHP,. (11.74)
Together with (11.16) and (11.25), equation (11.73) gives

0 o° — 0 (8 0 0 o4\[sP 0
3 0 Mo s la* o flo st
0 sotst
- Ap"‘(s"”(‘fs"1 0 )’

i.e.
of = Apﬂso”s*,

(11.75)
of = Ap#s"”c'f'“s"l.

These equations have significance for the indices on the Pauli matrices. Since
(see equations (11.52)—(11.56)) the indices on s and s~! are undotted, while
those on s* and s"~! are dotted, the indices on ¢* and G* are

ot = ahs 0° =57 (11.76)
In addition we have
g = g etboly (11.77)
Equation (11.75) then reads, for example
0hp = AP s, aly(sh)p. (11.78)

These equations exhibit the fact that o* ‘naturally’ has lower indices and 6*
upper ones; they are related by (11.77). The relation between ¢* and 6* both
with lower indices is obtained by defining

SHo =ué
Oap = Eao€pp0tP

—ugp T
Edda'uap&‘pﬁ
[(=10%)5*(10%)]ap

= (0°6"0%)ap (11.79)

where (11.50) and (11.51) have been used. It is clear, however, that (see
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(11.17) and (2.50) and put o' = 0,, 0* = 0,, 0° = 0.)

25062 = 50 = o0 = T
25lo? = —o?olo? = gl = gIT
50? = —026 et = —g? = o7
2530 = —020Pct = 0% = T
and hence
a*gto? = otT. (11.80)
Equations (11.79) and (11.80) together give
g = (0")ap = 0hs (11.81)

This is the first relation we were aiming for. This section ends with the
derivation of two completeness relations. The first of them follows by observing
that equations (2.99) (with g"*— n"", appropriate to Minkowski space) and
(11.16) together give

o*g" + 06" = 6*0¥ + 6" = 2n*"1 (11.82)
where 1 is the 2 X 2 unit matrix. Taking the trace of this equation gives
Tr(c#5" + 0¥o%) = 4n'"". (11.83)
On the other hand, in view of (11.80),
Tr (6"6*) = Tr(0"c*0"0?)
= Tr(c*c"d*a*)
= Tr(5%o")
= Tr(o*5"),
hence (11.83) gives
Tr(c%3") = aﬁgévﬁ” = 2. (11.84)
This is the first completeness relation. The second one follows from the fact
that for any 2 X 2 matrix A the relation

A =XTrA)1 +1Tr(o'4)o! (11.85)

holds: here 1 refers to the 2 X 2 unit matrix and summation over i is implied. It
is a simple matter to verify (11.85), which we shall now express in different
form. First note that from equations (11.17) and using our metric convention
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Nw = diag (1, =1, =1, —1) we have

1 0 _ _ 1 0
o' == ( 1)’ o= 02"(0 1)

==

— O
O =
~
Qb—-
Il

|

SI

Il

|

——
—_— O
O =
N~————

P (11.86)

Q
lI
||

al
(? _5) =5, = _((1) _8)

3 _ 1 0 =3 _ - 1 0\
7 (O “1)’ a——03——(0 —1)3

It follows that

C—,oaﬁAﬁd - 60“A11' + 6022A22

= —(A1i + Ap)
=-TrA
and therefore that
(Tr A)1 = 0g5%P A 4. (11.87)
On the other hand
Tr(0'A) = =67 A,; (11.88)
(for example, i = 1 gives — 1”"A =—(—Ay— Ap) = Ay + Ay =Tr(c'A4),
o)

o' Tr(0'A) = —0'6"7 A,
=0,;6" A, (11.89)
Using equations (11.87) and (11.89), (11.85) may then be written
Aps = 300p50° Ay + 30,50 P Ay

30,ps0" P A gy (11.90)

from which it follows, since A is an arbitrary matrix, that

O0ps0 5"4f = 6[56 (1191)

This is the second completeness relation we wanted.
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11.3. Simple Lagrangian model

Having completed the mathematical preliminaries we are now in a position to
consider the topic of supersymmetry proper. As has already been mentioned,
supersymmetry is a symmetry between bosons and fermions and the obvious
way to display the symmetry is to write a Lagrangian containing Fermi and
Bose fields. Such a Lagrangian is

p=1 2,1 2 1§
=2(9,A)” +3(3,B)" + Wiy* o V. (11.92)

where A and B are scalar fields and W is a Majorana spinor field. This is the
(simplified) Wess—Zumino model. The aim of this section is to show that, with
some important reservations and qualifications, & is effectively invariant under
transformations which mix the scalar an((j_) spinor fields. In distinction with the
notation in equation (4.41) the symbol o above is (for convenience) defined
to be

-

5=3-5. (11.93)
By defining the complex scalar field ¢ by
A —-iB

= ) 11.94
equation (11.92) may equivalently be written
£ = (3,0)(3"¢*) + ilffy"g,}l'. (11.95)

The supersymmetry transformations, mixing A, B and ¥ by means of a
parameter € which is a Majorana spinor, are

OB =iy’ W,
Y = —iy*e(3,A) + v"v’£(3,B),
8¥ =igy"(3,A) — B’ v"(3,B).

(11.96)

What we shall find is that & is not actually invariant under (11.96), but changes
by a total divergence. Hence the action derived from &£ is invariant.

First we need some general formulae. Using the definition (11.93) we have,
for some fields g and b

8(adb) = da(3b) + ad(3b) — 8(3a)b — (3a)db (11.97)

where we have used the fact that 6(3a) = 3(da) since x* is unaffected by the
changes 6 in (11.96) — we are dealing with global supersymmetry. In addition
we have

3[adb — (a)b] = (3a)db + ad(3b) — 8(3a)b — (8a)3b.  (11.98)
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Subtracting (11.98) from (11.97) gives
8(adb) — 3[adh — (a)b] = 2[da(3b) — 3a(6b)]
hence

8(adb) = 2[8a(db) — 3a(db)] + total divergence.

441

(11.99)

Next, if & and n are Majorana spinors (§° = &, n° = ) then using (11.9) and

(11.14)

Eytn = Ey'n® = &y e’
= EF (Y Cy MymE
= Efnf (v Cyhy
= &M,

Now, since § and 7 are Grassmann quantities,

§inf = —nj&r.
On the other hand, the matrix M appearing in (11.100) is symmetric
MT = (Py#Cy )T = YO CT T 0T
— PO CyHT 0T
=Yyt = M.

Equation (11.100) then gives

Eytn = ‘S?‘U}!‘Mij = —Ufg?‘Mij
-7y,

ie.
Ey*n = —ny"E (Majorana spinors).
Now under (11.96)
8[3(3,A)* + 3(3,B)*] = (3,A4)5(3"A) + (3,B)5(3"B)
= £[(8,A4) + i(3,B) 3" ¥,
On the other hand, using (11.99) and (11.103), we see that
S[iPS, W] = 2[6 Ty (3, W) — (3, F)y*6¥] + total div
= 4i16Py"(3, W) + total div.

(11.100)

(11.101)

(11.102)

(11.103)

(11.104)

(11.105)
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Hence, using (11.96)

5(i lffy#éj) = 16T y#3,W + total div

ig[iyP9,A — yS)/papB]y"a,,‘P + total div
H-v"r"(3,A)(3,¥) — iﬁypy“(apB)(aﬁ'J’)] + total div.
(11.106)

Now the matrix y”y* in the above may be replaced by n?*, since (in the first
term, for example), although the fields A and ¥ differ, we have

(3pA) (8, W) = 3,8,(AW) — (3,9,A)¥ — 3,(A3,¥)
= —(9,0,A) ¥ + total div

which of course is symmetric in the indices p and u. Hence y’y" may be
replaced by

HyP, vy = nPe.

Equation (11.106) then gives
é(i @,,ué‘;zp) = E§{—(3*A) — iy’ (3"B)]3, ¥ + total div.  (11.107)

Combined with (11.104) this gives
1 2 1 2 i= ,© _ .
6 E(SFA) + 5(8#3) + ZlI/y“a#lI/ = total div (11.108)
which implies that the action
S = fsed‘*x.

derived from (11.92) is invariant under the supersymmetry transformations
(11.96). although the Lagrangian itself is not invariant.

It will be useful, for later purposes, to have the Lagrangian (11.92) displayed
in terms of 2-spinors rather than the 4-spinor ¥. Putting (recall that ¥ is a
Majorana spinor)

_ (Ve
Y = (g,a) (11.109)

then (using (11.15))
V= (Yay®), P= - = (vy) (11.110)
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SO

0 )\s,y”
= (YL@ + 45"P3, ). (11.111)

On relabelling indices and noting that 4% = ¢“#%  this gives (using the
anticommuting property of the spinors)

_ - 0 AN EN
q’)’“auq’ = ("l’all’d) (5#(1/3 ﬁ) ( i lfﬁ>

Py3, W = ahslv*3,9% — 3,4 ¥7]. (11.112)
Similarly
@I = ol @)y — ¢,y (11.113)
SO
i[ lflyl‘a#l[/ - (ay lfl)y#lI/] = %ol;d[waaug}d - (a“q}a)ﬂ}d]
= %aﬁd[waywa — (@Y. (11.114)

Hence the Lagrangian (11.95) can be written as
I 4 =3
£ =(3,0)R"“9*) + anw"a# Yo (11.115)

The first task has been accomplished: to write down a Lagrangian containing
scalar and spinor fields whose action is invariant under transformations which
convert the one type of field into the other (bosons < fermion).

Let us now stand back and ask a deeper question. Consider the case of
Lorentz invariance — or, even more simply, rotation invariance. All Lagran-
gians should of course be Lorentz invariant (and therefore automatically
rotation invariant). The Lorentz transformation (together with rotations) form
a group and the Lagrangian (and the action) should therefore be an invariant —
a scalar — under this group. This means that the various fields participating —
scalar, spinor. vector, and so on — should transform as representations (usually
irreducible representations) of the group. This means that, for example. if a
Lagrangian contained the spin up (J, = %) but not the spin down (J. = —%) field
for a spin % particle, rotation invariance would be broken. since a rotation
(about the x or y axes) can transform a state with J. = % into one with J. = —%.
In other words, rotation — or more generally, Lorentz - invariance demands
that all the relevant fields required by Lorentz invariance are present in the
Lagrangian.

Now a similar question must be addressed for supersymmetry. Supersym-
metric transformations are additional to Lorentz transformations and we expect
that in some general sense they form a group: that is to say. that they form a
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closed set of operations under the relevant combination. We must find the
structure of this group and must check to see whether the fields represented in
the Lagrangian above do actually represent a ‘basis state’ for the representation
of the supersymmetry. In fact it turns out that they do not: two scalar fields
(rauxiliary fields’) have to be added. And to put this whole investigation on a
proper footing we must find the generators of the supersymmetry transforma-
tions and write down the algebra of these generators, as a generalisation of the
algebra of the generators of the Poincaré group, shown in equations (2.184),
(2.186), (2.187) above. These questions will occupy us until § 11.5. At this
point, however, it is convenient to digress and derive the so-called Fierz
rearrangement formulae, which will be needed subsequently.

Digression: Fierz rearrangement formula

The Fierz rearrangement formula is based on a theorem involving Dirac
matrices. There are 16 4 x 4 matrices forming a so-called Clifford algebra,
which we denote y#

v = {1, Y, iy, I = i[w, 1, if}. (11.116)

(The factor of i is present to make yy“y Hermitian.) The inverses of these
matrices are denoted y4: (X)y?y4 =1, so

Ya =L v =775 Zw —iv’} (11.117)
There is a ‘fundamental theorem’ according to which if y* and y’# both obey
{v*,y"} = 27", then there exists a non-singular matrix S such that

y'# = Sy*S71. At one stage in the proof of this theorem (see, for example,
Good 1955) it is shown that if y, and y), are any two sets of Dirac matrices,
then y,§ = Sy, with

16
S= > ysFy? (11.118)
B=1

where F is any 4 X 4 matrix. If we specialise to the case y4 = y4 then Sis a
multiple of the unit matrix § = k1 and

S ypFy® = k1. (11.119)
B
Since F is any 4 X 4 matrix we can consider the 16 separate cases in which F

has 2 1 in one entry and zeros elsewhere, so put Fy = 6;,,0x,. Equation
(11.119) is

S ()i Fu(v®) i = kg
B
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which then becomes
2 (YB)iiOm Ok (Y = kS
B
or
E(YB)im(YB)nl = Kpmn Oy (11120)
B
where, in the last line, k has been denoted k,,,. Now put i = 1 and sum over i:
Z(YBYB)nm = 4kmn
B
166, = 4kpmp = Kkppp = 40,1
so equation (11.120) becomes

16
> Vaim¥ it = 40Oy (11.121)
A=1

This is the key identity on which the Fierz rearrangement formulae are based.
The formulae we need are obtained by multiplying (11.121) by y,y; where x
and v are two 4-spinors which in addition are Grassmann quantities:

E ¥ aim(An )/fﬂl’x) = 40mn Ot X
A

=40 ;.

The quantity in brackets is a number which we denote (xTy4y), so

S G Yaim = —4Yidm
A

= —4(wXT)im
where (") is an ‘outer product’ (a 4 X 4 matrix). Hence this product is given

by

vl = =D ) va (11.122)
A

Now put ¥ =&, x' =& and perform the sum over A using (11.116) and
(11.117), giving

82;:1 = _%[;:182 + 517#82’)/;1 - EIY#Y582YyYS + 2512"“/82211\' + EIYSEZYS]
(11.123)

where the coefficient 2 occurs because of double counting in this term
3123, = 3213, etc. This equation is the Fierz rearrangement formula. In the
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applications below, & and & are Majorana spinors, so it is also useful to
summarise here the ‘Majorana flip’ properties of the various bilinear expres-
sions involving Majorana spinors. They are generalisations of equation (11.103)
and are derived in exactly the same way, so it is sufficient to quote the results:

M=y CyT = MT  Eyte = —E Y,
M=y'Cy'T = —MT 156 = B8,

M=y"20Cy"T = MT 53 = —5 3, | (11.124)
M=y"rCyT=-MT 57 =878,
M =y YT = MY BytYe = gY'yY e |

(&, & Majorana spinors).

11.4 Simple Lagrangian model (cont.): closure of commutation relations

We must now check, as explained at the end of the previous section, that the
supersymmetry (SS) transformations (11.96) close among themselves, and
therefore form a ‘group’. (We shall find, in fact, that they don’t; and ‘group’ is
put in inverted commas because some of the relations between the generators
will involve anticommutators, instead of commutators. This will become clear
below.) Under (11.96). denoting by 6; the relevant field variation correspond-
ing to the Majorana spinor ¢y,

0A =8V,
6B =iy W, (11.125)
O W = —iv"e(3,A) + Y"1’ &(3,B).
Hence, performing two variations it follows that
0164 = 01(5;¥) = 5,6,V
= &[-iy?e1(3,4) + ¥"¥e1(3,B)]; (11.126)
hence
[61, B:]A4 = —i(&:7Pe; — E17P€2)3,A + (82Y°Y &1 — E1Y° V)3, B
= —2i&,7"€3,A (11.127)
where (11.124) has been used. Similarly
810, B = 81(i&,7° W)
= B[V’ r"a(3,4) — iy’ (3,B)]
and

[61, &]B = —2i&;7"€,3,B. (11.128)
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Equations (11.127) and (11.128) are translations in space (whose generator is of
course 3,): the commutator of two SS transformations operating on the fields
A and B is a translation. We must now see whether this is also true of the ¥
field. We have

516,W = 8,(—iyPe8,A4 + v*y €3, B)

—i7P80,(5| W) + Y'Y 63,(i5, 7 W)
= —iyP583,¥ + iy’ Y 68 Y3, W. (11.129)

(Note again that & and ¢, are constant spinors; SS is a global symmetry.)
Hence

[61, W = =iy (828, — €182)3, ¥ + iv V(6281 — £,8:)7 0, ¥
= —iyP{&8 — €18 — V(628 — £5)7}3,¥. (11.130)
Now from (11.123) and (11.124)
88 — 818 = =3B 6y, — HIV6S,,
hence
V(88 — &)y = 81 6y, — 53763,
and

88 — 618 — V(88 — 68)7° = -5 776y, (11.131)
so that (11.130) becomes
[01, &)W = iyFE 1Y e,7,9, ¥
=187 7" y,0, ¥
= —i&y,6 7"y 0, ¥ (11.132)

where (11.124) has been used, together with the fact that (£,y”¢,) is a number,
which therefore commutes with y*. Now we have, from (2.99),

YRYP = Qe — P yH
which, when substituted into (11.132), gives
[01. 6,]W = —2i&,y"e;0, ¥ + i&,7 e1v,y"3, . (11.133)

Comparing this with equations (11.127) and (11.128) we see that the first term
on the right-hand side is the expected one, representing a translation. but the
second term is undesirable; it vanishes only if the classical equation of motion,
749, ¥ =0, holds, which, of course, in general does not happen. (In the
context of the path integral formalism, for example. the fields over al/ paths
contribute to the action, but only those on the classical (4 — 0) path obey the
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equation of motion.) To eliminate the last term in (11.133), we enlarge the
definition of 6¥ (equation (11.91)) to
OV = —iyPe(3,A) + v*¥°e(3,B) — ¢F — iy’eG (11.134)
where F and G are new fields. Together with the additional relations
SF = gy, W, }
0G = —EyS)/paplIf,

we claim that [6;, 6,]A and [8;, ,]B are unchanged and that [, 6,]¥ loses
the undesirable second term in (11.133). Let us first justify these claims. From
(11.125) and (11.134)

010,A = 6;(5;¥) = (11.126) + &[—& F — iy’ £,G]

(11.135)

hence
[0, 8:]A = (11.127) — (8261 — 816 F — i(&27° 61 — &7°62)G
= (11.127) (unchanged) (11.136)
where (11.124) has been used. Similarly
[61, 6;]B = (11.128) (unchanged). (11.137)
Finally, from equations (11.134) and (11.135),
66, = (11.129) — 86, F — iy°5,6,G
= (11.129) — ig8, 73, ¥ + iV 8,7 v73, W
SO
[61, 62]W = (11.133) — i[e28; — €18, — V' (&281 — &15,)Y’]¥P3,¥
= (11.133) — (=& 7"&7,)v"3,¥
(on using (11.131))
= (11.133) — i&y"e1y,v73,¥

(on using (11.124))
= —2i& &3, ¥, (11.138)

which is a pure translation, as claimed. This result has, however, been achieved
at the price of introducing two new fields, F and G, into the theory. We must
now check that [8;, &,]F and [d;, 6,]G have the same desired form of being
translations only. We have, from (11.135)

& F = ity 7?3, W
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so, from (11.134),
860, F = i&yy3,[~iv*e1(3,A) + "V’ &1(3,B) — & F — iy’ e, G]
= 5YPY"e(8,8,A) + &Y Y'Y e1(3,9,B)
— 15y (3, F) + €2Yp’/551(apG)
= &0A + 5y e 0B — 57763, F) + zf:zypysel(apG).
Hence from (11.124)
[61, &]F = —2i&y &3, F (11.139)
which is exactly of the desired form. In a similar way we find
6:6,G = 15y’ e0A — £60B + &7 v &1(3,F) — i&7°6(3,G)
and hence
[61, ]G = —2i&y"£3,G, (11.140)

which is, again, of the desired form.

Because of the extra term in 6%, however (equation (11.134)), the Lagran-
gian (11.92) will not now be invariant up to divergence terms, since extra terms
will come from 6(¥Wy#3,¥). We shall find, however, that these terms are
exactly cancelled by adding to &£ terms in F? and G? (which are in any case
required). Let us write (11.134) as

Oexira ¥ = 0y W = —¢F — iy°eG
_ (11.141)
0. W = —EF — i£y°G.

Then, from (11.106),

5ex(j_1 lf’y/‘é_;lll) i(0ex P)7*(3,¥) + total div

—iEy (3, W)F + £ v*(3,¥)G + total div.  (11.142)
Further, from (11.135)

8GF? +3G?) = FOF + GG = igy"(3,¥)F — &y’ y*(3,¥)G  (11.143)

which cancels (11.142) (apart from the total divergence). It follows finally that
the action

S= f [3(3,4)% + 3,BY + 1Ty 5, W + LF? + 167 d'x

= fﬁfod“x (11.144)
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is invariant under the supersymmetry transformations

0A = EW
6B =iz W
8F =iey°3,¥

0G = —E‘}/Sypapllf
W = —iyPe(3,A) + Yy €(3,B) — €F — iy’cG
OW =i&y?(3,A) — Ey>y*(3,B) — §F — igy°G (11.145)

and that this set of fields A, B, F, G, ¥ is closed under repeated supersym-
metry transformations - in some sense (to be made clearer below) it forms the
basis for an irreducible representation of the supersymmetry. In this connection
it is interesting to note that the number of boson degrees of freedom (4) is
equal to the number of fermionic degrees of freedom (the four real compo-
nents of a Majorana spinor). This is characteristic of SS theories. It will be
useful for later purposes to see the action (11.144) written in slightly different
notation. Defining the complex field ¢ by equation (11.94), the complex field
H by
= F+iG
V2

and transcribing the 4-spinor term as a 2-spinor term, as in equation (11.114),
gives

S = f[(auqa)(a“(p*) + -;-af;,d(qﬂé_;w) + H¥H|d'x.  (11.146)

From the action (11.144) we may read off the dimensions of the various fields:

[A]=[B]=L""
[¥] =L
[F]=[G] =L

The fields A, B and ¥ have canonical dimensions, but F and G do not.
Moreover F and G have no kinetic energy terms and are uncoupled to the
other fields. They are ‘auxiliary’ fields — but are nevertheless necessary for the
full realisation of supersymmetry. More will be said about them below.

Mass term
All the fields in (11.144) are massless, but a mass term may be added to ¥,
which preserves supersymmetry. It is

¥ =GPW + AF + BG)m. (11.147)
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Under (11.145)

6%, = X6WYW + LT (6W) + (8A)F + A(6F) + (6B)G + B(6G)

1
m

= 3{iey" W(3,A) + EyPY W(3,B) — EWF — igy’ WG

(1) () (3) 4)
—iPyPe(3,A) + Ty*y°e(3,B) — WeF — iT G}
() (6) (7 (8)
+ EYF +igy*(3,W)A + igy° WG + &#v/v°(3,¥)B.
) (10) (11) (12)

Terms (3), (7) and (9) cancel, by virtue of (11.124), as do terms (4), (8) and
(11). Terms (1) and (5) add together, as do terms (2) and (6) and the result is

Lo, =0,Ge7/WA + eyPy WB)
m

= total divergence (11.148)

so the action is invariant.
The auxiliary fields F and G may be eliminated from the total Lagrangian

L= $(11.144) + £,,(11.147) (11.149)

by using the Euler—Lagrange equations of motion for them. We have

CEAe F + mA; ot _
3F 3(3,F)
hence
F=—-mA. (11.150)
Similarly
G = -mB (11.151)
giving
& =3(3,A) - ”’{Az - 3(8,B)* - %ZBZ

+ ilffy“é_;llf + %'T’IP

= (a“(]))(a“d)*) - mz(pxd)

> m —
Py ZPY (11.152)

!
4
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This describes two scalar fields (or equivalently one complex scalar field) and
a spinor field, each with mass m. It should perhaps be repeated that because
we have used the equation of motion the supersymmetry is not fully realised on
this set of fields: to state this in language which will be explained in the next
section. the supersymmetry algebra does not close on this set of fields. It
therefore follows that we have only an on mass-shell realisation of supersym-
metry.

It is nevertheless highly interesting, from the physical point of view, that it is
possible to construct a theory which is symmetric betweeen bosons and
fermions. It seems a pity that nature does not seem to have taken advantage of
this — it is manifestly clear that the observed bosons and fermions in the world
do not come in degenerate families. The fact that, among the community of
mathematical physicists, supersymmetry has had such a high profile for such a
long time is due partly to the belief that nature might, after all, in a rather
subtle way, have made use of this symmetry; and partly because a rather
elegant (or at least, rather more elegant than the above) mathematical version
of supersymmetry has been devised, in the shape of superspace and superfields.
We shall treat these in §§ 11.6 and 11.7. In the next section we shall turn to the
completion of a task hinted at in this section; the revelation of a group-like
structure responsible for supersymmetry.

11.5 Towards a super-Poincaré aigebra

The transformations (11.145) above form a ‘generalised group’; that is to say,
they are expressible in terms of generators which form a closed algebra — a
generalised Lie algebra. We shall in this section investigate this generalised
algebra.

We begin by stating some basic facts about the rotation group and its role in
physics. (Some of the following formulae will be found in Chapter 2 above.) A
field y with a definite spin s forms the basis states for a (2s + 1) dimensional
representation of SU(2). Under a rotation described by the three angles 6,, 6,
and 6. (= 0y, 0,, 85) the field components mix according to

P — elfnlny (11.153)

(summation over n implied) where the three matrices J, are (2s +1) X
(2s + 1) matrices which obey the Lie algebra of SU(2) given by equation
(2.178). The J, could be one half of the Pauli matrices (see (2.62)), in which
case vy is a 2-dimensional representation of SU(2), corresponding to a spin %
state. A spin 1 state has three components and in this case J, are 3 X 3 matrices
obeying the same commutation relations. The infinitesimal form of (11.153) is

Yy—(1+i0,J1,)y
Sy =10,J,. (11.154)
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The quantities 6, are the parameters of the transformation (in this case,
angles) and the J, are (matrix representations of) generators of the group. The
commutation relations

[Jis Jj] = igudi (11.155)

which they obey are called the Lie algebra of the group.
Performing two infinitesimal rotations yields

Sy =00,y &y =105y

and hence
[61, 82y = —iEnmp 0005y (11.156)
where (11.155) has been used. We may write this in the form
(81, 8] (field) = (—inmpBnO3)J, (field) (11.157)

or, as an operator equation
(61, 8] = (=iEnmp0r0 ) - (11.158)

On the right-hand side the quantity in brackets is a quadratic expression in the
parameters (angles) of the transformations, and J, is a generaror. It is instruct-
ive to compare this with equations (11.127), (11.128), (11.138), (11.139),
(11.140) above, which are all of the form

[61, &y] (field) = —2i&,77£;3(field)
= 2&,7"¢1 P,(field) (11.159)
where P, = —1i3 o is the generator of translations, or, as an operator equation
[61, ] = (2&;77€,) P,. (11.1€0)

This is of the same form as (11.158): the commutator of two supersymmetry
transformations is a quadratic expression in the parameters — in this case,
Majorana spinors ¢ — multiplied by a generator ~ in this case P,. However, P,
is a generator of translations, which is one of the generators of the Poincaré
group. The Lie algebra of the Poincaré group is given by equations (2.184),
(2.186) and (2.187). This is interesting and naturally gives rise to some
questions. First, although the parameters of supersymmetry transformations
are the Majorana spinors €, we have not so far talked about the generators of
these transformations: that must be remedied. Secondly, whatever these
generators are, the (generalised) Lie algebra which they obey will be expected
to involve, in view of equation (11.160), the generators P, of the Poincaré
group. In other words, supersymmetry transformations by themselves do not
form a group, but form an extension of the Poincaré group. It is this extension
which we want to discover.
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The generators of supersymmetry transformations, denoted Q, are easily
introduced by writing, in analogy with (11.154), an infinitesimal transformation
as

S(field) = i(e4 Q.4 )(field). (11.161)

Here ¢ are the parameters of the transformation and Q4 the generators. They
are both Grassmann quantities (Majorana spinors). We put

eh = (’:)ﬁ) 04 = (g;) (11.162)

where %, Q,, 7z and QF are Weyl 2-spinors. Then equation (11.161), as an
operator equation, is

&1 = i(N Q4 + Tip0P) = i(nQ + 70) (11.163)
and hence
[61, 8] = ~[1§Qu + 1p0”, N304 + 7p0")
= —[17Q.nQp + Mp0P N5 04

(1) (2)
+ U?Qaﬁzﬁéﬁ + 7—715/@5/7—72/3@6
(3) 4)
— 50T Qu — 15 Q. Tp0°
() (6)
- ﬁzBQBU?Qa - 7_72[3@67_71)‘/@?]
(7 (3)
=1 Q. Qpm5 — UZﬁQﬁQan‘f + ﬁl)‘/QYQBF/ZB
(1) &) “4)
- f/ZBQﬁQ?ﬁl)‘/ + 7'71[3QBQ0177§ - UgQaQBThB
(8) (2) (6)
+ 08 0,0P7p — 1p0P Qunf
(3) (7)
=- ng[QaQﬁ + 0p0.n — ﬁzB[Q?Qﬁ + Qﬁéf']ﬁly
(1,5) (4.8)
- n3[0°Qa + Qu0P1Mp + 1i1Q.0% + 0PQ.IMs  (11.164)
(2,6) 3.7

The labelling of terms in the above was done solely to enable the reader to see
where they come from. Also, in the manipulations above the equations

{n. 0} =0, 70, =—-1.0" (11.165)

have been used.
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The commutator (11.164) is to be compared with (11.160). but in order to
make the comparison we have to express the 4-spinors ¢ and # in terms of
2-spinors. We have

== (na) &= (71" na), &= (s 7% (11.166)

SO
[0 oPeB ,7/3
e s f
&Y' e = (Ma nz)((_,,; 0 )(7‘71,@)
= 10" Mg + ﬁ?ﬁﬁﬁn’f
= —n50 75 + 1l 0B e (11.167)

where (11.81) and (11.165) have been used. Substituting (11.167) into (11.160)
gives

[61, 8] = =n3(20% P,)inp + nF (205 P,y (11.168)

which on comparison with (11.164) gives the following relations for the
generators O of supersymmetry

{Qam Qﬁ} = 07 {Qd’ Qﬁ} = O}

_ (11.169a,b,c)
{Qa. Op} = 2044P,

(In the last relation the index f3 has been lowered.) The important point to note
is that (because of the Grassmann nature of these generators) these relations
involve anticommutators rather than commutators. The occurrence of anticom-
mutators means that the generalisation of the Poincaré algebra (which we shall
arrive at below) involves anticommutators as well as commutators.

Before deriving this algebra, let us express the relation (11.169) in different
notation. First, let us raise the indices on (11.169c¢). (It should be obvious that
the other relations remain the same with raised and lowered indices.) We have

{07, 0P} = e*PeP4{Q;, 04}
=2e%ehigh P,

= 20""BP/,
{Q®, 0y =25 p,. (11.170)

Now let us write these relations in 4-spinor notation. Defining the Majorana
spinor Q4 as in (11.162) we have (cf. (11.166))

Q

Q4= (Qi), 04 = (0% 04). (11.171)
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Then
QAQB=(gZSZ gzgf;)
000+ 0s0s = (2179 1% )
=2<52-,ﬁ Ug’é)Pu
or

{04, O3} = 2vasP, (11.172)

when (11.169), (11.170) and (11.16) have been used. From (11.172) it follows
that

{Q4, O8} = —2(v*C)ap Py (11.173)
To prove this, note that since Q is a Majorana spinor
Op = (CO)p = CBAQ£~
Multiplying by Cpp
Cpp0Qp = (Cz)DAQK = UQI)
where n = *1, since C?> = 1. Hence
Op = nCrpQp-
Substituting this in (11.172) gives
M QaCepQOp + Cpp0OpQa) = 2Y%45P,
1{Qa, Op}Cop = 2v'4pP, (11.174)

since Cpp is just a number. C, however, is antisymmetric (see (11.10)) so
(11.174) is

n{Qa4, Op}Cpp = —2Y4pP,
which on multiplying by Cgr becomes
1{Qa, Op}(C*)pr = —2v%45CsrP
which, since C? = gl and 1 = 1 gives
{Qa, O} = —2(v*C)ar P,

which is equation (11.173).
To complete the super-Poincaré algebra we need to know the commutation
relations of the O and J,, and P,. These are not hard to find. To begin with
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J v, mOte that since an angular momentum operator in field theory is given by
an expression of the form

J = Wyt d'x
then by using the anticommutation relations (4.51) it follows that

[J. w(x0)] = —sy(x).

For the spinor representation of the homogeneous Lorentz group we have
(cf. (11.19))

and so for the Weyl spinor y

[Juv’ Yol = —i(ayv)aﬁwﬁ
with (see (11.18))

(O)e? = H(0® 0vsP — 00* 5,4P) (11.175)
It follows that
[Tuvs Qal = —i(0,)a" O (11.176)
[ Os] = =i(3,)s” Op- (11.177)
There remains only the commutation relation of Q, with P, which is
[Py, Qa] = 0. (11.178)

To see this, suppose that

[Qa: P = €(0,)a30" (11.179)

(which is all it reasonably could be), where e is some number. Taking the
complex conjugate and noting that o, = 0, gives

[Qsr Pul = €%(0,)450"
= ¢*(0,)ps 0" (11.180)
Now use the Jacobi identity
[Qa- PuJ. P+ ([P PJ. Q] + [[Pn Qul. PJ =0, (1L181)

The second term vanishes, in view of (2.186). Then substituting (11.179) and
(11.180) gives

e(0,)apl 0%, P.] — e(0,)apl 07, P.] =0,
|e‘2{(ou)aﬁ(av)ﬁﬁQﬁ - (Uv)afﬁ(ou)ﬁﬁQﬁ} =0,
4|e‘z(a/tv)aﬁQﬁ =0. (11.182)
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Since (11.182) is an identity, the only solution is e = 0; hence (11.178) follows.
The super-Poincaré algebra now follows from equations (2.184), (2.186),
(2.187), (11.169), (11.170), (11.176), (11.177) and (11.178):

(i) [Juw Jpa] = i(nvauo - nup]vo + nuojvp - nm-oj;zp)’
(") [P_w ]po] = i(n,uppo - nyaPp),
(111) [P.w P\*] =0, .
(i) {Qa. Qp) = 0= {D%, 0P},
(V) {Qa» Op} =2044Py,
(vi) {Q*, 0%} =25*%P,
(vii) [Qa. Pu] =0,
(Vlll) [J,u\" Qaf] = _i(ouv)al?gﬁ’
(IX) [J.m" er] = _i(a;u')dﬁQB- (11183)

A structure like the above is called a graded Lie algebra, since it contains
anticommutators as well as commutators.

It is instructive to check the consistency of the relations (11.183) by confirm-
ing that the Jacobi identity (for a graded algebra)

[{Qa» O} Ti] = {Qa> [0p, I} + {04, [Qar T} (11.184)
is satisfied. From (11.183) (v), (ii) the left-hand side (1.h.s.) is
Lh.s. = 2004 Py, Juu)
= 2i0§3[ﬂpqu - npqu]
= 2i[(0,)ap Py — (04)ap Pyl (11.185)
From (11.183) (viii), (ix), (v) we have
r.hs. = {Qq, i(5)p* Qa} + {0p. (0)o” Op)
= 2i(0,) % 00a Py + 2i(0,) 4P (0,) g3 PP
= 2i[(6u\'5p)Ba + (Guvop)a'ﬁ]Pp
= %[(6#0,.@ = 0,0,0,)pa + (0,0,0, — 0,6,0,)ap] P?,
where (11.81) and (11.18) have been used. On the other hand, using (11.81),
(0,0,0p)pa = 5/13[50\15?5;)?0'
= 0,240, §0pay
= (Gpavay)aﬁ

so we have

rh&=%%m%+%m%%ﬂ%@m+m@%mﬁ?(HB@
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Now the matrices o, and G, obey
0,0,0, + 0,6,0, = 2(1,,0, + Ny,0p = NupOy) (11.187)

as is most easily seen by checking individual cases. Substituting (11.187) into
(11.186) gives

r.hs. = 2i(P,o, — P,0,)qsp

which is the same as the left-hand side, equation (11.185). The Jacobi identity
(11.184) is therefore verified.

This is a suitable place to mention that an interesting generalisation of
supersymmetry exists in which an additional index appears on the generators
Q. so they become Q,* with A =1, 2, .... N. Equation (11.183 (v)) then
becomes

{0.*, Opp) = 2043P,0% (11.188)

The algebra with N = 1 is called the supersymmetry algebra, while those with
N > 1 are called extended supersymmetry algebras. These extended supersym-
metries have been investigated in detail in the literature, but no more will be
said about them here.

Now that a satisfactory formulation of the supersymmetry algebra has been
obtained, with generators J,,, P,, O, and Q%. the following question might, to
a suitably attuned mind, suggest itself. Since the momentum operator P, is the
generator of translations in co-ordinate space P, = —id/3x", is it possible to
define ‘coordinates’ 8¢ and 6, such that

and Q¢ ~ _a_o

Qa -~ —
36% 36,

Since Q, and Q% are Grassmannian quantities, 8% and 6, will also have to be
Grassmannian co-ordinates. This leads to the notion of ‘superspace’ which will
be developed in the next section. The formulation of the idea of superspace
and the closely related notion of superfields allows for a surprisingly "neat’
recasting of the whole theory of supersymmetry. This will be our task for the
remainder of this chapter.

11.6 Superspace
Let us ‘enlarge’ space—time by adding to the co-ordinates x“ the Grassmannian
quantities 6% and 6, so that ‘superspace’ has co-ordinates
7= (x*, 0%, 8,): (11.189)

that is, eight co-ordinates, with four bosonic and four fermionic. Then, just as a
general Poincaré transformation can be expressed as a product of a homogen-
eous Lorentz transformation L (the set of which form a subgroup of the
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Poincaré group) and a translation (the set of which forms a coset manifold with
respect to L),

Sta) L) } (11.190)

with S(a) = el®F

(corresponding to translation through a distance a, and a Lorentz transforma-
tion with the six parameters w,,), so in the case of super-Poincaré transforma-
tions, we may decompose any element into the product (subscript L = left)

§L(x, 6, 6) = S(x, 6, 6) L(w) (11.191)
where the finite supertranslation is
S(x, 6, 6) = exp[ix*P, + i6°Q, + 10, 0%]. (11.192)

Then, just as P, are the generators of ordinary translations, Q, and Q% are the
generators of supertranslations. For ordinary translations we have the composi-
tion law (x - P =x"P,)

exp (ix - P)exp (iy - P) = exp[i(x + y)- P] (11.193)

since [P,, P,] = 0; a translation through a distance x* followed by a translation
through y* is the same as one translation through (x + y)*. Let us investigate
the effect of combining a supertranslation

ella* P+EQ+EQ) (11.194)
with the super-Poincaré group element
gL(x, 6, B) = " PHQ+80) I (¢, (11.195)
Using the Baker—Campbell-Hausdorff formula
eA eB = oA+B+12(4,B]+1/12[A,[A4,B]|-1/12[B[B,A]]+... (11.196)

and the super-Poincaré algebra (11.183), we have

exp(i(a: P+ EQ + EQ))exp(i(x- P + 60 + 60))

=exp(il(a+x) P+ (E+ 0)Q + €+ 0)0] - 3{[§0. 60]

+ [0, 60] + [EQ, 60] + [0, 6Q1)). (11.197)
(Higher order terms will not occur, as a moment’s thought will verify.) Bearing
in mind the crucial relation (11.144) we have
[6Q, 60] = §°0,8,0% — 6,0°6°Q.

—570,0%8, — £7070,0s
= +5°0,0,6% + £°0,0.0°
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= &a{Qav Qdf} éd

= 2&“0‘;&9"’31
=2(£0"H) P,. (11.198)
Similarly
(0. 60] = -[60, E0] = —2(80*) P, (11.199)

[£Q. 6Q] = £°Q,0°Q5 — 0P 04570,
= —‘SaQaQﬁeﬁ - ‘SaQﬁQaeﬁ
= ~&%{Q., 0p) 6"
=0 (11.200)
[EQ, B0] =0. (11.201)
The right-hand side of (11.197) is then
exp(il(a + x)- P + (§ + 6)Q + (§ + 6)0]
= (§0*B) P, + (80*E) P,); (11.202)
so, writing (see (11.195))
elle P+50+300g (x, 6, B) = g1.(x', 0/, 0, (11.203)
we have
x'"=x*+ a* +i(00"E — Ea*D),
0, =0, + &, (11.204)
é; = ééy + ;:.d'
These are the effects of translations in superspace; the interesting thing is that
translations in the fermionic co-ordinates necessarily entail translation in the
usual space—time co-ordinates.

The idea of superspace was motivated by posing the question that since
P, = —i3, is the operator for translations in ‘ordinary’ space, might it not be
possible to write Q, = —i3/36%, where 6 is some Grassmann-like co-ordinate.
So far we have been able to introduce superspace in a relatively trouble-free
manner, but inspection of equation (11.204) will tell us that Q, is not simply
—i3,; for, if it were, translations in ordinary space would be unaffected by

those in superspace. It is easiest to see this by giving the correct formula for Q,
and then showing that it gives rise to (11.204). The formulae for Q, and Qy are

104 = 84 — 10440%,, }

i0% = 5% — i%0lyel%d, = 3% + 10903,

(11.205)

where 3, = 3/360%, 3% = 3/36, are left derivatives.
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If f is a function of superspace variables, f(z) = f(x“. 6. 6), translations in
superspace gives

f(z) = el Friesi0f(z) (11.206)
or, in infinitesimal form,
of = (ia"P, +i5%Q, + iE, O f. (11.207)

We must now check that (11.207) yields (11.204), with Q, and Q% defined as
in (11.205). First put f = 6. Then (11.207) gives

86° = (iEf Q) 6°
= EP3,50% = £F55
= E@ (11.208)

as desired. Similarly, with f = 6%,

= E¢, (11.209)
again as desired. Finally, with f = x*,
oxt = (a'3, +15°Q, + iE4O%)x"
= g" + E%(—i05:0%3,)x"
+ Ed(—-iB"a;Beﬁda‘,)x"
= g" — i(£0"0) + i(9°’0‘é,§;8‘6d &)
= a" — i(§0"0) + i(60"E) (11.210)

which agrees with (11.204).
We should check finally that the expressions (11.205) are compatible with
(11.183(v)). Note that lowering the index on Q in (11.205) gives

iQ4 = —84 + 10%0%:3,. (11.211)

The minus sign in the first term is characteristic when lowering (or raising) the
index on a spinor derivative: i.e.

e*P3p = —0°; (11.212)

see equation ( 11A.10)'in the appendix. Then
~040a = (3, — 1044073,)(~34 + i6%0}53,)
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= —3,3; + 10%389,8, + 107543,6°2
(1) (2)
+ aﬁga}édéﬁﬁﬁauav
3)
=000 = (=34 +16P0},3,)(3, — i0%3673,)

= —348, + 1040°3,3, + i0%453,6%5

v

u

4) (3)
+ a{;daﬁgeﬁéﬂauav. (11.213)
(6)
Now
(8,,3,) =0. (11.214)

Terms (2) and (4) above give, acting on (say) 67,
((2) + (9))67 = 10543,(3,6° + 683,)6"
= 10349,[000" — 683,67 + 6°3,67]
=i0543,(0") (11.215)

where the minus sign in the second line occurs because 3, is a left derivative
(see (6.121a)). This is to say that we have the identity

3,6% + 63, = &° (11.216)
for the left derivative. Similarly, terms (1) and (5) give
(1) + (5) = i0%3,(675, + 3,6
= i0%43, (11.217)

where an identity analogous to (11.216) has been used. Terms (11.215) and
(11.217) are the same. Finally terms (3) and (6) give

(3) + (6) = 0" 305,(0P8P + BPOP)3 3, = 0. 11.218)
OB .
Pulling all this together gives
{Q4, 04} = —2i0hB8, = 204, P,. (11.219)

which agrees with (11.183(v)).

Now that we have introduced superspace, we introduce fields defined on this
space, unsurprisingly called superfields. This will be the final leg of our
journey. The aim will be to exhibit a superfield which has just the same
components as those in the simple Lagrangian model above - the so-called
Wess—Zumino Lagrangian. In principle the way ahead is easy. but, as is always
the case in supersymmetry, the calculations are not so straightforward (as the
reader will by now be realising) and require a lot of care.
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11.7 Superfields

Consider a scalar function ®(x. 6, 8) of x*, 6% and 6,. A Taylor expansion in
the variables 6 and  terminates at O(6?, 6°) since 6% and 6 are anticommut-
ing parameters. Denoting, for simplicity

(6)* = 6°=6°6, = 6'6, + 6°6, = —0'6° + 676!

9B — _%80’1362 = -20'6% (11.220)
(0)? = 8% = B;5' + 5;6° = —5°6! + 8'8?
=26'9? (11.221)

and, putting 6° instead of ()" where there is no ambiguity, we have

D(x, 6, 0) = C(x) + 0%x,(x) + 0571 (x) + 6°M(x)
+ B2N(x) + 0%0440A4,(x)
+ 820%,(x) + 878,E4(x) + 0°0*A(x)  (11.222)
we see that the fields C(x), x,(x), . . . form a supermultiplet. They are, in roto,
4 scalars C(x), M(x), N(x), A(x),

4 spinors x(x), fi(x), A(x), &x), (11.223)

1 vector A ,(x),

i.e. eight bosonic and eight fermionic degrees of freedom. This is larger than
(in fact, just twice as large as) the Wess—Zumino model considered in §§ 11.3
and 11.4 above (see the remarks below equation (11.145)). Note also that here,
just as there, there are the same number of bosonic and fermionic degrees of
freedom. The remainder of this chapter will be devoted to finding a superfield
which is equivalent to the Wess—Zumino model. It is the so-called chiral
superfield. We proceed as follows.

Since P(z) is a scalar field it is invariant under supersymmetry transforma-
tions:

D'(z') = D(2), (11.224)
i.e.
&'(x +a+i(AoE —EdB), 0+ 5,0 +& =d(x,0,0). (11.225)
The ‘active’ change in @ is therefore

5B(z) = D'(z) — B(z). (11.226)
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To find this, write (11.225) as
P'(y,m 7)) =Py —a—iBof-5ob),n-57-5
= &(y, 1, 7) — [a + (008 — 500)]*3, @
- £%3,® — E 3% . (11.227)
Changing (y, 1, ) back into (x, 8, ) we have for (11.226)
0dD(z) = —a"3,® — i(00E)"3,P + i(506)"3, P
—£93,® — £, 5%
—a"3,® — E%[3, — 10440%0,]P
—E,[3% + 1070473, @
= —i(a"P, + §%0, + E.0%) @ (11.228)

where (11.205) has been used. This is the transformation law for a scalar
superfield. Now if @ is a superfield, J,® is also one, since

8(3,P) = 3,(69P)
—id,(a- P + EQ + EQ)®
—i(a-P + 50 + £0)3,9, (11.229)

Il

Il

il

so 9, transforms in the same way that @ does. Now consider 3,®. We have
6(3,P) = 3,(6D)
= —i3,(a*P, + EPQy + E40P) @.

Now
3.(10p) = 34(35 — i0%436°3,)
= —353, + i0430P3,3,
= —(3p — 10%36%3,)3,
= —(i0p)3. (11.230)
and so
3.(EPQp) P = +(EPQp)3, ®. (11.231)

On the other hand
3,(10%) = 3,(8° + i6P03,)
= 83, +i680%3, — 16P0k3,3,
= —(i10%)3, + 043, (11.232)
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SO

8.(E;0P)d # (83079, ®, (11.233)

hence 5,® is not a superfield. We need to find a generalisation of 3, — a

covariant derivative D, — such that D,® is a superfield. It must needs obey
(cf. (11.230))

D,0f = -0FD,. (11.234)
Such a covariant derivative is given by
Dy = 34 +10%40%3,,. (11.235)
The proof is seen by performing the calculation:
D,(i0%) = (3, + i0%,893,)(3% + 168043,
= 3,5% + 0", 89303, + io}fa, 083,
— ot ,01f540%3,3,,
i0PD, = (3% + 160P0f3,)(3, + i0%,6%3,)
= 383, + 0} 083,8, + 10438543,
—ot,06P5%8,3,.

Hence

(D0 + 0PD,) = {3,, 3} +i0",(595F + 3%6%)3,
=0
— 05468 + 6PB%) 3,3,
=0
= ioe%%3, + io}f6ls,
= —ig"s, +i0"3, = 0,

which proves (11.234). Similarly it may be shown that the covariant generalisa-
tion of 3 is

Dy = =34 — 104469, (11.236)
Exercise. Show that
Ds0p + QsD, =0. (11.237)
In summary. the covariant spinor derivatives are
D, =3, +i04;6%,; D*=¢"Dg=—-3" +i05°6%3,, (11.238)

Dy = -3, —10%°%3,; D% =3%—i0h0°3,. (11.239)
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They obey the properties
{D,. D4} = —2i0%,3,, (11.240)
{D4, Dg} =0. {D4, Dj} = 0. (11.241)
Exercise. Prove equations (11.240), (11.241).

Chiral superfield
The chiral superfield is a superfield @ which obeys the constraint equation
D,®=0. (11.242)

This is not an equation of motion, but a constraint equation, as will be shown.
We introduce the operator

U = exp[i0¥0440°3,]. (11.243)
This produces a translation in x* when acting on a superfield:
Ud(x, 0, 0) = &(x +i600, 0, ) = O(x,, 6, H) (11.244)
defining x,. U can be written by expanding the exponential
U=1+i6%0":8%), — 16%0":,6%6P5};6/3,3,, (11.245)

again noting that there are no higher terms, because of the Grassmann nature
of 8 and 6. The final term in (11.245) can be written

—3(8048)(8078)3,3, = —16°6°00, (11.246)
where equation (11A.14) has been used. Hence
U=1+i6%%,0%, — 16*6°0. (11.247)
Its inverse is
U™l =1-i0%%,6%, — 16°6°00. (11.248)

To prove this, simply note that
- 1272 up VA

UU' =1-36°0°0 + (05“0)(605°6)3,3,.

of which the final term is
0°0" ,090P3073,5, = —6°0P8% 6P ot 3,3,
= 102 8203,3,

1020204 ,574°3,3,
1

6260

Il

where, once again, (11.220), (11.221), (11.77) and (11.84) have been used.
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Equation (11.247) follows. We now prove the following identity

U 'D,U = - ?, = -3, (11.249)
36%

Proof
Dy is defined in equation (11.239). From (11.247),

~3,U = —34(1 + 16° 0"438%0, — 1676°00)
= =3, +i6%6" 43, — 10%0";6°3,3,

-36%6,0 + 16267003, (11.250)
where the penultimate term follows by observing that 3,6 = —28,, as shown
in equation (11A.13). Now

~16P04:3,U = —i6P0,3,(1 + i6%0%40/3, — 1626°D)
= ~i6P0ls;3, + 6Pal,0%0156%9,3,, (11.251)

(no further terms contributing because they would contain three 6s). Then,
from (11.250) and (11.251),

DaU = =3, — i(80"8)3,3, + (80")4(05*8)3,3,
-16%6,0 + 1626°003,. (11.252)
Hence
U™'D,U = [1 - i(80"8)3, — 368°0][—384 — i(00"6)343,
+ (80"),(8078)3,3, — 36%8,0 + 366705,

= -3, +i(00%9)3,3, + 10°6°03,
1 2) ©)

~ i(80%8)343, — (00"B)(85*8)343,3,
4 &)

+ (00%)4(0070)3,3, — 1628,0 + 3626’03,
(6) (7) ®)
Terms (2) and (4) above cancel. We have, from equation (11.246),
(65"8)(05°9)3,3, = 36°6°0 (11.253)

and in virtue of this terms (3), (5) and (8) cancel. To show that terms (6) and
(7) cancel, observe that

(6) = 6%0h,68a56%9,9,
= —%8”920’;&0};3958#8‘,
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020", 35673,3,
625" Pa’36%3,3,
6%(5*0")4363,3,

6% (5*0” + 570"),3073,3,

LS L N L S | L L S Ty

D
5
i
i3
O

(11.254)

where equations (11.220), (11.81) and (11.82) have been used. It follows that
terms (6) and (7) cancel. All that remains is term (1), so

U™'D,U = -3,,
proving (11.249). We rewrite this as
Us,U™' = - D,. (11.255)

We are considering a constrained superfield - call it T(x, 6, 9) — which obeys
the constraint equation (11.242)

D,T =0. (11.256)
From (11.255) this gives
Ud,(U™IT)=0. (11.257)
Now put
T(x, 0, 0) = UT(x, 6, 6), (11.258)
then (11.257) is
U3,T! =0, (11.259)
i.e. T!is a function of x and 6% only
T' = Tl(x, 6). (11.260)
This means we can write
Tl(x, 8) = ¢(x) + V20%y,(x) + 2 H(x); (11.261)

T! consists of two scalars and one spinor. The chiral superfield T is then, from
(11.258),

T(x, 0, 8)=UT"!
=[1 +i(80"6)3, — 16*8°0][P(x) + \ 20%y,(x) + 6 H (x)]
= P(x) + V20%y,(x) + 6°H(x)
+i(05"8)3,p(x) + 1V2(00"6)698,y,(x)
- 16%6%0¢. (11.262)
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Now note that
(60'8)6° = 670};,0%0% = —6°6% g3, 6°
= 1P 020l 0% = —16% ok 6°

so the fifth term in (11.262) is
i - 54 1 oza
——6-0" 093 Y, (x) = —6070%0L.3, v (x) (11.263)
\/2 I Wa( ) \/2 adYy

and the chiral superfield is

T(x,0,0) = ¢(x) + \/20%,(x) + 6 H(x)
+1(00“0)3,0(x) + éezé%ﬁdayw“ (x)

— 1662 0¢(x). (11.264)

The components of this chiral superfield are a complex scalar ¢(x), a Weyl
spinor y,(x) and a complex auxiliary field F(x).

To make the connection with the model in §§ 11.3 and 11.4 above we must
now calculate the action of the superfield, and compare with the action in
equation (11.144). The action is

S= fT*(x. 0, 0)T(x, 6, §)d*x d20d>8 (11.265)

in which integration is performed over the spinor parameters 6 and 8 as well as
over space—time.

11.8 Recovery of the Wess—Zumino model

To calculate an expression like (11.265) we have to integrate over several
Grassmann variables. We begin this section by outlining how this is done. We
then evaluate the action (11.265) and shall find that we recover the model of
§§11.3 and 11.4 above.

Much of the work on integration over Grassmann variables was done in
Chapter 6. Using the variables appropriate to the present situation, equation
(6.124) becomes

fdel = fdel = fdél = fdéz -0,
(11.266)
fdelel _ J’d9:92 _ fdélél _ J’dézéz -1
We also have (cf. equation (11A.1))
(6 = —26'6%. (11.267)
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We want to define the measure d?6 so that

fd26(9)2 =1, fclzé(é)2 = 1. (11.268)
This means defining
4’0 = —je,5d0% d6P (11.269)

with a similar equation for d0; for then, using (11.267) and (11.40)
fd29(9)2 = %fd@“d@ﬁeaﬁOI 02

= %f(— d6' de® + d6*d6")6' 6

= %{fdelelfdezez + fdezezfdelel}

=1 (11.270)
in agreement with (11.268). Now consider the integration of a quadratic form
f(8) = a + 6%b, + c(6)*. (11.271)

From equations (11.266) and (11.268) we have
fdzef(e) = fdze(a + 6%, + c(8)?) = ¢ (11.272)

with a similar equation for [ d2Gg(8). It follows that the only non-zero terms in
(11.265) are those in T*(x, 0, 0)T(x, 0, B) proportional 1o (6)*(6)*. All the
other terms vanish upon integration over d*6 d?6.

From (11.264) we have

T(x, 6, 8) = ¢(x) + V2 0%y, + CH + 62540 3,y
nm @ B V2o
+1(00"8)3,¢ — 1676°0¢ (11.273)
(5) (6)

and hence, taking the Hermitian conjugate (and noting that i3, is Hermitian)

TH(x, 0, B) = ¢*(x) + V2B s + P H* + 1528, 0" 6°
(7) (8) © V2 (0
- i(80"0)3,¢ — 36*6°0p* (11.274)
(11) (12)
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From the product TT* we extract terms in 68°6°. These are:
(1) x (12) + (6) X (7) = —3(¢0¢* + ¢*0) 65
= [5(3,4)(3"¢*) + total div]667: (11.275)
(2) % (10) + (4) x (8) = 6%y, 628,97 0ls 08 + 167643, 0Py
=16%0y, 0043,y 67 — 16 éﬁoﬁdayw“@BBZ

= —-;—was"ﬁo’,‘;da#@d 6°6* — %ogdauwae@%ezéz
=i Horw®s w% — (3 216262

2om{w WV = @y vl
= %of;d(aﬂa,,w - 3,4 y*)66? (11.276)

using (11A.2), (11A.4), (11.37), (11.48) and the fact that ¥ and ¥ are also
Grassmann quantities:

(3) x (9) = HH*6*6*
(5) x (11) = (8a*B)(00"0)3,¢3,¢*
M (3,9)(3,9%) 6767
= 2(3,.9)(3"¢*) 676" (11.277)

where equation (11A.14) has been used. The action S, given by (11.265), for
the chiral superfield is therefore obtained by adding the contributions (11.275)
to (11.277) to give

S = fd‘*x d20d26T*(x, 0, 8)T(x, 0, B)
= f d*x[(3,4)(3"¢*) + HH*
+ %o’id(ﬁid B! (11.278)

This is the same as the Wess—Zumino action (11.146) obtained in our original
simple model. We have come full circle. We began this chapter by writing a
simple Lagrangian for scalar and spinor fields which possessed (up to diverg-
ence terms) invariance under supersymmetry transformations. By making the
idea of supersymmetry more formal, and in particular by relating it to the
Poincaré group, we eventually introduced the notion of superspace and super-
fields. The chiral superfield, defined as a superfield subject to a constraint, now
turns out to yield the original Wess—Zumino Lagrangian. It is a remarkable
journey and one which, as I am sure the reader will appreciate, is capable of
considerable generalisation and amplification.
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The first obvious generalisation is to consider the superfield without a
constraint. Next, a supersymmetric Lagrangian may be written down which
generalises the Lagrangian of electrodynamics, possessing gauge symmetry.
Further, mass terms, in particular mass terms corresponding to spontaneously
broken symmetry, may be introduced. Finally, perhaps the most interesting
generalisation of all is to make supersymmetry transformations space—time
dependent, so that the symmetry becomes a local one, rather than simply a
global one. The particularly attractive feature of this generalisation is that
gravity, in the shape of a massless spin 2 field, is naturally brought in (and
supersymmetry becomes ‘supergravity’). The perhaps less attractive (or even
more attractive, depending on what experiment yields) feature is that massless
‘photino’ and ‘gravitino’ fields, with spins % and %, are also brought in. All this is
a long way beyond the scope of this chapter, but I hope that the reader who
wishes to pursue further the subjects of supersymmetry and supergravity will
have found in this chapter an adequate introduction. The all-important ques-
tion, whether Nature makes any use at all of supersymmetry or supergravity,
is, much to the chagrin of many high energy physicists, still unanswered.

Appendix: some 2-spinor conventions

=g =1, egp=&l=-1. ¢ =¢,=0,

v = P yp, Yo = eapyl,

YL =YX = —YaX™ = X Y2 = XY,

Vi = P’ =~V e = 2V = XY
(0)2 = 6%6, = —20'6%. (11A.1)

|

(6)> may be written 6° when there is no danger of ambiguity; as in the
following.

620F = ~1e2PQ?, (11A.2)
(6)* = 5,6% = 26162, (11A.3)
Bé5h = Leabp2, (11A.4)

The left differential operators are

5, =2 §,=-2 (11A.5)
36~ 36
3,6 = 6. (11A.6)

3 , .
P08 = 5},5”(%6/) = £6,00 = Epa = ~Eaps (11A.7)
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o
DI
=-

= EB[" = _Edﬁ

Theorem 1

s“ﬁaﬁ = —8", aa = —Ea,ﬁaﬂ

Proof
“5~ﬂ67 = P8l = &*
- 3°97 = —a“(siéeé),
= —£708% = —g¥% = g7,
Similarly
sdﬁég =-3% §,= —3&355.
Theorem 2
3,60% = 26,,
5,0° = —28,.

Proof of (11A.12)
3,607 = 3,(6P05)
= 8405 ~ 0P(~£ap)
=6, + 0, = 26,.

An identity
(06"8)(65"0) = 366

Proof

(11A.8)
(11A.9)

(11A.10)

(11A.11)

(11A.12)
(11A.13)

(11A.14)

(6548)(00"F) = 6° " ,5%6Pa);50"
= —(6°6%)(9°9P)ohaoy
=1¢ aﬁ92€dﬁg20/;d0‘[;3
1 920”-(5“50[V;/58dﬁ)
= 1g2g2 ok v

= 20762

where equations (11A.2). (11A.4), (11.77) and (11.84) have been used.
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Summary

!Supersymmetry is a symmetry between fermions and-bosons. *After a review
of representations of the Lorentz group, a “simple Lagrangian model is written
down whose action is invariant under an appropriate mixing of massless spin 0
and spin 3 fields. In order for the relevant commutation relation to close it
*proves necessary to introduce some more ‘auxiliary’ fields. The model ob-
tained may be extended to particles with a mass. A generalisation of the
Poincaré algebra is obtained. Introducing the notion of ®superspace allows
"superfields, defined on this space, to be defined. The chiral superfield is
8shown to be equivalent to the original Lagrangian model. An appendix
summarises some spinor relations.

Guide to further reading

Supersymmetry was originally introduced into physics in the context of string
theory but its first appearance in the context of particle physics was the seminal
paper by Wess & Zumino (1974). Within a few years many hundreds of papers
were published. The following books act as authoritative surveys of the field:
Wess & Bagger (1983), West (1986), Srivastava (1986), Freund (1986). A
collection of reviews on supersymmetry and supergravity can be found in Jacob
(1986), and a collection of original papers can be found in Ferrara (1987). The
following book contains useful explicit details of many calculations: Miiller-
Kirsten & Wiedemann (1987).
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PCAC 293
perturbation theory 161ff, 200ff
dimensional regularisation 313ff
divergences in 308ff
Feynman rules 207
four-point function 204ff
generating functional 200ff
renormalisation of 318ff
two-point function 202-4
photino 426
photon 2, 144
longitudinal 147
-photon scattering 332-3
propagator 240-5
timelike 147
transverse 147
pion 3,4
decay 20
as Goldstone boson 293
—nucleon scattering 224ff
Poincaré group

(inhomogeneous Lorentz group) 40, 55ff, 77:

supersymmetric extension of 453
(fundamental group) 103, 104
Poincaré lemma 73
Pontryagin index 417
positive frequency solutions 129
power counting 376
prediagram 229
principle of least action 80
Proca equations 64-9
quantisation 150-2
projection operators for positive and negative
energy states 51
propagator 216
complete 256, 332
for Dirac field 215
for non-Abelian gauge field 252, 254
for non-relativistic particle 154, 161
photon 240-5
for scalar field 189, 216

QCD 4,22-3, 125
vacuum polarisation in 355-8

QED
asymptotic behaviour of 345-7
divergences and dimensional regularisation
of 329-37
one-loop renormalisation of 337-43
propagators and gauge conditions 240-5
renormalisability 347-53
Ward-Takahashi identity 263-70
QFD (quantum flavour dynamics) 366
g-number 159
quantisation, canonical
of electromagnetic field 140-50
of scaler fields 126-37
of spinor fields 137-40
of vector fields 150-2
quantisation, path integral see path integral
quantisation
quantum chromodynamics, see QCD
quantum electrodynamics, see QED
quantum tunnelling 420-4

quark 4
confinement 22, 124
model 4, 9-12

self-energy 354

R 21
radiation gauge 142-5
reduction formula 223, 239
regularisation see dimensional regularisation,
Pauli-Villars regularisation
relativity, general theory of 2
renormalisability
of QED 347-53
of Yang—Mills theories 276, 302ff. 375ff
renormalisation 204, 308ff
multiplicative 352
one-loop, of QED 337ff
of spontaneously broken Yang-Mills
theories 375ff
of ¢* theory 318ff
of Yang-Mills theories 362ff
renormalisation constants 347-8
wave function 320
renormalisation group 324ff
equation 325
renormalised coupling constant 318
renormalised mass 204, 256, 318
resonance 8
R gauge 376
Riemann-Christoffel tensor 119
right derivative 211
R matrix (reaction matrix) 276
rotation group 30ff
generators 31
running coupling constant 327
Rutherford formula 172

saddle-point method 380
Salam 4
see also Weinberg-Salam
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scalar field
canonical quantisation 126-37
complex 90-7
Feynman rules 189, 207, 231-2
generating functional 182ff
path integral quantisation 182ff
propagator 189
real 81-90
scalar photons 147
scaling
behaviour of Green’s function 326
Bjorken 17
scattering
amplitude 165
cross section 232ff
Schrodinger equation 28
Green's function for 163—4
screening 347
second quantisation 126
selectron 426
self-energy operator 255ff
electron 329ff
gluon 355
photon 331
quark 354ff
sine-Gordon equation 391
sine-Gordon kink 391-5
skeleton diagram 348
SL(2,C) and Lorentz group 36ff
slash notation 52
Slavnov-Taylor identity 273ff, 281, 363
S matrix 166, 217ff, 239
solitary wave (soliton) 390, 391, 424
spacelike interval 25
spacelike momentum 56
spin and statistics 133, 153
spin operator 55
spinor 33.77
Dirac 49, 51, 427ff
dotted and undotted 39, 434
four-spinor 41
Majorana 427
Pauli 37.39
Weyl 42. 427
spinor field
Feynman rules 231-2
spontaneous symmetry breaking 282ff
of gauge theories 293ff
statistical mechanics and field theory 263, 281
Stokes’ formula 73
strong aymptotic condition 221
strong interaction 3-4, 7
structure constants 113
of SU(3) 123
structure factor 17
SU(2)
and O(3) 30ff, 77, 400-1
and rotation group 30ff. 77
structure constants 113
SU(3) 3.13-4,122-5
SU4) 15
summation convention 25-6

Index

superconductivity 296-8. 307, 397
superfields 463. 464ff

chiral 464. 467ff
supergravity 473
super-Poincaré algebra 452ff
superspace 459ff
supersymmetry 426ff

mass-shell realisation 452
Sutherland paradox 368, 389
symmetry factor 202, 206

tau (7) lepton 7.299
—vacua 420-4
Thomas precession 37
't Hooft 282
gauges 375-7, 388-9
—~Polyakov monopole 110, 406ff, 424
timelike interval 25
timelike momentum 56
timelike photons 147
time ordering operator 178
trace formulae 52
transverse photons 147
propagator 243
tree approximation 382
two-point function 202
two slit experiment 98, 155

Uehling term 342
U gauge 295, 377
unitarity 276
and ghosts 276ff, 281
U 92
gauge transformations 96
spontaneous breaking 294

vacuum
degenerate 283
expectation value 284,378
graph (diagram) 202, 206
polarisation 331:in QCD 355ff
—vacuum transition amplitude 174-5, 182-4
vector potential 65, 94
vertex function 255, 258. 286
proper 263
vortex line 395ff

Ward identity 255, 263ff. 281, 338, 349, 366
axial 366
generalised 255
Ward-Takahashi identity 263ff, 281, 349-50
W boson 5, 305
weak asymptotic condition 221
weak hypercharge 300
weak interaction 4, 5
weak isospin 24, 299
Weinberg 4
angle 303
—Salam model 298ff, 411
—Salam theory 4, 24, 282, 287, 307
Weinberg’s theorem 311, 388
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Wess-Zumino model 440, 470ff Yang-Mills field see non-Abelian gauge fields
Weyl equation 42 Yukawa 3
Wick's theorem 196 potential 237

WKB approximation 420
Wu-Yang construction 404-6, 424 Z boson 5. 305






