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EDITOR'S FOREWORD

The problem of communicating in a coherent fashion recent developments in
the most exciting and active fields of physics seems particularly pressing today.
The enormous growth in the number of physicists has tended to make the familiar
channels of communication considerably less effective. It has become increas-
ingly difficult for experts in a given field to keep up with the current
literature; the novice can only be confused. What is needed is both a consistent
account of a field and the presentation of a definite '"point of view'" concerning
it. Formal monographs cannot meet such a need in a rapidly developing field,
and, perhaps more important, the review article seems to have fallen into
disfavor. Indeed, it would seem that the people most actively engaged in
developing a given field are the people least likely to write at length about it.

FRONTIERS IN PHYSICS has been conceived in an effort to improve the
situation in several ways. Leading physicists today frequently give a series
of lectures, a graduate seminar, or a graduate course in their special fields
of interest. Such lectures serve to summarize the present status of a rapidly
developing field and may well constitute the only coherent account available
at the time. Often, notes on lectures exist (prepared by the lecturer himself,
by graduate students, or by postdoctoral fellows) and are distributed in
mimeographed form on a limited basis. One of the principal purposes of the
FRONTIERS IN PHYSICS Series is to make such notes available to a wider audience
of physicists.

It should be emphasized that lecture notes are necessarily rough and
informal, both in style and content; and those in the series will prove no
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exception. This is as it should be. The point of the series is to offer new,
rapid, more informal, and, it is hoped, more effective ways for physicists to
teach one another. The point is lost if only elegant notes qualify.

The publication of collections of reprints of recent articles in very
active fields of physics will improve communication. Such collections are
themselves useful to people working in the field. The value of the reprints
will, however, be enhanced if the collection is accompanied by an introduction
of moderate length which will serve to tie the collection together and,
necessarily, constitute a brief survey of the present status of the field.
Again, it is appropriate that such an introduction be informal, in keeping
with the active character of the field.

The informal monograph, representing an intermediate step between lecture
notes and formal monographs, offers an author the opportunity to present his
views of a field which has developed to the point where a summation might
prove extraordinarily fruitful but a formal monograph might not be feasible
or desirable.

Contemporary classics constitute a particularly valuable approach to the
teaching and learning of physics today. Here one thinks of fields that lie at
the heart of much of present-day research, but whose essentials are by now
well understood, such as quantum electrodynamics or magnetic resonance. In
such fields some of the best pedagogical material is not readily available,
either because it consists of papers long out of print or lectures that have

never been published.

The above words, written in August, 1961, seem equally applicable today.

Pierre Ramond has made significant contributions to our understanding of

xiv



quantum field theory and particle physics. As he has noted in his Preface
to this volume, despite the dramatic progress which has been made during the
past decade in developing both new methods and applications of quantum field
theory, few textbooks have been written which cover this material.

The present volume should go a long way toward bridging this gap, since
it emphasizes the structure and methods of perturbation field theories while
discussing both renormalization theory and the evaluation of Feynman's diagram
for gauge theories at a level suitable for the beginning graduate student,
with no important steps left out of the key derivations and problems at the
end of each chapter.

It is a pleasure to welcome him as a contributor to this Series.

David Pines
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PREFACE

Since 't Hooft proved the renormalizability of Yang-Mills theories,
there has been a consequent dramatic increase in both the methods and the
applications of Quantum Field Theory. Yet, few textbooks have been written
in the intervening years, so that the student of Field Theory is left to
depend on the original literature or on one of the many excellent reviews
of the subject. Unfortunately these are often written for the specialist
rather than for the neophyte. These notes, based on a one-year graduate
course in Field Theory offered at Caltech between 1978 and 1980, aim to fill
this gap by introducing in a straightforward, calculational manner some of
the tools used by the modern Field Theorist.

It is no longer possible to present perturbative Field Theory pedagogi-
cally in one year — the days of the standard one-year course based on QED
are gone forever. Thus these notes cover only a selected set of topics.
A modern presentation must consist of at least three parts — a first course
emphasizing the structure and methods of perturbative Field Theories, with
the intent of acquainting the student with renormalization theory and the
evaluation of Feynman diagrams for gauge theories, — a second course dealing
with applications of gauge theories, centering around perturbative calculations
in Quantum Chromodynamics (QCD), Flavor Dynamics (Glashow-Weinberg-Salam model),
and possibly Grand Unified Theories, and finally a third course on non-pertur-
bative techniques. These notes address themselves to the first part, con-
centrating at an elementary level first on Classical Field Theory including
a detailed discussion of the Lorentz group, Dirac and Majorana masses and

xvii



supersymmetry, followed by a presentation of regularization methods, renor-
alization theory and other formal aspects of the subject. The approach is
calculational - no proof of renormalizability is given, only plausibility
arguments. Renormalization is treated in great detail for A¢4 theory, but
only lightly for gauge theories. The passage from Classical to Quantum
Field Theory is described in terms of the Feynman Path Integral, which is
appropriate to both perturbative and non-perturbative treatments. Also the
¢t-function technique for evaluating functional determinants is presented for
simple theories.

The material is discussed in sufficient detail to enable the reader to
follow every step, but some crucial theoretical aspects are not covered such
as the Infrared Structure of unbroken gauge theories, and the description of
calculations in broken gauge theories. Still it is hoped that these notes
will serve as an introduction to the perturbative evaluation of gauge theories.
Problems are included at the end of each section, with asterisks to denote
their degree of difficulty. A bibliography is included to provide a guide
for further studies.

I would like to express my gratitude to Professor S. Frautschi and
J. Harvey for their diligent reading of the manuscript and constructive
criticisms. Also special thanks go to E. Corrigan and J. Harvey for teaching
me ¢-function techniques, as well as to the students of Phys. 230 for their
patience and their numerous suggestions. Finally, these notes would not
have seen the light of day had it not been for the heroic efforts of two
modern day scribes, Roma Gaines and Helen Tuck, to whom I am deeply grateful.

P. Ramond
Pasadena, Summer 1980
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I - HOW TO BUILD AN ACTION FUNCTIONAL

1. The Action Functional: elementary considerations

It is a most beautiful and awe-inspiring fact that all the fundamental
laws of Classical Physics can be understood in terms of one mathematical
construct called the Action. It yields the classical equations of motion,
and analysis of its invariances leads to quantities conserved in the course
of the classical motion. In addition, as Dirac and Feynman have shown, the
Action acquires its full importance in Quantum Physics. As such, it provides
a clear and elegant language to effect the transition between Classical and
Quantum Physics through the use of the Feynman Path Integral (FPI).

Thus our task is clear: we first study the art of building acceptable
Action functionals (AF) and later derive the quantum properties of the system
a given AF describes by evaluating the associated Feynman Path Integral (FPI).
First, examine the AF for an elementary system: take a point particle, with
position vector xi(t) (i=1,2,3), at time t, moving in a time independent

potential V(xi). The corresponding AF is given by

t2 4 dxi dxi
s(Ix I5ty,t,) = {ldt(i-m vl v(x)) - (1.1)

It is a function of the initial and final times tl and t2 and a functional
of the path xi(t) for tpct<t,. Repeated latin indices are summed over.
This means that to a given path xi(t), we associate a number called the
functional (in this case 8). Functional relationship will be indicated by
square brackets [...]. For instance, the length of a path is a functional
of the path.

Consider the response of S to a small deformation of the path

x, (£) > x,(€) + 8x,(t) . (1.2)
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Then
t

2 d{x, +6x,) d{(x, + 6x,)
1 i i i i
Slx, +6x.1] { dt[2 m It It - V(xi4-6xi)] .
1
(1.3)
Neglect terms of O(6x)2 and use the chain rule to obtain
d(x, +6x.) d{(x. +6x.) dx, dx. d2x dx
i i 1 i1 i_, i6x+2—é'(6x i]
dt dt dt dt dt2 i dt i dt
? (1.4)
2
V(xi4-6x ) = V(xi) + 6x18iV . (1.5)
_ 3
[Here 3, = —— ]. Thus
9X.
i
t2 d2xi t2 d dxi
S{x.+6x.] = S[xi] + f dt 6xi(-8iv—m 2]+mf dt It (6xi -a?]
t dt t
1 1
(1.6)

The last term is just a "surface" term. It can be eliminated by restricting the
variations to paths which vanish at the end points: 6xi(tl) = 6xi(t2) =0. With
this proviso the requirement that S not change under an arbitrary 6xi leads

to the classical equations of motion for the system. We symbolically write

it as the vanishing of the functional derivative introduced by

8s
= e PN .
Slx, +6x.1 = s[x, 1 + [ dt 8x, 5x; (1.7)
That is 2
5 ( d7x, ]
1
=2 = - (m +93,v) =0 . (1.8)
8%y a? 1

Thus we have the identification between equations of motion and extremization
of S. Note, however, that extremization of S only leads to a class of possible

paths. Which of those is followed depends on the boundary conditions, given

dx.
as initial values of X, and —= .
i dt

-2



A further, and most important point to be made is the correspondence
between the symmetries of S and the existence of quantities conserved in the
course of the motion of the system. An example will suffice. Take V(xi) to

1/2

be a function of the length of x,, i.e., r = (xixi) . Then S is manifestly

i’
invariant under a rotation of the three-vector Xy since it depends only on

its length. Under an infinitesimal arbitrary rotation

6xi = Eijxj . Eij = - Eji’ with Eij time independent.
(1.9)

Now, since S is invariant, we know that 8S = 0, but as we have seen above

8S consists of two parts: the functional derivative which vanishes for the

classical path,and the surface term. For this particular variation, however,

we cannot impose boundary conditions on 6xi(t), so the invariance of S to-

gether with the equations of motion yield

2 ax, %2
0=285= [dt at Mg %) memx —~ldt . (1.10)
1 t

As this is true for any Eij’ it follows that the

dx dx
=1 B R
2500 =3 m(xi FTaE R T: , (1.11)
satisfy
g“ij (tl)= lij(tz) s (1.12)

and are therefore conserved during the motion. These are, as you know, the
components of the angular momentum., An infinitesimal form of the conservation

law can be obtained by letting t, approach t We have just proved in a

1
simple case the celebrated theorem of Emmy Noether, relating an invariance

(in this case, rotational) to a conservation law (of angular momentum).

—-3-



To summarize the lessons of this elementary example:
1) Classical equations of motion are obtained by extremizing S.
2) Boundary conditions have to be supplied externally.
3) The symmetries of § are in correspondence with conserved quantities
and therefore reflect the basic symmetries of the physical system.
This example dealt with particle mechanics; it can be generalized to Classical
Field Theory, as in Maxwell's Electrodynamics or Einstein's General
Relativity.

The Action is just a mathematical construct, and therefore unlimited in
its possibilities. Yet, it also affords a description of the physical world
which we believe operates in a definite way. Hence there should be one very
special AF out of many that describes correctly what is going on. The problem
is to find ways to characterize this unique Action. Noether's theorem gives
us a hint since it allows us to connect the symmetries of the system with those
of the functional., Certain symmetries, such as those implied by the Special
Theory of Relativity, are well documented. Thus, any candidate action must
reflect this fact. Other symmetries, such as electric charge conservation,
further restrict the form of the AF. It is believed that Nature is partial
to certain types of actions which are loaded with all kinds of invariances
that vary from point to point. These give rise to the gauge theories which
will occupy us later in this course. For the time being, let us learn how
to build AF's for systems that satisfy the laws of the Theory of Special Rela-
tivity. Technically, these systems can be characterized by their invariance
under transformations generated by the inhomogeneous Lorentz group, a.k.a., the

Poincaré group, which is what will concern us next.

e
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Problems.

*C.

*D.

Notes: - problems are given in order of increasing complexity.

- in the following, use the Action Functional as the main tool,
although you may be familiar with more elementary methods of
solution.

i) Prove that linear momentum is conserved during the motion described
bys=faeinik , x=3

ii) Suppose V(xi) = v(1-cos E); find the expression for the rate of
change of the linear momentum.

For a point particle moving in an arbitrary potential, derive the

expression for the rate of change in angular momentum.

For a point particle moving in a potential V = - % , find the in-

variances of the AF. Hint: recall that the Newtonian orbits do not

precess, which leads to a non-trivial conserved quantity, the Runge-

Lenz vector.

Given an AF invariant under uniform time translations, derive the

expression for the associated conserved quantity. Use as an example

a point particle moving in a time-independent potential. What happens

if the potential is time-dependent?

—“5-



2, The Lorentz Group (a cursory look)

The postulates of Special Relativity tell us that the speed of light

is the same in all inertial frames. This means that if X, is the position

of a light signal at time t in one frame, and the same light ray is found at

] . .
X. at time t' in another frame, we must have
i

2.1)

The set of linear transformations which relate (x;),t') to (xi,t) while

preserving the above expression form a group called the Lorentz group (see

problem). Choose units such that c=1, and introduce the notation

3 .
x u=0,1,2,3 with x0= t, (xl,xz,x ) = (x)
i.e., x" = (xo,xl) i=1,2,3
>
= (t,x) .

2
In this compact notation s can be written as

[/
I
»
»
1
»
»
1

X X guv ,

-

= X,

2.2)

where the metric guv= g\)u is zero except for u=v when g00=-—gll=-—g22= —g33

Repeated indices are summed except when otherwise indicated.

becomes

u_v BTIAY
XX =
8y B X X

Now look for a set of linear transformations
0 .

AL L A . L ,

v 0 i

which preserves s2. The Auv must therefore satisfy

tHetV = M aY KPR = x°x°
B X Ev' o o oo

As (2.5) must hold for any xu, we conclude that

TR
= AT A .
gpc guv o g

Then eq. (2.1)

(2.3)

(2.4)

(2.5)

(2.6)

=1.



1t is more convenient for certain purposes to use a matrix notation: regard

i .
X as a column vector x and 8y 38 2 matrix g. Then

2 ngx , (2.7)

2]
It

and

i

x' = Lx , (2.8)

where L is the matrix equivalent of the A“v coefficients, and T means the

transpose. The L's must obey

T
g = L gL , (2.9)

to be Lorentz transformations (LT). Examine the consequences of eq. (2.9).

First take its determinant

det g = det LT det g det L s (2.10)
from which we deduce that

detL =+1 . (2.11)

The case det L = 1(-1) corresponds to proper {(improper) LT's. As an
example, the LT given numerically by L=g is an improper one; physically
X 0 0 i i, . .

it corresponds to x +x , X »+-x , i.e., space inversion. Second, take

the 00 entry of eq. (2.6)

_ AP o _ 0.2 i,2
1=A ngcA 0= (A 0) (A 0) , (2.12)
which shows that

]AOOI 21 . (2.13)

When AO0 > 1, the LT's are said to be orthochronous, while AO0

non-orthochronous LT's. It follows then that LT's can be put in four cate-

< -1 gives

gories (see problem):

iy



1)
2)
3)
4)

Let

proper orthochronous, also called restricted (L:) with detL=+4+1, Aooz 1
proper non-orthochronous (Li) with detL=+1, Aoos-—l
improper orthochronous (Li) with detL=~1, AOOZIL
improper non-orthochronous &b wnhdﬂL=—l,A%§—L;
us give a few examples:
a) Rotations: x'0= xo, x'i==aijxj with aij an orthogonal matrix.
Then we can write L in the block form
1'o0
L={--L . (2.14)
0 : a

so that detL= deta. We can have deta =+ 1, corresponding to
4
proper and improper rotations, with L belonging to L: and L_

respectively.

b) Boosts: the transformations

x'0 = x0 coshn - xlsinhn
<t =-x0sinhn + xlcoshn
x203 o i3 (2.15)

describe a boost in the l-direction. Then in 2x2 block form

coshn —sinhn |
L = 1 0
-sinhn coshn | s (2.16)
_________ 1 - -
1
0 i1
2 L2
det L = cosh™n - sinh™n = 1 , 2.17)
AO0 = coshn > 1 . (2.18)

This transformation therefore belongs to L:. Note that the identification

-1/2

) , sinhn = v{(1 - -1/2

o2 v?) , (2.19)

coshn = (1-

—-8-



where v is the velocity of the boosted frame leads to the more familiar form.
0 0 i i

¢) Time inversion: defined by x' = -x, x'" = x. It has detL= -1,
AO0 = -1, and therefore belongs to Li.
d) Full inversion: defined by x'%= -x". It has detL = +1, AOO = -1,

and belongs to Li. Full inversion can be obtained as the product
of a space and a time inversion.

Any Lorentz transformation can be decomposed as the product of trans-
formations of these four types (see problem). Thus it suffices to concentrate
on rotations and boosts. Since there are three rotations and three boosts,
one for each space direction, the Lorentz transformations are described in
terms of six parameters. We now proceed to build the six corresponding gen-

erators. Consider an infinitesimal LT

A= s 4 e , (2.20)

where 6uv is the Kronecker delta which vanishes when p # v and equals +1

otherwise. Evaluation of eq. (2.6) yields to 0(g)

0= Py g &f ) 2.21
Buof u T Bty ( )

We use the metric to lower indices, for example

By

x, = 5" = @0 ) : @.22)

Eq. (2.21) becomes

= 2.2
0 Evu + €uv s ( 3)
. . . 4.3
that is, Euv is an antisymmetric tensor with (as advertised) 5 = 6
independent entries. Introduce the hermitean generators
Luv = i(xuav—-xvau) , (2.24)



where

3 3 >
5 == (=,V) . (2.25)
Lo ax“ at
In terms of these we can write
sx! = 1 %~EDGL M = MPx . (2.26)
po p

It is easy to see that the Luv's satisfy a Lie algebra

[Luv’ch] = lgvpLuc - iguva0 - 1gchup + lgHGLVD , (2.27)

to be identified with the Lie algebra of S0(3,1). The most general repre-
sentation of the generators of S0(3,1) that obeys the commutation relations

(2.27) is given by

Muv = 1(xu8v - xvau) + Suv , (2.28)

where the hermitean Suv satisfy the same Lie algebra as the Luv and commute

with them. The hermitean generators M for i,j = 1,2,3, form an algebra

13°

among themselves
[Mij’ Mkl] = —16jkMil+- 16iij¢+16leik_ isilek ’ (2.29)

which is that of the rotation group SU(2). A more familiar expression can

be obtained by introducing the new operators

1
Ji 5 € (2.30)

131k ’
where Eijk is the Levi-Civita symbol, totally antisymmetric in all of its

three indices, and with € = 4+1. (Repeated Latin indices are summed over.)

123

Then, we find

[Ji,Jj] = iEiijk . (2.31)

-10-



Define the boost generators

K, = MOi . (2.32)

It follows from the Lie algebra that

[Ki’Kj] = —ieiijk s (2.33)
[Ji,Kj] = ieiijk . (2.34)

Here, both Ki and Ji are hermitean generators; the K; are non-compact

generators. We can disentangle these commutation relations by introducing

the new linear combinations

=1 .
Ni 23 (Ji4-1Ki) . (2.35)

Although not hermitean, Ni # NI, they have the virtue of yielding simple

commutation relations

[Ni,N;] -0 , (2.36)

[Ni,Nj] = iEijka s (2.37)
b +

IN]N]T = deg ) ) (2.38)

This means that the Ni and the NI obey the Lie algebra of SU(2). We can
therefore appeal to its well-known representation theory. In particular,

we have two Casimir operators (operators that commute with all the generators)

NiNi with eigenvalues n(n+ 1)
and

N?Iwﬂhemawﬂuwtﬂm+n ,

where myn = 0, 1/2, 1, 3/2,..., using well-known results from the representation
theory of the SU(2) (spin) group. These representations are labelled by the

-11-



pair (n,m) while the states within a representation are further distinguished
by the eigenvalues of N3 and N;. Observe that the two SU(2)'s are not inde-

pendent as they can be interchanged by the operation of parity, P,

Iy s KooKy ’

and the operation of hermitean conjugation which changes the sign of i and
therefore switches Ni to NI. In general representations of the Lorentz group
neither parity nor (hermitean) conjugation eigenstates. Since Jif=Ni-+NI, we
can identify the spin of the representation with m+n. As an example conside
the following representations:

a) (0,0) with spin zero is the scalar representation, and it has a

well-defined parity (can appear as scalar or pseudoscalar);

b) (1/2,0) has spin 1/2 and represents a left-handed spinor (the

handedness is a convention);

c¢) (0,1/2) describes a right-handed spinor.

These spinors have two components {("spin up" and "spin down"); they are calle
Weyl spinors. When parity is relevant, one considers the linear combination
0,1/2) @ (1/2,0), which yields a Dirac spinor.

The fun thing is that given these spinor representations, we can generat
any other representation by multiplying them together. This procedure is
equivalent to forming higher spin states by taking the (Kronecker) product
of many spin 1/2 states in the rotation group. Let us give a few examples:

a) (1/2,0) ® (0,1/2) = (1/2,1/2) gives a spin 1 representation with

four components. In tensor notation it will be written as a
4-vector.

b) (1/2,0) ® (1/2,0) = (0,0) @ (1,0). Here the scalar representati

is given by the antisymmetric product. The new representation (1,0)

-12~



is represented by an antisymmetric, self-dual second rank tensor,

i.e., a tensor Buv that obeys

B = "B (2.39)
_i, o
Buv 5 Euv ch , (2.40)
. where £"VP9 is the Levi-Civita symbol in four dimensions with 80123 =+ 1,

* and total antisymmetry in its indices. The (0,1) representation would

For v F

correspond to a tensor that is antiself-dual
i
B, ,=-5¢ B . (2.41)

. For example, Maxwell's field strength tensor Fuv transforms as (0,1) () (1,0)
under the Lorentz group.
4 Finally, let us emphasize an important point. Suppose that we had con-

* gidered LT's in the so-called "Euclidean space," where t is replaced by v-1 t.

¢ Then the commutation relations would have gone through except that guv would
> have been replaced by —suv, the Kronecker delta, giving the Lie algebra of

S0(4), the rotation group in four dimensions. The split-up of two commuting
SU(2) groups is now achieved with the hermitean combinations Ji + Ki' These

. two SU{(2)'s are completely independent since they cannot be switched by con-

jugation. Parity can still relate the two, but it loses much of its interest

<

in Euclidean space where all directions are equivalent.

B

~-13-
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Problems.

A.

*E.

Show that the Lorentz transformations satisfy the group axioms, i.e.,
if L, and L, are two LT's so is L,L,; the identity transformation
exists, and if L is an LT, so is its inverse L_l.

Show that det L and the sign of AO0 are Lorentz-invariant, and can
therefore be used to catalog the Lorentz transformations.

0

Show that if L is a restricted LT (detL = +1, A , 2 1), all Lorentz

0
transformations can be written in the forms
. . +
L X space inversion for L ,
. . ¥
L x time inversion for L ’
L x space inversion x time inversion for Li .
Show that a restricted Lorentz transformation can be uniquely written
as the product of a boost and a rotation.
Index shuffling problem: Show that the components of a self-dual
antisymmetric second rank tensor transform among themselves, i.e.,

irreducibly under the Lorentz group.
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3. The Poincaré Group

Another fundamental principle is the invariance of the behavior of an
isolated physical system under uniform translation in space and time. (This
principle has to be generalized to arbitrary translations to generate gravi-

tational interactions.) Such a transformation is given by

LI e , (3.1)

n

where a° is an arbitrary constant four-vector. Hence the general invariance

group is a ten-parameter group called the Poincaré Group, under which

x =+ x'" = Auvxv + a% , (3.2)

The translations (3.1) do not commute with the LT's. Indeed consider two

* successive PG transformations with parameters (Al,al) and (A2,a2)

3 (T TR TS T S R TR B T
x" - Alvx 4—al -> AZpAlvx 4—A2pal4-a2 , (3.3)

and we see that the translation parameters get rotated. Nothing surprising
* here since this is what four-vectors do for a living! Such a coupling of
the translation and Lorentz groups is called a semi-direct product. Still,

as indicated by their name, the PG transformations form a group (see problem).

e e

In order to obtain the algebra of the generators, observe that we can write

the change in x under a small translation as

Bk

sxt = ieppr , (3.4)

' EPS I

Lo (3.5)

e
i
™
-

. where " are the parameters, and
“ P = - id (3.6
P P ’ )

; are the hermitean generators of the transformation., They clearly commute

with one another
L ~15~




[PH,PV] =0 ’ 3.7
but not with the Lorentz generators (how can they? they are four-vectors!)
M ,P]=-1i P +ig P . 3.8
[¥,y2Po1 Bup™v ™ Bupt (3.8

The commutation relations (3.7), (3.8) and those among the Muv define the
Lie algebra of the Poincaré group. The "length" PuPu of the vector Pp is
obviously invariant under Lorentz transformations and in view of (3.7) is
therefore a Casimir operator. The other Casimir operator is not so obvious
to construct, but as we just remarked, the length of any four-vector which
commutes with the Pu's will do. The Pauli-Lubanski four-vector, Wu, is such

a thing; it is defined by

W _ 1 uvpo
W o= 5 € PvMpc . (3.9)

Use of (3.7), (3.8) and of the antisymmetry of the Levi-Civita symbol gives

w,pP1 =0 , (3.10)

while wp transforms as a four-vector,

M W ]=- Woo+i W . 3.11
[uv p] Bup™n T By ( )

Its length WHWu is therefore a Casimir invariant. The most general repre-

sentation of the ten Poincaré group generators is

P = -id
p p
M = i(x 3 -x93 )+ S ,
uv (TRAVEERREVAST! uv
so that
W, _ i _uveo
W o= 5 € Spcav . (3.12)

—16-



The representation theory of the P.G. was worked out long ago by E. Wigner.
Its representations fall into three classes.

1) The eigenvalue of PpPp SnF is a real positive number. Then the eigen-

. 2 . . . .
® is -m s(s+1), where s is the spin, which assumes discrete

values s=0, %, ly... . This representation is labeled by the mass m and

value of wpw

the spin s. States within the representation are distinguished by the
, third component of the spin 85 = =8, -s+l,..., s-1, s, and the continuous
eigenvalues of Pi' Physically a state corresponds to a particle of mass
m, spin s, three-momentum Py and spin projection Sy- Massive particles
of spin s have 2s+ 1 degrees of freedom.
2) The eigenvalue of PpPp is equal to zero, corresponding to a particle of

p

Zero rest mass. wpw is also zero and, since Ppwp = 0, it follows that

Wu and Pu are proportional. The constant of proportionality is called

the helicity, and is equal to + s, where s = 0, %3 1, %3... is the spin

of the representation. Thus massless particles of spin s # 0 have two
degrees of freedom. They are further distinguished by the three values

of their momenta along the X, y and z directions. Examples of

particles falling in this category are the photon, with spin 1 and two
states with helicity + 1, the neutrino with helicity + 1/2, and the graviton
with two states of polarization + 2.

3) PpPp==0, but the spin is continuous. The length of W is minus the square
of a positive number. This type of representation describes a particle of
zero rest mass with an infinite number of polarization states labeled by a
continuous variable. These do not seem to be realized in nature.

For more details on these, see V. Bargmann and E. P. Wigner, Proceedings of

the National Academy of Sciences, Vol. 34, No. 5, 211 (1946). There are also

"tachyon" representations with PpPp <0, which we do not consider.
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There are other representations of the Poincaré group; however they are

not unitary. Quantum Mechanics allows for the identification of only the

unitary representations with particle states. The Wigner representations

are infinite dimensional, corresponding to particles with unbounded momenta.

The situation is to be compared with that of the Lorentz group where we

discussed finite dimensional but non unitary representations. The introduction

of fields will enable us to make use of there representations.

Problems.

A.

B,

*C.

*D.

*4E

Show that the transformations (3.2) form a group.
Show that when PpPp = m2 > 0, the eigenvalue of wpwp is indeed —mzs(s4-l).,
Find the representation of the Poincaré Group generators on the space-
1like surface X5 = 0 in the case m2 =0, s =0.

Hint: by setting x, = 0, one has to re-express its conjugate variable

0
P0 in terms of the remaining variables. Use a Casimir operator to do
this. Then re-express all of the P.G. generators in terms of xi’Pi and
m2. See P.A.M. Dirac, Rev. Mod. Phys. 21, 392 (1949).

. 0
Repeat the previous problem on the spacelike surface x = x .

2
Repeat problem D when m >0 and s # 0.

-18-



4, Behavior of Local Fields under the Poincaré Group

Consider an arbitrary function of the spacetime point P. 1In a given
inertial frame, where P is located at xu, this function will be denoted by

Y it will be written as f'(x'u) because

f(x“); in another where P is at x'
the functional relationship will in general be frame-dependent. Write for

an infinitesimal transformation the change in the function as

Sf

fr{x') ~ f(x)

1 (x+8x) - f(x)

£ - £(x) + 6xa £ + o(sx?) . (4.1)

To O(6x“), we can replace Buf' by auf. Then

§f = §of + 6xuauf s (4.2)

where we have introduced the functional change at the same x

60f s f1(x) ~ £(x) . (4.3)
The second term in eq. (4.2) is called the transport term. We can formally

write (4.2) as an operator equation

§ =6, + 6x“au . (4.8)

0
Under a translation in spacetime, there is no change in a local field,

that is

£+ euauf , (4.5)

or

5 f =~£u8uf =-ie'? £, (4.6)

with Pu defined by (3.6). However, under Lorentz transformations, the
situation is more complicated and requires several examples for clarification.
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a) The scalar field

We build (or imagine) a function of xu, ¢{(x), which has the same value
when measured in different inertial frames related by a Lorentz transfor-
mation

o' (x") = ¢(x) . 4.7
This condition defines a scalar field (under LT's)., Specializing to an

infinitesimal transformation, we have, using (4.7) and (4.2)

_ - !
0= 8y = 89 + 8x'2 ¢ , (4.8)

with &x" given by (2.26). Setting

00

s M ¢ 4.9

I
2 o

o?
and comparing with (4.8) tells us that for a scalar field the representation
of the Lorentz group generators M, is just i(xuav‘_xvau)' That is, the
operator Suv we had introduced earlier vanishes when acting on a scalar field.
We can see how a non-trivial Suv can arise by considering the construct
8u¢(x). Note that it is a scalar under translations just as ¢ was, because
the derivative operator is not affected by translations, (true for uniform

translations only!). We have
3 = [§,3 + 23 8 . 4.10
6u¢ [,u]d) ud’ ( )
Now 8 ¢ vanishes since ¢ is a Lorentz-scalar. However, from (4.4) we see that

v
[6,8u] = [60,8u] + [6x av,au] . (4.11)

v
Since 60 does not change xu, it commutes with au, but 6x does not. Evalua-
tion of the last commutator yields

v
[6,8u] =€, Bv . (4.12)
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Putting it all together we find

__ 1o i (P9 v
608u¢ 5 € Lp08u¢ 5 (e Spc)u 8v¢ R (4.13)
where
v A% Y
S =1 - . .
CHN (8,8, = 85y8,) (4.14)
One can check that they obey the same commutation relations as the Luv's.
Comparison with the canonical form
§ (anything) = - = ¢°°M_ (anything) (4.15)
0 2 po ’ :

yields the representation of the Lorentz generator on the field 8u¢. A field
transforming like 8u¢(x) is called a vector field. Note that the role of the
"spin part" of Muv is to shuffle indices.

A tensor field with many Lorentz indices will transform like (4.13).
The action of Spc on it will be the sum of expressions like (4.14), one for
each index. For instance, the action of Spc on a second rank tensor Buv is

given by

(SpcB)uv = - 1(gcquv - gpuBcv + gGVBHD - gpouc) . (4.16)

It is now easy to make Poincaré invariants out of scalar fields. Candidates
are any scalar function of ¢(x) such as ¢n, cosp(X), etCe..., 8u8“¢(x),
(8u¢)(8”¢) (see problem) etc... . However, the expression x”8u¢ is Lorentz
invariant but not Poincaré invariant.

b) The spinor fields

1 1
The spinor representations of the Lorentz group (530) and (0,5) are
realized by two-component complex spinors. Call these spinors WL(X) and
WR(x) respectively. The two-valued spinor indices are not written explicitly.

[In the literature L-like (R-like) spinor indices appear dotted (undotted).]
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We write

1
b ) b)) = Ay, (%) for (3,0)
1
VR > PR = Ay GO for (0,3
where A are 2 x 2 matrices with complex entries. When the transformation -

R,L
is a rotation we know the form of AL R from the spinor representation of SU(2
> ’
12
A =e 2
L(R) . (rotation) (4.17)

The " are the rotation parameters and the o are the hermitean 2x 2 Pauli

spin matrices given by

1_J01 2 {0 -1 3_ (1L 0O
o= (l 0) , 0 = (i 0) , 07 = (0 —l) . (4.18)
They obey
cch = 613 + ieichk . (4.19)
After thus identifying the rotation generators Ji with %—01, we have to write

the boost generators in this 2x 2 notation. We already know that the Ki will
not be represented unitarily because the split-up into two SU(2) groups was
not unitary. The representation

-

X =- -} 3 , (4.20)

satisfies all the required commutation relations. So we write
i+ > >
'2-0-(00 -1iv)
A =e R (4.21)
> R . - R 1
where v are the boost parameters associated with K. Since the (530) and
(O,EJ representations are related by parity, we construct AR from AL by chang

the sign of the boost parameters:

i > >
50-(w+ iv)
Ay = e . (4.22)
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These explicit forms for AL and AR enable us to derive important properties.

First we see that AL and AR are related by

AT = A . (4.23)

s (4.24)

where the star denotes ordinary complex conjugation, enables us to write
. > >
—%»gﬁ(w—iv) .
oMo =e = AR . (4.25)
Thirdly, the hermitean conjugate equation of (4.24) with the hermiticity of

the Pauli matrices yields

T_  2,-12
AL =g AL [¢] , (4.26)
whence
2,T2, _ T 2 2
o] ALG AL =1 or ALc AL 5] . 4.27)

The same equation holds for AR. These relations will prove useful in the
construction of Lorentz-invariant expressions involving spinor fields. As

a first application, under a Lorentz transformation,

2 * 2 *, %
Oy oA Yy

2, % 2 2 4
g AL g o wL

2, %
ARG WL s (4.28)

using the complex conjugate of (4.25). Eq. (4.28) indicates that given a spinor
wL which transforms as (l,o), we can construct a related spinor czwL* which
transforms as (0,%). In a similar way we can see that csz* transforms as

(%,0) if wR transforms as (0,%).
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X 1
We noted earlier that by taking the antisymmetric product of two 7.0
representations we can construct the scalar representation. We can now show
this explicitly. Let wL and Xy, be two spinors that transform as (%30). As

a consequence of (4.27), under a Lorentz transformation

T 2 T, T2 T 2

X0 wL - XLALG ALwL = X0 wL . (4.29)
This is our scalar. The scalar representation appeared group-theoretically in
the antisymmetric product, so by taking Xy, = wL the scalar invariant should not
exist. Explicitly we find

T 2 0 -i
Wty = w)( )
L L Ll L2 N

[ .
LY =<1y ¥ +iv. ¥ . (4.30)
0 ( 1) Lty 7yt

]
L,

which vanishes if ¥ and are regular numbers. However, if ¥ and ¥

Ll 12 Ll L
are taken to be Grassmann numbers which anticommute among themselves this scala
invariant will take on a non-zero value. In fact, as we shall see later, spinor
fields will be taken to be classical Grassmann (anticommuting) numbers.

2 .
We can also take X, = © wR*. Then the invariant becomes

1P %, = v, . (4.31)
None of these invariants are real. By switching L to R their complex conju-
gales can be obtained.
We can build a four-vector representation out of two spinors. The simples
way 1s to start from a single wL ~ (%,O) since out of it we can buiid a (0,%)
spinor and then multiply them together. One knows that the quantity waL is
invariant under rotations which are represented bv unitary operators on

the spinors. Not so however under the boosts for which

> >
g.v

+ t oot >t 2
Yp¥p Ve TV = WYy v Yo, + 00 ) . (4.32)

Y



The new quantity, fortunately, behaves as
> > >
gsv. gV
+ 1 + 2 i2 T s § 1 j.te i 3 2
Yo ¥y > ¥pe e Yy =Y oY+ 5V wL{c 07 By + 00v%)

R

t i i+t 2

IDLG \bL + v \bL\bL + 0(v7) . (4.33)
where {, } denotes the anticommutator. Thus under a boost these quantities

* transform into one another

o
s v, = Vil

t i i +
§ YoV = VY . (4.34)
and ¢E01¢L behaves as a three-vector under rotations. Eq. (4.34) compares

with the transformation law of a four-vector

sv" = ¥ v’ , (4.35)

where EOi = —vi are the boost parameters. Thus the quantity
tuo Lt + i 4.36
i‘l’LU \PL = 1(\bL\bL, \DLU \PL) s (4.36)

is a four-vector. We have identified o° with the 2 x 2 unit matrix. Another
four-vector can be obtained starting from wR and changing the sign of the

space components
B e T _ ot
VR0 g T 1Chplps = Ypovp) . 4.37)

. *
These two vectors are real since wL and wR are Grassmann variables: (wsz)

T * + X X
wLwR = —waL, and their sum (difference) is even (odd) under parity.

1

Either of these combined with another four-vector can yield Lorentz
invariants. The simplest four-vector, as we saw earlier, is the
derivative operator au which has the added virtue of preserving translational

—25.



invariance. Since au can act on any of the fields we have the following

invariants that are bilinear in the spinor fields
t-u t=u T u tu
auch Yps 12 auwR, aquc 125 b0 aqu . (4.38)

The derivative operator is understood to act to the right and on its nearest
neighbor only. These Lorentz invariants are no longer real; however, real
linear combinations can be formed, such as

1 + u*ér

1 tHy, -1
TR A A IO

tu
ch aqu (4.39)

[N
=
=
<
.

and a similar expression with L replaced by R and o by M.

1
If parity is a concern, one has to assemble (%30) and (O,ED represen-—
tations. Since we cannot equate wL with czw;:without leading to a contra-

diction or to st 0, we have to build a four-component spinor called a

Dirac spinor

ll)L
¥y = ) (4'40)
‘bR
on which the operation of parity is well defined.
. e (o 1)
P: Y>>y = ( )= =y ¥ , (4.41)
wL 10 0

where we have defined the 4 x 4 matrix Yo* We can project onto the left

and right spinors by means of the projection operators

1
E‘(l t YS) s (4.42)
where (in 2 x 2 block form)
Y5 = (l 0) X (4.43)
0 -1 3

We can rewrite all the invariants we have built in terms of Dirac spinors.
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For instance,

YU+ pY =¥y y = Y . (4.48)

where ¥ = W+Y0 is the Pauli adjoint. Since (4.44) is Lorentz invariant

it transforms contragrediently to ¥. Similarly

1t e P Hets 1l e e
5 (o 3 * Vg0 abg) =3 ¥ 3 Y > (4.45)

where we have introduced the 4 x 4 matrices

0 -o

Yo =z . . (4.46)

Since (4.45) is Lorentz invariant the u index on the y-matrices is a true
four-vector index. They are, of course, the Dirac matrices in the Weyl

representation. They obey

("' = 28" . (4.47)

The Y5 matrix is related to the others by

0123

Ys = Iy yTyy . (4.48)

. 2
By means of the equivalence under Lorentz transformations of wL and ¢ wR*’

we can build an associated Dirac spinor

csz*
¥ = , . (4.49)
-0 \bL*
Note that
w5 = v ; (4.50)

¥¢ is called the (charge) conjugate spinor. Since czwL* transforms like wR’
we can construct a special type of four-component spinor called a Majorana

spinor
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Yy,

Y o= _czw . s (4.51)
L

It is self-conjugate under (charge) conjugation. The Majorana spinor is a
Weyl spinor in four-component form. Its physical interpretation will be
discussed when we build Actions out of spinor fields. Suffice it to say that
Majorana and/or Weyl spinors describe objects with half as many degrees of
freedom as Dirac spinors.

As we remarked at the end of Section 2, one cannot relate in Euclidean
space the two SU(2) groups that form the (Euclidean) Lorentz group. We can

now see explicitly why. Since both are unitarily realized we have the new

expressions
E %3-(3+3)
AL > AL =e
i o o> -
E —2-0-(w—v)
AR - AR =e . (4.52)

and there is no possible relation between Ai and Ai. Thus Majorana spinors
do not exist in Euclidean space because one cannot relate wi to wi. However
one is free to deal with wi and wi separately and even form Dirac spinors WE,
with the understanding that the conjugation operation introduced earlier

ceases to exist.

c) The vector field

The vector field transforms according to the (%,-%) representation. We
have already seen the effect of Spc on an arbitrary vector field, Au(x). We
might add that there is another representation of the vector field as a
hermitean 2 x 2 matrix

A +A AT+ 1A
A A= . (4.53)
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Lorentz transformations are defined to be those that preserve the condition

¥
A= A+ and leave detA invariant. One can consider many invariants such as

H vV, u % H
AU(X)A (x), auAv(x)a AT (x), auAv(x)BuA x), 3 Au(x), etc... .
Since parity is defined for the vector representation we can define both vector
and axial vector fields.

d) The spin-3/2 field

There are several ways to define a spin-3/2 field depending on the role
we want parity to play. One procedure is to take the product of three (%30)

representations
G:00G00G.0 = G,00G,00 G0 : (4.54)

The spin-3/2 corresponds to the completely symmetric product (the two (%30)
have mixed symmetry). Thus we can represent a spin—-3/2 field by a field totally
symmetric in the interchange of its three L-like spinor indices. Its trans-—
formation properties are obtained by a suitable generalization of the action
of Spc on an L-like index (see problem). The parity eigenstate is then a
combination of (%30)69(0,%). However this representation is rather awkward
because of the many indices on the field symbol.

A more convenient representation of a spin-—%—field is obtained through

the product of a vector and a spinor

GPOGO = A.DDO.P : (4.55)

The corresponding field quantity has a four-vector and a spinor index. The
parity eigenstate is the four—component "Rarita-Schwinger" field

YL
Yy = s (4.56)

YR
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where the spinor indices have been suppressed. As written Wu describes all
the states in the product (4.55) together with their parity partners. Hence
we must project out the extra (%30)GD(0,%) components, in a Lorentz invariant

way. We impose on it the subsidiary conditions

o'y =0 , (4.57)

u =
9L LR

or in Dirac language
Hy
y¥ =0 . (4.58)

The same kind of covariants and invariants can be assembled as in the spinor
case except we have the extra vector index to play with. A sample of

invariants is
T u T u +oou
VooV P ROoVps Vigdp e (4.59)
We can use the set of vectors

+ upva upva
wuLGpvas . qu pva , (4.60)

in combination with ap to make invariants of the form

upvo
auwchpva , etc. . (4.61)

The real scalar invariant is given by

+ Are +—<~+ Ye uvpo _ i'@ ¥ Y*;-W HVPO

CRCCE MRS 5 VsV, % Y (4.62)

The presence of the relative minus sign i.e., of the Ys,is dictated by the
parity properties of the eg-operation. Finally, note that we can, as in the

spin- % case, impose a Majorana condition on the R-§S fields.
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e) The spin-2 field

Again there are many possible ways to describe a spin-2 field: (2,0),

(0,2), (1,1). We choose the latter. It appears in the product

GPRGP = [0,0D@,DI® [O,DAA,01, , (4.63)

yhere S(A) denotes the symmetric (antisymmetric) part. Thus a spin-2 field can
be described by a 2nd-rank symmetric tensor huv' The scalar component corres-

ponds to its trace which can be subtracted by the tracelessness condition
uv _
g huv(x) =0 . (4.64)

Invariants are easily constructed by saturating the vector indices, and by

the use of ap. Examples are
uv P UV W, pv
huvh s Bphuva h™ ", Bphuva h™ ", etc., . (4.65)

This tensor field appears in General Relativity where it is used to describe
the graviton.

To conclude this section we note that many other fields with definite
Lorentz transformation properties can be constructed. However we have chosen
to discuss in some detail only those which prove useful in the description of
physical phenomena. They are the ones to which we can associate fundamental
particles. To Dirac spinors we associate charged fermions such as electron,
muon, tau, quarks; to Weyl spinors the neutrinos ve,vu,vT. To vector fields
the photon, the gluons that mediate Strong Interactions, and the W-bosons that
: mediate Weak Interactions; and finally, to a tensor field the graviton that

. mediates gravitation.
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Problems.

A,

B.

Build explicitly the action of Spc on wL and wR'

Write the action of Spc on a Dirac spinor in terms of the Dirac
matrices, i.e., in a representation independent way.

Build explicitly a field bilinear in the spinor Xg, and wL that
transforms as the (1,0) representation. Can you build the same

field out of one wL field?

Find the form Lorentz transformations take acting on the matrix (4.53)
in terms of AL and AR.

Given wL(x), Au(x), build at least two invariants where the two fields
appear.

Find a representation for the Dirac matrices where the components of a
Majorana spinor are real. Such a representation is called the Majoran

representation.
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5. General Properties of the Action

In the previous sections we have learned how to build Poincaré invariant
expressions out of fields which have well-defined transformation properties
under the Poincaré group. Now comes the time to assemble these invariants into
Actions that describe reasonable physical theories. The requirement of Poincaré
invariance insures that these theories will obey the axioms of Special Rela-
tivity. Yet as we become more and more adept at this game we will learn that
there are too many candidate theories and that the single prescription of
Poincaré invariance is not sufficient to pinpoint the true Action of the world.
In an attempt to narrow our search we try to enumerate certain ad hoc pres-
criptions which have been found sufficient to yield acceptable theories.

First we deal with Action Functionals of the form

T
24
sz [dxz2 , (5.1)
"1
where T and T, denote the limits of integrations and
d4x = dtdxldxzdx3 s (5.2)

is the integration measure in four-dimensional Minkowski space. Sometimes

we might alter for mathematical purposes, the number of space-time dimensions,
. . 1 . 4

or even consider the measure in Euclidian space with d x replaced by the

Euclidean measure

a5 = alaxlazlas’ , (5.3)

-0 .0 -1
where x = ix , x

xi. The integrand, £, is called the Lagrange density,
Lagrangian for short. It is a function of the fields and their derivatives only
so as to ensure translation invariance. Also it depends on the fields taken

at one space~time point x" only, leading to a local field theory. This is
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clearly the simplest choice to make: one can easily imagine non-local field
theories but they are necessarily more complicated in nature. In fact our
faith in local field theory is such that we believe it to be sufficient even
in the description of non-~local phenomenal

Secondly we demand that S be real. It is found (in retrospect) that thi
is a crucial requirement in obtaining satisfactory quantum field theories whe
total probability is conserved. In Classical Physics a complex potential lea
to absorption, i.e., disappearance of matter into nothing; it is not a satisf
tory situation.

Third we demand that S leads to classical equations of motions that invo
no higher than second-order derivatives. Classical systems described by high
order differential equations will typically develop non-causal solutions. A
well-known example is the Lorentz-Dirac equation of Electrodynamics. It is a
third order differential equation that incorporates the effects of radiation
reaction and shows non-causal effects such as preacceleration of particles ye
to be hit by radiation. To satisfy this requirement we take £ to contain at
most two Bu operations. As a consequence the classical equations (or their sq
for spinor fields) will display the operator aua” acting on a field. When th
equations of motion turn into an eigenvalue condition on this operator, we wi
say we are dealing with a free field theory because we can identify aua“ with
a Casimir operator of the Poincaré group, with the equations of motion restri
ing us to a (free) particle representation.

Fourth we take S to be invariant under the Poincaré group, as we have
already discussed.

Fifth there may be further invariance requirements on S. In fact the
phenomenological success of gauge theories suggests that the relevant Action
Functional is invariant under peculiar new transformations which involve new
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degrees of freedom such as electric charge, weak charge, color charge and
other charges yet to be discovered. Gauge theories are described by actions
which are invariant under local (i.e., x-dependent) transformations among these
internal degrees of freedom. We will be much more specific on this subject
later on.

In classical theory the Action has the definite units of angular momentum

2 .
ML°T -1 or equivalently units of #. In a natural unit system where # = 1,

S is taken to be "dimensionless." Then in four dimensions the Lagrange density
has natural dimensions of L_4.
Consider the action
T, A
8(ty,1,,[e1) = [ a'x=2 (<I>,8u<1>) , (5.4)
1

where ®(x) is any local field or any collection of local fields (it could be
scalars, spinors,...; we suppress all indices); Ty and T, are the boundaries

of integrations. Under an arbitrary change in ¢,8%, the resulting change in

S is
T, .
68 = [ d'x 82 (5.5)
"1
- jd x B‘jf 58 +—2%— (3 @E} . (5.6)
alo 0] F

Since x does not change in this variation

G(BUQ) = BUGQ . (5.7

Then use of the chain rule yields

T
2
) Y (5.8)
88 {dx[a—(p—aua[a(p]6¢+fdx8B[a(p]] .
1
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The last term is just a surface term which can be rewritten as a surface

integral

3L

§ do —=E=— 80 , (5.9)
A B[BUQ]

where o is the boundary surface and dcu the surface element. Finally we
demand that §¢ vanishes on 0. By requiring that S be stationary under an
arbitrary change §¢ vanishing on the boundaries we obtain the Euler-Lagrange

equations

O 3 _
3 57,07 99 0

s (5.10)
which are the classical field equations for the system described by S. We
can identify (5.10) with the functional derivative of § with respect to &.
Again note that it is well defined only for variations that vanish on the
boundaries of integration. As an important consequence of dropping the surfa

term observe that the same equations of motion would have been obtained if we

had started from the new Lagrangian density

2 =2t , (5.11)

with AV arbitrary. Such a change in # produces a change in S that entirely
depends on the choice of boundary conditions on the fields that enter in '
[this freedom is no longer tolerated in the presence of gravity]. In classi-
cal mechanics, the transformation between £ and £' is called a canonical
transformation. In addition note that the addition of a constant to £ does
not change the nature of the classical system although it affects the couplin
of the system to gravity as it generates an infinite energy.

Next we consider the response of the Action to yet unspecified (but not

arbitrary) changes in the coordinates and in the fields, éxu and 8% respectiv
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To the coordinate change corresponds the change in the integration measure

given by the Jacobi formula

s(d*x) = d*x auax“ . (5.12)

Thus it follows that

T
2, .
68 = [ da"x [0 sx'w+ 62 1 . (5.13)
T u
1
Use of (4.4) yields
52 = ax“au;g+ S (5.14)
- ax“au;g+a—=5<s o+ 2% 530 X (5.15)

3¢ 0 B[BUQ] 0 u

Now 50 is just a functional change, therefore

8.0 @

0, [65,0,12 + 5 6,0 , (5.16)

0

]
Q
O

" 0@ . (5.17)

Use of the chain rule yields

= &P 9L _ 3L oL
8L = 8x 8pi{+ [}Q au B[BUQ] GOQ + aU(B[BUQ] GOQ). (5.18)

By invoking the classical equations of motion the change in the Action is

T

2
- 4 u u oL
68 = [ d'x Eg 8 8% + 63 L+ 3 (a[a Q]GOQ)] , (5.19)
T u
1
)
= [ d% s [t + s e ) (5.20)
4 u 3l 8T "0
1

Alternatively we can, by re-expressing 50 in terms of §, obtain
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§s {d x5 l—(;g & = 3Tood] ap@) 5x° + o] 5ﬂ . (5.21)
L A

Next we write the variations in the coordinates and the fields in terms of

the global (i.e., x~independent) parameters of the transformation

8x° a

6x° = 22X su , (5.22)
a
Sw

so = 3% 5,2 i (5.23)
a
Sw

Here a is an index which enumerates the parameters of the transformation.

Consequently

T

2 p

- 4 U 3L, 8x 3L, 8¢ a

ss = [ a*x au[(;g & - 5T ap@)-—a + gy -—a]ém . (5.24)
Tl u Sw u Sw

If the Action is invariant under the transformations (5.22) and (5.23), it

follows that the current density

T Y 3 5x” e 80
it = —Egg -—-——-—a%-———-————w— , (5.25)
a 0 B[BUQ] 0 s B[BUQ] S
is conserved, i.e.,
3 3" =0 . (5.26)

This conservation equation is a consequence of the validity of (5.24) for
all su®. We have just proved E. Noether's theorem for classical field theory
which relates a conservation equation to an invariance of the Action.

On the other hand, if the Action is not conserved the conservation equat

is no longer valid. For example it has a particularly simple form when 6x° =
a2 jh = X . (5.27)

Now suppose we have found a set of transformations (5.22) and (5.23) which

leave the Action invariant. Integrate (5.26) over an infinite range in the
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space directions and a finite interval over the time direction. We get

2 gt g 2 g, tes o 2 o g '

0=[ax [axadh=[ax 25 [&xi +[ax[ dx0,3 .
T — wa g Ix ~w & 7 1a
1 1 1

(5.28)
The last term vanishes if the space boundaries are suitably chosen. We are
left with
4 o +

0=fa% jg(Tl,§) - fwd

- -

3.0 >
b'd Ja(TZ’x) . (5.29)
Therefore the charges defined by

+

QM = | a3x ji(T,;) , (5.30)

00
are time independent since the above argument does not depend on the choice

of the time integration limits:

2. . (5.31)

So, from S = 0, we have been able to deduce the existence of conserved
charges.
When the parameters of the transformations are dimensionless as in the

case of Lorentz transformations and internal transformations (but not trans-

lations) the resulting currents always have the dimensions of L"D\’-l in D

dimensions, so that the charges are dimensionless.
Further we remark that a conserved current does not have a unique defi-

nition since we can always add to it the four-divergence of an antisymmetric

‘ tensor aptpz. This is most clearly seen in the light of (5.11). Also since

jz is conserved only after use of the equations of motion we have the freedom
‘to add to it any quantity which vanishes by virtue of the equations of motion.
This is particularly relevant when a is a Lorentz index, as in the case of a

—-39-



ARG

7l

S S s
TRy

R Lo ST e

'

P
3
i

translation
U
sxM = ¥ : §§; +g" L, @a=p , (5.
Sw P
or a Lorentz transformation
éxu=squ'§x—u+~l—(ux—ux) (5
v S 2 gp v 8y 0 : :

In the latter case the parameter a is replaced by the antisymmetric pair
[pv].

Finally we remark that a transformation that leaves S invariant may
change # by a total divergence, which means that the symmetry operation is
accompanied by a canonical transformation. In quantum theory where one
cannot rely on the equations of motion the statement of current conservati

will lose its significance but will be replaced by relations between Green'

functions known as Ward identities.
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Problems

A.

Consider the conformal transformations

sxM = (2xuxp - guprxT) co s

where cp is an infinitesimal four-vector. Show that these transformations,

together with the dilatations
bo_ooou -
§x" = ax ,o infinitesimal,

and the Poincaré group transformations form a fifteen-parameter group,
called the Conformal Group.

Find the generators of this group and their commutation relations.

The dilatations and the Poincaré group form a group called the Weyl

group. Under dilatations a field ¢ of dimension d transforms as

§¢ = + do .
Assuming that S is invariant under the Weyl group and contains &,

find the conserved current corresponding to dilatations.

41~



K

Elha o dtnd

PRs

6. The Action for Scalar Fields

The most general form of the Lagrange density containing only one sca

field ¢(x) is

2= 5 3,063 - V&) : 6.

where the %—is purely conventional and V is a scalar function. The first
term is called the kinetic term, the second the potential. The kinetic te
has a larger invariance group than the potential: it is invariant under a

shift of the field ¢+ ¢+ a, where a is a global constant. In four dimensio

¢ {(x) therefore has natural dimensions of L'_l (or of mass). The form of V(¢

is unrestricted in the classical theory. Some special examples are

$o% - T my? , (6.2

1
=3
=50 2w
where m has the dimension of mass. This Action describes a free particle
mass m (as we shall deduce later from its path integral treatment). Note t

£

0 is also invariant under the discrete symmetry

$(x) > = ¢(x) . (6.3
A more complicated example is given by

A4
£,=:£0 - ZT‘¢ , (6.4

which describes a self-interacting theory. Observe that (in four dimensio
A is a dimensionless parameter. The minus sign ensures the positivity of V
This Action leads to an acceptable quantum field theory. Another popular

example is the Sine~Gordon Lagrangian

4
1 Hy L @ A _
L= 3 au¢a o+ [cos - 1] s (6.5

where A is dimensionless. For << 1, it reproduces the previous example

/X4
m
except for the sign of the ¢4 term. Alas it is not known to lead to an
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acceptable quantum field theory in four dimensions; however it yields a healthy
quantum theory in two dimensions!

Whatever the form of V the equations of motion are easily obtained
2,0 = - V' (¢) , (6.6)

where the prime denotes the derivative with respect to ¢. We can construct
the conserved quantity using the procedures of the previous section.
a) Under an infinitesimal translation characterized by sx" = eu and

8¢ = 0, eqs. (5.25) and (5.26) become

Say = BLt 2,000 : (6.7)

H =
3 juv =0 . (6.8)

Observe that in this case juv is a symmetric tensor; it is called the energy

momentum tensor. The corresponding conserved charge is

O TR N
P,o=Jd%x g g [d7% g g+ 3509 0) (6.9)

.Then since PO is the energy of the system the energy density is

Jgo = T £+ 3,890 . (6.10)

<>

=1 13,3
=5 38308 + 5 VeVo + V(4) , (6.11)

.and 1s seen to be positive definite when V > 0. The ground state field con-
‘figuration is that which gives the lowest value for jOO' Since the derivative
;terms give a positive contribution it always occurs for a static field ¢0
i(80¢0 = ai¢0 = 0), in which case the energy density is the value of the

potential V(¢0) for this particular field.
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b) Under a Lorentz transformation the conserved Noether current is a
three-indexed quantity given by

A A
] = (- + - .
3o ( gu)f& 8u¢8A¢) (gvxp gva) s (6.12)

= juvxp - juva . (6.13)

The corresponding conserved charges are the generators of Lorentz trans-

formations
_ 1.3 a3l . .
M, = fa7x Jovp = fa x (JOpr - Jova) . (6.14)

The conservation of these charges is a consequence of the invariance of the
Action under Poincaré transformations.
As an example of the application of Noether's theorem to transformations

which are not necessarily invariances of S consider an infinitesimal dilatati

6x" = ax" 86 = - ad . (6.15)

The Noether current is

j; = (—g2£+ a“¢ap¢)xp + ¢3%¢ , (6.16)
- ¥ + 3 o%? . (6.17)

We see that using (6.8)

. .M u
4 = . .18
8]3D 3 373 ¢ (6.18)

4

When £ = %~8u¢8“¢ - f} ¢ , it is easy to show that j; is divergenceless

(in four dimensions : see problem). However had we added to £ the ""mass ter

- %-m2¢2, its contribution would have been

W 2.2
auJD =m¢ #0 . (6.19)
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. The reason for the failure of conservation of j; in this case is that a
: dimensionful parameter appears in «£.

Recall that there are ambiguities in the form of juv' As an example

consider the new definition

e, W X

= s _ oy, 2
Guv = Juv + a (auav guvapa Yo s (6.20)

iwhere a is a dimensionless number. We still have

u .
; ) euv 0 . (6.21)

;We fix a by demanding that, for a dilatation invariant theory, euV be trace~

~less. Taking as an example the Lagrangian given by (6.4) with m2 = 0, we find
eﬁ = (1+6a) [—ap¢ap¢-¢apa°¢] , (6.22)

%

;
1 . . .

tyhich sets a = = e Furthermore the difference between euv and Juv is a

5

+gurface term which does not alter the conserved charges. Now we can define

“a new dilation current as

3
£, ' up
. ip = xpe . (6.23)

k¥

#Then using (6.21)

<
s

PEIRIEY

(6.24)

Q
(&
o
#
@
=

=y W _ 1 Hap _ MPy 4Ty 2
pr 3 xp(a 3 g 818 )

vw_1,p2 1 UaP _ HPn ATy, 2
p ip-39¢ 6190(88 g 0.9

#

Y
P Ip

+% ap[x“ap-xpa“]q,z , (6.25)
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using the form (6.17). They are seen to differ from one another by a total

divergence and thus the dilatation charge is not affected. The tensor Gué

is called the "new improved energy momentum tensor' [see F. Glirsey, Annals
of Physics 24, 211 (1963) and S. Coleman and R. Jackiw, Annals of Physics 6
552 (1971)]. The differences between euv and juv and between juD and j;D
ﬁ are all surface terms.

These new forms for the energy momentum tensor and the dilatation curr
can be obtained canonically if we add to the scalar field Lagrangian a surf

term of the form auA“ where
M= % =9 —xpa“)ap¢2 , (6.2

and therefore corresponds to a canonical transformation.
In field theories of higher spin fields the dilatation invariance is

always linked to a traceless energy momentum tensor. As we shall see late

dilatation invariance even when present in the original Lagrangian is broke

by quantum effects.

The field theory of many scalar fields goes in much the same way excep
that interesting new symmetries arise. As an example consider N real scala
fields ¢a a=1,...N and the Lagrangian

’ 1 1 u
£=3 ) 3,0,0°0, . 6.2
a=1

Besides the usual invariances, # is obviously invariant under a global (i.e

x~independent) rotation of the N real scalar fields into one another

6¢a = €% > g T T : (6.2

As a result there are % N(N~1) conserved Noether currents

M u u
iy = 03", -6 3%, : (6.2

-l



This constitutes an example of an internal symmetry that arises because of the
presence of many fields of the same type. If the theory is supplemented by a
potential that depends only on the rotation invariant "length" ¢a¢a’ the

internal rotation invariance is preserved.

Problems

A. In four~dimensions show that the canonical dilatation current is diver~
genceless when £ = —% 8u¢8u¢ -—% ¢4.

B. In D dimensions, derive the expression for the divergence of the dila-
tation current when £ = %—au¢a“¢-v(¢).

C. In general the canonical energy momentum tensor need not be symmetric.

gPHY

Show that one can always find a term antisymmetric under p-+u or v

such that the Belinfante tensor

LUV LUV pUV
= +
i3 h| BDB

is symmetric and the conserved Noether current for L.T.'s is written in
the form

VP _ cHV. P LUV
k| Q=" -1 = )

B°"Y = 0 for scalar fields so it has to do with sV,

Hint:
D. Find 8¢ for a conformal transformation. Show that S = fd4x %’8u¢8u¢

is invariant under a conformal transformation. Construct the conserved

Noether current.

‘E. Derive the form of the conserved currents corresponding to the transfor-

mations (6.27) when £ is given by (6.26).
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7. The Action for spinor fields

In this section we concern ourselves primarily with the construction of
Actions that involve the spinor Grassmann fields wL and wR. Using the resul

of section 4 the simplest candidates for a spinor kinetic term are

e *

1
AT Bu\bL s £ =4 , (7.1)
I S U~ %
Ly =5 Vg0 ¥ ¥y s £ =& , (7.2)
or if parity is of interest
= -l'- L
irac = 2 ¥y BUW ’ 7.3

#

ii + iﬁ . (7.4)

In the special case dk = - czw * it is easy to see that i% is equivalent

L
to ii up to a total divergence (see problem). Thus if WM is a four~-component

Majorana spinor the Lagrangian is written as

=137
fas =% Y 0¥y , (7.5)

and is equal to ii as can be seen by using the Grassmann properties‘of wL.
In the literature, one often sees the Dirac kinetic term (7.3) written with
the derivative operator acting only to the right and without the factor of %u
Although superficially different from (7.3) this form differs from it by a
total divergence. The distinction is not important as long as the system is n
coupled to gravity. ‘

From these expressions it is evidga;lthat in D dimensions the spinor
field has (engineering) dimension L VTT—-: spinor fields have dimension
~ 3/2 in four~dimensions. ‘

These possible kinetic terms are invariant under conformal transformatio
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(see problem), just as the scalar field kinetic term was, but in addition have
phase invariances of their own. For instance consider ;5L (the same can be
said for;ﬁR). Since wL is a complex spinor, one can perform on it a phase

transformation

, vy > ety , (7.6)
which leaves ;5L invariant as long as o does not depend on x. The Dirac
Lagrangian (7.3) has two of these invariances. They can be reshuffled in
four-component language as an overall phase transformation

y » etBy , (7.7)

and a chiral transformation

18'vg
Yy > e y . (7.8)

Lastly, as in the scalar case, the Action with £ = ii (or i&) is invariant

" under a constant shift in the fields since

W40 =2 + 53 @y ~pTova ) . (7.9)
L L 2 "uvL L 'L L

By means of Noether's theorem we can build the conserved currents corresponding

' to the transformations (7.7) and (7.8). They are

u

.
it

iy"y = i\pzc“\pL + iw;E“wR (7.10)
and

= U3 . A
jg = 1WYUY y = 1wzcqu - 1w;0uwR s (7.11)

respectively, while the conserved charges are

Ty TR

R

Q=i [ @O =1f @xalv i (7.12)

and

0

Q =i f d3x‘l7y ¥ = if d3x(\b£\bL—\b;\bR) . (7.13)
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For a Majorana field only the chiral transformation exists since wR is the
conjugate of wL; therefore wL and wR have opposite phase transformation.
Other non-kinetic quadratic invariants can be constructed out of spino

fields (see section 4). Using wL only we have
im , T 2 + 2 *
& = o e o) (7.14

L= B ot o) , .15
where m is a parameter with dimensions of mass (in any number of dimensions)
These are known as mass terms. Since ¥, can be used to describe a Majorana
spinor WM’ it follows that (7.14) can serve as the mass term for a Majorana
spinor. In four-component notation (7.14) is known as the Majorana mass.
Thus having only wL does not guarantee masslessness as is so often wrongly
stated (e.g., the Weinberg-Salam model of weak and electromagnetic interac-
tions where the neutrino is represented by a two-component left-handed spino
without a right-handed partner. There the masslessness of the neutrino resu
from the absence of certain Higgs bosons, in which case the fermion number
conservation keeps the neutrino massless even after radiative corrections).
This remark assumes special relevance in the conventional description of the
neutrino in terms of a left-handed field. Note that iﬁ breaks the continuou
phase symmetry (7.6) leaving only the discrete remnant wL - —wL. In Majora

notation

(7.16

s

WM M s

m =
_E.ly

. _in
= 2 ly
= M5

e . (7.17
When both wL and wR are present two more quadratic invariants are available,
¥

leading to
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L = by = im(¢£¢R+w;¢L) , (7.18)

_ T _ ot
Ls = nfys¥ = mOv ) (7.19)
Both are left invariant by the overall phase transformation (7.7), but not

by the chiral transformation (7.8) under which

s, g h0 g P

Y > e . V¥ y = Ve R (7.20)

and thus
gg + imfe ¥ . (7.21)
Application of (5.27) yields

aujg = -2m¥y5w , (7.22)

while juof (7.10) is still divergenceless. This is not to say that we cannot
have terms quadratic in Dirac fields, free of derivatives that respect chiral

invariance as the following example will show. Consider the term
a(x)¥(x)Y(x) + in(x)?(x)ysw(x) s (7.23)
which is the sum of 15 and 155, with the coefficients depending this time

on x. To preserve chiral invariance, ¢ and m must transform under chiral

transformations as

[0G)Hygm(x)] » [0' (x)Hy m' ()] = e [o(x)+iygm(x) e H
(7.24)
for infinitesimal B, the ¢ and m fields are rotated into one another
8o = +2RT
. (7.25)
St = -2B0

. : . 2 2 .
This transformation leaves invariant ¢ + 7°. Hence the Lagrangian
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2. = % 5T v HinFotiy ]V (7.26)
f 2 u 5
is chirally invariant. If ¢ and 7 are canonical fields, h is a dimensionless
constant {(usually called the Yukawa coupling constaﬁg)f One can give 0. and
7 a life of their own by adding to £ their kinetic terms as well as self in~

teractions that preserve (7.25), leading to the Lagrangian

= U = . + 1 By 4 lVa T 2, 2
Yy auw-+ ihV¥ [0+1YSW]W 5 auca o] > una T V{c“+r") .

N[

<=
(7.27)
This Lagrangian has the following symmetries (all global)
a) an overall Dirac phase symmetry ¥ - eiuW
T, > 0,7
b) a chiral symmetry &Y = iBySw
Sg = -28m
8w

which leaves 02 + nz invariant

2R0,

i

c) a discrete parity transformation V¥ - YOW, g+ 0o, ™=+ ~1; thus o(x)
is a scalar field while w(x) is a pseudoscalar field.
This type of Lagrangian was first constructed by Gell-Mann and Lévy. These
theories are called o-models and are relevant in describing the physical
m-meson interactions. [In this example, the pion isospin was neglected. ]

We see that the demand that the symmetry of the kinetic term be preserve
in interaction leads to the introduction of extra fields. This is a general
feature: enlargement of symmetries = additional fields.

Note that in four dimensions invariant terms involving more than two
spinor fields have dimensions of at least -6 so that dimensionful constants
are needed to recover the dimension of #. In two dimensions, however, terms
like (@W)z or ﬁy“w@yuw have the same dimensions as . '
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Since the 2-cpt spinor fields are always complex, the equations of motion
are obtained by varying independently with respect to wL and wz. Extra care
must be exercised because we treat wL and w{ as Grassmann fields and we cannot
push a 8y past a ¥ without changing sign. For instance, we write

1 .t u _1 t u 1 +u _1 t U
égi 5 éch Bqu 5 Buéch wL + 5 ch BuéwL 5 Bquc éwL (7.28)

éwzc“aqu - (auwicu)éwL + surface terms . (7.29)
which leads to the conjugate equations
My = 0or s yldh =0 . (7.30)
u'L UL
In the case of the Dirac spinor, independent variations for ¥ and ¥ are per-
formed to obtain the equations of motion.

Finally, let us note that one can build more complicated invariants
involving spinor fields such as auﬁa“w. While there is nothing wrong with
this type of term as far as invariance requirements, it does not lead to
satisfactory theories in the sense that it violates the connection between
spin and statistics. We will come back to this subject later, when we

consider gauge theories.
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Problems

*E.

*F.

*G.

*
Show that i& with wR = czwL is equal to gi plus a total divergence.
Find the Belinfante energy momentum tensor for ibIRAC'

Show that for £ = ibIRAC the dilation current can be written as

R up

JD = xij s

where j;pis the Belinfante form of the energy momentum tensor, thus
showing that the Belinfante tensor coincides with the new improved ener
momentum tensor for the Dirac field.

Given

£ =

N

- <> - -
Ty ¥ + Am¥¥ + m'Py ¥ ,
use a chiral transformation to transform the pseudoscalar term away.

What is the mass of the resultant Dirac field?

Given a quadratic Lagrangian with both wL and wR

2=ty ol LR ey
involving Dirac and Majorana masses. Rediagonalize the fields to obtain
unmixed masses. What are the masses of the fields? What is the physic
interpretation of the various degrees of freedom?
For the o-model Lagrangian, a) use Noether's theorem to derive the expre
sion for the conserved chiral current; b) suppose we add to £ a term
linear in o3 find the divergence of the chiral current. This last equa-
tion embodies the PCAC (partially conserved axial current) hypothesis
of pion physics.
How does wL transform under a conformal transformation? Show that ii/

is conformally invariant.
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8. An Action with Scalar and Spinor Fields and Supersymmetry

There are several differences between the simplest kinetic term for
spinor fields, ii and its counterpart for a scalar field S. While ii involves
one derivative, the scalar kinetic term involves two; while wL is a Grassmann
field, S is a normal field, and finally ii has the phase invariance (7.6) while
the kinetic term for one scalar field has none. Yet there are similarities
since they both are conformally invariant. In this section we address our-~
selves to the possibility that there might exist a symmetry on the fields
that relate the fermion and scalar kinetic terms. Such a symmetry is called
a supersymmetry ~ it has the virtue of allowing non~trivial interactions
between the scalar and spinor fields. To increase the odds we make the scalar
field kinetic term resemble as much as possible ii' This is achieved by
taking the kinetic term for two scalar fields, which we call S and P, and
by comparing it with the kinetic term for a Majorana spinor field we call X.
Then both kinetic terms have a phase invariance of their own. Indeed the
Lagrangian,

we o1 Mg 4 L1 Mp 4 1z W5

ib 5 ausa S + 5 auPa P+ 7 XY avx , (8.1)
besides being conformally invariant has two independent global phase invari-
ances

iuys ig

X > e X N (8+iP) + e " (S+iP) . (8.2)
Any further invariance will involve transformations that change the spinless
fields S and P into the spinor field X. The general characteristics of this
type of transformation are 1) the transformation parameter must be a Grassmann

spinor field, call it o, a global infinitesimal Majorana spinor parameter.

2) In its simplest form, the transformation of S and P must involve no
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derivative operator and that of ¥ must involve one since the fermion kinetic
term has one less derivative than the scalar kinetic term. Thus we are led
to

§(S or P) = aMx , (8.3) °
where M is some 4 x 4 matrix. Since no 4-vector indices are involved, it

must only contain 1 or Ys- Hence we fix it to be

8S

aay (8.4)

SP = ib&ysx , (8.5)

where a and b are unknown real coefficients. Here we have used the phase
invariance (8.2) to define the variation of S to be along 1 and that of P alon
iys. The right hand side of the variations is arranged to be real [In a
Majorana representation for the Dirac matrices, all four components of the
Majorana spinors are real and all the matrix elements of the y-matrices are
pure imaginary, so as to have real matrix elements for iys.]. Then we have
(assuming that au does not change: see problem F)

5[%»ausa“s + %-aupaup] = (ad"sEHiba"PaY )X . (8.6)

What can the variation of X be? First note that
1 -1 1 .=u 1 = u
S [+ = 3 - = 8 .

[7 Xy™3 XI = 5 86xy'8 X = 5 3 Xy dX 8.7)
up to a total divergence. Now we use the vector part of "Majorana~flip" prop-
erties: En, Eysn, and Eyuysn are even as § - n while Eyun and Ecuvn are odd.
These hold for any two Majorana spinors £ and n (see problem). Their appli-
cation to (8.7) yields

lzw = a3 M

87 Xy"a X1 = sXy"a X , (8.8)
up to surface terms. Then putting it all together we see that
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(éiyu+aaus&+ibauP&y5)a“x + s.t. (8.9)

i

-(3 8Xy"+ad aVsa+1ba MPay.)x + s.t'. , (8.10)
. H H H 5
where a partial integration has been performed to obtain (8.10) from (8.9).
Thus igz changes only by a total divergence if X obeys the following equation
_ H
o=z 3 9
( " )
auaiy“ + amSa + 1me&y5 =0 . (8.11)
A solution is easily found to be

- Po _ p
8x aypua S 1bypy5u8 P . (8.12)

Here use of ypycapac = apap has been made. We have therefore achieved our
goal: we have found a set of transformations between spinless and spin 1/2
fields which leaves the sum of their kinetic terms invariant (up to a canon-
dcal transformation). To further convince ourselves of the veracity of our
find, we have to see if these transformations close among themselves and
form a group.

As a starter examine the effect of two supersymmetry transformations
jon the fields. Explicitly

[S 18 = a0, 8.X - (1 <> 2)

1’52 271

= 4 Pg_s Pp1 -
auz[aypula S 1bypy5u8 P] (1 < 2)

= 2 P . 8.
2a qu ula S ( 13)
To get tﬁe last equation we have used the Majorana flip property of the axial

‘vector part. Thus the effect of two supersymmetry transformations on S is

cto translate S by an amount Ziazazypul. Let us see what happens to P:
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[8 1P = iba X - (1« 2)

1°°2 2758

= szazypulapP , (8.14)
where again the Majorana flip identity for axial vector has been used. Since
transformations must be the same for S, P and X, we must have

b = *a . (8.15)
Let us finally verify that the action of two supersymmetry transformations

on X is itself a translation:
_ o] s P - Py
[al,az]x = aypuza 8,8 1bpr5u28 5P - (1 2)

- azypuzalapx + bZYpYSuzalysapx - @1 2).  (8.16)
We would like to rewrite the right hand side of this equation in a form sim-
ilar to the others, that is involving azypul and not the matrix uzal that
appears in (8.16). We do this using a trick due to Fierz: Take any two Dirac
spinors (not necessarily Majorana), Y and A. The 4 x 4 matrix A¥ can be
expanded as a linear combination of the 16 Dirac covariants 1, Ys5» YSYu’ Yu’
cuv = % [Yu’Yv]‘ The coefficients are evaluated by taking the relevant traces
The result is

AV = -

=
=

A= 7 vsTvgh + %.ysypﬁysypA - %»YDWYPA + %—cpcﬁcpcA . (8.17)
The numbers in front of the various terms constitute the first row of the
celebrated Fierz matrix. They contain all the necessary information to gen-
erate the whole matrix. Application to our case yields

o -

- _1-.p = p0
1 aqe, = 3 0pY uzyp + a.0 0,0 , (8.18)

1 27°pa
where we have used the Majorana flip properties. Use of (8.15), (8.18) leads

to
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[51,52]X = a qu ulYpYua X . (8'19)

By using the anticommutator of the y-matrices, we rewrite it as

'
[61,52] = ZaZaZYuulaux - azazyuulyuypapx . (8.20)

The first term on the right-hand side is the expected result, but unfortunately

we have an extra term proportional to ypapx. This extra term vanishes only

when the classical equations of motion are valid. In order to eliminate

this term, we have to enlarge the definition of 8X and see where it leads

us. Note that if we add to 86X of (8.12) an extra variation of the form

extraX = (F+1Y5G)u ’ (8.21)

where F and G are functions of x, but not canonical fields since they have
dimensions of L_z, the relations (8.13) and (8.14) are not affected because
of the Majorana flip conditions. For example

[él’GZ]extraS = aoL251 extraX - @2

auz(F+iY5G)ul - (1« 2)

. =0 . (8.22)
" However, this extra variation gives a contribution on X, namely

(81589 lexeraX = (8F+ivg8,G)ay - (1 <> 2) . (8.23)

¥

¢ The extra term in (8.20) can be rewritten in a suggestive way by means of the

«Fierz rearrangement

4
H

- q - _ - _
oY ulYu Qply = Yglq0yYg (1« 2) . (8.24)

R T Y

Comparison with (8.23) now shows that by choosing

EEIE S s

< 2= P
§.F = a oY Bpx (8.25)

- 2~ o
’ élG ~ia a1 YsY Bpx , (8.26)

[

LA
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we cancel the extra term and obtain the desired result. We leave it as an

exercise (see problem) to show that the operator relation

e BT

2~ u g
[51,52] 2a oy ulau (8.2{)

is satisfied when acting on F and G.

s o

Unfortunately the new 8y does not leave the original Action invariant

because of § X. But we observe that
extra

WZ _ - U o
5extraib 5extraXY Bux
= 1ay"3 xF - ay.y"9 xG
(RS T5Y 9 X
-- 1 § (F246%)

. (8.28)"
2a

Therefore the Action

WZ 4 -1 u 1 u 1=-0p 1 2,2 .
So fa x[3 3 53" + 5 8 POYP + 2 xy"0 x + —5 (F'4G )]

2a
(8.29)
is invariant under the supersymmetry transformations
oy * = {ag 2-p
8§S = aoy; 6P = 1a0LY5)(; SF = a“qgy apx;
L s2=- 9 .
G = ~-ia uysy Bpx;éx . (8.30) -
These transformations now all satisfy the operator equation (8.27). This

Action was first written down by Wess and Zumino, Nucl. Phys. B78 (1974) 1.
With the introduction of the auxiliary fields F and G, we now have the

same number of spinless (S, P, F and G) and spinor (the 4 real components

of x) fields irrespective of the equations of motion, The reader can convince

himself that "on mass-shell" (i.e., on the classical path) where F and G are

not necessary, the balance between spinless and spinor degrees of freedom
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is still true. This balance between the number of boson (even spin) and fer-
mion (odd spin) degrees of freedom is a general feature of supersymmetric
théories.

From (8.27) we see that the effect of two supersymmetry transformations
is a translation, In addition since the supersymmetry parameters are spinors,
it follows that the generators of the supersymmetry transform as spinors.
Therefore we have an enlargement of the Poincaré group to include the super-
symmetry generators (see problem). The F and G fields have no kinetic terms;
they serve as auxiliary fields which are totally uncoupled for the free theory.

The beauty of the supersymmetry transformations (8.30) is their gener-
alizability to interacting theories., For instance, one can introduce a super-

symmetric Yukawa coupling term which leaves one global chiral invariance

Wz L
2 = ih(XXS-iXYSXP+F(PZ—SZ)-ZGSP) (8.31)
or
1 - —
;ngz - ih'(xxP+ixY5xS+G(Sz-—P2)-2FSP) . (8.32)

Even mass terms can be written down

WZ m -
Ly T -150x -

1 1

= gF - = . .

" S > PG) (8.33)
We can use this term to find an important (and fatal) property of super-

symmetric theories. Consider the equations of motion for the Wess—Zumino

Lagrangian with mass. They are

m
' Ix =173 x (8.34)
1s =I;—aF (8.35)
1P =%G (8.36)
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1l p.m :
0=<5F+5=5 (8.37)

a 4
Ll L, m :
0= a2 G + 72 P R (8.38X

The last two can be solved for F and G in terms of S and P without great i

difficulty and their result substituted in the equations for S and P, They .,

become

2 2 '
DS:-—IZ—S; DP=—IZ—P R (8-39)’

&

Hence the three fields y, S and P all have the same mass. This is a general
feature of supersymmetry: all fields entering a supermultiplet have the same
mass. This is because the mass operator PuPu commutes with all supersymmetry
generators. As an immediate consequence, we see that exact supersymmetry
cannot exist in nature because particles of different spins show no mass
degeneracy.

[Finally this little calculation hints at the role of the auxiliary
fields when equations of motion can be solved. The following embryonic model
of how auxiliary fields work will illustrate the point independently of the
equations of motion: Ilet ¢(x) be a scalar field and A(x) be an auxiliary
field, Take

1,2 2

£ = auq;a“q, +5 AT+ A s (8.40)

S

and complete the square to obtain

(8.41)

-
=
.

=1 My 4 L 252 _
L= 534370 + 5 (A7)

Redefine the now uncoupled auxiliary field A' = A + ¢2, and we are left with

the interaction Lagrangian %—8u¢8u¢ - % ¢4.]
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This is the simplest example of a supersymmetric theory in 4 dimensions.
Supersymmetry is at present a purely ''theoretical symmetry" without any ex~
perimental support. However, we felt it was instructive to alert the reader

to the existence of nontrivial symmetries among fields of different spins.
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Problems

#
&
8
Al
2
o4
o

A, Prove the Majorana flip properties.
! B. Verify by using y-matrix identities the Fierz decomposition (8.17).
C. Identify the chiral invariance of ng and express its action on the

fields.

b
4
4

.
¢
K
7

1

D.  Show that f(%'iysx + i sG - ;’PF)d4x is a supersymmetric invariant.

*E. Introduce the Majorana spinor generators of supersymmetry Q by writing

. : i .
a finite supersymmetry transformation as e uQ. Derive the expression

for the anticommutator of two Q's and the commutator of Q with the

Sy O

. Poincaré generators. The ensuing algebra involving both commutators
and anticommutators forms a graded Lie algebra {(superalgebra). As a
consequence show that Q commutes with the mass,

*F. Find the change of the coordinate <M under a supersymmetry, and verify
that au is invariant.

*%G. Use Noether's theorem to derive the expression for the conserved super-

. . WZ .
symmetric current. Use caution because ib picks up a total divergence

. under a supersymmetric change.
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IT -~ THE ACTION FUNCTIONAL IN QUANTUM MECHANICS:
THE FEYNMAN PATH INTEGRAL

In the previous chapter we were concerned with the building of Action
Functionals that yield (classical) theories conforming with the postulates
of Special Relativity. This chapter deals with the use of the AF in Quantum
Theory. For simplicity and clarity we first investigate the role of the
Action in Quantum Mechanics, and then graduate to Quantum Field Theory in
the next chapter.

Dirac and Feynman were the first to understand the role of the Action in
Quantum Mechanics. Dirac's motivation stemmed from the desire to obtain a
formulation of Quantum Mechanics where time and space variables were treated
in an analogous fashion. Let me remind you that in the usual formulation of
Quantum Mechanics, a quantum system is specified at an initial time to be in
a certain state chosen among the eigenstates of a complete set of operators
commuting with the Hamiltonian and among themselves. The Hamiltonian is then
used to find in which state the system is at a later time t. One goes on to
compute the transition amplitude from the state S0 at t0 to the state § at
t, etc. As you can see, time plays a central role in this description, but
for a relativistic system, one is uneasy because the manifest Lorentz invar-
iance of the theory is lost even though the final answer turns out to be
relativistically invariant. So Dirac was motivated to look for a formulation
which did not take time as its centerpiece. To do this he went back to Classi-
cal Mechanics where there are two (analogous) descriptions: Hamilton's which
singles out time ab initio and Lagrange's which does not. Specifically he
looked for the meaning of the AF in classical mechanics with the intent of

generalizing it to Quantum Mechanics. The answer was, of course, known,
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the Action being the generator of a canonical transformation which takes the ;

system from one time to another., Hence it will be good to refresh your memor

about canonical transformations:

1. Canonical Transformations in Classical and Quantum Mechanics

Consider a particle moving in one dimension. The state of motion of
this particle at a time t is given by its coordinate q and momentum p, which
are independent functions of t, Their time variation is given by a set of

two first order differential equations (Hamilton's equations)

dq _ 9H dp _ _ 9H
dt ap ’ dt 3q ’ a.n

where H, the Hamiltonian, is the energy of the system and depends on q, p
and t. These equations can be neatly expressed in terms of the Poisson brack-
ets

B = 3A 9B _2A 3B , 1.2)

defined here for two arbitrary functions A and B of q, p and t. Hamilton's

equations are now

dq | {q,H} , %E-= {p,H} . (1.3)

It follows that if F is any function of q, p and t, its time derivative is

dF _
ac = {F,H} +

3F

3t (1.4)

The last term takes care of any explicit time dependence F may have. The

Hamilton equation of motion can be derived from a variational principle

f dq

8 [% de(p 3¢ - H(p,@)) = 0 . (1.5)
t
1
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where the independent variations §p and 8q are taken to vanish at the end

points.

1 ] . s
We define a canonical transformation

p>P s q+Q (1.6
to be a transformation that leaves Hamilton's equations form invariant, i.e.,

in the new system (Q,P) there exists a new Hamiltonian }(Q,P) such that

4Q _ de _ _ 3
dt P i dt 3Q : (1.7)
It follows that these are also derivable from a variational principle
t, 4Q
§ [ de( o - X@Q.P) =0 . (1.8)
t

1
It implies that the integrands of (1.5) and (1.8) can differ at most by a
total time derivative

p L - HGp,q) =2 2w, + $E : (1.9)

' The function G is called the generating function of the canonical transfor-
"mation. It can depend on t and on any "astride" pair of variables (q,Q),
(q,P), (p,Q) or (p,P). Take G to depend on the independent variables (q,Q).

Then
— o . (1.10)

! Now consider (1.9) with q and Q as independent variables. It reads

4

v - 3Gy _ 3Gy - | - 3
/ (r aq)q (P+3Q)Q H -3+ =7 s (1.11)

¢ go that the remaining variables (p,P) are now expressed by

3G
aq

3G
aQ

p = R P =~ (1.12)

:and the new Hamiltonian is given by

£y
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3 = H+§—€' ) (1.13)

One could have equally well started by taking G to depend on the pair

(q,P). A similar reasoning would have led to the equations

b = EQ_(agqi)_ , q = iﬁ%i)_ . (1.14)

A particular choice of G gives the identity transformation,

G = gqP (1.15)
as can be verified by means of eq. (1.14). An infinitesimal canonical trans-
formation with parameter £ << 1

Q=4q+ 0() R P=p+0() (1.16)
will therefore be generated by a generating function € away from the form
(1.15):

G(q,P) = qP + €F(q,P) +0 (%) , 1.17)

P + €F(q,p) + 0 (%) , (1.18)

#

since p differs from P by O(€ ). The function F{(q,p) which now depends entire
on the original system is called the generator of the canonical transformatio

Substitution of (1.18) into (1.14) yields

= oF
PPt (1.19)
3F
Q=gq+¢ g y (1.20)
or
542 Q- q=c¢g = elqF) @.21)
Sp=P~-p=-c¢ %§-= e{p,F} . (1.22)

It follows that the infinitesimal change of any function f of q and p caused
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by an infinitesimal canonical transformation with generator F(q,p) and param-
etef e is given by

8f(p,q) = {f(p,q),eF} . (1.23)
In particular we see that the Hamiltonian is the generator of infinitesimal time

translations, by comparing with (1.4).
Imagine now a very special type of canonical transformation which maps
the variables q,p to another set Q,P which are time independent. In this

case the knowledge of the transformation equations

q q(Q,P,t)

p = p(Q,P,t)
is equivalent to the solution of the dynamical problem since Q and P are

constants which can be identified in terms of initial conditions. It would

pbe nice to know what generates such a transformation. Because we demand that

dQ _dp _

. Frialiers , (1.24)

 the new Hamiltonian does not depend on Q and P. It can only be a constant
- . e
with or without time dependence. For simplicity we take } to be zero. Then

‘with q and Q as independent variables, (1.13) becomes

)

w

|

H(q,p = %%‘:t) = (1.25)

Q
rt

>

.where S{q,Q=constant, t) is the generating function. This is the Hamilton-

tJacobi equation with S as a solution (S is called Hamilton's principal func~

“tion). We know from (1.12) that

P = constant = ~ %g-(q,Q,t) . (1.26)
Q Q = cst

‘which when inverted gives q as a function of Q, P and t, and therefore solves

;the dynamical problem.
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Then, the time derivative of S

ds _ s , 38 dg
it =~ ac T 3q dt (1.27%
d v

= -H(q,p,t) + p g% (1.28)

is nothing but the Lagrangian. Integration yields

S=/ dat'L , (1.29)

which reveals S as the action regarded as a function of q{t) and q(to) = Q
in the event that the solution of the problem has already been inserted in
L and the time integration performed. Thus we have the central result tha£
the action is the generating function of a canonical transformation which
transforms the system variables from one time to another. Let us now see
how to interpret this result in Quantum Mechanics.

Consider the Quantum description of one degree of freedom in one dimen~
sion. In terms of the operators a and ﬁ (~ will crown operators!) which obey
the fundamental commutation relations

(4,41 = [p,p] = O H [4,p] = 1 s (1.30)
# being Planck's constant, the states of the system at a given time can be

taken to be the position states|q> which satisfy

ale> = qala> , (1.31)
<qlq'> = 8(q-q") , (1.32)
faqla><q| = 1 . (1.33)

[Here q is a regular number or function; not an operator!] In Quantum Mechan
ics a canonical transformation between the operators (a,ﬁ) and (Q,ﬁ) is de-

fined as a transformation that does not change the form of the fundamental
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comnutation relations (1.30). Then the system will be described in terms

-~

of |Q> states with the same properties as the |q> states (with Q replaced
by q, of course).
Following Dirac we focus on the "mixed" matrix element <q|Q>. It is

easy to see, using (1.31) that

<qlqlQ> = a<q|Q> (1.34)
and equivalently

<q|Q]e> = q«ql@> . (1.35)
Also since

pla> = - i é%-|q> , (1.36)

it follows that

i

<q|plQ> = i é%—<q|Q> (1.37)

l <q|Blo> = - in é%—<q|Q> . (1.38)

-However, the operators Q and a need not commute so that the value of an ar-

;bitrary operator F(&,Q) in the mixed representation may not be well defined

%

until more demands are made on the form of F. For instance, it is clear from

£

:(1.34) and (1.35) that

.

. <q|f, (@£, (@] = £1(@)f,(Q<q|Q> . (1.39)
;Hence we shall consider only "well-ordered" functions for which

<q|F(q,Q |Q> = F(q,Q<q|Q> . (1.40)

5
g,
¢

[Well ordered means they are separable as a function of q times a function

iof Q.] It follows that if we set (with Dirac's forethought!)

; <q|Q> =

I

e~ 1/h G(a,Q) , (1.41)

e R,
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where G is a function of q and Q, eqs. (1.37) and (1.38) read

3G

<qlple> = 5 <dl@> (1.4
~ 3G
<qlple> = - 55 <dle> . (1.4
3 3G 3G " " :
Then if we assume that Sa-and Sa-are well-ordered" functions in the sense
of (1.40), these can now become equations between operators
P
2o §§? . b = _ 3G (1.4
P 3q 5 3Q . .

Thus we observe that G defined by (1.41) is the quantum equivalent of the
generating function. Dirac calls it "analogous to'" [P.A.M. Dirac, Phys.. Ze
der Sowjetunion, Band 3, Heft 1 (1933), or as reprinted in "Selected Papers

on Quantum Electrodynamics, J. Schwinger, ed., Dover, 1958].
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Problems.

A.

Show that the Poisson brackets are left invariant by a canonical trans-
formation.
Consider an infinitesimal Canonical Transformation

8f = {f,eaFa} s

where e, are the parameters of the transformation, and Fa the generators.
Show that the operation

[6.,8,1f

1’72

is itself a canonical transformation. The subscripts stand for two
different parameters €1, and €9a° What is the generator of this canon~
ical transformation? Do canonical transformations satisfy the group

axioms?

Take a system with coordinate q and momenta Pys i=1,2,3. Find the

generators of infinitesimal rotations, and verify the results of problem

B.
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2. The Feynman Path Integral

Dirac now proceeds to apply this analogy to Hamilton's principal funct

with q = q' at t and Q = q at T:

i/# } dtL

<q£IqT> ~e T . (2.1)
Let me emphasize that the ~ sign means just a loose connection, because to
arrive at (1.44) Dirac had to make all kinds of assumptions with no way to
justify them. In fact, we can see that an equality sign would not be correc
for (2.1)* as long as the time interval T-t is finite: split up T-t into
N infinitesimal time intervals ta =t + ae; Ne = T-t. Let 9, = 9y and u;e’
the completeness relation (1.33) for each ta to write

<q)lap> = [daqda,..day ;<q!la;><qqlay>e e <qq g lap> - 2.2)
This is an exact quantum mechanical formula. Now if (2.1) is taken to mean
an equality, the integral in the exXponent can be split up into many integra—
tion regions, yielding an incorrect formula:

<qlap> = <qlag><qqlay>.  o<qq ;lag> , o (2.3)
which differs from the correct one by the absence of the intermediate inte-
grations. Here dqs9ys- -+ are the classical values the trajectory takes at
times tl,tz,...
However, if we assume (2.1) to hold as an equality (up to a constant)

only for an infinitesimal time interval, i.e.,

-1 '
p SEL(dgsdpysy)

1 =
<qtht+5t> Ae s (2.4)

where L (in the spirit of the Hamilton-Jacobi theory) is taken to be a funct

*0nly formulae appearing in previous chapters will carry the chapter label.
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f qé and Qppgpe WE TUR into no conflict with the quantum mechanical formula
(2.2). This is exactly what Feynman did! [Rev. Mod. Phys. 20, 267 (1948).]
his leads to the Feynman Path Integral for the transition amplitude, using

2.4) in (2.2):

. t
-1 - % [ dtL(q,q)
N T
<q)lqp> = limit A JC 1 dae (2.5)
N 1=1
Ne fixed
- 2 8,7, [aD)
= [ e , (2.6)

here the second expression is just a fancy way of hiding our lack of knowl~
dge about the measure. The boundary conditions are the values the path takes
n at the initial and final times. In words, this formula means that if you
ant to compute the probability amplitude for the particle to be at q' at
ime t, given that it was at q at time T, you express it as the sum over all
ossible paths that start at q at T and end at q' at t weighted by the expo-
ential of ~ %»times the action evaluated for the particular path. This
ormulation brings out clearly the distinction between Classical and Quantum
echanics. In the former the particle takes only one path to go from q to
' while all paths contribute to the latter.

As a by-product, (2.6) gives the clearest relation between Classical
nd Quantum Mechanics. In the classical limit, # - 0, the integrand will
scillate with greater frequency as q varies and wash itself out unless S
s fairly constant; but this happens where S is stationary and q is the clas~
ical trajectory [could there be several stationary points?]. Then we see
hat as # - 0, the classical trajectory is naturally singled out and (2.3)
s recovered, but only in the classical limit.
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It is this connection, first noted by Dirac, that makes the Action Fun’
tional so important. We saw that S, beautiful as it is, was only slightly %
used in Classical Mechanics where only the knowledge of the location of its:
extrema was needed. Now Quantum Mechanics uses it everywhere. In retrospe
is it not conceivable to ask whether physicists of earlier centuries asked
themselves why so little of S was ever used?

Let us now check explicitly the degree of validity of Feynman's hypoth~
esis (2.4). Let H be the time independent Hamiltonian operator for our one-
dimensional system. In the Heisenberg picture, the state q at t + 8t is

obtained from the state at t via

Iqt+5t |q >+ = 5cH|q > + O(ét) . 2.7)
Hence

[ = ' _ i e 2
<afyselae> = <alla> - 5 <qllHlq >t + 0(5t) . (2.8)

As a simple example, let

2

==

- % po + V(@) (2.9

so as to avoid (for the moment) ordering difficulties. Then

<q'|ﬁ|q > = [~ EE-J£1-+ V(q)]<q'|q > (2.10
t t 2 aqz £t '
+ 2 2
_rTdr o at ig(q'~q)
= {wz’f -5 2 + V(g e . (2.11

where we have used (1.32) and the integral representation for the §~function

§ (x-x " = f dl il(x—x ) . (2.12)
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1
utting it all together and performing the q differentiation, we obtain

+ oo
] - d_IZ, iV«(Q'*q) i ]
<qt+6tht> = {w 2 e [1~ - StH(L,q)+0(st")] , (2.13)

ith

ﬁz 2
H(2,9) = & 0% + V(@) . (2.14)

q' - q =3 5¢ = gst (2.15)

nd elevate H to an exponent (thus inducing only an error of O(ét)z), to
btain

i S;—[ﬁlé ~ %»ﬁzzz—V(q)]

%% e o) . (2.16)

+
1 > =
“Agase 9 =
- QO
t this stage the manipulations become formal and not really well defined.
e want to integrate over ¢ and yet the integrand is purely oscillatory.
ere are two ways out, either we put in by hand a convergence factor of the
orm e % or we take ist formally to be "real", i.e., we continue the expres-

ion in Euclidean space by letting t - it. For the moment, keep idt and treat

t as areal constant. Then by performing the change of variables

id .

bt = /B g . @)
e arrive at
} ist 1 .2 1,.2

* . 1 GEV@I g g m g
<qt+5tht> =25 e [ =—e . (2.18)
~o Yidt
e perform the funny Gaussian integral and obtain
idt, 1 .2
7 177(1 V()1
1 4
“Urse |l = fomisr © - (219

e



g e sl

Remember that § is defined by (2.15) and involves both q' and q. The quanti’

2 Dl

; in square brackets is the Lagrangian. Therefore Feynman's hypothesis is

correct except that the constant is, to say the least, peculiar. So for a

finite time interval

. ;
2 [ e :
N-1 T ‘
£, i n \1/2 >
<thqT> = limit f...fm {dqj(zﬂiét) / te ; :
§t+0 j=1 :

Nét fixed
s f 7
(ql = qo, q = qN) . (2.20)}

Assuming this limit makes sense, we see that we cannot possibly narrow down

the proportionality constant between the transition amplitude and the path

integral. This result is strictly true for systems described by Hamiltonians

of the form (2.9). ¢

Now suppose we want to calculate the transition amplitude for a system :

. with a classical Hamiltonian of the form
2
=% p'v(a) . (2.21)¢

where v(q) is some function of q. The corresponding Hamiltonian operator

has to be defined with care since p and q do not commute. An ordering pre-

. scription is in order. We define a symmetric ordering "..." such that
wl 2 sy, a0 #® 2 qrq’y i2(q'-q)
1t ' = cx
<qi "7 pv(@"|q,> | 27 v (e . (2.22)

It is easy to convince oneself that this requirement does define an ordering.

In this way q and q' are treated on the same footing.

Then (setting # = 1), We obtain in a straightforward way

+ T
+o i%(q'-q)-1dt % lzv(ﬂ7§—) 9
T = _
Qigeld,> = { 2 © +0(5t7) , (2.23)
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1
o that the integration over £ becomes more complicated. Making the change

of variables
o' = /ISE (! v 2y (2.24)

ith q defined in (2.15), we find

| p Cist 5% q2 1 7w —<% 52
<q! q.>=-—e e 4’ e (2.25)
t+st' 7t 27 Ty —w
1 -ist - %—v_lqz 1
= e —) . (2.26)
V2riste v

ow the term in the exXponential can be interpreted as the Lagrangian
_ 1
L_iv q N (2.27)

as can be seen by forming the Hamiltonian along canonical lines (see Problem),

;ut there is an extra term V_l/2(9%§L) which in this case contributes to the
;ath integral, giving
f ¢
: ' M-l day, 1 :%dd
<qy lap> = f---fizl e (a,+a,_;)e . (2.28)

Note that this expression differs from the naive one of weighing a path

Lith s only. Thus the magical measure "Jfq" sometimes contains peculiar

. -1/2
gurprises, like the factor of v

B

‘that one arrives at the correct expression for the transition amplitude only

in this case. The lesson in here is

by first passing through the Hamiltonian formalism. The more correct expres~

¢sion is
i
N t dq
i ifdelp g - Hp,<q>)]

T
<qilap> = [..[batp e . (2.29)
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where "p" stands for 1 2—_”1 and <q> is the average of q in a given interval.

Thus the expression for the transition amplitude in terms of the exponential

of the Action is to be regarded as a derived expression; the fundamental fo

is (2.29) given in terms of the Hamiltonian.
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Prob'lems .

Evaluate (2.11) directly by computing the matrix element of H in a mo-
mentum basis, and transforming back to the g-basis.
nAlayg  palaly
>

Find the exact expression for "q'p qp as defined by the ordering

equation (2.22).

Show that L = %—v‘lqz leads to H = %-pzv(q) by using the usual canonical
procedures.
Show that 1f T <t ,t, <t
t
ifdt[pg-H]
[5abp aledatey)e * =<ql|TlaCeace)Tlap> :

where T[..] stands for the time ordered product
altdalt,) if £ > t,

TlaledqeN] = . )
alty)qley) if £, > £ .
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3. The Path Integral and the Forced Harmonic Oscillator

A very good illustration of path integral techniques is obtained by

“end s e

considering the forced harmonic oscillator. We want to calculate the tran-;

sition amplitude for a real driving force F

s b T S s o

t
ifdt[% q® - % w2+ (£)q(6)]

Qo> = fme " N E IS
F :

:
with the boundary conditions that q at t is Q' and q at T is Q. The integra,

as written is purely oscillatory and a particular way to restore convergence-«

f

is to add a damping term

1 & 2 .
- 5 efdt q°(t) e>0 s (3.2
T .
and then let € go to zero after the end of the calculation. The integrand

is now written as

exp{ifdt[%-qz - %-(wz—ie)q2+Fq]}

Now suppose we want to compute the transition amplitude for the oscillator,

starting in a state Q in the infinite past, to be in a state Q' in the infini
7
4

future in the presence of an external driving force. In order to work it out:

it is convenient to introduce the Fourier transforms

+ . H
o(r) = [ —9E JIEtE () (3.3)
- o V2
and its inverse
+ ® R ;
GE) = [ 9t Bty . (3.4)
- V27

where G is any function of t, and G its transform. We express q(t) and F(t)

in (3.1) in terms of their Fourier transforms:
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i dE dE' i(E+E')t
Var /an

3 i w-100d’1 = 3 [-EE" -u2+1e 13 (£)3 ()

(3.5)
! _dE dE' i(E+E')t

[qEFEHHENFE 1.
Y2 V/om

=31
Fext(t)q(t) -2
(3.6)
Integration over t and use of the integral representation (2.12) for the
§-function and then integration over E' yield for the exponent

AE[ (E2-02+1e)T(E)T (~E)+q (B)F (~E) 43 (-EDF(E) ] . (3.7

@

N[
P+

By defining the new variables in E-space

~ ~ F(E
7@ =T . (3.9
E"-w +ie
or in t-space
Q'(t) = q(r) + [ —SE (1Bt ~§E£%2- » (3.9
var E"-w +ie

the transition amplitude becomes

4 o ~ ~ , +
- %-f dE E£§l§§:ﬁl %-f & T ®) E2-021e)T (-E)
<Q;IQ_w> - e - 00 E -w +ic fiﬁ e - O
F
(3.10)
The magic of the path integral now comes in because the Jacobian of the trans-

formation (3.8) is one. Hence

M= B ., (3.11)

and we recognize the last term in (3.10) as the transition amplitude with

F = 0, leading to the result
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~ %»f 5 FEFCE) :

«Q'lo_> =<qlo > e "= FBErutie 3.1

.
00 ' w00

F F=0

The F-dependence has then been explicitly worked out. We can massage it fur
*

ther by giving its time form %
i +oo ’:q

- E’f dt F(t)D(t-t')F(t")dt’ »  (3.13

e , :

where %
+o0 ~i(t-t')E N

D(t-t') = [ g%—g—i‘—i“*“— . (3.14)

el E - +ie .

What is the physical meaning of (3.13)? At infinite times t = t, assume

that there is no driving force. Then the vacuum states at these times will
not depend on the existence of F. Let IQ+w> be the vacuum states in the
infinite future and past, and express them in terms of the IQ+w> that appear z

in (3.12). We have

<Q+°°IQ—-00> = fdQ'dQ<Q+wIQ-+'-w><Q-:~mIQ—-w> <Q—-ouIQ—-ou> (3'15) /:(
F F H

- %—<FDF>

= fdQ'dQ<Q+mIQ;w><Q;mIQ_w>F=0<anIQ_w>E s
(3.16) °

where we have used (3.12) and the notation <...> to indicate integration over

t and t'. Using (3.15) with F = 0 allows us to rewrite (3.16) as

- %‘<FDF>

@, lo_> =<a_lo_> e .an
R B F=0 v

But <@, _if__> is the transition amplitude that the system, starting in its é
F=0 :

ground state in the infinite past, will be in its ground state in the infinite

future, in the absence of any driving force. It has to be equal to 1 (if
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it is ‘normalizable). Hence we identify (3.13) as the transition amplitude
for the system to go from past to future ground state in the presence of an
external driving force.

Call (3.13) W[F], and define Z[F] by

1
=3 <FiP1oFr1 2

W[F] =z e (3.18)

= (AZIF] . (3.19)

Here again <...>;, means integration over the dummy variables "1" and "2";

Fl is F(1), etc... . Note that W is normalized so’ that W[0O] = 1.

It is easy to find that (see problem)

D(t) = 51 [o()e ™ roc) ™™ . (3.20)
iw
where 0(x) is the step function
1 x >0
8(x) = . (3.21)
0 x <0
Furthermore, by direct differentiation of (3.14) we see that
d2 2
(-—7 + wT)D(t) = -8(t) . (3.22)
dt
2
Hence D(t) is the Green's function for the operator ~—§~+ w , and the -ig
dt

prescription enforced by the path integral fixes the boundary conditions.

As Can be seen from (3.20), D(t) is a mixture of retarded and advanced signals.
This is the precursor of the Feynman propagator which describes signal prop-
agation as coming from two sources: positive energy (particle) states moving
in positive time and negative energy (antiparticle) states moving backward in

time.
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At this stage we notice yet another interesting thing: the expression

(3.13) can be continued to imaginary E without encountering any singularity

when the contour is rotated:

ReE B

The ability to do this operation, called the Wick rotation, is important
because it corresponds to starting from the "Euclidean" (t - it) definition
of the path integral. This is the alternative to ¢ damping since the Euclide

space integrands are no longer oscillatory. For instance, we could have star

from

+oo
- 1 dqy2 1 22
{de[Z (dT) + 5 u'q Fql

WplF] = [B5q e . (3.23)

obtained by letting T = it in (3.1). Then the answer in real time is obtaine

by analytically continuing the expression for WE[J]. This process yields the
same pole structure for D(t) as that obtained by the -ie prescription (see

problem). This procedure will be followed later on while computing Feynman

diagrams. However, in Euclidean space, the absence of singularities, although
mathematically pleasing, obscures the physical meaning of the field theoretic
amplitudes. In practice, one takes for granted the right to continue and
computes wherever it is easier. Still on formal matters, the difference be-
tween Euclidean and Minkowski descriptions can be formidable (meaning of -ie

for fermions, "light-cone" gauge, ...).
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roblems.

AR X A

Show that, using the techniques of appendix A,

N

+
* -
[ndz dz;, e €% = T
142192y

" det C

What conditions must be satisfied by C (assume C is hermitian). Optional:
prove the above when C is not hermitian.
Consider the Green's functions

dF e—iEt e—iEt
P =) I > 2 g 2w =0
Evaluate these using the method of residues. Give the physical meaning
of their boundary conditions. Can you come up with any way to obtain
them from a path integral formulation? Express D of the text in terms
of Da and Dr'

Starting from

ldgy2 1 22
Ww_[F] ~ [£ e—de[z(dT) *zed-ral
E ! ,

show that

1

5 [dtdoF (1) Dy(1-0) F(0)

WE[F] = WE[O]e
where DE(T) is to be worked out. Then use analytic continuation to obtain

the D of the text.

Show that

dE e—iEt

2 52 024ie

D(t)

iwt

E%B-[O(t)e—iwt+e(—t)e 1 .
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IITI - THE FEYNMAN PATH INTEGRAL IN FIELD THEORY.

1. The Generating Functional

We now want to generalize the path integral to field theory. Reasoning:
by analogy with quantum mechanics, and taking for convenience a real scalar .

field as an example, we can describe the states of the system at a given tim:

t by the ketl¢(§)>t. We call it a shape state. We can compute the transiti
amplitude between a shape at ty and a new shape at a later time t, but we aré
immediately faced with the need to resolve the shape ket in terms of the pos-
sible physical states of the system. The way one identifies the states of ty
system usually relies very much on the success of the perturbation theory: ‘
one starts with a zeroth order approximation to the theory in which the state%

b

are easily recognized. The fvll theory is recovered by adding a small pertur

bation to the idealized 0th order theory. Then the effects of this small ;
perturbation on the idealized 0th order states are computed. These steps are:
possible only when one can recognize the full theory in terms of a small per-:
turbation on a simple system and, having done that, calculate corrections to
the idealized 0th order states. As an example of this procedure, consider

quantum electrodynamics QED where a small parameter o = (137)_l is easily

recognized. Then the 0th order theory is that for which a = 0. It is easily
identified in terms of idealized photon and electron (or muon, tau, quark, ...

states. The effect of the interaction is then computed on these states and
their interactions order by order in o. After some trickery (i.e., renormal-
ization theory), these corrections are found to yield physical electron and

photon states and their interactions. The point of this discussion is to
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emphasize the reliance of the success of QED on our ability to recognize the

)

emergence of idealized electron- and photon-like states in a 0th order theory.

This procedure was made possible because o is a small number, otherwise such

a recognition could not have been made. An example of a yet unresolved theory
is QCD, quantum-chromodynamics,which is thought to describe the interactions
of quarks and gluons (the QCD equivalent of photons). It is believed that

quarks are not physical particles but that bound states of quarks such as pro-

tons, m-mesons, etc., are physical. Yet there is nothing to tell us a priori that

quarks are not physical states. Operationally then we have to decide the size

of the quark couplings among themselves. If they are small, then quarks could

serve as physical states (here physical applies to states that survive in

isolation); if they are big, it is not good form to talk of quarks because

quarks would tend to bind among themselves, and not appear as asymptotic states.
Thus the knowledge of the physical states of a field theory depends very

much on the solution. But this is what we are trying to find! We have to obtain

a path integral formulation that does not rely on the knowledge of its physical
states (we'll derive that). The trick that gets us off the hook is very simple.

: Whatever the states, everyone agrees there must be a state of least energy,

3

> call it the vacuum state. It may be a very complicated structure (e.g., super-
: conductivity), and may be inhabited by all kinds of strange objects, but never-

“ theless it is thought to exist. Suppose now we ask for the transition ampli-

El

" tude of the system from the vacuum state at t = - ® to the vacuum state at +«

.

in the presence of an arbitrary driving force. This means that at any time

we reserve the right to drive the system in any way we please and watch it

£
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respond. This ought to tell us all we want to know provided we are sufficie

AR

5.

clever to apply probes that will give recognizable responses. This will then:

A

be the strategy: a) work out the amplitude <QIQ>J for an arbitrary source

J(x), b) interpret (more exactly recognize) the results in terms of scatterin’

amplitudes, c¢) use these amplitudes to calculate the physical consequences

of the theory. .
Traditionally the source will be attached to a local field, the rationalé
being that this provides a generic driving term since all possible sources
can be built in terms of it. When perturbation theory is applicable, the loca
fields will naturally be interpreted in terms of particles.
We start with the simplest field theory: a self-interacting scalar field

5

described by the action

PN
w
il

= fd4x % auqsa“qs - %mzqsz-v(qs)] . 1.1

it

R R

4
Jd ®2(9,3 ¢) . (1.2)
To construct the Hamiltonian density ¥, define the canonical momentum
LY .

| T BT T Rt ¢ JR

5 and then perform a Legendre transformation

5 CI )

it

T - £ (1.4)
= 3 (24T TomeH+v (o) . (1.5)
2

' ¥ is positive definite if m”~ > 0 and V > O.
The vacuum to vacuum amplitude is defined to be
<@l>; = WIIT = N[spore < THIEIE> , (1.6)
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where N is a constant (usually ill-defined), the <...> now means integration
over spacetime, and J(x) is an arbitrary source. We use the techniques of

the previous chapter to integrate over 7 to obtain
i<%—8 poMo - %—m2¢2—V(¢)+J¢>
W[I] = N'[Bee H L@

In this case ./ (or .br) stands for the product of all the d¢k where ¢k is the

value of ¢ at % = Xk’

The integrand in (1.7) is oscillatory and even path integrals are not

well defined, There are two ways to remedy this problem:
- e<dp“>
a) put in a convergence factor e with € > 0,

or b) define W in Euclidean space by setting

4 4

Xy = ~iX, d'x = -1d"x
au¢a“¢ = —5u¢§u¢ ,
where the bar denotes Euclidean space variables, 3 = “%_u Then eq. (1.7)
becomes o
3454+ 2 m2¢2+V(¢)—J¢>
Wola] = N fse 2 WM 2 . (1.8)

The exponent of the integrand is now negative definite for positive m2 and

v.

In either case, the generating functional is used to manufacture the

Green's functions which are the coefficients of the functional expansion

<J.J ¢M™(1,2,...,m> (1.9)

W[J] = N1 1 2"JN

1,..8 ’

or
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G( )(1,2,..,N) = T e e | W[ J] 1. .

(i)N GJl GJZ 8J. 4

J=0 H

where as usual Ji = J(xi), ete., ..., <..>; ., means integration over 4
5. 3

4 4 . : W s
d xl..d Xy- The task at hand is to compute the functions G )(xl, ..... ,XN)%

perturbatively or otherwise. In p-space they will be identified as transitf

¥
amplitudes, This is not trivial since transition amplitudes must satisfy

unitarity and completeness criteria. The Euclidean space functional WE[J] -

is used to construct these functions, GéN)(il,..,iN); they are related to
)

e

the G by analytic continuation (Wick rotation), which presupposes that

no singularities are encountered in the process of contour rotation. This

is sufficient to determine the singularity structure of G(N), but to show

P N IN

e v

that it is consistent with unitarity is not a trivial matter. These rather :

obscure remarks will hopefully become transparent in the light of explicit

R

g calculations.
¥ 2. The Feynman Propagator
%
In this section we evaluate W[J] when V = 0. We choose to do it in ,
Minkowski space with the e-procedure. Let f
i<% 3 ¢y - % (m?-1c) $2+T¢> ;
WolJ1 = NfBge H ..
: It is most easily evaluated in Fourier transform (momentum) space, following ‘
4
3

the same techniques used for the driven harmonic oscillator. We introduce

&
¢
5
%
1,
e
b

the four-dimensional Fourier transform

.

: R R R JC) . @)
g ~ (21)
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te d4 ipex 7
. F(x) = [ —=B5 ™" F(p) . (2.3)
—c0 (2-”-)
and
6 (xxt) = 6(:Lx"nys k") ,
+o 4 . '
= J’ _i_RZ el(X x')-p , (2.4)
~e (27)
00 = . . . .
< where %x*p = x p - ¥+*p, and F is any sufficiently well-behaved function.

The exponent of the integrand is easily expressed in terms of the Fourier

s

¢ transforms of ¢ and J; it reads

@ 1 1d% 1 @) [pPn+e ] (-p)-T @) pPal4ie 1T T, (2.5)

~ ~ N 2 . —T]r~

$'(p) = ¢(p) + [p -m2+1€] lJ(p) . (2.6)
1 The new variable ¢' differs from ¢ in function space by a constant, so that
: B = 5y’ L@

+ Putting it all together, we find

: ’ "~ 2
4 i .4 J(p)
‘ "EfdP"L‘ELL

1 U 1 2 2
. i< 3 ¢'37¢' - (m"-1e)¢' >
wo[J] - Ne p -m +ie ff@'e 2 Ty 2

(2.8)
- where we observed that the ¢‘—dependent term was just the same as the ¢ term
in (2.1) with J = 0. Hence

L , - 1 fatp L@

W,L31 = wyl0le p -m e . (2.9)
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By adjusting N, we can take wo[o] = 1, Note that WO[O] can be formally cal—;

culated using formulae of Appendix A, The important thing is that we have p

succeeded in finding the explicit dependence of WO[J] on J. The use of the %

inverse Fourier transform yields =

i
7 “T18r1272712

wO[J] = wo[O]e R (2.10):;

where AF12 stands for AF(xl—xz):
4 ~ipe(x~y) :
by(x-y) = f——‘i—P— e . (2.11):

(27r)4 p2—m2+is ;

It is the Feynman propagator. We now interpret the Green's functions obtaine

:

3
from W,. From (1.10) we find :

0
(2) _ :
GO (xl,xz) = AF(xl—xz) (2.12);
G(4)(x KoyKoyX,) = =[A (X, =%, A (X,~%, )+A (% =%, YA (%x,~%X,)
0 127277374 F*71 72°7F*73 74 F'71 737°F'72 4

g (k=% ) B (%) ] . (2.13)

etc. ...

together with the vanishing of the G's with odd number of variables. This

fact is easy to understand since wo[J] depends only on J2. In passing, note

that all G's are functions of only the difference of coordinates, reflecting
the translation invariance of the theory. Another lesson is that the higher
Green's functions can all be understood in terms of Géz). Hence it would appe

more convenient to set

wia] = o201 . (2.14)

and define new Green's functions in terms of Z[J]
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()
G, LT . (2.15)

) iz[J] =}
N 1..8

Then, at least in the case of wo, we see that Gc is much simpler than G.
We now turn to the physical meaning of the Green's functions generated

by W

0" By direct computation, we find

(8u8u+m2)AF(x) = =) () . (2.16)

thus identifying AF with the Green's function of the operator m4—m2. Its bound-
ary conditions are determined from the-ie procedure dictated by the path
* integral. We can therefore identify AF(x—y) with the propagator of a signal

from x to y. The signals it propagates are single particle and antiparticle

states, since those are solutions of the Klein-Gordon equation

‘ @m?)é = 0 . @D

The -ie procedure tells us which of the solutions are propagated. One finds
{ that positive energy solutions of the Klein-Gordon equation are propagated
zforward in time while negative energy solutions are propagated backwards in
%time (see problem).

: " Since these solutions are to be identified with particle (antiparticle)

v

0 /
-states of energy E=p = _1;2+m2 (- 32+m2), we arrive at the very nice phys-

;ical picture that information propagates forward in time with particle and

?backward in time with antiparticle. As an example, ask how many ways a quan—

7tum number can be carried from x to y given that we have a particle which

;

fcarries one unit and an antiparticle with minus one unit. The quantum number

k3

. . +
jcould be the electric charge and the particle a 7 meson. There are two ways:

~g5..
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e,

. +
by propagating a 7 meson from % to y thus destroying a charge +1 at x and i

depositing it at y or by using a W_, the antiparticle of n+, to carry a nega

5

charge from y to x.

The lesson is: 1) we have recognized the Green's function as the propa;
gator of certain signals, and 2) we know which signals it propagates. Then
it naturally follows that the states are, in our example, going to be parti—%

cles of mass m2, and we interpret Géz)(x—y) as the amplitude for this partici

to go from x to y. We can invent a diagrammatic representation in x-space,

associating with AF(x—y) a line connecting the two space~time points x and -

y. ;
Géz)(x,y): — .

For higher Green's functions we just diagrammatically add the contributions

of, say (2.13),

+

(4) .
G0 (xl,xz,x3,x4).

Xq X,
It is clear that Gé4) is a rather disconnected object. It can be interprete@
as the amplitude for, say, a transition from xl,x2 to KgrX, . In this approx—
imation there are only so many ways for signal propagation, all expressed
diagrammatically in the above picture.

A much more transparent interpretation is obtained in the Fourier trans-
formed space. We have seen that the nature of AF impels us to interpret pu i
as the four-momentum of a particle state. This is consistent with translatio
invariance, leading to p-conservation. Indeed, since G depends only on dif-

ferences of x's, the naive Fourier transform
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| 4 4 4 —1(plxl+...+pNxN) )
§§ fd xl..d %y e G (xl,..xN)
zﬁcessarily contains a 8-function of (pl+...+pN). So, instead we set
«
;;é
K ~N) 4o (4) -
T G Py - e spy) (2m) 78T (Pt ) =
%
¥ i(p, X +..+ )
4 4 TERLIFTTRREN ()
% fd xp+-d xpe 6 (%), (2.18)
k1
B ~(N) .
Lth G (pl,..,pN) defined only when pl+...+pN = 0. For example,
‘\m
~(2) 1
* Gy (pymp) = ——— (2.19)
£ pT-m +ie

£
jives the amplitude that a particle of momentum p and mass m2 propagates.

13

‘e can represent this diagrammatically as well

4

SO R — . (2.20)

0 P

%’ In general, however, we will represent the Green's function E(N)
<
%é a blob with N lines, labeled by PysPgsesPys entering it and with pl+p2+
§i+pN = 0, which reflects the conservation of momentum:

‘
¥

R

. (2.21)

&
5
&

It will be interpreted, say, as the scattering amplitude of states of

o T gebo

enta pl,..pj into states of momenta pj+l"'pN’ if we take the lines j+1,

iﬂ.,N to be outgoing. Again note that the form of 6&2) is what suggests
2
the nature of the external states. We will later discuss the unitarity con-

e

raints imposed on G.

b

5
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Problems. :

Kb

A. Starting from the Euclidean formulation for WE[J], work out the corre-~

4
g e
5 g

i3
[T

sponding expression for the Feynman propagator and show that by analyt-:

-

2

continuation in Minkowski space it reduces to the usual one.

=

B. Given AF(X), show that it propagates positive energy signals forward i’

L e
s o

time, and negative energy signals backward in time.

ARt

C. Find the real and imaginary parts of AF(x); interpret physically. Can

you express A, in terms of ImAF? °

F

B
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=
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3. The Effective Action

Out of the generating functional we can construct local quantities which

B

lend themselves to familiar interpretations. For instance,

B

5W0
m = _i<AC(x_l)Jl lwo[.]] N (3.1)
< so that
) S W 82
: 8@ = =1 S (3.2)

- e THeIx) sI(x)

"satisfies the classical equation of motion [using (2.16)]

@n?)el) ) = 300 NEIE)

0 .
'In fact, we can use (3.3) to replace J(x) in terms of ¢£2)(x). Formally it

icomes down to performing a functional Legendre transformation; introducing
¥

r [¢(°)] 2,011 - <J¢£g)> . (3.4)

we see by using (3.2) that FO is independent of J. In this case it is easy

“to find the explicit form of PO by replacing J in terms of ¢( ). We find

T

.(integrating by parts as we go along)

7

<

rolo$1 = = 3 <t @6 {1,851, @28 010D @im®y o s
== —'<¢(0)(D+m )¢(°) »  (3.5)

using (2.16). Integration by parts yields now the final form

0, u (0)_ 2 (0) 2

¢ (0, _ 1 .4
I‘O[q’cil, 1= 2 fd X[au¢c2 ® ¢c2 - ¢c2 1 ? (.6

1
which is the free action we had started from.

- A similar procedure can be carried out in the general case V # 0. We

‘form

; 6 000 = - § W _ 8z2[J]

»  (3.7)

5
i
“
;
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and try to compute the effective action

Pl9] = 2131 = <3¢ >

with now

5Tls,,]

J(x) = - E%;f%?

from extremizing I'. In the V = 0 case this is obvious from (3.3).

W[J] in a manageable form. We write

2,
1< 3 3,00% -  @-1e)P-v()+3e>

W[I1 = NfBpe
-i<V(¢)> i< % 3 oM - % (m2—i€)¢2+.]¢>
= Nflbe e Lo
Now comes the trick: observe that
1 § i<J¢> i<J¢>
ey e1Je” o p(x)e ¢

function of ¢. In particular

14
-1V 57>
e

e—1<V(¢)>ei<J¢> - G1<J9>

This allows us to take the V dependent term out of the integral

W[J1 iéJ

= e WO[J]

~100~

as seen by differentiating (3.8) with respect to ¢c2' (0f course, F[¢c2]de—§

pends only on ¢c2and Z[J] only on J.) By the way, we observe that since T |

3

3

—iv@E Ly i< % auq,a“q, - % (mP-1€)62+I¢>
e

#

is an effective action, (3.9) is proportional to its equation of motion con,

In order to derive an equation of motion for %:éx), we have to write

¥

(3.103

(3.11

(3.1

and since J and ¢ are independent variables, the same will be true for any



.18 i
-G GJ)>e"E J18p1279”

= W[J] =N e

(3.16)

This equation will be the starting point of the perturbative evaluation of

W[J]. For the moment, we use it to derive an equation for ¢c2'

W ~1<V(~-i g%)>

53, " e bpg1T”1 WolJ!

~i<V(~1 > 1ev(-1 2>
=-i e <AFlel>l e W[J]
‘Tt follows that
/ 2, W _
: (Dx+m ) i i GkW[J]
. X
gwhere s s
“1<V (-1 53> 1<V (-1 79>
G =e J e
X X

Ve can evaluate Ok by means of yet another trick. Set

‘ ; . 8 s Kl
~iA<V(~i GJ)>J e1)\<V(—i GJ)>

i O, (M) = e x

,here A is a parameter. Clearly

s e

From (3.16)
. (3.17)
,  (3.18)
(3.19)
., (3.20)

; W©,0)  -1A<V(-i ) s A<V (-1 5)>

: —o e [~i<V(~i 33)>,Jx]e . (3.21)
But

H -1 S = —i V't 084 (%=

V-1 539,9,1 = =5 V' (-4 578" Gey) , (3.22)
< y y

? ere V' is the derivative of V with respect to its argument. Integrating
%ﬂer y, we find

£ o, (\)

[ e S

¢ T V' (~i SJX) . (3.23)

-101-~
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This equation is now integrated over A to yield

'y . _ s »
i O, = 0, (A=1) = J(x) - V'(-A 5T, (3.24)
;é Hence
2y W _ N N
(E}X+m) 57 = 10G) - v (-1 GJX))W[J] ,  (3.25)
% or
: @ n?) (%) = J(x) - o V' (=i S—IW[J] (3.26)
X cl W[J] 8J(x) .
. The last term clearly resembles a force. For example, take
i A4
vV = AT ¢ , A dimensionless (3.27)
Then
1 § A 31 53
W[J]V(l J)W[J]=—3—?(—1) W——gw[']]
b4 8J
X
2
5% 8¢
e A re3x) o G qg,
= 37 (90 7 " egsy o G2
83 b4
X
and finally 2
( x 70,00 5¢ %
o +m Yo (%) = J(x) - 9y (X) + 37 == «(3.29)
3' 31 5J2(x) 4 GJ(x)

the quantum theory (see problem).

Tlg )= [a*x1-vo(o ) + 3 (4 Nl

+ higher order derivatives]

~102-~

C

course, not known. We can expand it functionally in terms of ¢c2as

’

The first two terms on the right hand side give the classical equation of

motion modified by the last two terms, which must amount to corrections from

In the case V # 0, the explicit form of the éffective action is, of

(3.30)



where we take into account now local effects by including arbitrarily high
derivatives of ¢cl' We have arbitrary functions Ve(¢ch F(¢c£% etc., to be
determined. v 1s clearly an effective potential. By expressing J in terms

of ¢c2 using (3.29) and integrating (3.9), we see that

e A4 m2 2
v (¢(‘JZ) = ZT ¢c,Q,+ —2* ¢0Q’+ G(h) (3.31)
nd
F(q’cl) = 1 + corrections . (3.32)

Alternatively, we can expand the effective action in terms of ¢c
onlocal way:

o)

1
Tl¢eg] = %ﬁ,- <T (l,....,N)¢d(l)....¢d(N)>l’ (3.33)

..N :

he coefficients T(N)(xl,..,xN) are called the proper vertices. They depend
n the differences xi-xj because of translation invariance so that their

ourier transforms are introduced via

T, e @06+ ey =

'i(plxl+'°+pNXN)r(N)(x

4 4
fd xl...d xg e 1""XN) s (3.34)

~ (0

‘th T being defined only when the sum of its arguments vanishes.
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Problems.
A. By a judicious set of insertions of # when needed, show that the non-

classical terms in the equation for %ﬂ'do indeed vanish as # - 0.

B. Suppose that V = %-5m2¢2 in the scalar field action. Find the equatio

obeyed by ¢cl
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4. Saddle-Point Evaluation of the Path Integral

Integrals of the form
Iz fax e 2™ , (4.1)
here a(x) is a function of x, can be approximated by expanding a(x) around

0 where a(x) is stationary:
1 2y
a(x) = alxy) + 5 (x-x5)"a"(x5) + .. . (64.2)

hen 1 9
-a(xo) - §~(x-x0) a"(xo)

I =>~¢ge fdx e , (4.3)

nd the integral is easily performed if a"(xo) > 0 (it's a Gaussian),

eglecting the higher derivatives. The success of this approximation rests

n the fact that the integrand is largest when a(x) is smallest and that the

oints away from the minimum do not significantly contribute, as in the figure
a(x) a(x)
\\’) —_—

(good) (bad)
In this section we apply this technique to the Euclidean space generating
unctional.
We start from the Euclidean space definition of the generating functional

-SE[¢’J]
WolJ] = N[5 e s (4.8)

where
= (4421l 5 43 1 2.2 -
Spl6,J1 = fa x[5 au¢au¢ + 5 m 6TV (9)-T¢] . (4.5)

e then expand the action around a field configuration ¢0
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R

GSE
SE[¢9J] = SE[¢05J] + <W (¢_¢0)>
2 ¢

§°S
(4.6);

1
3 “So 08, (9=99) 1 (404D p>1 o+ -~ ,

H
5

with the functional derivative evaluated at ¢0. We take SE to be stationarye
«

at ¢,, which means that ¢, obeys the classical equations of motion with the
0 0

& vid oy wmtw b

source term

ss .
El _ == 2 i
5o . = _auau¢0 +mig, + v'(¢0) J=0 . (4.7)f

‘

It follows that {(after integration by parts)

1 4= d
Splog:] = 5 [dx(2-¢, dog) T80tV (%)) ,  (48)
while :
525 %, 2 - =
W—Z_ = [—3u3u+m +v (¢)]15 (xl-xz) (4.9)

is an operator. In the spirit of the saddle point evaluation, the generatin

functional now becomes

525
Ll —E 4
-85[04,31 2 71 84,84, "2°1,2
W lJ] =N e [5 e . (4.10)

The Gaussian integral can be done (see Appendix A), with the formal result

_SE[¢0’J] - - 2
WE[J] ~N! e {det([-8u8u+m +v"(¢0)]512)

-1/2
E }

. (4.11)

Clearly this expression needs some getting used to. We can rewrite it in a
slightly more suggestive form by using the identity
det M = ¥ 0 M (4.12)
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=S [04591 - —-Tr o (133 +m2+V (650161,

WE[J] = Né e , (4.13)

hich clearly indicates we are computing corrections to Z[J]. The physical
eaning of this approximation can be understood by carefully putting back
11 the # factors. Then it is seen that it corresponds to an asymptotic
eries in # (see problem). The first term SE[¢0,J] gives the classical con-
ribution to the Green's functions (remember Dirac's identification). The next
erm, of (%), gives the first quantum correction to the Green's functions.
The determinant of an operator is understood to mean the product of its
igenvalues.] We start by computing the classical contributions to W[J].
t must be remembered that ¢0, being the solution of (4.7), is a functional
f J. The procedure is therefore very simple: a) calculate the functional
pendence of ¢0 on J, b) insert it in (4.8) and, c) by comparing the result-
g expression with the expansion (2.15), extract the Green's functions
(N)(l,.., N). Alas there are grave theoretical difficulties in carrying out
ep a). The equation obeyed by ¢0 is a nonlinear differential equation (for
' # 0), and no one has succeeded in solving it in closed form. The best

e can do is to solve it in perturbation theory. Specifically, take the

potential and expand around A = 0.

We write

6@ 4@ 422 4 (4.14)

[

%

that

(0)+)\¢(1)+...) + T)‘f (¢(0)+>\¢(1)+..)

w
it

= - 3 fa'RLace 1 .15)

(0)

1 (0)4
13 ]+G(>\ ). (4.16)

- La%s J¢ -2 d4>_<[.]¢(l)
2 2

we define the Euclidean Green's function (in an obvious notation)
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2 o0 FR T G
a0 TR

=z 2 :

. 3 3 -m )G = =8 4.17
G306, = -5, . Gar
ig it follows that :
& .
B 0) - ;
g ¢ ) <Gana>a (
W - - 1 :

¢ (%) ¢ <nyGyaGybGchanJc>abcy’ etc... . (4.18)
3 Thus,
%A S_[J] = - l—<J G ., J > +<j— <G_ G ,G_G_ ,JJ3JJ>
& E 2 a ab b ab 41 xa xb xc xd"a b ¢ d abedx

2

A .
‘:, A <GxanbechyGydeeGnyanJchJle>abcdefxyﬁ}(’

(4.19)
Correspondingly, the (connected) Euclidean Green's functions are given by
5 N,
. §Z
) - =y o E
GE (xl,....,xN) = 5T

=1 X1 »
1...6JN

(4.20

where

25171

WE[J] = NEe . (4.21

e A

In this classical approximation we find the connected Green's functions to b

i - - -
o _ ipe(x,-x,)

f PG ) =6G %) =] d‘p e 2 (4.22
E E 1°72 1’72 2, 2

(27r)4 P 4m

ik
R

el
WY

3

W@ 55,5 = 4 [a' 6(),9)60,)6E,,y)6E,,y) (423

3&;‘;{*
Pig

G

S

Possk s

5

(6),= = = = = = 2 b b =
Gy (xl,xz,x3,x4,x5,x6) =2 [d'zdy 6(x,y)

P(x’y’xl’xz ’x3’x4’x5 ’x6) 9 (4'24

/ where
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PGLY, (1) = ] 666G IEGE)ICH,X)I6G,EICE R,
(13%)
(4.25)
where the sum runs over all the following values of the triples, (ijk) = (123),
(124), (125), (126), (134), (135), (136), (145), (146), (156), with (2mn)
assuming the complementary value [e.g., (2mn) = (456) when (ijk) = (123)]. Note
that ijk runs only over half of the possible values. This is because the
expression for P is symmetric under the interchange X > y.
In this classical approximation and to order Az these are the only non-

zero Green's functions.

The momentum space Green's functions, defined by
~N) - - b= -
Gg ~ (Pys--sPy) (2m) "8 (p +. o tpy)

~ _ ip.x+..+ip _ _
fd4xl..d4xN e 1 NN GéN)(xl,..,xN) (4.26)

re easily seen to be given by

) P

Gy (pl,p2 pl) =5 5t O(H) (4.27)
p,+m
1

L 1 1 1 1

Op " (PpsPysPPy) = (755 553 155 P v O (4.28)

pl+m pytm potm p4+m

G}g6) (pls'-'5p6) = [ I __21 2 - - A___ 2
i=1 (pi+m“) (ijk) (pi+pj+Pk) +m

7 + o(h)

A i

‘ (4.29)

here again the sum is over the same triples as in (4.25). 1In the above

.xpressions the G's are to be evaluated only when the sum of their arguments
“anishes.
!
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In the perturbative evaluation of ¢0, we note that ¢(k) always depends

on Jl+2k 2(k+l). This is an

. Hence the Ak order contributes solely to G
artifact of the approximation, which neglects contributions of order 4.
Following Feynman, we develop a pictogram for these Green's functions.

We represent EgN)(El,...,EN) by a blob with N external lines

——

each line carrying a 5 label, and with all arrows pointing into the blob.

This blob is then represented diagrammatically by the following rules:

> means 1 , the propagator factor
=2, 2
p +m

means -\, the vertex.

SRR
i

It is understood that the net amount of p flowing through the vertex is con-

7,
g

s

served. The vertex ><'has no arrows on its lines, thus indicating that the

gi propagator factor for the lines is not included. Comparison with (4.27-4.29
?ﬁ leads to

&

&,

o

&
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t appears then that the Feymman rules, to this order in #, are to draw all

LA L

QUN OpHMN

N p o

ossible arrangements using —— and >< as basic building blocks with no closed

ircuits (also called loops). Such diagrams are called tree diagrams. It
s not hard to see that this approximation represents the Green's functions
y their tree diagrams.

Consider a diagram with E external lines, I internal lines and Vn ver-
ices, each with n lines (in our case n = 4). Each internal line hooks on
o two vertex lines. Hence the number of external lines is just equal to

e number of vertex lines minus twice the number of internal lines
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n

To {#°), we have E = 2k+2, n = 4, V4 = k hence

o s o Brrerd T LSRR
s spperndh 4 Judes g aBe W

gk

I= V4 -1 G(#°) only

-
A;,&

jey

so that there cannot be any closed loop in the Feynman diagram: so they a;
the tree diagrams. The rule for an arbitrary (tree) diagram is to draw all?

)
topologically inequivalent diagrams with the external lines identified. F%
example, in 5(6) when the same lines emanate from the vertex, the diagram
enters only once3because their rearrangements would give topologically equg

alent diagrams [2\\‘ & ~ 3 > , etc.]. These rules make it easy
oo X

5

sl a0t

to write the expression for G

~(8)

we first draw all possible inequii
alent tree arrangements with the external lines identified, and then use th:
rules in reverse to get the analytical expression. This use of the pictorif
representation has proved to be an essential tool in the perturbative eval—?

uation of the Green's functions.

It is interesting to rewrite these results in terms of the classical
field ijx) and to see the form of the resulting effective action. In Eucli
ean space we define the classical field as :

YA §S

- E E )
¢Cﬁ,(x) = - m‘ eiliad m‘ + G(ﬁ) s (4.30

3

which, using (4.19) gives us Qgéi) as a functional of J, order by order in

i

A. Then, we invert the equation in perturbation theory, and find J(X) as -

a functional of<%g The result is
N - 432 2 - A 3=
J(x) = (8°-m )¢cll,(x) T ¢cll,(x) . (4.31)
The remarkable thing is that there are no terms of higher order in X in this
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equation. By comparing with (4.7), we conclude that

¢dfx) = ¢0(x) + o(#) . (4.32)

Integration of (3.9) gives us immediately the effective action to this order
_ 4—.1 52 2 A 4 -

ralegd= 405 6,076, - 77 ¢ )1 o (4.33)

Thus, I', is the classical action. We can therefore derive the expression

E
~(2
for the proper vertices. In this approximation, we see that F( )

~(n)

inverse propagator and that T

is minus the
for n > 4 vanish. The higher order diagrams
do not appear. The reason is that the ?(N) generate only Feynman graphs that
cannot become disconnected by cutting off one of their internal lines. Such

graphs are called one-particle irreducible. As we have seen, all the tree

graphs are one-particle reducible except for the lowest one.
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Problems.

A.

T
5 g3

e T

Show that the saddle point evaluation of the path integral correspon

to an asymptotic expansion in #. :

£

Solve the equation

¥
i

;

o2n® - 35 0he = -

order by order about A = 0. If we set ¢ = ¢(O) + A¢(l) + A2¢(2) + ..i
derive the explicit expressions for ¢(2) and ¢(3). :

B
%

For A¢4 theory, find the effective classical action to order A3, and
derive the classical Euclidean Green's functions to order A3, both in%

%~ and E—Space.

—
a0y

PrRRE.

s
SR w6
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5. First Quantum Corrections - g-function Evaluation of Determinants

The (%) correction to the effective action is computed by evaluating
the determinant of (4.11). This determinant is to be interpreted as the
product of the eigenvalues of the operator. In one possible procedure, the
space is truncated (by, say, a box), resulting in discrete eigenvalues. Their
product is computed and then the size of the box is let go to infinity. 1In
the following we want to make use of a powerful formal technique for computing
the determinant of operators.

Consider an operator A with positive and real discrete eigenvalues

Bpseeed seens call its eigenfunctions fn(x)
Afn(x) = anfn(x) . (5.1)
We form the construct

ROED) , 6.2)
n

:mm|“

called the g-function associated to A. [If A is the harmonic oscillator
transformation, then f is indeed Riemann's z-function.] Then the sum extends

over all the eigenvalues and A is a real variable. We note that

d;A(s) -sa
%= = —Z fnae = ~fn (Tla_) s (5.3)
s n n
s=0 n s=0 n
leading to
~2}(0)
det A = Han = e . (5.4)
n

The advantage of this representation for det A is that for many operators

of physical interest CA is not singular at A = 0. In fact, introduce the

"Heat Function"
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—anT *
G(x,y,5) = ) e £ G (y)

which obeys the differential equation (heat equation) L
A G(x,y,T) = - 2 G(x,y,1) (5;
X s) s 3T 3T s %

%
as can be seen by inspection. The z-function can now be expressed in te 5
ke
of this "Heat Function' very easily: 3

1 7 -1 !
(8 = 775 é 157 [dxG(x,x,T) , (5.

IS

3

using the orthogonality of the eigenfunctions and the well-known represent;

tion of the I'-function. This equation is the desired analytic representatﬁ

iy

of CA(S). Note that

-

%
G(x,y,r=0) = §(x~y) s (5.8
using the orthonormality of the eigenfunctions. Thus a possible way of co

Wi G mre s

puting det A emerges: 1) find the solution of eq. (5.6) subject to the ini-

tial condition (5.8), 2) insert the solution into (5.7), to compute ;A(s),

e Tyt

and use (5.4) to obtain det A.

4
&

$

This procedure can be generalized to our problem. The operator is now ;
[—52+m2 + %-¢§(§)], where ¢0(§) is a solution of the classical equations wit

i

a source J.

It is easy to check that the solution of the equation

BGO

2. == o~ _ 0 .
—BxGo(x,y,T) = -5 s (5.9)

with the boundary condition (5.8),1is (in four dimensions only!)
1 = =2
=77 &)

——1——-2—e . (5.10)¢

6, (x,y,1) =
0 l6n2r
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This does not yet solve our problem. In particular the resulting Z —Z(S)
-3
computed from (5.9) does not exist. We want to find G(x,y,T) subject to

(5.8) which obeys

(B2 + 3 ¢é(§)]G(§,§,T) - - 19%:;‘1211 . (5.11)

It is clear that for an arbitrary ¢0(§) this equation is very hard to
solve. Still, let us see what we can do. If we write the effective action

in the form
- (1
Tglo ] = Tpole b + Arg™ e 1 + .. s (5.12)
e see that

(1) =_1
r2 e ,)= 5 ¢ 0) s (5.13)
E cf 2 w2, 2 A 2,”
[-374m" + E‘%ﬂﬁx)]
here we have replaced ¢0 by ¢c2which does not induce any error up to (%),
nd used (5.4) and (4.11).

On the other hand, we can set
- 5 G 53 6 G
Tple ) = [d X[V, ())4F (4,93 ¢, ¢ (R)+..] . (5.14)
ence, if we want to calculate the G3(#) contribution to V(Qﬂ), it suffices
o consider a constant field configuration: suppose we set
¢c2(>—<) =v , (5.15)
here v is a constant independent of xX. Then

rgle) = [d'5 v . (5.16)

. b= . .
nd it is proportional to fd x, the infinite volume element, because the
uclidean space R4 is not bounded. However, if we make believe we are on
the surface of a sphere in five dimensions, we get a finite volume element

4
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(the surface of the sphere). This procedure avoids this infrared div.
Later we can let the radius of the sphere go to infinity. %

It follows that the (%) contribution to the potential is given W

v(v)jd4£ = - % '

0) .
[—82+m2 + %‘VZ] N
With a constant v, (5.11) can be integrated very easily. We find?
%
—@? +2vH
ol N w2 @5 24 2 2 ;

e(x,y,1) = —t— e y e s

22
lem't

T

where we have inserted an arbitrary factor p with dimensions of mass to

.

T dimensionless. Then, by using (5.7), we arrive at

§ A 7

a0 4 —(m2 +-}LV2)T/L|2 !

1 s-1 4- u 2

2() = Ty Jar T [dx —55 e
0 16t T

2 A _2\2-s M
4 + 5 v .
2 T'(s-2) f 4 :
= d'x (5%
l67r2 u2 I'(s) B

where we have rescaled T [the integration over T is strictly valid only Wé

k4

s-2 > 0, but we define Z(s) everywhere by analytic continuation]. Note ti

appearance of the volume factor fd4§ which accounts for the one in (5.17).%

Comparison yields

u4 4 L m2 N %_VZ 2-s i
V(v) = - - - — , (5.2
32_'TZ ds }(s-2)(s-1) u2 <=0 :
2, ) 2
m- + 5 v

— [m2 + A'v2]2(— 24 &z~———~g—»—) . (5.2

2 2 2 2

641 u

Now that we have the functional form of V, we can state that the effective ;

potential of the theory is given by
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1 LA L22
Vip ] =5 m ¢ (X) + ¢ (X) + —““(m > ¢
o 2 Gl 2 %2
2,1 ,2
m + =
- §-+-@n 2 dﬁ + oD . (5.23)
u

This result is quite peculiar, because it seems to depend on the un-—
own scale u2, which was introduced arbitrarily. Does it mean that the
tential thus obtained is arbitrary? Observe that V depends on the param-—
ers m2 and A. These have not really been defined except as input parameters
the classical Lagrangian. For simplicity, take m2 = (0 to start with.
en it is easy to see that automatically

d2V

do?

=0 at ¢ =0 . (5.24)

We define the mass squared as the coefficient of the ¢2 term in £ eval-
ted at ¢ = 0; it is seen to be zero to (&(#), if it is classically zero.
xt, what about A? Let us define it to be the coefficient of the fourth
rivative of V evaluated at some constant point ¢ =

ak

A Z — at ¢
d¢4

]
=

. (5.25)

Note that we cannot take ¢ = 0 as in the previous case because of the
vergence coming from the logarithm [infrared divergence]. This is typical
theories where m2 = 0 classically.

The condition (5.25) requires
n - . %. ,  (5.26)

seen by differentiating (5.23), setting m2 = 0 and using (5.25). Thus

can eliminate 2u2/A in favor of M2 and express the result as
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2.4 2

& A 4 2 2, 25
# PRV °2 [?/n%—? ,  (5.27
c LT M

in accordance with the result of S. Coleman and E. Weinberg, Phys. Rev. D7,

1888 (1973). This little exercise shows that we must carefully define the

-

; input parameters in the Lagrangian in order to handle the quantum correction
3

£ . . 2 .

g The result (5.27) still seems to depend on one arbitrary scale M~ but it rea
|

2 does not, because, given the normalization condition, if we change the scale
u 2 2

. from M” to M'®, we have to change at the same time A to A', where

2

1
” A= )4 3X2(,,,1M_ (5.28
¢ 16m M
§ (using 5.25). We see that the potential
A12 2
A!
; V) = g7 b+ ——5 =5 - 21+ 00%) (5.29)
i Ted aser M
% is form invariant under this reparametrization:
; VLMY = V(LM . (5.30)

This shows that the physics does not change, only our way of interpreti

R

the constants.

A3 R R s

ST N
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Problems.

A.

Suppose that the classidal potential is given by Vc2= %—f¢3, where f hag
dimension of mass. Find by the steepest descent method the first quantum
correction to this potential. Interpret the resulting potential phys-
ically.

1.3 A4
Repeat problem A. for Vc£= g-f¢ + ZT—¢ . Interpret physically.

Find the solution of the heat equation

=2 2...- = 3G
36 (x,y,T) = 57

6{x,y,0) = §(z-y)
in d-dimensions. Use your result to compute the effective potential

for the theory defined by
6-:1 - = 2.2 A3
fa%x[5 3 03 ¢tm%e" + 37 671
in six-dimensions. In particular find the A-rescaling necessary to pro-

vide invariance of the result under a scale transformation., Interpret

the sign and plot the variation of A with scale.
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6. Scaling of Determinants. The Scale Dependent Coupling Constant

The ¢-function technique for evaluating determinant of operators makes

it particularly simple to derive the scaling properties of these determinants.

Under a scale change

Aal=e 6.1)

>

where d is the (natural) dimension of A. The definition of the Z-function

leads to

tpre) = &%, (o) ., (6.2)

from which
dg , (0)
d a
det(ea A) = e A det (A) . (6.3)
An illustrative application of this formula is obtained as follows:

Under a dilatation

r - 2 r o ,a
X - x| =e xu , ¢cl i, =€ 9., , (6.4)
the classical action with m2 =0
- b=l =2 A 4
Splegl = Fd"x[5 ¢,3% - 77 o] (6.5)

suffers no change. On the other hand, the path integral for this action is
not scale invariant. Indeed, in the steepest descent approximation, we find

that the change in the effective action is to 3(#),

eff eff _ oeff _
Sg [o] » Sp la,] =S el ﬁac[__az LA 2](0) - (6.6)
2 %2
<2 2,2
The ¢-function for the operator -3~ + 3 %ﬂ is calculated by assuming
for G(x,y,t) the asymptotic expansion (setting u2 = 1)
- =2
o o EY) /4T ® e n
G(x,y,1) = B e et z an(x,y)T , 6.7)

1érT n=0
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where we have inserted an artificial convergence factor with € > 0. For the
reader unhappy at this procedure, imagine that m2 # 0 to start with. The
boundary condition (5.8) requires that

aO(E,E) =1 . (6.8)

Furthermore, the differential equation (5.11) applied to the form (6.7) yields

recursion relations for the an(§,§) coefficients

@), ;?{: ay(,9) = 0 (6.9)
[@+1)+Gey) 5%:]3n+l(;<,§) = G2 - 2 2@era &)

n=0,1, .. . (6.10)
They can be solved, giving

2
a (55 = - 262 (e, a R =2 ot B - 235%  G)ters? . (6.11)
1 2 "cf 2 8 cl 6 cl cl

The resulting z~-function, evaluated at s = 0, is now given by

Y1, (6.12)

4 2 2
1 4= A pabe 2 = g b A
2(0) = —515 [alx + 557 [atxe  Go+d % G e

167r2 2

where we have used the definition (5.7), (6.7) and (6.11). The 52 term in
a2(§,§) has been integrated out. As we take € to zero, we obtain the final

result
reff _ eff _
SE

Sk

2
ra ——A——g-fd4§¢t§§) . (6.13)
8.16m ¢

Thus we see that the sole effect of the dilatation (to this order in
#) is to change the coupling constant A by
' 2

A N A
A )
4l 8-167r2

>~

ﬁ}-» . (6.14)

~
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i.e.,
2
A=At =) - 3)‘2ﬁa

16m

. (6.1

This very important formula tells us that the coupling constant, which is
classically a dimensionless parameter, develops as a result of quantum effe
a scale dependence. In this particular case, it tells us that at large
scales the coupling constant decreases, which means that the non-interactin
theory is in some sense a good approximation for asymptotic states. As the
scale decreases, the coupling starts increasing, and even though we may hav
started from a small value of X at an initial scale, A may increase invali-
dating results obtained on the basis of perturbation in A, Note that this
scaling law is exactly the same as that obtained in the previous paragraph
[recall that a = - &z%:]. This result is exact to (3(s). It is customary

to define the B-function

2 2
a0 o3,

B
d@/zM2 327r2

s (6.16

which in this case is positive.

Thus we have learned from a different point of view that in Quantum Fie
Theories, the coupling constants have to be defined at some scale because
even though they may be classically scale independent, they develop quantum

scale dependences.

~124~



roblems.

.

2 1 22 A 4
When m~ # 0, the classical action with Vc9.= Fm ¢cIL+ ar ¢cILiS no longer

dilatation invariant. ¥Find the changes in the effective action stemming
from a dilatation. 1In particular, find the change in m2, both classical
and quantum (to G(#)).
Introduce the new asymptotic expansion for G(x,y,T)

- =2 A2 ,-
CED T -5 0B

- - n
e I b (®,)T ,
7r2T2 n=0 *

G(x,y,1) =
16

corresponding to the operator -—82 + % ¢2(;<). Find the recursion rela-
tions for the b coefficients, and work out the form of bn(;(,;() for

n=0,1, 2, 3.

~-125-



@
@
i

L gt e e

TG e B

IV - PERTURBATIVE EVALUATION OF THE FPI: ¢4 THEORY .

1. Feynman Rules for A¢4 Theory

In the following, we proceed with the conventional (perturbative) eval-
uation of the Green's functions in Euclidean space. We start from

2 03] ~fa*517 3,438 + 7 nl6PH($)-30]

wE[J] = e 5 e

L]
=
Sy

s
(1.1)
where N is an arbitrary (infinite) normalization constant. The connected
Green's functions are given by

™ § 23]

6 Gpreeoody) = - g5 Teay - a2

They will be calculated by perturbing in the potential V. For simplicity
in the following, we neglect the subscript E and the bar over x, which indi-
cate Euclidean space. Later when confusion with Minkowski space might occur

they will be reinstated. Using the trick of Section 3 of Chapter III, we

obtain
'<V(5_5J)> -2%131
W[J] = N e e , (1.3)
where
22031 = = T <30, (x-y) I (y)> (1.4)
2 F Xy )
and
4 ipx
pplxy)= [ St L)
(2m)" p™4m
A little algebraic rearrangement yields
§
0 Z0 -<V(E)> —ZO
Z[J] = -n N + Z7[J] - on (1+e” (e -Le ) s (1.6)
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which is ready for a perturbative expansion in the potential V.

If we let
20 '<V(é%)> 20
§ = e (e ~-1e , (1.7)
we arrive at
Z[J]l = -n N + Z [J] - &8[J] + = [J] = 8 [J] + ... (1.8)

In particular for V = ZT*¢ , we can expand in powers of the dimensionless

(in four dimensions) coupling constant A Setting

§ = 8,2+ 38 Az +

1 2 ... s (1.9

., we find

Z2[J] = -4n N + 20037 - 2s I (5 [J1 - —-5 [J])

- 338,191 - 6,1316,131 + 5 623D + ...

(1.10)
. From expanding the exponential in (1.7) we find
0 4 0
6 [a] = - L 2 918, -27[I] (1.11)
1 41 A
8§J
0 4 4 0
52[J] = ——j;—i eZ [J]<5 1 Jiz>2 e_Z [J], etC. ... . (1.12)
2(41) 83 8J
) 1 2
. Using the explicit form (1.4) for ZO, we arrive at
= . L
él[J] ] [<Axanb chdeanJ Tt 6<AxxAxanb a b
‘ + 3<A2 >] (1.13)
XX .

PIRNY

where all variables x, a, b, ¢, d, are integrated over in the relevant <...>.
+ Similarly, we evaluate §

: 2 in a slightly trickier fashion: we note that

-127-~

g

13
o
-3
W5
gf.\:\
&
b
N
&
¢
P
y

Lt g
g TR <



PRSI

O S 8 -
: 52[J] =~ 3GD e’ < 4>l e él[J] , (1.14)
|1 8J
i 1
1 50,0
R by inserting e e in the middle of (1.12). Next the expansion
E 4 0 420 3 20 270 2
: 8 -Z §'e §7e § §"e §
: z % 7 7t 3 te 2 2
¢ 8J 8J 8J 8J 8J
4
. 0
. -Z 3 0 4
e (1.15)
8J 8J
' allgws us to write
i
0 0
. s ols2_ 1 eZO<(4 % 5, 8% &
p 2271 204 3 8J 2 2
f éJl 1 éJl éJl
‘ 0
v -Z 3 0 .4
{ R i R "N &) . (1.16)
4 1 & 8J

i 1 1
Comparison with the expansion (1.10) for Z[J] shows that the "disconnected"
part %-éi drops out. By disconnected we mean a contribution which can be

written as the product of two or more functionals of J. This concept will

become obvious in the diagrammatic representation. The fact that Z generates

only connected pieces is true to all orders (see problem). For example, the
3 . , . .

order A~ contribution in (1.10) is connected: write

0 0
«fvvyve?s
Xy z

w
B

Xyz

, 0 0 0 0 0 0
Z ~Z Z -7 Z -7
<(e Ve ) (e Vye ) (e Ve )>

@

Xyz

B e .

0 0 0 0
-~ % <(eZ Vxe‘z )(eZ Vsze‘Z

e

2y 53 (1.17)

it e 4w
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1

=37 8 [J] + 8 [J]a [J1 + & [J] . (1.18)

In the above 52, 53 stand for the connected pieces. To arrive at this form,

we have used the fact that there are only two types of "disconnectedness':

all three %, y, z disconnected, and only one disconnected from the other two; and
there are three ways to obtain the latter possibility. The parentheses in

(1.17) serve to shield other terms from the action of the derivative operators
within them. It follows that the term appearing in the expansion of Z can

be rewritten, using (1.18):

1.3 _ 1.3 _ c 1 1.3
6, - 8.6, += 6> =%+ 82 + 5.6° 51(52 8 ) + 3 51

3 172 371 3 3171 172

c
= 53 . (1.19)

Now, the explicit evaluation of the connected part of 52 yields, save

for the J-independent part,

cripoal 1.3 ,1
52[']] =+ 2 <JaAax(é Axy + 4 AxxAyyAxy) yb b xyab

l 2
8 JaA xAyyAxyAxb b xyab

2
+ 41 <JaAaxAxxAxyAybAycAdebJch xyabcd

3 2
+ 2041 <J JbAaxAbexyAycAdec d xyabcd
+ 1 <J I I A A A A A A A JTJ
2(3')2 abcax bx cx xy yd ye yf d e f xyabcdef’

(1.20)

The resulting connected Green's functions follow from (1.2):
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and finally

G(z)(xl,xz) = 8(x %) —-% fd4y A(x;-y)Aly=y) Aly—x,)
A2 4 3
+ 7;—fd xd'y A(xl—x)A (X—Y)A(Y—xz)

2
+ %r fd4xd4y A(xl—x)A2(x—y)A(y—y)A(x—xz)

A2 a4
+ 5 Ja'xdYy A -x)AGX) MGy Ay-y) Alyx,)

+ 000 . (1.21)

G(4)(x x3,x4) = —Afd4x A(xl—x)A(xz—x)A(x3—x)A(x4—x)

l’xz’
AT
+ 5 [axdly A% (xoy) (80, —x) AGxy=x) A(x4—y) B(x,~y)
+ A(xl—x)A(x3—x)A(XZ—Y)A(X4—Y)

+ A(xl—x)A(x4—x)A(x2—y)A(x3—y)]
+ Af-jd4 aty a (x-y) [4( A A(
5 xd'y Aly-y)a(x-y xl—x) (x2—x x3—x)
A(x4—y) + cyclic permutations]

+ o0 . (1.22)

G(6)(xl,...,x ) = Azfd4xd4y A(x-y) z A(xi—x)A(xj—x)A(xk—x)

6 (15%)

M, AG MG ) +00D) , (1.29)

where the sum in the last expression runs over the triples (ijk) = (123),

(124), (125), (126), (134), (135), (136), (145), (146), (156), with {%mn)

assuming the complementary value, i.e., (mn) = (456) when (ijk) = (123), etc,

The remaining Green's functions get no contribution to this order in A. Note
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that the AO contribution to G(z), the A contribution to G

(6)

(4)

and the Az con—
tribution to G were all previously obtained in the classical approximation
of the last chapter.

Tt is straightforward to derive the p—space Green's functions, using

(4.26) of Chapter III. We find

4
~2) .1 A 1 d'gq 1
SR S 2 N Il Ry I ) Z 7.2
pHm (p™m™) (2r)" q™m
4 & 4 4
.\ ! / d'q; dq, diqy §(p=q;-a,-44) (2m)
6 2. 2.2
D2 T an* ot Gn® (P (i) (g5
4, 4 4
+)\_2 1 d4q 1 [ d'e, d'e, ﬁ(p—ll—lz)(Z‘n)
i 3.2
“eth? T ent Pl T an® ot elahGlad)
2
LA dbq 11 a1
i T2 3.2
(p“+m”) (27r)4 q2+m2 p2+m2 (27r)4 ILz+m2
3
+ 6(0°) (1.24)
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4 4 4
~ 1
i=1 (pi+m ) (2m) " q™m® i=1 p;tm
4 4
2 dq dq
+ o et R ) ‘s(ql"LqZ_pi_pi)(2“)4
(2m)" (2m) " (g +m™) (g #m%) (1) :
3
+ G(}7) . (1.25)

In the last expression, the sum ij runs over (ij) = (12), (13), (14) only.

Finally 5(6)

is given by (4.29) of Chapter III. These expressions are clearly
unwieldy. One needs to devise a clever way of remembering how to generate

them. This is exactly what the Feynman rules achieve. We now proceed to

state them:

1. For each factor *El—i-draw a line with momentum p flowing through
p +m
it:
3 1
5 : 7 2
p +m

2, For each factor of -A/4! draw a four-point vertex with the under-

standing that the net momentum flowing into the vertex is zero:
A Py

- (pl+p2+p3+p4 = 0)
[ P2

3. In order to get the contribution to E(N)(pl,...,pN), draw all pos—
sible arrangements which are topologically inequivalent after having
identified the external legs. The number of ways a given diagram

can be drawn is the topological weight of the diagram.
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4, After having conserved momentum at every vertex, integrate over the

internal loop momenta with f ———g—.
(2ﬂ)

The result gives the desired Green's function. Perhaps a more systematic
way to describe these rules is to attach to each vertex the factor

4' 5(Zp)(2ﬂ) , where Ip is the net incoming momentum at that vertex. Then
one integrates over all internal momenta. In this manner one obtains an
overall (2n)45(2p) where Ip is the net momentum flow into the Green's function.

For instance, the expression (1.24) is diagrammatically rewritten as

From the rules we can easily obtain the analytical expressions corresponding
to these diagrams:

3 o—-—g::l——o a) We need one vertex and three propagators. There

| 2

are four ways to attach the first leg of the vertex

il

to 1, three ways to attach the second leg to 2.

Hence the weight i%—4-3 = %u The vertex counts for
-x. Let q be the momentum circulating around the

loop. The rules then give

f‘*“L s o 1tPota—a) —5 l ————————l .
an* R L ok

T"*EE}““E b) We need two vertices. There are four ways to attach
the first leg of the first vertex to 1, four ways

to attach the first leg of the second vertex to 2,

< -133-




three ways to sew the second leg of the first vertex
to the second, and two ways to sew the third leg

of the first vertex to the second. Hence the weight
N ;L-4'4-3-2 = lu Note that we did not count

4! 4! 6

that we initially had two vertices to play with.

This is because the diagrams are the same irrespec-—
tive of which vertex was used. The strength of this
diagram is (—)\)2 = Az. If we call the momenta flowing

in the internal legs ql, dy> dg3» the Feynman rules

< give
-
§
! 2 d4q d*q d4q 8(p;=q;=dy=d4) 8 (P y+q,+d,*q,)
§ AT 1 f 1 2 3 (2n)8 171 72 73 2 71 *2°73
6 2, 2.2 4 4 4 2, 2,,2, 2,2, 2 .
; e an® en® @n (a7m°) (aztm") (g5tm")
i
#
by c) We need two vertices; four ways to attach the first leg
I 2
% to 1, four ways to attach the third leg of the tied

vertex to the other, three ways to tie the fourth
leg of the first vertex to the second one. Hence

$ L1 3403 =1 serength (-1)2.

g 41 41 4

£

K m‘ d) We need two vertices; four ways to attach one vertex
to 1, four ways to attach the other vertex to 2. This

leaves three legs from each vertex free to be tied

pad |

together one way. For each vertex there are three
11 _1
ways to close the buckle. Hence YTINA) 4ef4e3.3 = &

Strength (—A)z.

L
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Thus we see that the Feynmman rules have reduced the problem to that faced
by a child assembling a "Leggo" set. The basic tools are the propagator

(line) and the vertex. With a bit of skill one can read those directly from

X

(1.27)

the Lagrangian. The same applies for the four-point function:

corresponding to the analytical expression (1.25). We leave it to the reader

" to verify the correctness of the numerical factors in (1.25).

H

Let us remark that in the expression for E(N)(pl,...,pN), we will have
N
2

s the multiplicative factor 1 (p +n‘12)ml corresponding to the propagation of
n 24

i=1

" the external legs.

“all orders of perturbation theory. As a result T

e ol

connected, the T

It is much simpler to deal with the Green's functions generated by the

~(n) (n)

effective Action. Their relation to G is very simple: while [e) are
~(n) . . . . ~(2) ,
are one particle irreducible. In particular T (p) is
minus the inverse propagator. We have already come in contact with this
result in conjunction with the tree diagrams, but the result holds true in
~(4)

contains only the dia-

grams
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with no propagators for the external legs. In order to show that the I‘

are one particle irreducible, it is convenient to use as a starting point

the defining equations:

sTlo] _ . 8z[J] _
5¢ = =J s §J = ¢ s (1-29)

and keep on differentiating them.

After all this work, let us go back to the Lagrangian where all the
ingredients of the Feynman rules are easily identified: the four-particle
vertex coming from the A¢4 term, and the propagator coming from the kinetic
and mass terms., Hence, after a little bit of practice, one can just read
off the Feynman rules from . The difficult part is to get the right signs

and weight factors in front of the diagrams.
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Problems.

A.

1

e

iEy

4

OB ared Bagh et o A can T

e

st o o 3 e

ez 2 B,

. : . ~(2
Draw the contributions to the two point function G( )

23,

that are of order

Draw the contributions to 5(4) of order A3.

Write the analytical expressions for the diagrams of problem A, including

the weights.

Derive the Feynman rules for V = i%—¢4 + g% ¢3

Show that Z[J] generates only connected Feynman diagrams.

Derive the form of the effective Action Se£f[¢c2] to order Az, and show

that the one particle reducible diagrams do not appear in the Green's

functions it generates.
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2. Divergences of Feymman Diagrams

No sooner has the beauty of the Feymman rules sunk in than one realizes

that most of the loop integrations diverge! For instance the O(A) contri-

bution to E(z) involves the integral

_éig_ 1 .
(27r)4 q2+m2

it clearly diverges when q -+ © since the integrand does not have enough juic
to make up for the measure. Such a divergence is called an ultraviolet di-
vergence. It occurs for large momenta or, equivalently, small distances [in
x-space it comes from A(0)], and clearly has to do with the fact that one

is taking too many derivatives with respect to J at the same point. Another

example occurs in the "fish" diagram

2 3 4 4
~ AE d'q; d'ay 8(q;%q,-p;-P,)
2 4 2, 2 2
| A en® en® @k’ i
S 1 g dl 1
en® 27 ent @*m®) a-pp,) )

Here as q =+ «, the integral behaves as Q7?} which is a logarithm: log q.
It also diverges! In passing we note tégt when m2 =0, (pl+p2)2 = (0 it also
diverges for low q. Such a divergence is called an infrared divergence.
Typically such divergences occur only in the massless case and for special
value of the external momenta [in this case pl+p2 = 0 because we are in Eu-
clidean space]. For the moment we take m2 # 0 and concentrate on the ultra-
violet divergences.

On the face of it, it is catastrophic to our program to find that our
carefully constructed Green's functions diverge. Still, with the hindsight

of History we do not get discouraged, but try to learn more about these
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divergences. We will find that they appear in a very traceable way, and that
by a suitable redefinition of the fields and coupling constants, they will
disappear! This is the miracle of renormalization which, as we shall see,
occurs only for certain theories.

By a mixture of topology and power counting we now show how to tell where
the divergences are. Consider a Feynman diagram with V vertices, E external
lines and I internal lines. For a start we assume only scalar particles are
involved.

The number of independent, internal momenta is the number of loops, L,

‘n the diagram. The I internal momenta satisfy V-1 relations among themselves
(the -1 appears here because of overall momentum conservation), so that

¢

L=I-V+1 (2.1)

is relation enables us to compute the naive count of powers of momenta for
he diagram., This yields the superficial (apparent) degree of divergence

“f the diagram D. To compute it, we note that there are
¢

- L independent loop integrations, each providing in d dimensions d powers

of momenta

vy

- I internal momenta, each providing a propagator with two inverse powers

of momenta. Hence

D=dL - 21I 2.2

2e need one more relation among V, E and I. Suppose VN stands for the

v

“umber of vertices with N legs. In a diagram with VN such vertices, we have

&
B

N lines which are either external or internal. An internal line counts

ice because it originates and terminates at a vertex, so that

‘ NV = E + 21 .(2.3)

: -139-~
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These relations allow us to express D in terms of the number of external lin

and vertices
= - l - __N—Z o
D=4d 2 (d-2)E + VN( 3 d-N) . (2.4)

In four dimensions, this reduces to

D=4-~-E+ (N—4)VN [four-dimensions] . (2.5)
Furthermore, in the theory of interest to us, N = 4. Hence

D=4-~-E [ for A¢4 theory in four dimensions] . (2.6)
The important result here is that the superficial degree of divergence does
not depend on the number of vertices, but only on the number of external leg
Thus we have only two candidates with D = 0

e with D = 2 superficial quadratic divergence

4G

with D = 0 superficial logarithmic divergence.

Note that these two- and four-point interactions are already present in the
Lagrangian, a fact which will prove crucial for renormalization. Also D =0
does not necessarily mean a logarithmic divergence: the fundamental vertex
has D = 0.

This analysis does not prove that 5(6), 5(8),

... which have a negative
D, converge. This is why D is called superficial. Consider a ''m-particle
reducible" diagram with E external lines; it is a diagram which can be
disconnected by cutting at least n internal lines. 1In general, if Dl and

D2 are the superficial degrees of divergence of the two blobs shown below,

then the whole n-particle reducible diagram has

- _1) - 2.7
D Dl+D2+4(nl) 2n , (2.7
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since the two blobs are connected by n propagators and n-1 loops:

Note that by definition I and II are at least n-particle reducible themselves.

In our case, when n = 1, we could have Dl = D2 = 0 and yet we would ob-

tain D = -2, making the diagram apparently convergent. An example of this

situation is the "dinosaur" diagram

B

«

‘which clearly diverges because of the two divergent loop integrations. An-

‘other example of a one particle reducible graph is

@

; O

n this case Dl = 2, D2 = -2 it

“f the "wart" on one of the legs.

is apparently convergent, but is not because

This should also serve to show that a four

"oint function may be more divergent than it would naively seem to be: wit-

ess this quadratically divergent four-point function

i

¢

Y
.

‘et us remark that by considering F(n) we avoid such one particle reducible

. -141-
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diagrams. When n = 2, D = Dl + D2 and we can have Dl (or DZ) sufficiently
negative to offset D2 (or Dl) and yield a negative D. An example is picture

by the "lobster" diagram

R N

B RO L8 o

e s

Similarly, when n = 3, we can have diagrams like

3
£

|

[in this complicated diagram, each vertex has at most one external line em~

anating from it]. In A¢4 theory diagrams can be at most three-particle

PYIS

irreducible because any vertex attached to an external line can be discon-

% nected from the diagram by cutting its remaining three legs.

E The procedure of hunting for diagrams which have a negative D and

i yet are divergent is now clear. Take any Feymman diagram and catalog it in
é terms of its reducibility; in our case it is either 1-, 2- or 3-particle

% reducible. If it is three-particle reducible, decompose it into units, and
g look for breakups of the form

Then in this type of diagram, we have a primitively divergent four-point fun
i tion, where the second blob itself can be decomposed in the same way.

Similarly, hidden divergences in two-particle reducible diagrams will
arise in diagrams of the form

~-142-
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with the same breakup to be repeated in the second blob. Finally, one-particle

reducible diagrams which can be decomposed in the form

— | |
N N

will have hidden divergences. The same decomposition can be carried out for

ees s

the second blobs until all such structures have been uncovered.
This exhaustive catalog shows that truly convergent diagrams do not
contain hidden two and four-point functions.
One can understand the origin of hidden ultraviolet divergences in any dia-
gram in a more pedestrian fashion. Consider any loop residing inside a diagram.
2Integration over the loop momentum in four dimensions will lead to a UV di-
gvergence if the loop is bounded by one or two propagators (internal lines)
hat most, Any more will give UV convergence. A loop bounded by one propagator

involves only one vertex,

_ 0O

AR R A

.leaving two free legs, which in turn may be attached to the rest of the di-

¢ agram (or one external, one attached). In this case one can isolate this

e

. two point function from the insides of the diagram. A loop Bounded by two

“ propagators involves two vertices and therefore four free legs
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which can be attached to the rest of the diagram, or else up to three can
serve as external lines. In all these cases one is led to isolate from the
diagram a four-point function, or a two point function if two of the four
legs are attached together (in this case the divergence becomes quadratic).
In this way, one sees that UV divergences inside a dlagram originate from
such loops and that such loops appear in two- and four-point functions nested
inside the diagram.

Thus, for the A¢4 theory in four dimensions, a Feynman diagram is truly
convergent if its superficial degree of convergence D is positive and if it
cannot be split up into three-, two- or one-particle reducible parts of the
kind just described which can contain isolated two- and four-point function
blobs. Stated more elegantly, a Feynman diagram is convergent if its super-
ficial degree of convergence and that of all its subgraphs are positive.

This is known as Weinberg's theorem, and it holds irrespective of the field
theory.

This means that the generic sources of the divergences are the two- and
four-point functions and nothing else. They are the culprits! So, if we
~(2) ~(4)’

control them in G and G we have the possibility of controlling the

divergences of all the other 5(N)'s.

The graphs which contain the generic divergences are said to be primi-
tively divergent. The fact in A¢4 theory that the primitively divergent

interactions are finite in number (two- and four-—point interactions) and are
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of the type that appears in the Lagrangian, is a necessary ingredient for
the successful removal of the ultraviolet divergences by clever redefinitions.
A theory for which this is possible is said to be renormalizable. We can
see from (2.4) that very few theories of interacting scalars satisfy these
requirements (see problem).

- When d = 4, we see that D grows with the number of vertices for which

6

N > 4. Hence ¢5, ¢, ++.. theories in four-dimensions, although per-
fectly reasonable classically, lead to an infinite number of primitively
divergent diagrams (the more vertices the more divergent!). In this
case the situation quickly gets out of hand and the hope of tagging
the divergences disappears, and hence the renormalizability.

- When d = 2 (one space and one time dimension) the situation is reversed.

There

D=2~ ZVN (two~dimensions) , (2.8)

and D does not depend on N, which labels the type of interaction!

It depends only on the number of vertices, and the more vertices, the
more convergent the Feynman diagram!! Also D does not depend on the
number of external legs! So the only primitively divergent diagrams
have one or no vertex. Since divergences occur because of loop inte-
grations, this means that divergences occur only when a leg from

one vertex is connected to the same vertex, and not from the inter-
action between two or more vertices. Such self-inflicted diver-

gences are called "

normal ordering" divergences. In two dimensions,
the only ultraviolet divergences come from "normal ordering," and not

from the type of interaction.
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Finally we note that when d = 7, there are no theories with a finite number
of primitively divergent graphs. The last theory in higher dimensions is
A¢3 in six dimensions, where A is dimensionless, since ¢ now has dimension

-2, There the primitively divergent diagrams are few since V does not appear

in the expression for D

D=6~ 2E (¢3 in six dimensions) , (2.9)
so that the one-, two- and three-point functions are primitively divergent
(quartic, quadratic and logarithmic, respectively). This theory, although
having an unsatisfactory potential unbounded from below, is interesting in
that it shares with the more complicated gauge theories the property of asymp
totic freedom.

To summarize this section, we have noticed the appearance of ultra-
violet divergences in Feymman diagrams with loops (the bad news), but we
have seen that we can, at least in our theory, narrow them down as coming
only from two primitively divergent Green's function (the good news). Hence,

if we can arrange to stop divergences from appearing in 5(2) and 5(4), we

have a hope of stemming the flood and obtaining convergent answers!
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A.

Problems.

In four dimensions, find all primitively divergent diagrams for the ¢3
theory. For each give examples in lowest order of perturbation theory.

In three dimensions (d = 3), list all theories of interacting scalars

with a finite number of primitively divergent graphs. Give graphical
examples for each.

Repeat B. when d = 5, and show that when d = 7 there are no theories

with a finite number of primitively divergent graphs.

For d = 2, 3, 5, 6, find the dimensions of the various couplings constants
in the theories where there is a finite number of primitively divergent

graphs.
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3. Dimensional Regularization of Feynman Integrals

In the following, we proceed to evaluate the Feynman diagrams. The
procedure is straightforward for the UV convergent ones, while special mea-
sures have to be taken to evaluate the divergent ones. In those we are con-
fronted with integrals of the form

+ o

1,0 = [ a*e P(e, k) ,  (3.1)

S
where for large %, F behaves either as £2 or £4. The basic idea behind the
technique of dimensional regularization is that by lowering the number of
dimensions over which one integrates, the divergences trivially disappear.
For instance, if F ~» £4, then in two dimensions the integral (3.1) converges
at the UV end.

Mathematically, we can introduce the function

I, k) = [d F(2,K) . (3.2)
as a function of the (complex) variable w. Evaluate it in a domain where
I has no singularities in the w plane. Then invent a function I'{(w,k) which
coincides with I in the domain of convergence of (3.2) in the w-plane, and
has well-defined singularities outside of the domain of convergence. We say

by analytic continuation that I and I' are the same function.

A nice example, which is the basis for the method of analytic contin-
uation, is the difference between the Euler and Weierstrass representations

of the I'-function. For Re z > 0, the Euler representation is

r(z) = fdr e t¢*7! . (3.3)

0
As such it diverges when Re z < 0, because as t approaches zero, the integral

l+‘Re z‘

behaves as dt/t , which leads to an infinity. Starting from (3.3)
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we can split up the troublesome integration limit
© na ©
- +z— - -
r(z) = } Si%%—‘fdt'tn #L} far et L ,  (3.4)
n=0 0 o
where o is totally arbitrary. The second integral is well defined even when
Re z < 0 as long as o > 0. The first integral has simple poles whenever z

is a negative integer or zero. We find

+ fdr et 7t . (3.5)

T'(z) =

=]
o
R

This form is valid everywhere in the z-plane. Furthermore it should not

depend on the arbitrary coefficient o (you can check that %£-= 0). When
a = 1, it is the Weierstrass representation of the T-function. Still, to
isolate the singularities we did introduce an arbitrary scale in the process,
although the end result is independent of it.

Our problem is that integral expressions like (3.2) are like Euler's.
We want to find the equivalent of Weierstrass' representation. Our procedure
will be as follows: 1) establish a finite domain of convergence for the loop
integral in the w—plane. For divergent integrals, it will typically lie to
the left of the w = 2 line; 2) construct a new function which overlaps with
the loop integral in its domain of convergence, but is defined in a larger
domain which encloses the point w = 2; 3) take the limit o - 2.

We now show how this is done in the case of one loop diagrams, following
the procedures of 't Hooft and Veltman, Nucl. Phys. 44B, 189 (1972). Let us
take as one example the quadratically divergent tadpole diagram. We first

¢ split up the domain of integration as

a20g 5 g%y a2uty

Next in the 2w—-4 space, introduce polar coordinates, and call L the length
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of the 2w-4 dimensional f2-vector. The integral now reads

ok S 2u-5 1
1= [de [ag, , édL L 2;5125;;5; . (3.6)

Integration over the angles can be performed (see Appendix B), with the resul

2

w— o
_ 21 4 2u=5 1
I= fd*se édL L 55 . 3.7

I(w-2) L 42 %m%)
This expression is not well defined because it is UV divergent for w = 1,
and the integration over L diverges at the lower end ("infrared") whenever
w < 2. Thus there is no overlapping region in the w plane when I is well
defined. The IR divergence is, however, an artifact of the break up of the

measure. Observe that by writing

L2w—6

d ., 22
= w}2 57 @O
dL

, (3.8)

and integrating by parts over L2, and throwing away the surface term, we

obtain

w—-2 ©
I= T%Ejij»fd4£ de2 ahH*? (- —959 —§~é%~—§ , (3.9
0 dL L4¢“m

where we have used T(w-1) = (w-2)T(w-2). Now the representation (3.9) has
an infrared divergence for w < 1 and the same UV divergence for w = 1, that
is, still no overlapping region of convergence. So we do it again, and obtain

w-2 © 2
1= T fato Ja? @t - 4y L . (3.10)
0 dL L74+¢ +m

an expression which is well defined for 0 < w < 1. Note that we had to move
the IR convergence region two units to obtain a nonzero region of convergence.

Had the loop integral been logarithmically divergent, one such step would

have sufficed.
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Having obtained an expression for I convergent in a finite domain (in
this case 0 < w < 1), we want to continue I of (3.10) to the physical point

w = 2. It goes as follows: dinsert in the integrand the clever expression

Bl
(___+ ) , (3.11)
and integrate by parts in the region of convergence. We obtain
2\ w-
_1 2% 3 2 3 L")
I= fd L de [8 7+ L —] ——5——= . (3.12)
T 5 T(w) u Bl BL2 (L2 2 )3

A 1ittle bit of algebra gives, after reexpressing the RHS in terms of I,

w=-2 2 w=-1
__3_m_27r )
I=-270 7w fd 3 de

2 (L

0 @wlkmdHt

(3.13)

This expression displays explicitly a pole at w = 1. The integral now diverges
at the upper end when w = 2. So we repeat the process and reinsert (3.11)

in (3.13). The result is predictable:

L] 2, w-1
fate fa? —f— :
0 L4+ %+m“)

2-3-4m4 Ww_z

T -1 (@=-2) T(w) (3.14)

This is the desired result. The only hint of a divergence comes from the
simple pole at w = 2, since the integral now converges.

Let us summarize. We first define a finite integral in the w-plane
to be what we mean by fdzwl F(2,k); in this case it is the expression given
by (3.10), and constitutes our starting point. Then if the region of conver-
gence does not include w = 2, we continue analytically by means of the trick
(3.1D).

It would be nice to show that for a convergent integral, the procedure
that leads to (3.10) indeed gives the right answer. Take as an example the

jconvergent integral
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(27+m")

It is easy to see that the same procedure leads to the expression

w—-2 ©
I{w) = m fd[’!l, dez (Lz)m—2 (- _d_2_) -2°——]2'—2—6 R (3.15)
0 dL (L7+2%m")
which is perfectly finite at w = 2. We find
I(2) = fd4£ __..._(—_1.2— =fd4£ e ,
2.2 2.6 2,2, 2.6
(L°4274m") 0 (L7+2%4m")

as desired. Therefore, the procedure is entirely consistent.
After all this ponderous work, let us turn to a more cavalier interpre-
tation of integrals in 2w-dimensions, as derived in Appendix B.
If we were to blindly plug in the formulae of Appendix B, we would obtain
d2w£ - o0 T(1l-w) 1
W 2md) T T (a2)

- . (3.16)

We expand around w = 2, using for n = 0, 1, 2, ... and € » 0 the formula

reme) = CDT Ly ey + 2 s[é + 97 @)y () o) ]
(3.17)
where
p(ntl) = 1 +%+ o+ % - v, [y(s) = d—g—”fagis—)] ,  (3.18)
B (+l) = 2, E L,ovw - L (3.19)
6 "L 2 6
y being the Euler-Mascheroni constant
p(1) = -y = -0.5772... . (3.20)

The result is
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1
lim [ —S—%— = opm [ + $(2)] . (3.21)
w2 Wiemd) w2

It can be shown that this is the same result as that obtained by integrating

(3.14).

From now on, we are going to use the naive formulae of Appendix B, and
‘not concern ourselves with their justification since we know they are legit-

imate, thanks to 't Hooft and Veltman.
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Problems.
A. Show that the naive procedure of Appendix B and the more careful one

outlined in this section lead to the same results for the integrals

I I Lo R e :
(2%4m™) (2%4m%)

B. Prove the last four formulae of Appendix B.
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4, Evaluation of Feynman Integrals

Using the techniques of the previous section and the formulae of Appendix
B, we proceed to evaluate the low order Feynman diagrams for A¢4 theory.
We have seen that the technique of dimensional regularization is pred-

iicated on the evaluation of Feynman integrals in 2w dimensions, where the

coupling constant A is no longer dimensionless. We find it convenient to

redefine it in terms of a dimensionless coupling constant by the artifact

: - 2,2~
. Aold )‘mew(u )

s (4.1)

‘where A is dimensionless and u2
new

is an arbitrary constant with the dimen-
"sion of mass. Alternatively, we can say that we evaluate the Green's func-

i tions for the theory defined by the action

i o [q2w (1 1 22,  x  22-whk
S (61 = [aTx[F 3 43 ¢ + 5 m%6" + 7+ )T Te] N

{The Feynman rules for this theory are the same as the one for the theory in

" four~dimensions with three exceptions: 1) the scalar product between vectors

2w
_is summed over their 2w components, 2) the loop integrals appear with f 4L

2w
2,2~ (2m)
cand 3) the vertex strength -A is replaced by (-X) (u") .

. Let us evaluate the lowest order diagrams for this theory. We start

¢

“with the "tadpole" diagram (in conventional terms such a diagram comes from

#pot normal ordering the interaction term). It is given by

2w
1 2.2-w ; d“%g 1
ST =5 (N [ S (4.3)
2 @2 (2l
2 2 2-w
= -2 AT r(ew . )
2(4m) m ’

?where we have used (B~16), and have kept m2 in front because the diagram has
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dimension of mass squared. By expanding around w = 2, we obtain

Am 4 2 1
T = - 2u+<&@mi%ﬂm“]h53—wu)+.J (4.5)
327 m
Amz 1 m2
=5 555+ (@) ~in + 0(2-w)} . (4.6)
- 2
327 4y

Observe that in this formula, the judicious introduction of the arbitrary
scale u2 allows us to keep track of dimensions, and that the pole from the
expansion of T cancels against the first order term in the expansion of

, leaving us with a finite contribution as w -+ 2. This feature will
be present in the evaluation of all divergent graphs. We conclude that the
divergence in T appears as a simple pole, and that the finite part of T, which
in this case does not depend on the external momenta, is totally arbitrary
because a change in uz affects it.

The next diagram is the ''fish"

R !
z +
(@ X renenee
R Ps
The Feynman rules give
1 2, 2. 4-20 , _d%% 1 1
=3 DWHTE .7

2 2, 2 2, 2
@n® @5m%) [(2-p) “m”]
When there are more than one propagator taking part in a loop integration,

it is convenient to introduce the Feynman parametrization based on the formula.
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al—l ak—l
I{a,+a,+...+a, ) 1 1 Soux
= lﬂ 2 = k f...fdx L.dx 1 k .
a. a a T(a,)T(a,)..7(a,) 1 k a.+..+a
D lD 2 D k 1 2 k"0 0 (D, %.+..4D.a, ) 1 k
172 "7k 171 " "7k%k

S(l—xl—...—xk)x

(4.8)

It allows for a convenient rearrangement of the loop momenta. In this case

we use it in the form

1 1 1
T S e e
The denominator can be rewritten in the form
i £'2 + m2 + pzx(l—x) s
i where
5
: g = g - p(1-x) . (4.10)
% Since we are dealing with convergent integrals, we use dzwﬁ' = d2w£ and re-

* label the loop integral from % to £'. The result of these manipulations

| yields
: 2 1 2w
2 4
; e M R - 4.11)
f 0 2m®® [2%4m p x (1-x) ]
i Thanks to this trick, we can now use (B-16) and integrate, obtaining
. 2 1
; 2, 4-2 (2~
: =2 wH Jax (2-w) 1 (4.12)

0 @m® [m2+pZX(l-x)]2—w

- Before expanding, remember that this diagram has dimensions (uz)z—w, which
% we show explicitly. After expansion we obtain
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G

4 2,2-0 22 % n’+p%x (1-x)
3 = HT 2 fdx{ =+ p(1) - CEESEEY + 0(2-0))
4 327 4oy
: (4.13)
2 1 2,2
= @HP A Bk @) - fax o EREAE) 4 600
327 0 4y
(4.14)

. . . . . 2
Again, observe that the finite part is arbitrary depending on pu~, although
this time it depends also on the external momenta. Let us emphasize that this

arbitrariness in the finite part is generic to the method because of the

separation of a divergent expression into a divergence plus a finite part
g [after all = + 5 = » + 61]
There remains to integrate over the Feynman parameter x. Since x(1-x)

is always positive [0 < x(1-x) < 1/4] over the range of integration, the

argument of the logarithm is always positive, making the integral easy to

' evaluate. We use the formula

v

g 1 i
9 [axon 1+ 2 %101 = -2+ Fam 22 0s0 | @)
i 0 /1+a—1
i The result is then
¥
e
1 202-0 A% 1 tmy®
¢ p—» = @) —“—'i[m+\b(l)+2+?/n >
. 327 m
¥
i A+ 3%?-+ 1
: -A+ 5EL—zm (P} 4 52-w)] . (4.16)
p 2
1+ —7f -1
P
-158-

4
]
Y
&
&
&
/E}v
#
ol
3
el
2§
r
I
&
] !
i
i
R
3
%
¥
&
b4
o
E
4
H
L
.




. In the evaluation of the four-point function, there will be three such con~

tributions with p = Py + Pys P = 12 + Ps and p = Py + Pys corresponding to

© the s-, t~ and u-channel contributions [caution: here all momenta are incom-

ing]. This diagram is computed in the Euclidean domain; continuation to

‘ Minkowski space will entail changing the sign of p2 and carefully interpreting

5

the result. As it stands, however, the finite part has no interesting ana-

2
lytical structure as long as p° > 0. We will return to this point when the

¢ interpretation of the result is discussed in Minkowski space. Using the same

i

H

T et

el g

: techniques, we compute the "double scoop" diagram:

Y4

~A

2w 2w
1.2, 2.4-2 a4’y 1 d“%q 1
q - =729 J (4.17)
1 4 (2_”)21» 22 (2m) 2@ (qzmz)z
22 2
A m 1 1 b4y
=- [ + (2 on +9(2) + p(1)]
1026 (-2 W n?
2 4nu2 4nu2 1 2
*20m —5t 20— @(2)+p (1)) + 5—([w(2)+w(1)]
m m
2W2
+ 55 - (@D (D) + 0-2)] . (4.18)

Note the appearance of a double pole and the arbitrariness of the residue
of the simple pole and of the finite part.

Finally, we calculate in detail the "setting sun" diagram

£

Cq—fw
p C p
q
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It is worth doing in some detail as it is a two-loop diagram. Call the dia- :

gram Z{(p). The Feynman rules give

2 2w 2w

AT 2420, 4™ d 1 .

2e) =g ) % e 23 22 SN
2m) (2r) @ ") (¢"4m") ([q+p-2 ] "+m")

In diagrams involving several loops, ultraviolet divergences will find
their way into parametric integrals. For convenience one wants to have as
few divergences as possible in these integrals. This means that special
techniques have to be applied on (4.19) before introducing the Feynman param-
eters, unless the integral is at worse logarithmically divergent. Using the
trick

3%

3q
Aoy 4 (4.20)
q

L 4y 3L
u

in the integrand of (4.19) and integrating by parts, we find

2 2w 2w
1A 2. 4=20 d“%g d 3 3
Bp) = -5 WO [ S [ S gt a5 )
4y 6 (zﬂ)Zw (zﬂ)Zw u Slu y 3q
. 1 , (4.21)

%%y (¢%m?) ([qrp-21%m?)

where we have discarded the surface terms, in keeping with the philosophy

of analytical continuation we discussed in the one loop diagram [see 't Hooft
and Veltman, Nucl. Phys. B44, 189 (1972), and also Curtright and Ghandour,
Annals of Phys. 106, 209 (1977)1.

Explicit differentiation gives
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2 20 2w
2(p) = (2;E3) L R R
(27) (2m)

3m2+p-(p+q—2)

(4.22)
(q2+m2)(22+m2)([q—2+p]2+m2)2
T 2;E3 %? O N e K(@)+pK (p)] . (4.23)
and
20 20
o) = | (4.24)
(2m) (2m) (g #m®) “(2%4m") [q-2+p) +m 1
K (p) = f dzwz dzwq (p+q—2)u
* en® " @en?® (¢Pn®) @2 [ (a-2tp) Hm?1?

(4.25)

where we have freely made several linear changes of variables over loop mo-
menta. Now K(p) is log divergent and Ku(p) is linearly divergent. We first
evaluate K(p).

It is prudent to introduce Feynman parameters one loop at a time, start-

ing from the most divergent one. So doing we obtain

2w 1
KG) = | a gw ; % T l2 5 Jdx =5 :
2m) @2m)™ (@m0 [27+m ™+ (ptq) X(l—X)]
(4.26)
. Integrate over %, using (B-16), to obtain
Koy = D) oy d®e 1 1
P w 2w, 2. 2.2 . 2 2 2w
(4m)” 0 (2m)™" (@™m")" [m™+(p+q) "x(1-x) ]

(4.27)

. Proceed to use (4.8) to rewrite

W
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T(4-w) l g
K(p) = fd [x(1-)1%"2 [y y2 ¥ @-y) [ -2
(4n) 0 0 (2 n)

a2y (my)m (1my + ) 197 . a8

Integration over q finally gives

K(p) = Ll=2) fdx[x(l—x)]‘*’ -2 fdy v 1-y)
(4m) 0
2 2 2w—4 ’
[Py (l-y)+m” (1-y + (s x))] . (4.29:

It is convenient to introduce
2-w = €(> 0 because of the analytic continuation) (4.30
and expand (4.29) around € = 0. The parametric integral has a pole at € = 0,

coming from y = 0. Set then

1
R(p) = —HZeb fdx[x<1-x>] [ay v (1oy)
(4n ) 0
2 2 y -2
[p7y(l-y)+m™(l-y + x(1_}())] . (4.3D)
Using
-lte 1 d e
y T > (4.32)
and integrating by parts, we find
1 1
r2e) 1 - €
K(p) = —=0— = [Ax(x(1-x)) " [dy y
(4ﬂ)4—2€ €9 0
F 26 0y) o By Ay Ay + o) -
[ 2 2 y -2¢
Py (l-y)tm” (1-y + x(1_x))] . (4.33)

Now the parametric integral can be done by expanding around e = 0.
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The evaluation of Ku proceeds in a similar way, giving

1 1
IiZe) - 2 2 -
e 7e édx[x(l»x)] € édy v -y [p“y (1-y)+m (1-y + ;?f&;y)] Ze

(4.34)

. 2 . .
Here the parametric integral converges so that the p singularity is only
at the simple pole.

Expanding around £ = 0 gives

K(p) = —l&% L (1re-2¢ o n%40(e2)) (4.35)
(4_”) £ €
_ 2 T() 1

puKu(p) =p "—”_ZTEE'[Z + O(e)] . (4.36)

(4m)

2
The G(e")[0(e)] terms in the parametric integral for K(p)[puKu(p)] are very
complicated, and give contributions to the finite part of I(p).

Putting it all together we find

2 2 2 2
A 4
26) = - oy 2 B G4 v+t
6(16m") 2¢e m
+ 2 52 4 finite] . (4.37)

4e
Observe that we now have arbitrariness at the level of the simple pole
(as well as at the level of the finite part).
The finite part of I(p) is very difficult to obtain. It cannot be done
in closed form and necessitates the introduction of the "dilogarithm" (or

Spence) function defined by

1 dt
LiZ(x) = - é Y log (1-xt) . (4.38)
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Experience shows that when masses are present, the finite parts of two-loop

diagrams are quite lengthy to evaluate.
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Problems.

A, Show that for a > 0

1 s
I(a) = [dx o [1+ % x(1-x)] = -2 + /TFa g 32 FL
0 @ /ita -1

*B. Now let z = %. Find the singularity structure of I{(z) in the complex
z-plane and specify I(z) when z is real.

C. Derive the form of the finite part of I(p) when m2 = 0.

D. Derive the expression for puKu [eq. 4.34].

2
*E.,  Express K(p) to order €” and express the resulting integrals in terms

of dilogarithms.
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5. Renormalization

In the previous sections we have shown how to evaluate Feynman diagrams.
In A¢4 theory we found that some diagrams are ultraviolet divergent, with ¥
the divergences showing up only in two- and four-point Green functions (the

primitively divergent diagrams). When dimensional regularization was used

5

>

to regularize these diagrams, the infinities resulted in poles in the di-
mension plane in € = 2 - n/2 > 0, n being the number of space-time dimen-—
sions; in addition the finite part of these diagrams was arbitrary, dependiné
in our scheme on a mysterious mass parameter u. :
We are now going to show how to eliminate these poles order by order in.
A. The technique is very simple: alter the Feynman rules at each order so

as to obtain a finite result as € - 0. As a first example, consider the

tadpole diagram

_0O .

2 [+ 92 - a0 . (5.1)
where
> A ~2 m2
A = 5 m- = 5 . (5.2)
167 4y

This infinity can be hidden away by adding to £ the additional term

2
- ~2 2
z x[% + Fy(e,i)]o . (5.3)

which we consider to be an extra interaction term. Here Fl is an arbitrary
dimensionless function, analytic as ¢ - 0; its presence reflects the arbitrar
ness of the procedure. This extra term results in a new Feynman rule indi-

___*_____ = — _.l 2 _.l + F Y/
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Thus if we compute the inverse propagator to {1), we find (remember that

the correction to the inverse propagator picks up a minus sign for inverting)

e = +—Q + —x— + 602
1

’Fr(xix?v(p) =’ +n’[1 - 5 AW @) 4n ﬁz—Fl) +o02) . (5.5)

This very naive procedure makes the theory finite to order A. The extra term
(5.3) is called a counterterm. It is crucial to note that its dependence
on the field (and its derivatives) is the same as that of a term already
appearing in #£ (in this case the mass term).

Now we proceed to order Az. The one particle irreducible (1PI) four-

point function is given by

2 4 2
4 2 4 2 4 4
I 3
3
3 I 3 | 3 |

F L2 33 21
Tospyipasp,) 0 ML= AGH 9 (A2 E” - 3 A, E50)
1°P2°P3:P,
+ 0(e)) oY) . (5.6)
where
2
4m? 1+3‘;‘—+ 1
As,t,u) = f A+ . (5.7)
z=g,t,u 4m2
1+ . - 1

and where s, t and u are the Mandelstam variables

s = G’ t= ot u= G’ L 6.9
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As it stands T is divergent as € - 0. To remedy this situation, we add

yet another term to &£

12 3% 1 20\ 4
VIR o G CR T , (5.9
where Gl is an arbitrary dimensionless function of €, analytic as ¢ = 0.

This new counterterm results in an additional Feynman rule denoted by

__3 2 31
::::'l:::j = -SSR+ 6] . (5,10

It is added in the calculation of the new ?(4), yielding a finite result as
e » 0:
=(4) _
= %01 - 2 e @2an i - § AGs,t,0) Ho0 )

(5.11
~(2)

The contribution to T in O(Xz) can be handled in a similar way, but there
the additional Feynman rules (5.4) and (5.10) must be used. Hence we have

diagrammatically for the inverse propagator

___cza___ = + (ﬁ) + ¢

(5.12
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where the extra Feynman rules have induced to this order two new diagrams.

These are easily calculated to be (see problem)

m2
W A

-

o |

2

[—1—2+ (b (1A, 4n 2.0 . (5.13)
£

where we show only the poles in . We also have

2

3m 2

P

RS+ L e o i . (5.14)
£

Comparing =-#+h the "double scoop'" diagram of the previous section

2.
—8—- B L g@m@-zmade. (5.15)

4 2 ’
€
we observe that its double pole is exactly canceled by the counterterm diagram

(5.12) although the simple pole remains. This is obvious from the point of

O,

view of diagrams since is finite by definition. Adding
all the diagrams, we find

32 2 w21, 1 3
—@—=-3 Pty [;5 + 5o (F#36,-D+.. 007D

(5.16)
where, again, we have not shown the finite part. We are faced again with
a divergent expression as € =+ 0. Lo and behold! The &zﬁz terms present in
the simple poles of individual diagrams have disappeared as well as the Euler

constant present in each y{(n) but absent in the difference

p(otl) - y(n) = (5.17)

SEF

In order to cancel the poles in (5.16) we introduce a new mass counterterm

so that the mass counterterm Feynman rule becomes
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- 2 -
O+ " (Fl+3Gl—l))+A F2+AF1] (5.18)

__x_._z__ln_[_+

2

>
™[

(]

. . ~2 - .
where F2 is an arbitrary function of € and m", but finite as € = 0. This
term is generated by the additional counterterm

El_z_ 2[5_2_*.;': 22
i ¢ zte

~ 3 ~y oA
( + T (Fl+3Gl-l)) + A F2+AF1] . (5.19)

.o~(2 .
This takes care of only one type of infinity in F( ). The other one is can-
celed by adding yet another term to our ever expanding Lagrangian of the
form

22
1 A 22 ~2
0 3u¢3u¢[-— 24~ A Hz(e,m )] R (5.20)

H2 being arbitrary and analytic as € - 0. Thus with all this patching up,

we have been able to eliminate the ultraviolet divergences to order Xz. It
is clear that we can continue this little game ad nauseam: calculate diagram
to order A3, with the original &£ and the counterterms {(5.19) and (5.20); then
invent new counterterms which to O(A3) are chosen to cancel the new divergenc
etc. So far in this process, the remarkable thing has been that the counter-
terms needed to remove the divergences all generate new interactions of the
same type as those that were present in the original Lagrangian; we have not
been forced to (O(Az)) to introduce counterterms that correspond to terms of
type absent in #£. If it can be shown that this noteworthy matching feature
continues to all orders in A, we will say that the theory is renormalizable.

Here we do not attempt a proof for A¢4 theory, but rather point out where

the procedure might fail.
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Consider a generic two loop diagram

where all external legs have been removed. This diagram is divergent due
to the various loop integrations. In accordance with our new rules for the
counterterms, it must be added to the three counterterm diagrams, (presented

here schematically)

O O O

Here each —@— represents the lower order counterterm vertex needed to
%ancel the infinity coming from one loop diagrams. These counterterm diagrams
will therefore contain a % coming from‘——-.—— which multiplies a on p2 where
p is some momentum coming from the loop integration. It would therefore seem
that this would generate counterterms of the form
mp’
€
ich do not correspond to any term in £ because of the ?ﬂzp2 residue, which

"s highly nonlocal in position space. Such terms would clearly throw a

onkey-wrench in the works. This is the famous problem of overlapping diver-

ences. A close study of these diagrams shows that the sum of all the diagrams

~171~
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shown above does not contain any poles with logarithmic residue: they cancel
against similar poles contained in the two loop diagram. We have in fact
seen an example of this miracle when the &zﬁz terms canceled from the residu
of the simple pole in (5.16) [For more details, the reader is refered to
the paper of 't Hooft and M. Veltman, Nuclear Phys. 44B, 189 (1972).] In
the proof of renormalizability, it is crucial to be able to prove that these
overlapping divergences do, in fact, cancel.

Let us assume that this is so and that to an arbitrarily high order in
A only counterterms which match the original # are needed to render the theo
finite. This means that the Lagrangian which gives finite answers has the

form

L=+ 2 . (5.21)
c.t.

where &£ is our original Lagrangian

1 22 A 2 4
L= au¢au¢+5m¢ +ﬁ“ ¢ (5.22)

B jomt

and i% N is the counterterm Lagrangian

1 1 2 2 A 2e_ 4
Lot = E‘A8u¢8u¢ +Fm B¢+ gy w Co . (5.23)

It is (by assumption, but verified to O(AZ)) exactly of the same form as &,
but with specially designed A, B and C so that the Green's functions generat

by ifen are finite as € - 0. By defining new fields and parameters, we can

rewrite ifen in the form
ren _ 1 1 22 %0 4
£ =3 au¢08u¢0 + 5 m0¢0 + T ¢0 , (5.24
where
0o = )2 = zi/zq, , (5.5
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2 21+B_ 2 -1
my =W Fop=m (1+B)Z¢ s (5.26)
A = A€ _—thTZ = w2 (ee)z72 , (5.27)
(1+4) ¢

are called the bare field, mass and coupling constant, respectively. Note

that ifen looks exactly the same as £ except for the parameters and the field.

Yet ifen leads to a finite theory while £ does not. This shows that by clev-
erly putting all the infinities in ¢0, m and AO’ we can make the theory
finite. The infinities are then absorbed by renormalization. The bare quan-
tities all diverge as ¢ - 0 while the (renormalized) quantities m,A all give
finite (but arbitrary) values as € -+ 0. The latter are to be identified with

the physical parameters of the theory. In the path integral formalism, one

integrates over the fields; thus their rescaling by Z¢ can be absorbed provided

one rescales the source accordingly, defining a bare source

-1/2
o =2, 9 s (5.28)

or a bare classical field
g 0 = Z¢¢C2 . (5.29)

Starting from the new Lagrangian (5.21) we obtain the Green's functions
of the previous section with m and A replaced by m and AO. However, by
expressing the bare parameters in terms of the physical parameters m and A
and by suitably renormalizing J, we obtain finite Green's functions. For the
1PI Green's functions, this equality reads

~(n)

-n/ 2>
Ty (pl,--,pn;lo,mo,E) = Z¢n/ F(n)(pl,--,pn;k,m,u,E), (5.30)

(n)

~
here the T are finite as € - 0. In this equation we can either regard

the bare parameters as functions of the renormalized ones or take the bare
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parameters to be the independent variables; in the latter case the dressed
parameters are functions of the bare parameters. In this form we note that
the left hand side of (5.30) does not depend on u while the right hand side
is explicitly as well as implicitly (through A and m) dependent on u. There-
fore, by differentiating (5.30) with respect to p, we obtain a differential
equation that summarizes the magic of renormalization
z

2+ v o & ug—‘;‘%—%u%iﬁ(“)w . (5.3D)

The beauty of this equation is that it only involves the renormalized Green's

~(n)

function T which is finite as € =+ 0. The various derivatives come from

~(n)

the implicit dependence of T on u via A and m. Define the coefficients

R (5.32)
3én Z
Yd()\, %, g) = % u "—a_;i (5.33)
m i 3 on m2
Yy (s o e) =35 u o . {5.34)

They are analytic as € - 0 and dimensionless - they depend only on A and %,

On the other hand, ?(n) has an engineering dimension equal to 4 - n +
e(n-2), which can be read off as the sum of its degree of homogeneity in its
dimensionful parameter, i.e.,

9 9 9 _ (o), ., -
(u 3w TS s +m oo - [4-nke(n-2) DT (sp3m,x,u,e) = 0 (5.35)

where we have introduced a scale s for the momenta. This equation, in con-
junction with (5.31) can be turned into a scaling equation for F(n), by elim-

inating u é%; Taking the limit € - 0, we obtain
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3 3 ~
s 2480, B 2 [, 00 B -1l 2 - w0, B 4 4nIF P Gspama) = 0

3s

. (5.36)
(n)

This equation summarizes the behavior of T as one scales its momenta.

(An equation of this type for QED was first obtained by Gell-Mann and Low,
Phys. Rev. 95, 1300 (1954).) If we could solve it, it would tell us how the
Green's functions at momenta sp are related to the same functions at a ref-
erence p. The difficulty in solving (5.36) lies in the fact that the coef-
ficients B, y and Yo depend on two variables A and %. They can be computed
explicitly order by order in perturbation theory, but they are at the moment
quite arbitrary because we have not stated what the finite part of the count-
erterms is. This will be done in the next section where various ''renormal-
ization prescriptions” will be investigated. Suffice it to say that these
coefficients depend on the way we choose the finite part of the counterterms.

We can express the bare parameters as a Laurent series in the renormal-

ized parameters

o a (A 25
Ay = ula (0, B, o) 4 ] KU (5.37)
0 07w k=1  €f
® b (A, D)
m? = m’[b (A, B, ey + § KM (5.38)
0 0 Lo k=1 ek
.
o ¢ (A, =)
m k¥
2 =L B o)+ L Sl , (5.
s = S o © kZl K (5.39)

0’ b0 and o are analytic as € + 0. Comparing with the counterterms

already obtained up to O(Az), we find

where a

m _ 3 3
ao()\, o e) = A(l + 3 )\Gl) + (A7) (5.40)
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n = L oo 52 52 3
bo(x, o g) = 1+ 3 ()\Fl+)\ F2) + A H, + (1) (5.41)
e O, B o) =1 - R (e, B + 00D (5.42)
0 b u! 2 b ‘J 3
m 3 Xz 3
a,(h, D) =5 —5 +00) (5.43)
Lo 16w
m 1 o 2 22 3
b (s F) =5 O+ (Fl+3Gl-l)) + 57 + o0 (5.44)
m 1 22 3
b, (1, —u—) 7 A+ 000 (5.45)
m. 22 3
e, (O ;) = - 57+ o0 . (5.46)

.. m
In these formulae, we remark that the a, b and ¢ coefficients depend on ;

only through the unknown functions F F2, Gl’ H This can be understood

1’ 2°
heuristically by noting that the counterterms are used to eliminate the diver-
gences that occur at very large momentum (~ mass) scales. There any fixed
mass parameter is not expected to play any role. Thus as long as the count-
erterms have order by order no finite part, we do not expect the residues

of their poles to depend on m. This is exactly what the formulae (5.40) -
(5.46) reflect. This remark is at the heart of the mass-independent renor-
malization prescription we discuss in the next section. The dependence of
these coefficients on the arbitrary finite parts of the counterterms reflects
the (a priori) prescription dependence of the B- and y-functions. It follows
that the solution of the remormalization group equation (5.31) is not to be
attempted before a prescription has been chosen. The technical difficulty

in finding solutions lies in the dependence of the coefficients on both A

and %. However, as we shall see, there is a prescription where the coeffi-

cients become mass independent, greatly simplifying the solution of (5.31).
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Otherwise, one has to solve (5.31) in a region where the masses can be neglected,
i.e., where momenta are large compared with input mass parameters.

Finallf we mention that one can derive another type of renormalization
group equation, first obtained by C. Callan [Phys. Rev. D5, 3202 (1972)] and
K. Symanzik [Comm. Math. Phys. 23, 49 (1971)]. This kind of equation studies
the variation of the F's with respect to the physical mass. The B and ¥y
coefficients depend only on A; the Yo and u é%—terms do not appear but are

replaced by an inhomogeneous term, which can be neglected in the limit of

small masses, or equivalently large momenta.
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Problems.

A, Compute the value of the extra counterterm diagrams (5.12) and (5.13)
including the finite part.

B. Verify that the propagator itself is finite to O(Az) (hint - the prop-
agator contains one particle reducible graphs).

*%C, In A¢3 theory, verify that the overlapping divergences from the diagram

__@___

are, in fact, canceled by the counterterm diagram that regulates the

one loop diagram

__O__
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_avoided. Later when the amplitude is continued to Minkowski space, the

9

6. Renormalization Prescriptions

In the previous section we carried out in detail the renormalization

procedure in A¢4 theory. Besides the arbitrary scale p, the elimination of

divergences brought with it an extra arbitrariness reflected by the functions

Fl, F2, Gl, H2, ... which constitute the finite part of the counterterms,

From the structure of the Lagrangian that gives finite answers

ren _
£ =& + i%.t s (6.1)

it is clear that the finite part of i%.t. can be absorbed in a redefinition
(or finite renormalization) of the initial parameters appearing in £ since
both £ and i%.t. have the same structure. It follows that the finite part
of the counterterms can be fixed only by defining the parameters that enter
in #£. There is, however, much arbitrariness in the method used to define
m, A and ¢, and the choice of method is dictated by convenience, or by the
convergence properties of the perturbation theory.

In some cases it is possible to directly relate the renormalized param-
eters to physically measured quantities. QED is a case in point where the
physical electric charge is equated to the vertex function in the Thomson
limit.

Specification of the scale at which the renormalized parameters are
equated to the relevant Green's functions is largely arbitrary (in Euclidean
space) with one important restriction for theories that involve massless

particles. These theories give infrared divergent Green's function for zero

value of input momenta. It would not be wise to choose the subtraction

point at the scale where the Green's function diverges. Such points are to be
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subtraction scale will appear at a space-like value of input momenta and will
not interfere with the singularities that Green's functions must and do have
to qualify as transition amplitudes. These appear in the physical region
where at least some of the momenta are always timelike.
Let us give several examples of subtractions, also called prescriptions:
A. This first way of fixing parameters is the most common, We define
the input parameters by

'5(2)(p,mA) . mi at p2 =0 (6.2)

~(4) - _,2¢ _
r (pl,pz,p3,p4) u"A, at py =0 . (6.3)

In the absence of infrared divergences which occur when m2 = 0, this prescrip-
tion is well-defined. We have subscripted the input parameters to indicate
how they were defined. Note that (6.2) embodies two conditions since it fixes
the mass as well as the field normalization. These fix the finite parts of
the counterterms. In particular we find that

Fi = (2) -&zﬁ§; G? = p(1) - &zﬁi; Hg =0, ete. . (6.4)

Ideally one would prefer to identify the coupling constant with F(4) at a
physical point where the particles are in Minkowski space and on their mass-
shell (pé = mz)-

B. One can change the subtraction point at will provided it does not
interfere with the continuation to Minkowski space or with infrared singulariti
We should add that as long as the subtraction procedure is performed on Eu-
clidean Green functions, it will result in a spacelike subtraction in Minkowski

space, Thus our second prescription [H. Georgi and H. D. Politzer, Phys.

Rev. D14, 1829 (1976)] is the same as A but carried out at an arbitrary value
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of p:
2 2

i
=

F(z)(p,mB) = p2 + m2 s (6.5)

B at p

~(4) 28 ) B
r (pl,pz,p3,p4) WA, at P4Py M (éij 1/4) , (6.6)

: 2
the latter point chosen so that s = t = u = M ., One can, of course, choose

~(2)

any value for s, t and u, and the p2 at which T is normalized. 1In this

prescription, the unknown functions are now fixed to be

B _ 2 B
Fl = $(2) - on w3 H2 =0 6.7)
1 2
b - (1) - &zﬁz - fax o [1 + g—-x(l—x)], etc, . (6.8)
1 B 0 m2

B

In this case the scale u has been totally absorbed and replaced by the scale
M2, which is equally arbitrary. The numerical value of Mz/mg now clearly
becomes relevant in choosing M.

The trouble with the type of prescription outlined above is that the
renormalization group equation of the last section is not easily solved except
in the deep Euclidean region where all masses can presumably be neglected.
Yet equating a coupling constant with the value of an amplitude at some scale
has some physical appeal even though the identification may take place at
an unphysical point. The reason is that it brings in the masses explicitly
in the calculation and allows for a ready identification of various physical
thresholds.

c. We now present a very beautiful prescription invented by 't Hooft
and Weinberg [Nuclear Phys. B61l, 455 (1973) and Phys. Rev. D8, 3497 (1973),
respectively]. It is very simple to state and allows for a simple solution

of the "renormalization group equation" (5.36) of the last section. In it
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one simply sets all the finite parts of the counterterms equal to zero, order

by order in the coupling, i.e.,
(o
F. =H, =G =F, =0, etc. . (6.9

Then, by comparing with eqs. (5.40) - (5.46) of the last section, we notice
that all the a, b and c coefficients are independent of m. This prescription
is aptly called "mass-independent' renormalization. This mass independence
survives to arbitrarily high order; that this is, in fact, true is not hard
to understand by means of the following heuristic argument: when the counter-
terms have no finite part, they just have the 'bare bones" structure needed
to cancel the infinite behavior at very short distances and no more, but there
at infinite momenta, all masses can presumably be neglected, provided the
amplitudes are well-behaved as p + » - hence the mass independence., It is
true that in prescriptions A and B the mass dependence appeared only through
the finite part of the counterterms. This enormous simplification enables
us to compute the B, y and Yn coefficients appearing in (5.36) in a straight-
forward way. For instance, we now write

a (A)

I . (6.10)
k=1 ¢

Differentiate with respect to p at fixed AO to obtain

a; (M)

k ) s
€

o 3 A
0 =20+ ) )+ (1L + )
k=1 eF ou k=1

(6.11)
€

with the prime denoting differentiation with respect to A. In this formula

A and u %%—are analytic at € = 0. It follows that

A - ' 2
n Bu 2eX 2al(A) + ZAal(A) s (6.12)

or taking the limit £ - 0
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B = 1im u 22 = —2(1 - A é%)al(l) ,  (6.13)

>0 ou
showing that the B-function appearing in the "renormalization group equation' -
depends only on A and is determined by the residue of the simple pole in €.
Using (6.12) and the fact that the residues of the various poles in ¢ must

vanish in (6.11), we find that
-2 4, ) =a (M) -1 “—d) M) (6.14)
ar’ %+l A a1 : :

The meaning of (6.12) is clear: a successful renormalization means that
the bare coupling does not depend on what u is - a change in u is accompanied
by a change in A so as to leave (6.10) invariant. Let us now evaluate B in

perturbation theory. Using (5.43) we find

Lo w?
u 16172

+ O(X3) . (6.15)

Neglecting the terms of O(A3), we can easily integrate (6.15), obtaining

1
A=A ,  (6.16)
0, 3 » ;mx

16172 0 Yo

where AO is the value of A at Mg
It is clear from (6.15) that A increases with u. Thus if we start with
a small A0(<< 1) at a given scale Hys the effective coupling constant will in-

crease with y. In so doing, however, we will have to deal with larger and larger

A and will therefore leave the domain of validity of perturbation theory:

A << 1, or more exactly 3 A &zJL-<< 1. Thus at shorter distances, we
6n2 0¥
have to add more contributions to the RHS of (6.15).

Thus for A¢4 theory, perturbation theory becomes more reliable at larger

distances, that is in the long range properties of the interaction: the
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perturbative approach to defining asymptotic states is to be trusted. Should
the sign of the RHS of (6.15) ever be found to be negative in a field theory,
then perturbation arguments would be misleading for the definition of the
asymptotic states, but great for the short distance behavior, (We will see
that this situation occurs in quantum chromodynamics (QCD) which describes the
interaction among quarks - quarks are useful to describe the short range
interaction of two protons but they are not asymptotic states, just the
constituents of asymptotic states such as the proton.)

Note that the expression for B(A) obtained here is the same as that
obtained via the g-function evaluation of determinants. This should not be
too surprising since the former method was (3(#) and here we have only shown
the one loop result which is also G(#).

Let us now speculate on the possible behaviors of A as a function of
W, outside of perturbation theory. First of all we note that if B(A) is given

by (6.15) even for large A, then it will blow up at a scale

2
b = wgexp ] . 6D
0

a very large scale if A  was small to start with. This dis called the Landau

0
point after Landau who recognized the same behavior in QED. However, there
is no reason to believe that the one-loop contribution to B is valid for large
A. We do not know how to calculate B for large A, but let us present some
possible scenarios, starting from B = 0 at A = 0, the no interaction point:

1. B()) stays positive for large A; then A keeps increasing with the

scale in a concave or convex curve depending on the sign of B'(A). If B(})

blows up for some value of A, A itself becomes infinite there (Landau point).
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2. B{)A) starts out positive for low A then turns over and becomes

negative, crossing the axis at AF:
B(AF) = 0 (6.18)
)
B\
AF
\ )\

AF is called a fixed point because if for some reason the coupling was orig-

inally at AF’ it would remain there. We can analyze the behavior of A near

AF by expanding B about AF’ yielding the equation

u %= Q2B () + ... . (6.19)

We see that the sign of B'(AF) is crucial. If B'(AF) < 0, as in the figure, n %%
is positive for A just below AF’ which drives A to a larger value, i.e., towards

the fixed point AF’ while %%—is negative when A is above the fixed point,

therefore driving A towards AF' We then see that A will be driven towards

AF as u increases: such a fixed point is called ultraviolet stable, because

A will approach the value A, asymptotically as m + «, from above or from below

F

depending on the starting point AO which can be either above or below AF'

If there were a field theory for which B behaved as in the curve then at very

short distances A would be more and more like AF' If AF were small, it would S

mean that if we start from a small A < A, we never leave perturbation theory! Al-

F

ternatively if we started with A > A, then as the distance decreased, A would be

F
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driven to a perturbation region. These two situations are depicted below

g
ﬂL

No field theory in four dimensions exhibits this behavior perturbatively
O‘F << 1).

The point A = 0 is a fixed point for which B'(0) > 0, which means that
above it u %%—is positive driving A away from it as the distance decreases.
Such a fixed point is called infrared stable. Finally we note that for small
A most field theories behave this way, with B(A) starting out positive.

3. B(A) starts out negative for low A, decreasing in value monotonicall
This means that A decreases monotonically with gz u. In this case the pertur-
bation approximation becomes better at shorter distances, and A is driven
to zero which in this instance becomes an ultraviolet stable fixed point.

Such coupling constant behavior for low A is exhibited by gauge theories in

four dimensions - a phenomenon known as asymptotic freedom. This will be

analyzed in detail when we study gauge theories.

4, B(X) starts out negative, turns over and becomes positive, crossing

the axis at AF'
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In this case, B'(AF) > 0 and A, is an infrared fixed point. This means that

F

if at Mg AO < AF’ A will be driven towards 0, but if AO > AF it will be

driven away from A, to larger values of A:

F

R
o
L |

We can derive the variation of the mass with u, starting from (5.41)

with b, = 1 and b, independent of %; it is not hard to find that

0 k
2 db
om 2
"5{1— = 2\m —EX_ (6.20)
so that
dbl(x)
) = A =g (6.21)

leading to the value in A¢4 theory
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A A (2 3
YA = -——§-+-f% —)" +o(7) . (6.22)
6 167

We also get a recursion formula for the residues of the higher poles:

db db db
ktl L1k, 4 -
A i\ bk A R R (1 -2 d)\)al()\) k=1,2,... . (6.23)
Finally, we can also derive from the definition of Z with ¢y = 1 and

SN independent of % the equation

3 dey
ummz¢=~2)\—d—i— N (6.24)
leading to
dcl
YA = x5 ,  (6.25)
; 4
so that in A¢ theory
A\ 2
v, 00 == 25% + 00 . (6.26)
d 12 2
16w
The C coefficients in turn obey
de de da. dc
kL L e =hy Kk -
A ETY ckk T\ (al A d)\) o k=1,2,... . (6.27)

These recursion relations are useful in computing the residues of the higher
order poles in terms of those of the simple pole. This is where the power
of the procedure resides: if the theory is renormalizable, then many coef-
ficients can be calculated indirectly without the aid of Feynman diagrams.

In this 't Hooft-Weinberg mass independent renormalization prescription,
the renormalization group equation is easy to integrate because the m depen-
dence has dropped out of the coefficients. It now reads

[- s 2+ B0 2+ (1 ()-Dm 2+ d_-ny , (DITT® (epsm, 2, 0)0.

(6.28)
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Introduce scale dependent variables X(s) and ﬁ(s) such that

s 2O | g(e)) e = (6.29)
s amagss) = I?l(s) (Ym(i(s))_l) I;(S:l) = m . (6.30)

Then (6.19) is easy to integrate for it becomes a first order differential
equation in s; the result is
n? g_s'L v, (A(s"))
=(n) =@, = s 1 s 4
P (spsm,h,u0) = s P (psm(s), A(s) ,u)e .
(6.31)
The interpretation of this equation is that under a change of scale of the
external momenta the Green's functions scale in an unexpected way: the
coupling constant and mass scale in a nontrivial fashion and the Green's
functions develop beside the engineering dimension dn an anomalous dimension
Yd for each outside leg.

Suppose m had been set equal to zero initially. Then the classical
theory would have been invariant under dilatations (and conformal transfor-
mations - see Chapter I). This is no longer true in quantum theory where
the regularization technique introduces a scale, either via a high momentum
cutoff or via the p-parameter of dimensional regularization, which break;
dilatation invariance [see S. Coleman's lecture at the Erice summer school
1971].

Also this shows that the Green's functions at scaled momenta give a

behavior ruled by X(s) and ﬁ(s) which therefore govern the physics at large

scales.

-189-



e

PR

It is interesting to investigate the behavior of the Green's functions
at large s. Suppose the theory has an ultraviolet stable fixed point at

A=A At large scales A will be driven to A

P Hence Y and Y4 will be

.
driven to ym(AF) and yd(AF), respectively, so that the solution of (6.21)

s
—sfd n s Ym(i(s))

A(s)=me e T (6.32)

can be integrated to

+s(-1+y_ (A1)
as) »me moF (6.33)

if we assume that the integral is dominated by the large s range. A similar
assumption about the integration over Y4 leads to

(—dn+nYd(XF)l}(n) —S(l—Ym(XF))

T(n) (pim e ,AF,u).

(spsm,A,u) + s

(6.34)
Thus if 1 - ym(AF) is positive the mass can be neglected altogether at large
scales and also yd(AF) appears indeed as an anomalous dimension.
We see from (6.23) that the naive expectation that the masses decouple
from the theory at large momenta depends essentially on the integral over
the anomalous dimensions which we write as .

A(s) v, ()

dar’ -m" . (6.35)

A
This form suggests that unless Ym(k) and R()) have simultaneous zeros, the
greater contributions to the integral will come from the fixed points, which
"kind of" justifies our earlier assumption.

If the ultraviolet stable fixed point is at A, = 0 (as in gauge theories)

F

then all is well because the large momentum behavior of the theory is given

by perturbation theory, that is ym(O) = 0.
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In A¢4 theory we can integrate the various equations by using the lowest

perturbative results found for Yn and Y4 The results are

.

7 A(s)-A
= 12 2
A(s) = m e S@EH/3 T d6m (6.36)
for the scale dependent mass and
-d + é%_X(s);A
n
T (sp) ~ s 16" g ) (6.37)

for the anomalous dimension. These results are only valid for small mass scales
because as we have seen, the perturbative B function is positive and, after

a certain scale is reached perturbation theory loses its validity.
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Problems.
A, Given B(A) = n gﬁy describe the behavior of the hypothetical field the-
ories for which

1. B(AF) = B'(AF) =0

a
2, B(Ak) = 0 Ak = AF + X k=1, 2, ... =,
B. Given
® b _(})
2 2 n .2
mo-m(l+z n)r.mZm ,
n=1l €
show that
o1 anzm== S dbl()\)
Ym 2 M 3u da
and that
db db db
ntl _ 1,1 ™n -
A ar bn)\ R +2_—d)\ B(X) n 1, 2, ... .
If b (1) = b A™L 4 5(0%), derive a formula relating b to b, ,.
n n,nt+l ? n,ntl 1,2
C. Given
o ¢ (A) 1/2
- 1/2
¢p =00+ [ ) :¢Z¢/,
n=1 €
show that
3 nZ de
L ¢, _1
YW = 5w Ty LY
and that
dc dc de
_otl 1,1 ™
Ao Tt @t @ B :
D. Verify the renormalization group equation in A¢4 theory using the results

from perturbation theory for B, Yo and Yqr
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7. Prescription Dependence of the Renormalization Group Coefficients

In the previous section we computed the value of the B and y coefficients
using the 't Hooft-Weinberg mass independent renormalization prescriptions
to lowest nontrivial order in A. We have drawn conclusions of physical import
from their behavior - yet the alert reader might wonder to what extent these
coefficients depend on the prescription for renormalization: for a general
prescription of type A or B these coefficients will, in general, depend on
masses through the finite parts of the counterterms.
Starting from eqs. (5.37) - (5.39) we find by differentiating with re-
" spect to u at fixed bare parameters that

a a a
_ 1 N ;4 1 m_m, - 1
O—2€[a0+~—€]+u——aY [a0+-—€]+(——apl lJl)[ao+~—€]

1

+ higher poles ,  (7.1)
from which we deduce that
2 2 2

32 3m
2 Gl) + + 2 u

167 16112

3 32
u i e(-2x +

16112

él +003. (.2
In these formulae, the prime and dot denote differentiation with respect to

A and %, respectively. Comparing with (6.15), we see the explicit prescrip-
tion dependence coming through Gl. In particular we note that the prescrip-
tion dependence enters in the lowest order because of the mass. In deriving
eq. (7.2) it becomes evident that the order A3 in (7.2) depends directly on
Gl without multiplicative mass factors. In a similar way we can show that

3fnm _ 1 A 1m XA = 1 A 3
m =Y T (2 —*t3 " — F.) + ¢ —5 F t o},

1672 1672 1 2 16n?

(7.3)

as well as
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3
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5
wt

2 2 %
A A A 3
X awvgngt-k Py - E Dy sy w)
P 16w 167w 167 -
5 ,
X +0(°) - (7.8
] We let € + 0 and finally obtain i
; 2 2 ;
a A A -
! o, B = 2o 28 A8 wo0d , (1.5
i Y 16n ¥ 16m '
¥ :
yo,H=>r 2 ,1n 2 ¢ L s0h . 7.6
; T AT ‘
éz K
t m 1 A m A z. 3 :
- Yd(l, ;? =8 G——Eﬁ o ( 2) H, + o(x”) .0
- 167 167w .
5, These formulae indicate that when masses are present, the prescription depen-i

dence enters in the lowest order. Then it is only when the mass can be ne-
“ glected that we can say that the lowest order renormalization equation
coefficients are independent of the prescription. Typically when prescriptio

; of type A or B are used, one solves the renormalization group equation in

a regime where the mass can be neglected. If uy is the renormalization point,

we can take %-to be exceedingly small by choosing a very large u.

w %

Suppose we have two renormalization prescriptions. They must be related
¢ to one another by a finite renormalization since they differ only in the
definition of the renormalized parameters. Hence the parameters in one pre-

scription will be related to those in the other as follows

N =T, =4+ o0k . (7.8
N 1 [] A, ' = . m,, =

; Za(t, () ) =2 (4, DUG, D5 U = 14 060) ,  (7.9)
; v (MY = s my. v = 3

i Z¢(A ,(u) ) Z¢(A,U)V(A,1), Vve=1+0Q) . (7.10)

In particular, it follows that, where A is gsome function of A and %3

s Py
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0, @Y = 80, DA+ @ (y-DA . (7D
In the deep Euclidean region this reduces to an equation of the form

BT(A") = 8(MAT(V) s, (7.12)
which shows that a fixed point at A = AF results in a fixed point at A% =
A(AF) # Ap. Note that this result is not perturbative. Hence, as can be
expected, the presence (or absence) of a fixed point is prescription indepen-
dent. It can also be shown that the sign of the first derivative of B at
a fixed point is prescription independent (see problem).

The other renormalization group parameters Yo and y also have some fea-

tures which are prescription independent, notably their numerical value at

a fixed point in the deep Euclidean region.
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Problems.

A.

B.

*D.

Verify eqs. (7.2), (7.3) and (7.4).
?(2)
a

Verify to lowest order the renormalization group equation for nd
F(a), keeping the finite parts Fl, FZ’ H2 and Gl'
Show that the sign of g%~at a fixed point AF is prescription independent,

neglecting masses.

Relate y'(A') and Yé()') to y(A), Ym(A) and B()) where the prime and
unprimed system refers to two mass independent renormalization schemes
[F, G and H functions are first taken independent of %, but can have

numerical values]. Show that the value of y and Y at AF is prescription

independent.
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8. Continuation to Minkowski Space; Analyticity

At this stage we have obtained the finite Green's functions at the
price of introducing an arbitrary scale. However, we know from the renor-
malization group that if we alter this scale, nothing happens to the Green's
functions because the change is compensated by a concomitant change in the
renormalized parameters and field. There now remains to express the Green's
functions in Minkowski space in order to make contact with reality.

This is achieved by means of analytic continuation. Consider an Eu-

clidean Green's function which depends on momenta Bl’ ey D We first

N
change all the time components of the p by making them imaginary

p = (pgsp;) > P = (py = ipy, Py, = p,) .
As an example let us examine what happens to the propagator. According
to the above

1 1
Zinl | —pm?

since we are using the Minkowski metric 8yo = “Byi T +1. This replacement

is not entirely satisfactory because the Minkowski space expression develops a

pole at p2 = mz, i.e., when

P = £/ Bepm’
The continuation process can be regarded as proceeding from the imaginary
to the real axis in the Py plane in a clockwise fashion; indeed the ability
to perform this continuation rests on the avoidance of any pole. It follows
that the poles in pO must be taken to be just below (above) the positive

(negative) real axis, that is the continuation is from

1 to -1
3
P 2+m2 P 2—mz'i-i €
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where € > 0, and the limit € - O+ is to be taken at the end of all calcu-
lations. In more complicated cases the poles will be chosen so that their
locations do not interfere with the clockwise rotation of the imaginary
time axis into the real time axis. In this -ie prescription we recognize
the familiar device used to make the path integral convergent which we

discussed earlier. Another way to look at this is to compare the Feynman

rules in Minkowski and Euclidean spaces, say for ¢4 theory:

¢ J :EJ;TZ (Euclidean)
¢
o (8.1)
1 i (Minkowski)
% p -m +ie
B (Euclidean)
: < (8.2)
" -ix (Minkowski)
; \
; -
H d kh (Euclidean)
B (2m)
7 loop integration: ¢ . (8.3)
4
¥ d ka (Minkowski)
\ (27)

Consider a Feynman diagram with L loops, V vertices and I internal lines.

R

The difference between their computation in Minkowski and Euclidean space

b3

will be: a factor of (-i) for each vertex and propagator, and a factor
4

of i for each loop because dak = id k. In addition m2 in the Euclidean

TR~

Green's function is replaced by m2 - ie in the corresponding Minkowski space

expression. Thus we arrive at

LAV+IL

% I _ _
) Gén)(pl,--.,pn;mz) = (i) (-1 Gén) (pl = PysecesP = pn;mz—ie) . (8.4)
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where we replace in the Euclidean function the momenta by their Minkowski space
continuation, i.e., p = (EO’Ei) is replaced by p = (iEO,Ei). Using the

topological relation L = I - V+ 1, (V # 0), we obtain
. =2 .
Gén)(p,mz) = (1)Gén)(p = p;m -ig) s (8.5)

valid for any Feynman diagram with V # 0. The exception to this rule is
the original propagator expression (V = 0) for which i is replaced by -i,
as can be seen from (8.4) by putting L =V =0, I = 1.

As an example of the procedure, consider the four-point function in

Minkowski space. We have

2 1 2,
~ )‘ - - -
Fé“)(plmz,pyph) =i[-2 - ——s Jdx on [%"}QZL(‘L’Q“]
2.161° 0 m -ietM x(1-x)
+ t- and u-channels] . (8.6)

i

In the above we have multiplied the Euclidean expression by i, replaced 52
by —pz, m2 by m2 ~ ie. The subtraction was performed on the Euclidean

Green's function at p.p, = Mz(é,,—l/h) so that ?(4)
ij ij E

= -A at this symmetric
point (prescription B). Note that the subtraction point appears as a pa-
rameter and it does not get changed in the continuation process. The -ig
in the denominator is not necessary since it can never vanish. However,

the numerator does suffer a change of sign for some value of s = (pl+p2)2.

When this occurs the logarithm develops a cut in the complex s-plane.

Consider the argument of the log

F(s,x) = m2 - ie - sx(1-x) . (8.7)
Now x(1-x) is positive definite and varies between 0 and 1/4. Thus the

least value of s for which F vanishes is

2
s. = 4m (8.8)
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(4)

where x(1-x) assumes its largest value. At this point T develops a

branch point. Traditionally one attaches to it a cut in the complex s-plane '

extending from 4m2 to += along the positive real s-axis. In a similar way

2

. . . . 2
the u- and t-channel contributions give cuts starting at vy and tO = 4m .
In view of the relation
2 :
s+ t+u=4m R (8.9)

these cuts are not all independent. These branch points can be physically

~(4)

understood if we interpret T as the scattering amplitude for two parti-
cles with momenta Py and P, to scatter into two particles of momenta Py
and P,i

P1+P2"P3+P4 .

Assuming that incoming and outgoing particles are on their "mass-shells’

pi=n’  a=1,2,3,4 ,
it is easy to see that 8y = 4m2 corresponds to the two particles having
their minimum energies Ea =m. It is only beyond 8g that the two particles
have enough energy to scatter nontrivially into two others. Consequently
Sy is called a physical two-particle threshold. Below it ?(4) is a real
function of its arguments, but it develops an imaginary part for s > 80

~(4)

To recapitulate: by continuing T in Minkowski space, we see a non-
trivial analytical structure emerging; this is of course the structure
demanded by unitarity and causality which will enable us to regard the
Minkowski space Green's functions as transition amplitudes.

Another example of a nontrivial analytic structure emerging as a result
of continuation in Minkowski space is given by the "setting sun" diagram.

There it is easy to see that the best way to find the branch points is to
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look at the argument of the logarithm in the parametric integral. In this

case the argument of interest is

2 2
A= -y(l-y)p” + m (1-y + ;?f2§$) . (8.10)
It will vanish when
2 2.1 1-y
PTGt ) ,  (8.11)

and the location of the branch point will be given by the least such value
of pz. In order to find its value we have to extremize the parametric
expression that multiplies mz. In general for the two-point function,
branch points will appear at the minimum value of pz for which

pz = mzf(xl,xz,...,xN) (8.12)

here Ky.e ¥y are the Feynman parameters needed for an N-loop diagram.
The branch point is then located at

2 2 0 0
p =m f(xl,...,xN) s (8.13)

here the points xg are determined by

A 0 at x, = x? . (8.14)
i i

[it must be checked that X, = xg is, in fact, a minimum]. Such equations

are called the Landau equations after Landau who introduced a systematic

procedure to hunt for the branch points of Feynman diagrams. Applying this

rocedure to our case, we find from (8.14) that the minimum occurs at

Wik

x=l -
2 y
so that the branch point is located at

Pz = 9m2 . (8.15)
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If you recall the form of the "setting sun', 453—-we see that it correspond§

to the minimum energy needed to excite three particles so it is called the .

three-particle threshold.

Hence the propagator has in Minkowski space the following singularity

structure: - a pole at p2 = m2 (appropriately displaced by the ie prescrip-_

f

tion, - a branch point at p2 = 9m2 with a cut taken traditionally along the
real positive p2 axis extending to p2 = 4w, When higher orders of X are )
included, it is expected that branch points at higher values of p2 will v
be encountered. This singularity structure is (of course) consistent with

(2)

the interpretation of G as a propagator.
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Problems.

A, Using diagrams and physical arguments, find the location of branch

(4)

points in T including O(Aa).

B. Repeat problem A for the propagator.

c. Show that F(a)

satisfies a dispersion relation that expresses its real
part in terms of its imaginary part. [Use only its perturbative value

up to O(Az).]
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9. Cross—Sections and Unitarity

We are now almost at the end of the road. We are about to identify
the Minkowski space Green's functions with transition amplitudes. However,i
not all functions can be transition amplitudes for they must satisfy certaig
requirements, notably those of unitarity and causality. As you might expec:
the Green's functions of the previous section are acceptable candidates. ;
In order to state precisely the requirements, let us review the S~ f
matrix formalism and apply it to A¢4 theory. ;
Suppose it were possible to define states far away from the region
of interaction; in particular in the very distant past or future. Such a ;
concept clearly makes sense in the case of short range forces, as for instan
in weak and strong interactions. When long range forces are involved,
the concept is trickier and special care must be exercised in the definition
of such states. Schematically let the states be described by kets |a;iT>

where T is a very large time and o represents a complete set of observables.

These states obey completeness and orthogonality

} |a,tT><2T,a| =1 9.1)
o
<0, +T|B,+T> = ‘Sae . (9.2)

'

If the system were a harmonic oscillator, o would denote the occupation
number, etc. It is crucial to note that these relations hold only for a
given time and therefore involve no dynamics, only kinematics. If, when
T is large, the interaction can be turned off (short range forces) the states
should be easy to recognize because they diagonalize the unperturbed Ham-
iltonian.

In A¢4 theory, when m2 # 0, there is no difficulty in recognizing these

states. They are made out of the one-particle Wigner states labeled by m
~204~



and ; with the energy identified with +v ;2+m2. If we adopt a more rela-
tivistic-looking notation and denote those states by |p>, where p stands

for the momentum four vector, they are required to satisfy

d4 2 2

[ =525 [p> 0(p)s @ ) <p| = 1 . 9.3)
27)

<plp’> = 22m >/ Fomd 633" NCID)

Then any multiparticle state will be a superposition of noninteracting one-
particle states:

la,te> ~ [pyspgseeesp > = (P> @ [Py . @ lp >« (9.5)

In A¢4 theory there is some justification for believing these states describe
the asymptotic states because the large scale behavior of the coupling
is such that the free Feynman propagator accurately describes signal prop-
agation, and we know that AF does propagate one particle states of the type
described above. [Here we are a bit cavalier since strictly speaking AF
propagates both positive and negative energy states.] We note in passing
that if the large distance behavior of the coupling constant were such that
it grew with distance, the identification of asymptotic states would have
had to be made only for constructs that can escape this formidable force.
This is supposedly the case for QCD where quarks are subject to such a force.
Hence they cannot serve as asymptotic states. However, this force only
attacks objects with color and allows for the definition of asymptotic
states that have no color (hadrons).

A question of physical interest is the computation of the transition
amplitude

L <0, 4| B, —eo> . (9.6)
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With Heisenberg we define an S-matrix with the property

IB’+°°> = §|B,—°°> . (9.7)
Its job is to contain all the dynamical information about the evolution

of the physical states in time. Completeness of the states at +o and -

-
L}

VB Hes<te g = T §|B,—m><—m,6|§+
B B

- 48" , (9.8
implies that § is unitary. [You can show that §+§ = 1 as well.] In phys-
ical terms the unitarity of S means that the system cannot disappear into
nothing [black holes?]. Most of the time nothing will happen when states
are scattered - they are much more likely to miss each other than to inter-
act. For this reason we set

§=1+iR ,  (9.9)

with R containing the inteéesting information. Hence it follows that

T = <a,-=|8"]g,-=> (9.10)
aB

=6 - i <a,-=|R[B,-=> . (9.11)
af

Since the interaction is Lorentz invariant, it is convenient to take this

into account and write ,

Tag = Sag ~ i(Zn)hs(A)(PQ—PB)<a,—mlf+lB,—m> . (9.12)

where pa(pB) is the sum of the momenta in the final (initial) state. The

transition probability over all of space-time is then given by
Wg = [(2ﬂ)45(4)(pa—p6)]2<a,—m|f+|B,—m><B,—m|f|a,—m>. (9.13)

The square of the § function is quickly understood since (2n)46(4)(0) is

the volume of space-time [as can be seen by putting the system in a box].
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It follows that the transition probability per element of space-~time is
- 4 () Y
Q0= @MY pB)|<a|T|B>| . (9.14)

This form is valid for states that satisfy (9.2). In our case the momentum
‘states are not normalized to 1 but according to (9.4). Hence we find, after

dividing by the normalization, that

e e ey
(p,lpg) = ap pg = (2E ) (2E ) |<a|T|8>| ,  (9.15)

where Ea(EB) stands for the product of the energies in the a-(B-) state,

:each energy being given by

B, = / pom’ . 9.16)

i
In scattering experiments one is usually interested in the scattering cross-
section of two particles (target and projectile) into many. It is given
by
1 d3pld3p2..d3pN
do (atbr1+2+. . 4N) = === QP [Py sPys -+ 5Py —— g
ab 2m)

(9.17)

where Vob is the relative velocity of particles a and b. For equal mass

-particles it is conveniently expressed as

2 4
) /(pa-pb) -m

Vb = E (9.18)
ab
Putting it all together we obtain
4 (4) o _ 3
@m*s™ (4o -p - Py a%p,

)
. 2
do (atb>1+2+, ,4N) = l<p_p IT|p,...p>|“ T ——F—
/ 7 4 a’b LN ) 2em e
4/ (p*p) -m i

(9.19)
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3
Note that the measure Q—B>is relativistic since

2E
3 3
. dp _ 44 22
ok d"pé(py) 8 (p~-m") . (9.20

A special case of interest is elastic scattering where N = 2. Define the

R e, o

s
% e

center of mass frame where

TS

> > > >
p, tp, =P tP,=0 . (9.21)

%
i

Then simple kinematics yields

2
do (atbr142) = iﬂé— dn . (9.22)
! 641" s
f{i
g where dQ = d¢d(cosf), 6 being the angle between the ingoing and outgoing
i directions:
R
. 8
R R
. FE

and s is Mandelstam's variable

2
= +
s = (p+py)
Y

As you might have expected the renormalized Green's functions will
be identified with the matrix elements of T. Hence it is important to
translate the requirements of unitarity into conditions on T and verify

! that they are met by our identification.

From the unitarity condition on S, it follows that

R - & = i8R = 188" . (9.23)

This operator equation summarizes the restrictions on R due to unitarity.
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For instance, let us take its matrix element between two particle states,
labeled |1,2> and <3,4|:
s st R o
<3,4|R{1,2> - <3,4]R7|1,2> = 1<3,4|RR"|1,2> . (9.24)

It is not hard to see that when the external particles are spinless

<3,4lRY) 1,25 = <1,2|R"(3,45 . (9.25)
Using
4 ~ *
<1,2|R7|3,4> = (<3,4|R|1,2>) ,  (9.26)
we arrive at
2Tm<3,4|R|1,2> = <3,4|RRV|1,2> . (9.27)

Now the RHS of this equation can be rewritten by introducing a set of in-
termediate states. Since we want to limit ourselves to interactions that
involve an even number of states (invariance under ¢ -+ -¢), the lowest
energy intermediate state is the two particle state Ia,b> = |a>|b>. Hence,

using (9.3), we arrive at

4 4
2mm<3,4|R]1,2> = [ £24L 6(a )0 (by)s(a>m”)6 (6" -n)<3,4|R|a,b><a,b|RT|1,254. ..
(2m)
(9.28)
where ... denotes the sum over 4-, 6-, ... particle intermediate states.
In terms of the T-matrix of (9.12), this equation becomes
A da*a a% 2 2. .2 2
2Im<3,4|T|1,2> = | =5 8(a)8(by) 8(a"-m )6 (b"-m") 6 (atb-1-2)
2m)
~+
<3,4|T" |a,b><a,b|T|1,2> + ... . (9.29)

Since both a and b are on their mass-shells, the RHS will be nonzero only
when the |1,2> initial state has enough energy to produce the Ia,b> inter—
mediate state, that is when s = (pl+p2)2 = hmz. Thus we see that as a
consequence of unitarity and completeness the T matrix elements are real
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for s < hmz and acquire an imaginary part after the two-particle threshold

S

S

is crossed, and for all other higher thresholds there is a further contri-
bution to the imaginary part of the matrix element of T.
Let us now compare this with the four-point function obtained from :

perturbation theory.

2 2, »
O oo =R Jaxoon (B5ESEEU 4 () + (eow) + 00 D] (9.30)
2.167 m M x(1-x)

We have seen that the parametric integral does develop an imaginary part

!
Sl

2 . . . .
and has a branch point at s = 4m~, all of it consistent with the unitarity

We can easily check that this is true: we have already calculated the

g equation (9.29). So we are led to identify Green's functions with (-i)

&

& times the T matrix. In this case

qﬁf

74 (1,2,3,4) = -i<3,4|1]1,2 9.31
i«%‘ 3 (1,2,3,4) = -i< a["IT 92> . (9.31)

(4),

imaginary part of T ;3 it is of order Az and appears only for s = hmz.

On the other hand, we can calculate it from the unitarity equation (9.29),

E by putting in its RHS the lowest perturbation vertex, leading to

@

4) A2 a4 2 2.2 2

I 2Ty = 2 fd%a a b6 (ay) 0(by)6(a"-m") §(b"-m )6 (1+2-a-b)+000%) . (9.32)
% (27)

2

4 We leave its verification to the reader. This yields only the lowest order
3 contribution to the imaginary part - the 4-, 6-, ... particle thresholds

; will add to the imaginary part but in higher orders of .

: With this identification between Green's functions and scattering

? amplitudes there emerges a new way of computing the imaginary part of di-

£

E agrams using the unitarity equation. It is useful in perturbation theory

because of the quadratic nature of the RHS of (9.29); for if one has com-
puted <a,b|T|l,2> to order Ak, it will give the imaginary part to order
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Ak+l. This remark is important because of the optical theorem which relates

the imaginary part of the forward scattering amplitude to the total cross
section. This theorem is simply obtained by putting |3,4> = |1,2> in (9.29)
and comparing the RHS with the integrated form of (9.22).

We can arrive at a diagrammatic representation of the unitarity con-
straint, if we recall the meaning of the Feynman propagator. We have

ikx
e

i 4
g [k —

AL (%)
F (27) k —m2+ie

A
)

8(xy) | (z 5 0(-ky) 6 m’)

+0(xy) | —gﬁk§-6(+k0)6(k2—m2) ,
(2m)

which expresses the fact that AF includes propagation of both positive and
negative energy states depending on the sign of Xg- Now if we invent a new
set of rules where the full propagator AF is replaced by e(ko)é(kz—mz),
we can arrive at a pictographic way to compute imaginary parts and therefore
total cross-sections. This new rule would apply only in Minkowski space,
of course. While we have the old rule

i

pz—m2+ie

invent a new one for the cut propagator

2 2
b= + (ZW)G(kO)é(p -m”)

Note that the cut propagator is not symmetric, as the shading shows. The

+
reason is that since we have to compute TT on the RHS of (9.29), portions of

the diagram to the left of the cut must correspond to the conjugate of diagrams

to the right of it although they may be different. The interested reader is
-211-
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referred to Diagrammar by 't Hooft and Veltman, in Particle Interactions
at Very High Energies, part B; D. Speiser et al., editors, Plenum Press,
N.Y. 1974, for more details.

Thus our equation (9.32) would read diagrammatically

Im

§ e sew ey

The end result is that one can derive general cutting equations that express -

the imaginary part of diagrams in terms of the sum of all the possible cuts.
[This is not as bad as it sounds since many cut diagrams vanish by energy

congervation for cutting a Feynman propagator restricts the energy flow

to one direction.]

This concludes our study of perturbative A¢4 theory.
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"Problems.

2
A. Show that do _ l-lzi—'starting from eq. (9.19).
das s 64w2

5 Show that for elastic scattering of spinless particles

E <3,4]8]1,2> = <1,2|8|3,4>.
~(4)

C. Compute Imil by means of the unitarity equation and compare with
. the result previously obtained from perturbation theory.

,D. Show that in general for ¢ > 0

1

. 1
P -ind(x) + P(X),

where P(i) is the Cauchy principal part of %—defined by

LN

1 +oo .
P() = -i [ dy eV [8(y)-0(-y)].

—co

;E. Compute ‘the imaginary part of the setting sun by using the unitarity
: equation

w0 —B

!

< 1 1 4

F. GiveniE=Eau¢3u¢+5m2¢2+-;—!¢3+-[3\—!¢ ,
a) derive the Feynman rules

. b) find the change of m, h and X with scale to G(#)

c) solve the equations of b) and interpret the result physically.

You may use any renormalization prescription, but the mass independent

Ry prescription is strongly advised.
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V. PATH INTEGRAL FORMULATION WITH FERMIONS

1. Integration over Grassmann Numbers

In Chapter I we gave several examples of Action functionals involving
Fermi fields, that is, fields transforming as half-integer spin representa-
tions of the Lorentz group. It was then pointed out that the Fermi fields
should be taken to be anticommuting classical fields, and that this was a
classical identification which did not imply any quantization. If we reason
by analogy with the quantization of, say, the scalar field, we are led to
considering a "path" integral over anticommuting fields. This can at best
be a formal concept devoid of any direct physical meaning, but as is usual
with such things, the final answer will be of interest, although the method
of derivation might raise a few eyebrows!

To start with, consider the case of one Grassmann (anticommuting) "vari-

able" 6. It satisfies [{,} denotes the anticommutator]

(6,61 =0 or 6%=0 . @1
One defines the differential operator é%’by means of
3,61 =1 . a.2)

de’
Any function of 8, £(6), will have a simple expansion

£(6) = a + 86 »  (1.3)
which terminates because of (1.1). For convenience take B to be of Grassmann
type and a to be a real commuting number. [From now on Grassmann variables

will be denoted by Greek letters.] Then it follows that

- =8 s (1.4)
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so that

2
df_» (1.5)

dez
where in the last two equations we have taken é%‘a = {é%yB} = 0. From (1.5)

we see that

d d
de°de

} =0 , (1.6)
which means that there is no inverse differentiation. This is awkward be-
cause one often likes to think of integration and differentiations as inverse
operations. So we are warned that integration has to be introduced in formal
terms. It is defined to be an operation denoted by fde... with the proper-
ties

Jdao =0 Jdes = 1 ;@
it acts exactly like differentiation. This choice permits the integration
to satisfy the criterion of invariance under a translation of the integration
variable by a constant.

This world of one Grassmann variable is rather dull, so let us consider

N Grassmann variables ei i =1,..N which obey

{ei,ej} =0 i,j = 1...N . (1.8)
Introduce their respective derivative operators 5%—-by means of
i
6.1 =35 (1.9)
36,773 ij
i
and
2 23.0 . a0
36,98,
i3

Any normal (i.e., non~Grassmann) function of the ei's can be written as
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M, v

L,

f(ei) = a + Biei + cijeiej + ...+ celez...eN , (1.11).

S0 g 4

where the last coefficient is Grassmann or normal depending on N and the

o

nature of f. Integration is defined in the same way as for one variable N

Jae, = 0 Jae o, =1 (i not summed) . @.12) -
When the measure of integration and integrand involve more than one variable:

%

we conventionally perform the integrations according to a nested procedure.
Thus for instance
fdeldezelez = ~fdel(d6262)el = -1 . (1.13)

For instance, consider the integral

v

T
_ -6 M9 ,
1,00 = fdel...deN e . (@.s) ]

swe e

where M is an antisymmetric N x N matrix with normal elements, m and the

exponential is defined according to its power series. When N = 2 we have

.

L0 = fd61d62[1~2m126162] (1.15)

Zml2 = 2/detM . (1.16)

When N is odd one can show that I vanishes; this is consistent with identi- ;
fying I with the square root of the determinant, since the determipant of
odd-dimensional antisymmetric matrices vanishes. To guess at the general
formula, let us examine the case N = 4. It is easy to see that the relevant

terms in the expansion of the exponential are

T,
STOME é%-(GTMS)Z + ...

461926364[m12m34—ml3m24+m14m23] + ... s, (1.17)

leading to
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m, ,m,,+m_ ,m, ] (1.18)

L) = 4m ,my, -m gm) 4m m, o

4VdetM , (1.19)

so that the general formula turns out to be
1,00 = @Y% /dern . (1.20)

This is the first formula of interest. Compare it with the equivalent for-
mula for boson (normal) fields where the square root of the determinant
appears in the denominator.

Secondly, let us consider

N ~eTMe+Xiei
IN(M;X) = jdel..deN e . (1.21)
where the ¥ 4 are Grassmann numbers
{xi,xj} =0, {xi,ej} =0 . (1.22)

To simplify matters, let us evaluate (1.21) directly when N = 2. There

T. T
-0 MB+ B _ . _
e 1 Zmlzelez Xlxzelez s (1.23)

so that
> 1
LX) = 2(m, + 5 x;X,) . (1.24)
This result could have been obtained more easily by formally completing the
squares in the exponent and shifting the variable of integration as if we

were dealing with normal integration, i.e., by letting

o' = 8 + %—M’lx ,  (1.25)

and rewriting
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-0'Typ" + % m Ly :

>
IN(M,X) = j’del..deN e (1.26)
1 T —
s XM lx
= e (M) . (1.27)

Specializing to N = 2, we arrive at (1.24). The object of this little ex~
ercise is two-fold: to derive (1.27) and to show that shifting of variables
is allowed for Grassmann integration because of the definition (1.7).

The above formulae can be generalized to integration over complex Grass-

mann variables. As an example, let

*

n =L (040, =L (8,10, . (1.28)
V2 V2
so that
*
delde2 = dn dn (1.29)
and
T L ®
MO = ~2in m 5N (1.30)
If we introduce a 1 x 1 matrix 2m12’ application of (1.16) yields
* { *M
Jan"dn ™" N = detm; M= 2m, . (1.3D)

This formula can be generalized to N complex Grassmann numbers., In an anal-

ogous fashion, we can show that

* -1
-iz M) g

x 0% ¥
in MnHiZ ntion | oM e ,  (1.32)

fdn*dn e

*
where ¢ and ¢ are complex Grassmann numbers. Formulae (1.27) and (1.32)
are very important for evaluating path integrals over fermions coupled to

external Grassmann sources.
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Problems.

A,

B.

Develop a general proof for (1.20).

Prove (1.27) for N = 4 by explicit computation.
Prove (1.31) when M' is a 2 x 2 matrix.

Prove (1.32).

Show that

Jdads eOLMB = det M,

where o and B are independent Grassmann variables.
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2, Path Integral of Free Fermi Fields

In Minkowski space there are three ways to describe free spin 1/2 par-

ticles. A) By means of the Weyl Lagrangian

+
{w = lPLO"alPL s (2'1)
which describes via the two component complex spinor wL a left~handed mass-
less particle, together with its right-handed antiparticle (e.g., the mass—

less left-handed neutrinos and right-handed antineutrinos), both related

by the discrete CP transformation
cP: Y. + 0 w* . (2.2)
L 2L
B) By means of the Majorana Lagrangian
2y = “’;"'N’L -3 Wi"ﬂfﬁ"ﬂ? s @3
which describes a massive Weyl spinor. It is then interpreted as a spin

1/2 self-conjugate particle with spin up and spin down degrees of freedom.

It can also be expressed in terms of the four component Majorana field

Yy = s, (2.4)

in terms of which the Majorana Lagrangian becomes
1l = . Iz
£y = WY 3y t 15 Yy . (2.5)
C) The Dirac Lagrangian
I e + +
Ly = Yy oy YpoedPp + Am(Ypy; HUp) 2.6)
describes a particle with two degrees of freedom and its distinct antipar-

ticle (e.g., the electron and the positron). It has twice as many degrees
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of freedom as the Weyl or Majorana Lagrangian, and conserves P, in addition

to CP. It can be conveniently expressed in terms of the four component Dirac

spinor
by .
¥, = 2.7) i
g
as
£y = ¥ (yea+im)yy . (2.8)

For each of these Lagrangians we can build a generating functional when
we include sources to external coupling. The Weyl fields wL can be coupled
to sources in the forms

XEOZwL + h.c. and x;wL + h.c. . (2.9

*
These two couplings are equivalent under the replacement Xg = Oy Xp,» Thus
it suffices to consider only one type of source coupling.

In the Weyl case we consider the functional

i fd4 [ +ix o, ¥ +'w+o 5
+ A3 RS A2

* t
Wixpoxg ] = N [Bu Buy e (2.10)

As in all free theories it can be readily evaluated. Introduce the Fourier
transforms
d4 ipex ~
b = [ PR ), etc. . (2.11)
(2m)
as in Chapter III. The exponent now reads
15 = - Jd"p[3 (0)o-Bh; (I (-P)o, T, T ()0, K (-p)] (2.12)
W L L L 2'L L 2°L ) :

We rewrite it in the form
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- [T )43 (@) 10-p (3, ()43, ()] + T ()0, (p)} . @1

where 9 (p) is the solution of the equations of motion
L

G0 = %j?’oz;:(—p) .(2.1)

In this form we see that integration over wL can be readily performed after
shifting the integration variable by $£, resulting in a change in the arbi-
trary normalization:
4 ~t op 7
- [d%p X, (P) 5 xp @)
T ' P
Wixpoxp 1l = N' e ,  (2.15)
where we have used [see (4.37) of Chapter I]

Gep Gop = p2 ,  (2.16)

and
0,0 e po, = G°p . (.an
2 2
If we set as in the boson case
W= ol? ,  (2.18)

where Z is the generator of connected Green's functions, we find that
* . 4t - -1
Zlxgsxg ] = -1 Jd'x xp (x) (10+3) Tx (x) .. (2.19)
Thus we extract the two point connected Green's function

-1
G(z)(xl,xz) = -i@a" —EH) 5(4)(x1—x2) . (2.20)
sz

or in momentum space

E(z)(p) = - §%E-= N gﬁg ,  (2.21)
P



which is, of course, the inverse propagator. As it stands, this expression
is meaningless until we have specified the pole prescription at p2 = 0.
We can interpret it in analogy with the boson case but it should be noted
that in the fermion case we have no nice convergence argument to introduce
the -ie prescription since we are dealing with formal Grassmann integration.
Thus it would seem that we have to set up the problem in Euclidean space
in order to justify the same pole prescription as we used for bosons.

The other two cases are treated along similar lines. In the Majorana

case we start with

i j'dl‘x [£M+1?MXM]

W, [X,] = N fﬁWM e . (2.22)
and by completing the squares, arrive at the expression

1 4 = -1
g -5 Jd'p X ($+m)
wlx] =N e 2 *u *u . (2.23)

where

P = YuP (2.24)

leading to the propagator

D (5 - ;s——fm: 4 _étr% . (2.25)

using $p = pz. Again the pole prescription has to be added in explicitly.
The Dirac case is treated the same way, starting with

. b e T
i fax[2 +i¥ c+izy ]
Wple,T1 = N [BY 5 e o . (2.26)

where now ¢ and 7 are four component Dirac Grassmann sources. A similar

reasoning leads to
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wD = N' e , (2.27)

from which we extract the propagator

6P @) = gh - - ~§f§7 . @.28)

where the -ie prescription has to be added on.

As in the boson case, one might set up the generating functional directl
in Euclidean space, and then perform the continuation into Minkowski space
on the Green's functions.

In Euclidean space the Lorentz group becomes compact, which means (see
Chapter I) that it is composed of two truly inequivalent SU(2) factors.
However, the derivative operator still transforms as the (1/2, 1/2) repre-
sentation so that if we now want to make a Lorentz scalar linear in the
derivative we need two different fields wL ~ (1/2, 0) and wR ~ (0, 1/2) to
build vector quantities transforming as (1/2, 1/2). We can build two such

real vectors with components
1 ot T Ty
@y Yptidp¥y =y oYp+Po0y, ) (2.29)
and
t + Tt Fr
(bp¥g—vp¥y» 1V Ov+iveov;) . (2.30)
remembering that because wL and wR are Grassmann numbers
+ * T * +
Wvp) = Vv = ~Vply . (2.3D)

If we introduce the four component Euclidean Dirac spinor
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y_ o= s (2.32)

we can rewrite the vectors in the form

- oo

WEYUWE and WEYSYUWE y (2.33)

respectively, where ;u are the Euclidean y-matrices

0 i 0 -0
Yo = , v, = (2.34)
i 0 s 0
which satisfy
{?u,§v} = =28, , (2.35)
and .
1 0
?5 = . (2.36)
0 -1

The possible mass terms are (in Euclidean space there is only one type of

mass)

+ +
bi¥p and Yr¥r ,  (2.37)

so ithat the Euclidean Lagrangian is given by
_ s + :
Ly = Vv, 5 g imdpby ;o (2.38)
it is carefully chosen to be real
*
i% = i% . (2.39)
The corresponding generating functional is
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4= + +
- [a K[ Hr ¥ +iyor ] .
wE[cE,cgl =N fﬁw;ﬁwE e w e e (2.40)

1 [a*T) ) (B L) :
=N'e s (2.41)

leading to the propagator

65 = g = 1 £ ,  (2.42)
p +m
. -2 =2 2
where we have used $p = -p~. We remark that it has the expected p°~ + m

denominator. It is satisfying to see that it has the same structure as the
Dirac propagator in Minkowski space.

There does not seem to be any such correspondence for Weyl fields:
one cannot construct a first order equation for a field transforming as
(1/2, 0) in Euclidean space starting from an invariant Lagrangian that con-
tains this field alone (as we just saw it can easily be done when two Weyl
fields are considered). Should the FPI be well defined only in Euclidean
space, as axiomaticians would have it, then there seems to exist a very real
problem when dealing with Weyl fields as in the theory of weak interactions
or in its unification with QCD. It must be emphasized that there is nothing
apparently wrong with the field theory of Weyl fields in Minkowski space
(excepting possible anomalies) as far as perturbation theory is concerned -
it could well be that a more complete treatment might yield surprises, re-
quiring the doubling of the Weyl fermions, which would restore at some (large)
scale a vectorlike structure for the weak interactions.

Alternatively, since fermi fields appear only quadratically in re-
normalizable Lagrangians, their integration leads only to determinants. Thus

one might argue that any Euclidean functional that leads to the correct (as
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determined by its continuation in Minkowski space) determinant is all that

is needed. This approach requires the doubling of the number of independent

Grassmann fields (see S. Coleman's Erice lecture "The Uses of Instantons" and

problem E).

Problems.

A. Evaluate the generating functional for Majorana and Dirac fields in
Minkowski space.

B. Show that in Euclidean space the derivative operator Bu transforms
according to the (1/2, 1/2) representation.

C. Given in Euclidean space wL ~ (1/2, 0), build explicitly the quadratic
form which behaves as (1, 0).

D. Show that the Euclidean space spinor Lagrangian has the curious property
that }ts mass term is invariant under the so~called chiral transforma-

tion

iays
WE > e WE s

while the kinetic term is not!

E. Formally define
£= X3 + im)y,
where X and ¢ are independent 4 component Grassmann fields. Then show
how to judiciously integrate in order to obtain the usual Dirac determinant.

Discuss chiral invariance in this example.
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3. Feynman Rules for Spinor Fields

The Feynman rules for free Fermi fields have already been discussed
in the previous section. Here we derive the rules for interacting spinors.
Spinors can interact in a variety of ways subject to the conservation of

spin which requires that all interaction vertices include an even pair of

spinor fields., We have given in Chapter“I examples of interacting theories *#

¥

with fermions.

Semae » ok

»

Y

The number of possible fermion interactions is drastically reduced when |

we impose the constraint of renormalizability which demands as a necessary
condition that the number of primitively divergent diagrams be finite., Let
us therefore compute the superficial degree of divergence D of an arbitrary
Feynman diagram with fermions.

Consider a diagram with L loops, I, boson internal lines, I, fermion

b f
internal lines, V vertices each with Nb boson and Nf fermion lines, Eb ex-—
ternal boson lines and Ef external fermion lines. As we just remarked, Nf
and Ef must be even. The number of loops L is given by
L=1-V+1= Ib + I - vV+1 . (3.1)
The superficial degree of divergence in d dimensions is ,
D, =dL - I, - 2L »  (3.2)

since each internal spinor line contributes only one inverse power of momen-
tum. Furthermore, the total number of fermion lines is given by

NfV = Ef + ZIf (3.3)

with a similar relation for boson lines

NbV = Eb + ZIb . (3.4)
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These enable us to express Dd in the form

Dy

1 1 1 1
d - E—(d-l)Ef - E—(d—Z)Eb—V[d - E—(d—l)Nf - E—(d—Z)Nb] . (3.5)

When Nf Ef = 0 this reduces to the previously obtained expression with

only bosons present. In two dimensions, it reduces to

Dy =2 - %—Ef -V - %—Nf), [2 dimensions] (3.6)

g o

which shows that

Nf < 4 , [2 dimensions] (3.7)

otherwise the divergence will grow with the number of vertices. Hence there
is a restriction on the type of allowed fermion interaction, even in two
dimension: It must not be of a degree higher than (w)h. We can understand
this fact in another way: unlike boson fields which are dimensionless in
two dimensiéns, spinor fields have dimension -1/2 so that wh is the highest
interaction which does not necessitate the introduction of a dimensionful
coupling constant.

In four dimensions, we have

D, =4-2E -E -V[hk-2N -NX

4 2 B ~ By 2 N - N (3.8)

If we do not want the number of primitively divergent graphs to grow with

the number of vertices, we must require

4 - é-N -N =20

20 T % > (3.9

where Nf is even. The possible solutions are

which is like a mass insertion and not an interaction vertex,
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which give ¢2, ¢3, ¢4 interactions we have previously analyzed. The only
new solution involving both fermions and bosons is

N, =2 N =1

£ b ’ (3.10)

which gives

D

3
A 4 - EvEf - Eb . (3.11)

This new solution which describes the only fermién interaction allowed by
renormalizability is incredibly restrictive: renormalizable fermion inter-
actions must involve at most two spinor fields and one boson field. Thus
fermions in four-dimensions appear only quadratically in ! This fact can
also be understood in another way: in four dimensions fermions have dimen-
sion -3/2, bosons ~1. Hence the only nontrivial coupling of dimension 4

is the one with two fermions and one boson:

®

This remarkable fact greatly simplifies our analysis of interacting
theories with spinors. Given two spin 1/2 fields we can form either a spin
0 or a spin 1 combination. The couplings to a spin 0 field are the Yukawa
couplings - they appear in many guises: in Minkowski space we have couplings

for Dirac fields

v v 1
i\{lD\yD¢ , Yovs¥pd , (3.12)
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where ¢ and ¢' are scalar and pseudoscalar fields, respectively. For Weyl
fields we have
1yt vl o,y 3.13)
R A , G
where ¢l and ¢2 have no defined parity. In Euclidean space the possible
couplings are

+ o+
1YY oh, WEYSWE¢' [Euclidean space] . (3.14)

The couplings to spin 1 give for a Dirac particle in Minkowski space

7 u = u
iWDYuWDA ) WDYUYSWDAP ) (3.15)

where A" is a vector field, Ag an axial vector field; for Weyl fields we

have
+ u . +" 1M
iwLoquB , 1¢RouwRB , (3.16)
where Bu and BL have no well defined parity properties. In Euclidean space

the vector couplings are

te Fo
A v_A . .17
YRy YpA YEY, Ys¥EA L, (3.17)

Interaction of spinor and vector fields will be extensively discussed in
later chapters. The Feynman rule for the Yukawa vertices is simply the

dimensionless Yukawa couplings themselves
S R if: 1£¥¥¢ (3.18)
[ I— 1 . 1y,
> £lyg: £ Yrg¥e, . 3.19
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In the above, the dotted line denotes a boson field and the solid line a
spinor field with the spinor indices suppressed.

The Grassmann nature of the spinor field is reflected in one crucial
change in the Feynman rules: wherever a closed fermion line (loop) appears
in a diagram, one should charge the diagram a minus sign, as the following
example will illustrate.

Consider the expression (say, in Euclidean space)

det[auau+AA(x)]

We ——e——— = ]
det[3 o +AA
[ " =]

(3.20)

where A(x) is a scalar field and the determinants are to be understood as
functional determinants. We can express them in terms of path integrals,
the one in the denominator giving a path integral over boson fields and the
one in the numerator a path integral over Grassmann fields. The result

is

* 2 *, 2
W= [ pum® 1V (BTRAG)YHG (OTRAG) >

(3.21)
In this form it looks like a theory of a Grassmann field Yy interacting with
a complex scalar field through the external field A(x). The Feynman rules

are

for the Grassmann line

+
2
P

for the boson field line

. 1
‘ 2
P

— - —— —— — — —— .A . :A
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where A appears as the wavy line. In this theory, the A propagator will be

corrected by the "vacuum polarization" diagrams
y
N
MN\O/\M/\ + AANA WANAN
N

which, according to the previous Feynman rules are exactly the same. But,
these diagrams cannot possibly alter the A line because we know the theory

to be trivial, starting from W = 1! Hence it must be that rather than adding,
the two diagrams cancel: the closed Grassmann loop must acquire a minus

sign relative to the closed boson loop.

Hence, wherever Grassmann (spinor) fields are encountered, the Feynman
rule says that one must multiply a diagram with n distinct closed fermion
loops by (-1)". A related way of understanding this fact is to remark that
the cut fermion loop must by generalized Fermi statistics be antisymmetric
under the interchange of its legs since it is related by unitarity to a
physical amplitude.

Finally we note that the Yukawa coupling can induce renormalizable self-

interactions among the scalar fields (see problem).
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Problems.

A.

Find the dimensions for which there are renormalizable theories involv-
ing fermions.
Given the Lagrangian

= ¥ (ye 7 1 My 4 12,2
£ = V(v oHm)Yy 4 167 4¥) + 50 9379 + 5 nTe

1) Derive the Feynman rules,

2) Find the scale dependence of the Yukawa coupling constant at the
one loop level,

3) Discuss the renormalizability of this Lagrangian; in particular
analyze all the one loop diagrams and discuss the ensuing counter-
term structure. Is this Lagrangian renormalizable as written?

If not, amend it.
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4. Evaluation and Scaling of Fermion Determinants

Let us start with the Euclidean space generating functional for the
theory that describes a scalar field in interaction with a four-component

spinor field

+ _ZE + —SE[¢,‘J)+9¢3J3C+’C]
Welz',z, 01 =e "= [povov e » (4D
with
_ b=l o= = 1 22 A 4 o F N
S = fa x[5 3,039 + 7 m 07 + 57 ¢ -Tgy (FHim'+1f9)V-iz ¥=i¥' z] .  (4.2)

In this expression the spinor fields appear quadratically and can there-
fore be functionally integrated. This step leaves us with the expression

(SE[¢,J] is given by eq. (4.5) of Chapter III)

+ _SE[¢,J]
WE[C ,0,d] = [Bp e det (#+im'+if9) e

/

<« (prin'+1£6) o> .

where we have used (1.31) after completing the squares. We can rewrite it

in the form
+ $ -1
<g (f+im'+Hf =) o> —SE[¢,J]

W, =e 8J [5 e det (J+im'+ife) . (4.4)

This is a pretty formula which is useful in the perturbative evaluation
of WE. In this section we would rather concentrate on the saddle point
evaluation of WE. To start with, let us expand SE around a classical field
configuration ¢O’ WO, WB. The functional expansion is of the form
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SE=SE +<n+6—s+‘ >+<§% n>+<gs p>
0 st |o 0 1o
L1 oS o o%
2 P1 5464, 56,56, 1,2t My 5oty "271,2
0 1°%2
2 2
&5 t_87s
+ <p n + <n, ——=—| p,> + ... (4.5)
1 a¢la¢2 271,2 1t 54, 271,2
0

where n = ¥ - WO’ and p = ¢ -~ ¢O.
As in Section 4 of Chapter III, we expand around field configurations

that leave the Action stationary, i.e., solve the classical equations of

motion:
SS s .
" = (f+im +1f¢O)WO - iz =0 (4.6)
¥ 10
t +
ss = Y (—§+im'+if¢ ) -iz =20 (4.7)
34 0 0 0
8s, . (-3 22+ X ) )¢ + 1fW+W J=0 (4.8)
5¢|0 3v 0’% 0’0 . .

By eliminating these linear terms we have an approximate expression for
+
SE that is quadratic in n, n and p, the differences of the fields away from
their stationary values. Explicitly ‘

+ . 1 2, 2 22
Sp = Sg . + <n (FHmHLEY > + 5 <p(-3%Hm” + 5 90>

+ if<n+pW > + if<wgpn> . 4.9)

0

Since we want to functionally integrate over n, n+ and p, we complete the

squares, obtaining

-236~-

e



S~ Sp ot <n'+(2§+im'+if¢a0)n'> + 3 <pl-dPm’ + 2 ¢€+2f2‘{’1(-)($+im'+if¢0)_l‘{’o]p> ,
(4.10)
where .
n' = on ok LR HES ) oY, (4.11) :
Moreover in this approximation ¢
o= pn o= bn' (4.12) i
5 = Sp ,  (4.13) :

since the Jacobian of the transformation is 1. This allows us to function-
ally integrate (4.10) using the formulae of Appendix A and of Section 1 of
this chapter. The result is

_SE 0 2
WE =g det($+im'+if¢0)[det(—3 +m

2 ,x 2, .21 -1 ~1/2
+ 5 ¢O+2f w0(2§+1m 1f¢0) \1'0)] s

/ (4.14)
where in the second determinant the inverse operator acts on and through
‘{’O.

As in the saddle point approximation for scalar field theory, SE
0

generates all the tree diagrams when viewed as a functional of the sources
J, ¢ and C+, while the determinants give the one loop contributions which
are of first order in 4.

Let us perform a functional Legendre transformation between the sources

-1.
J, ¢ and £ and the new classical sources

8z, 8,
¢Cl(x) Sl e Tl s o(h) (4.15)
8z 8s :
¥, G = - +E ~ - +E ) , (4.16)
8z (x) 8z (%)
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and introduce the effective Action

+ _ + + +
FE[¢C1’WCZ’WCZ] = ZE[J'C’C - <J¢cl> - i< Wcl> - i<Wch> > (4.17)

which generates the one particle irreducible Green's functions. In the
classical approximation, it is nothing but the classical Action with the
classical sources of (4.15) and (4.16) playing the role of the fields:

1 2

I 1 2
Ty = <‘{lcl(z+im+if¢cl)wcl> + 5 <¢Cl(—a +m

+ 350206, O . (4.18)
The first quantum mechanical corrections to (4.18) are given by the
determinants of (4.14). We will evaluate some of their properties by using
the r-function technique of Chapter III. These determinants are more com-
plicated because of the spinor indices and of the inverse operator appearing
in the second determinant of (4.14).
Let us specialize to constant field configurations, and neglect all

masses. Then

= (ﬁ—if¢0) “—‘EQLE—E— > (4.19)

[-3°+£ 0]

_1
FHife,

so that the argument of the scalar field determinant becomes
2,.2 2 1

2t ,
+f ¢O)+2f ‘{’O(ﬁ-—lf(bo)‘{’o] m . (4.20)
0

[(-2 + 5 00) (-

In addition, for constant ¢O’ the fermion determinant becomes (see problem)

det (F+ife) = [det(-82+f2¢g)]2 . 4.21)

Using the property of determinants on (4.20), we can rewrite the generating

functional as
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e 10 [det (-7 4200017 1aet (-7 + § o2y (oPae%o2yhae?y! (3169 ) 172,
(4.22)
which is valid only for constant ¢O and WO. To simplify matters further,
let us assume that WO is chiral, i.e.,
viy v =0 (or v, = 0); vy 2 0 . (4.23)
0'u' 0 R ’

Then the argument of the second determinant can be rewritten in the form
2 2
(=3°+4) (~5+B) s (4.24)

where A and B are constants involving ¢O and WEWO which satisfy

Ce2 A2
A+ B = (£ + 34y (4.25)

_1..2.4 3.t
, AB = = Af %0 2if w0¢0w0 . (4.26)

N

We have thus reduced the problem to evaluating determinants of the form
det(—32+c) where C is a constant. Summarizing the results of Chapter III,

we know that

-z' 2 0)
det (-324c) = e L% #C] . .27)
with
4 2-s
z (S) = u (L) r(S"z) j’dl‘x (4.28)
[-32+c] 16n2 uz r(s)
or
1 2, 3 C
g' ) = - C (-5 +m—>) . (4.29)
[-0%4c] 3277 2 u?

Thus armed, it is easy to read off the one loop contribution to the effective

potential [see problem]. Here we merely quote the result when WO = 0:
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a.

2 2,2
2 Y 4 £%9
A 3 f
V) = 2 eel- 2t —2) - o gbio 240 0 . 4.30)
2567 2u 8n u

where the first term is the same as in the pure scalar case - it comes from
the boson loops; the second term comes from the contribution of the closed
fermion loops to the potential, and the relative minus sign comes from the

closed fermion loop.

The scaling properties of these determinants are equally straightforwar

to evaluate. Recall from Chapter III that under a scale change

v
1
k3
1
§

§ det[e’za(—32+c)] = e

~2ag 9 (0)
[-074C] e (-p24c) s (4.31)

with ¢ given by (4.28), so that

e—Znafdax C2

s det™(-o%4c) ,  (4.32)

detn[e_za(—32+c)] =
. 8167

where we have treated the constant C as if it changed under a scale trans-

2
formation with the same dimension as -3 . For a more rigorous treatment,

¢ see Chapter III, Section 6. Thus, the one loop scaling correction is

ha 4=, 5. ..2.2.2 1,,,2,.2
rp > Tp + 1;;;5 fa x(-2() (£767) 4 (=2) (- ) [a™+8"]) . (4.33)

Sar

Rewriting
) A2 + B2 = (A+B)2 -~ 2AB

2, AN2.4 .24 .37
(£7 + )T - oo HLETY 007 . (4.34)

we see that the effect of a scale change on I', is to generate terms of the

E
same type as in the classical Lagrangian, which produces a change in the

dimensionless coupling constants
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AL ta A sehy ., (.35
G T W T a7
A
£ £t =g - g . (4.36)
327

This provides an example of the scale dependence of a theory with several
coupling constants. The new feature is that the scale changes form a coupled
system. This coupling phenomenon is easy to understand from a diagrammatic
point of view since the closed fermion loop obviously contributes to the

¢4 coupling, while to G(#) the fermion coupling is affected only by the

presence of the original fermion vertex:

o

in these the dashed (solid) line represents a scalar (spinor) field.

It must be noted that a scale change will also generate additions to
the fermion and scalar kinetic terms, but in our approximation of constant
fields these did not show up in the changes (4.35) and (4.36). For instance,
the fermion determinant

det (+ife)

cannot be written in the form (4.21) unless ¢ is independent of x. In gen-
eral, its scaling will involve a kinetic term; it corresponds to the fact
that the fields themselves acquire at the one-loop level anomalous dimensions

coming from the diagram
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In the pure ¢4 theory, the scalar field acquired an anomalous dimension only

at the two-loop level, and therefore the effect did not show up in the scal~-

ing of the determinant. Thus eqs. (4.35) and (4.36) have to be corrected fo

wave function renormalization.
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Problems.

A.

*D.

+
Show that FE[¢cl’ ¥ Wcl] is the classical Action when terms of G(#)

c’
are neglected.

Show that in four-dimensions

det (F+1m) = [det (-3%4+n)1°
Find the one-loop contribution to the potential including the fermion
contribution.
Using diagrams, derive the expression for the scale dependence of
A and f (including wave function renormalization) at the one loop

level, and compare with (4.35) and (4.36).
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VI. GAUGE SYMMETRIES: THE YANG-MILLS CONSTRUCTION

1. Global and Local Symmetries

In Chapter I we gave examples of Lagrangians involving fields of spin 0
and 1/2 but refrained from presenting any theory involving higher spin fields
in interaction. The reason for this omission stems from the fact that fields
of spin 1, 3/2 and 2 can be introduced in a very beautiful way just by re-
quiring that whatever symmetries present in the spin 1/2 - 0 system be gen-
eralized to vary arbitrarily from point to point in spacetime. Spin 1 fields
correspond to generalizing internal (i.e., non-Lorentz) symmetries; a spin 2
field occurs when spacetime symmetries (global Poincarg invariance) are made
local in spacetime; spin 3/2 and 2 fields appear when globally supersym-
metric theories are generalized to be locally supersymmetric.

We will not present the local generalization of spacetime symmetries,
but will focus on building theories which are locally invariant under internal
symmetries, following Yang and Mills, Phys. Rev. 96, 191 (1954). Maxwell's
electrodynamics provides the earliest example of a theory with a local sym-
metry. It was E. Noether who first realized the generality of the concept
of "gauging" (i.e., "making local") symmetries [in Nachr. Kgl. Ges. Wiss.,
Gsttingen 235 (1918)]. The gauging procedure in its modern form was formu-
lated by H. Weyl in the 1920's.

Consider the simplest possible Lagrangian involving a spinor field

__]_‘1'<——> _’f‘u
zb =3 wLo BwL = wLo Bqu + surface term (1.1)

which we know to be invariant under the phase transformation

b ) > ey () . @.2)
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where o is a constant. The basic idea behind "gauging" this phase symmetry
is to make  invariant under phase transformations just like (1.2) but with

o depending arbitrarily on xu, i.e.,

io(x)

P (x) > e b () .13

What stands in the way of 2 being invariant under the local phase transfor-
mation (1.3) is the presence of the derivative operator Bu, since under (1.3)
we have

4 (0 > 8 Py o - eia(x)[3u+iaua(x)]¢L(X) RES

so that

> + iw+cuw 3 a(x) (1.5)

ib ib L Ly . *

The trick behind generalizing £ is the invention of a new operator which
generalizes Bu, call it im, with the property that under a local phase trans-
formation
io(x)
B > ey , (1.6

or in operator language

PN eiot(x)ﬁ_e-id(X) . 1.7)
u U

This new derivative operator is called a covariant derivative. Then it

trivially follows that the new Lagrangian
. T
£ E Y0 ﬁ$wL (1.8)

is invariant under (1.3). This is all fine but we have to build this covari-
ant derivative. We look for an expression of the form

im = Bu + iAu(x) s (1.9)
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where AU(X) is a function of x. Then the covariance requirement

-ia(x)

> B =5 +4A'(®) = P (5 4a 1.10
i% im " u(X) e ( " u(X))e ( )
becomes a transformation property of Au
A > A’ = A -2 . 1.11
u(x) u(x) u(x) uct(X) ( )
Now then the new Lagrangian
£ = 4N HA (), = £+ 1010t A () (1.12)
L uou L ib L™ "Ly :
is invariant under the simultaneous local transformations
io(x)
P (x) > e 1
A > A -3 . 1.13
u(x) u(x) uot(x) ( )

The global symmetry of zb is generalized to a local symmetry or gauged at
the price of introducing a new vector field AU(X) which interacts with the
conserved current. We can see that the new field AU(X) has the same dimen-
sions as Bu; it can therefore be identified with a canonical field in four
dimensions [in other number of dimensions, one has to understand Au as being
multiplied by a dimensionful coupling before it can be thus identified].
Furthermore Au(x) is real since iau is hermitean. N

It is therefore easy to write a kinetic term for the field AU(X) in
such a way that preserves the gauge invariance (1.13), by noting that the
combination

F =23A =-3A (1.14)
uv Wy v

is invariant. It has dimension -2 and therefore we can build out of it a

new Lagrangian

~-246~-

f
S

f
:

§



ig_—%F e ,  (1.15)

4g |
here we have introduced a dimensionless constant g which can be absorbed
y letting Au = gAL, so that in terms of AL it appears in the coupling be-
ween AL and the current w{gqu in (1.12). The factor of -1/4 corresponds
o the conQentional definition of g. Of course, as you might have guessed
1.15) is the Maxwell Lagrangian. We now have a fully interacting theory

f spin 1 and spin 1/2 fields, described by

£ = - —17 FWF“" + wZo“(auﬁAu(x))wL . (1.16)
bg

lthough pretty, this theory is not renormalizable (as we shall see later)
ecause of a tricky complication appropriately called the (Adler-Bell-
ackiw) anomaly, which has to do with the left handed nature of wL' It causes
o problem if we couple Au gauge invariantly to a Dirac four component field,
eading to
MY ay“(auﬁAu(x))w 1.17)

1
=~ —F F
EZ1QED 4g2 uv

hich describes QED when AU(X) is identified with the photon, ¢ with the

lectron and g with the electric charge. ibED igs invariant under the local

ymmetry

ia(x)w(\

P(x) » e X

A A -3
u(x) > u(X) ua(X)
nd in the absence of a mass term for y under the global chiral transforma-
ion
18vg
P(x) + e Y(x) . (1.18)

[This chiral symmetry is not exact (the anomaly again) in quantum field
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theory even in the absence of the electron mass but it does not cause any

o

problem since no gauge field is coupled to it.] Gauge invariance forbids
any mass term for Au.
Before generalizing this construction to more complicated symmetries,
let us review the different types of global symmetries.
The Lagrangian for N real scalar fields ¢l, cessy ¢N s
1 N u 1 T.u
£=5 1 39,970, =50 .00°0 (1.19)
i=1
is invariant under global rotations in N dimensions, O0(N) under which the
N-dimensional column vector & changes as
¢+ @' = RO s (1.20)
where R is a rotation matrix (proper and improper). Since @T@ (the length

of ¢) is O(N) invariant, the matrix R obeys

R'R=RR =1 . (1.21)

Proper rotation matrices can be written in the form
%'wijZ..

R=e H . (1.22)
where wiJ = —in are the real
N(N-1)

2

gi%fll~parameters of the rotation group, and

the Zij are the generators of the rotation group. By considering

the infinitesimal change in ¢ and by requiring that the group properties

be satisfied

S &
§¢ = 7 v Zij@ R (1.23)
one can prove that the Zij satisfy a Lie algebra
[zij,zkl] = léikzjl + 1sjlzik - 1silzjk - 15jkzil . (1.24)

-248~-



In the above we have derived the Lie algebra for SO(N) by using the N x N
Zij matrices which act on the N~dimensional vector ¢. It is easy to see
from (1.21) and (1.22) that they are real and antisymmetric., However, one
can build many kinds of matrices which satisfy (1.24). This is because there
are many kinds of ways of representing SO(N). We have chosen to do it in
the N dimensional representation but we could as well have described it in
the adjoint representation which has the same number of dimensions as there
are parameters in the group. In the case of SO(N) it can be represented

by an antisymmetric second rank tensor Aij = _Aji' A convenient way of
treating the adjoint is produced by treating Aij as the matrix elements of
an antisymmetric matrix A. Then the rotations take the form

A>a"=raR; AT =-a (1.25)

s

where R is the N x N matrix given by (1.22). Then it is easy to build an

invariant Lagrangian with A as scalar fields
2= 2 Tr(a AT2"A) . (1.26) )

The symmetric ''quadrupole" representation sij = +Sji can be handled in a
similar way when the trace of S is recognized to be SO(N) invariant. Start-
ing from the E representation of SO(N), one can construct more complicated
representations described by higher rank tensors. An arbitrarily high rank
tensor is in general a combination of tensors that transform irreducibly
(among themselves) under the group. For instance consider a third rank
tensor Ti'

ik

irreducible representations of S0(10) as follows:

and take i,j,k = 1,...10 for convenience. It is decomposed into

~ the totally antisymmetric part T[ijk] with %§£;£§~= 120 components §
-~ the totally symmetric part T(ijk) has lgf%%ﬁ%g = 220 components,
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but it contains, by contracting two indices, a vector Tiij with 10 dimen~

sions. Hence T is decomposed as an irreducible 210 dimensional repre-

(1ik)

sentation plus a 10 dimensional representation of SO

5

10

- tensors with mixed symmetry among the indices: antisymmetric under
the interchange of two indices with 320 components (= 45 x 10 - 10 - 120),
and symmetric in two indices only, with 320 + 10 components.

Thus in summary we have obtained the S0(10) decomposition of the third
rank reducible tensor with 1,000 components into its irreducible parts

1000 = 120 + 220 + 10 + 10 + 320 + 320
This type of construction is straightforward (if tedious); the only subtlety
occurs when N is even in which case one can use the Levi-Civiti tensor sij...
with N entries to split the N/2-rank totally antisymmetric tensor in half.
Furthermore when N/2 is even, this results in splitting the N/2-rank anti-
symmetrized tensor into two real and inequivalent representations. When
N/2 is odd the procedure results in two representations which are the con-
jugate of one another. For instance in S0(10), the 5th rank totally anti-
symmetrized tensor has 252 components, which split into the 126-dimensional
representation and its conjugate, the e-symbol acting as a conjugation.

The procedure of taking tensor products of vectors does not generate
all representations because SO(N) has in addition spinor representations
(e.g., S0(3) has half-integer spin representations). When N = 2nt+l, n =
1,2,..., SO(N) has only one real fundamental spinor representation of dimen-
sion 2%, e.g., S0(3) has a two dimensional real representation, S0(5) a real
four-dimensional spinor representation, etc., out of which all representa-
tions can be built. When N = 2n, n = 2,4,6, SO(N) has two real and inequiv-

alent fundamental spinor representations each with Zn_l dimensfons. Finally
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for N = 2n, n = 3,5,..., SO(N) has two fundamental complex spinor represen-
tations conjugate to one another. For instance S0(6) has a 4 and a 4 con-
jugate to one another, etc. All representations can be constructed from
these spinor representations, which means that they are in this sense more
fundamental than the vector representation.

Consider now the kinetic term for N two component spinor fields

2 = %‘¢Za°u§:¢La . (1.27)
where a runs from 1 to N and the sum over a is implied. For a = 1 we have
seen that (1.27) is invariant under a phase transformation. When a > 1, &
is invariant under a much larger symmetry: consider the change (suppressing

the a index)

T ,  (1.28)

where U is an N x N matrix; and then

-+
w{ > wZU’ . (1.29)

Clearly if U is x-independent and unitary

wh =vTu=1 . (1.30)
1% is invariant under the transformation (1.28). The unitarity condition

implies that U can be expressed in terms of an hermitean N x N matrix
i +
v = et H=H . (1.31)

This hermitean matrix depends on N2 real parameters. Note that by taking

H proportional to the identity matrix we recover the earlier phase invariance.

The extra new transformations are then generated by the traceless part of

H, expressed in terms of N2 - 1 parameters by
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Nz—l +

B= ] Wi, ™ o b (1.32)
A=1 -
A A
where the w are real parameters and the T  are hermitean traceless N x N
matrices. They generate SU(N), the unitary group in N dimensions, and sat-

isfy the appropriate Lie algebra

(8, 18] = 1£ABCC , (1.33)

where fABC are real totally antisymmetric coefficients called the structure
constants of the algebra [this relation is similar to (1.24), but has dif-
ferent f's]. Some celebrated examples are

N=2: TA = cA, cA: Pauli spin matrices A=1,2,3

N

N = 3: TA = %-AA, AA: Gell-Mann matrices =1,...,8.

The Gell-Mann matrices satisfy the normalization condition

tr(MB) = 2688 (1.34)
and are given by

010 0-10
! r= 100 Ay = - }

0 0 00

001 00 -1 000
=l ooo A =00 0 =001

100 10 0 010

00 0 10 0
o= 00-1 ro=—<{o01 0 . (1.35)
7 8 /3

0i 0 00 -2

Under SUN’ then, we have the following fundamental representations
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¢ ~ N means that 8¢ = iwATAw (1.36)

- *
¢' ~ N means that Sy = —iwATA N , (1.37)

where the last transformation property is obtained by requiring that w'+w

be invariant. The tensor structure of SU(N) is simpler than that of SO(N):
associate a lower (upper) index a to a quantity transforming as the N (N)
representation of SU(N), i.e., b~ N, wa ~ N. Starting from these as build-
ing blocks we can generate all the representations of SU(N) by taking tensor
products. One representation of interest is the adjoint representation M§
where M is traceless hermitean and contains N2 - 1 components; as its indices
indicate it is constructed out of the product of E and E: NxN= (Nz—l) + 1.

It is convenient to express it as a matrix M which then transforms as

-1.
M -+ UMU (1.38)

&M = 1A M) . (1.39)
Alternatively we could have represented the adjoint representation by an
N2 ~ 1 dimensional real vector in which case the representation matrices
TA would have been (Nz—l) X (Nz—l) dimensional.

Other types of representations can be built as tensors with arbitrary
numbers of upper and lower indices. Upper and lower indices can be contracted
to make singlets but not lower or upper indices among themselves. Thus for
instance Tab can be broken down to its irreducible components just by the

symmetry scheme of the ab indices: symmetric and antisymmetric. For example

take SU(5):
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ab - T(ab) + T[ab]

5x5=15+ 10

~ ~

Here (...) means total symmetry, [...] total antisymmetry.

We have seen that by considering the kinetic terms of fermion and scalar
fields, we can generate Lagrangians invariant under unitary and orthogonal
transformations. It is also possible to generate symplectic group invariance
by means of a kinetic term. We note that for a Grassmann Majorana field
the possible candidate for a kinetic term

1 - U
% YmYsY 3, ¥y (1.40)

is identically zero when there is only one Majorana field. However, consider

the case of an even number of Majorana fields, wMi i = 1...2N, coupled by
means of an antisymmetric numerical matrix Eij = —Eji with entries
+1 i>
Eij = 0 i=j
-1 i< . (1.8

In this case we can form invariant expressions of the form (1.40) and obtain
a nonzero result provided we antisymmetrize in the running i indices. 1In

this way we arrive at the nonvanishing kinetic term
. . (1.42)

It is invariant under transformations that leave an antisymmetric quadratic
expression invariant. These transformations form the symplectic group Sp(2N),
with the wMi transforming as the real 2N dimensional defining representation.

As the presence of the antisymmetric tensor E,, indicates, the Sp(2N) singlet

ij

resides in the antisymmetric product of two 2N representations. [As a
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consequence, one cannot form a kinetic term for scalar fields transforming
as the 2N of Sp(2N).] 1In fact, for symplectic groups irreducible represen-
tations appear in the symmetric tensor product, and reducible representations
in the antisymmetrized product [exactly the opposite of rotation groups].
In particular the adjoint representation is given by (ZE X ZE)sym. and there-
fore contains N(2N+1) elements. A case of interest arises when N = 1. Then
the Lagrangian (1.42) is seen to be invariant under SU(2) because the E-
matrix can be identified with the Levi-Civit4 symbol sij' This is no accident:
the Lie algebras of Sp(2), SU(2) and SO0(3) are the same. In fact, we note
that Sp(2N) has the same number of dimensions as SO(2N+1). By matching
representations, we see that we have another identification

S0(5) ~ Sp(4)
since the i of Sp(4) has the same dimensions as the spinor of S0(5). However,
S0(7) is not the same as Sp(6) since S0(7) has no six-dimensional represen-
tation. [Moreover even when the Lie algebras match, their global properties
may be different.]

In conclusion we note that by building different types of kinetic terms,
we have been able to generate Lagrangians invariant under O(N), U(N) and
Sp(2N). Other Lie groups called exceptional groups do not appear in our
list because they are not defined in terms of quadratic invariants only, such
as kinetic and mass terms; their specification appears at the level of higher
order invariants. These can appear in the interaction part of the Lagrangian.
So exceptional symmetries are interaction symmetries. Here we do not give
example of Lagrangians invariant under exceptional groups but merely list
them: G2 with 14 generators, rank 2 and only real representations generated
by the fundamental seven-dimensional representation; F4 with 52 generators,
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rank 4, only real representations generated by the fundamental 26-dimensional

representation; E6 with 78 generators, rank 6, and real and complex repre-

sentations generated by the fundamental 27 or 77'representation; E_ with

7

133 generators, rank 7, only real representations generated by the 56; and
finally E8 with 248 generators has the unique feature of having the adjoint

248-dimensional representation as its fundamental.
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Problems.

A.

Given a Lie algebra

t®, 181 = 1£8BCrC AB,C =1, ...K
where the fABC are totally antisymmetric real coefficients. The fABC

can be regarded as K K x K matrices (fA)BC. Using the Jacobi identity

show that these K x K matrices obey the same Lie algebra as the TA when
a proper factor of -i is provided.

Given a complex third rank tensor Ta a,b,c = 1,...5, decompose it

bec
into its SU(5) irreducible components.

1.2 N-1

For SU(N), given N-1 different fields Ta’Ta""Ta , show that it is always

possible to build out of their product a field transforming as the N
representation (i.e., with an upper index).

For SU(3) express the product of two Gell-Mann matrices in terms of

the Gell-Mann matrices.

Show that the Lie algebras of SU(2) and S0(3), SU(4) and SO(6) are
isomorphic.

Given £ = %-BUQTBUQ where ¢ is a column vector with N real scalar fields.
Find the Noether currents and charges. What conditions must be imposed
on the fields if the Noether charges are to satisfy the Lie algebra of
SO(N)?

Show explicitly that the Lagrangian (1.42) is SU(2) invariant when

N= 2,
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2. Construction of Locally Symmetric Lagrangians

In the previous section we have shown how to build local phase invari-
ance into a Lagrangian. Now we show how to do the same for the more compli-
cated non-Abelian Lie symmetries we just discussed.

In the following we will use the Lagrangian for N complex two component
spinor fields to illustrate the construction. However, the reader must be
cautioned that the "gauging" of unitary symmetries with left-handed fields
results in a nonrenormalizable theory because of the Adler-Bell-Jackiw anom-
aly. Since we concern ourselves at this stage only with classical consid-
erations, we temporarily ignore this subtlety. The uneasy reader can carry
out the same construction with N Dirac four component spinors if he wishes.

As we just saw, the Lagrangian

. ,tau
£ = Yo aqua (2.1)

where a is summed from 1 to N, is invariant under global U(N) transformations

v () > UwL(x); U+U = UU+ =1 (2.2)

with

L. ACA
U= elmelmAT s (2.3)

in which the TA are the N2 — 1 traceless hermitean matrices that generate
SU(N). We now want to generalize (2.1) to incorporate invariance under local
transformations of the form (2.2), i.e.,

wL(x) - U(x)wL(x) (2.4)

where now

) A, A
U= ela(x)eiw (x)T . (2.5)

Note that it is pretty much a matter of choice how much of the global symmetry
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one wants to gauge. For instance, we could have limited ourselves only
to gauging any subgroup of SU(N). Here we gauge the whole thing! When
U depends on x, the derivative term Bqu no longer transforms as it should;

indeed

Bqu(x) > auU(x)wL(x) = [BUU(x)]wL(x) + U(x)aqu(x) (2.6)
# Uaqu(x) . (2.7

So we look for a generalization of the derivative which does not spoil

the invariance of #£. We define accordingly the covariant derivative ﬁh

by demanding that
ﬁqu(X) > U(X)ﬁqu(X) (2.8)

or in operator form

B > B U(X)ﬁuU+(x) . (2.9)

We emphasize that iL is, in this case, an N x N matrix so if we wanted to

show all indices we would write (2.8) as
b c
[iLwL(x)]a > [U(X)]a(ih)bch(x) . (2.10)

Then if we can find such a ﬁL, the new Lagrangian

y o1 Fu
L' =S 0b Y (2.11)

is locally invariant under U(N). Since ﬁL is to generalize Bu, let us try

the ansatz

iL = au + iAu(x) (2.12)

where we have suppressed the U(N) indices; AU(X) is an N x N hermitean

matrix with vector elements since 1au is hermitean and a vector:
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A,(x) = B (0L + AE(X)TB , (2.13)

the TB being the N2 -~ 1 hermitean generators of SU(N). The transformation

requirement (2.9) implies that

2, + 141 () = U(x)[3u+iAu(x)]U+(x)
=0, + UGB U] + 1004 (0" () (2.14)
or
Al() = —iU(x)[BuU+(x)] + U(X)Au(x)U+(x) . (2.15)

It is easy to see that the fields Bu(x) and AE(X) transform separately.

Indeed taking the trace of (2.15), we find

BIGO = - %-Tr(U(x)[BuU+(x)]) +B,(0) . (2.16)
It can be shown (see problem) that
Tr(U(x)[BuU+(x)]) = —iNBua(x) s (2.17)

leading to

BL(X) = —aua(x) + Bu(x) (2.18)

which is the transformation previously obtained. Now by multiplying (2.15)
by TC and taking the trace, we obtain the change in the N2 - 1 fields Aﬁ
using the trace properties of the T-matrices

et =0 1r(rr®) = 1 448

7 ,  (2.19)

where we have used a conventional normalization. It is perhaps easier to

consider infinitesimal "gauge transformations” (2.15). Setting

U(x) = 1+ 1T + ... . (2.20)
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we arrive at

6A () = A'(®) - A (x) = —TBBuwB(x) + imB(x)[TB,Au(x)]

+ 0@ . (2.21)
Multiply by ¢ and take the trace, using (2.19) and (2.13) we find
800 = -5 S0 + 20P@Tr (10,8 110 + 0wh) - (2.22)
The TA's obey the Lie algebra of SU(N)
(r®,18) = 1£ABCLC , (2.23)

from which we finally obtain
éAﬁ(x) = -5 80 - mB(x)Aﬁ<x)fBDC + 0@ . (2.24)

The remarkable thing about the gauge transformation (2.24) is that it is
expressed in a way that does not depend on the representation of the fermion
fields we started with.

The variation (2.21) can be rewritten very elegantly in terms of the

covariant derivative: under an SU(N) transformation,

wATA =@ UmU+ . (2.25)
Hence the covariant derivative acting on w is given by (see problem)

ﬁLw = Buw + 1[Au,w] . (2.26)

Comparison with (2.21) yields

SAu(x) = —imw . (2.27)

which shows that even if AU(X) does not transform covariantly under SU(N)
.’-
because of the UBUU term, its infinitesimal change does since it can be

expressed in terms of a covariant derivative.
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So far we have enlarged our Lagrangian in order to have local U(N)
symmetry. The price has been the introduction of N2 vector fields to build
the covariant derivative. In order to give these new fields an existence
of their own, we should include their kinetic terms hopefully in a way that
does not break the original local symmetry. For the Bu(x) field correspond-
ing to the overall phase transformations, we just repeat the steps of the
previous paragraph. So let us rather concentrate on the N2 - 1 fields which
come with local SU(N) invariance. The trick in constructing a kinetic term
invariant under (2.15) is in building things out of the covariant derivative
iL.

Consider the hermitean quantity

Fo = —1[.0“,.0\)] . (2.28)

It is assured to transform covariantly since iL does, that is
-1.
Fuv(x) - U(x)Fuv(x)U (x) . (2.29)

Using the expression for ﬁL in the fundamental representation (2.12) and

omitting the Bu field, we obtain
F = —i[0 +iA ,9 +iA ]
Hv [T TR VY
= auAv - avAu + l[Au’Av] . (2.30)

Since Fuv(x) is an hermitean N x N traceless matrix, we can expand it in

the TB'S

R = F2 GO ,  (2.31)
with

PP = 8 A - 2 AN ) - £ AT GO () ., (2.32)
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where we have used (2.13) without Bu and (2.23). These Fuv's are, of course,
the Yang-Mills generalization of the field strengths of electromagnetism.
They are not all independent for they obey the Bianchi identities

HF +LHF +LHF =0 s (2.33)
U po p ou o up

where the iL's acting on the Fuv's are to be understood in the sense of
(2.25) since the Fuv's transform as members of the adjoint of SU(N). These
identities are a direct consequence of the Jacobi identity for the covariant

derivative

[im,[ﬁzig]] + [ﬁg,[i%,iL]] + [ﬁ%,[ﬁm,ﬁz]] =0 . (2.34)

These are just kinematic constraints which are trivially satisfied by the
field strengths.
It is now easy to build an invariant kinetic term. It is given by

S uv
Ly = 5 Tr(F F') ,  (2.35)

2g

with the normalization (2.19) for the T-matrices; it generalizes the Maxwell
Lagrangian, and can be seen to have the proper dimensions - g is a dimen-
sionless coupling.

We remark that i&M does not depend on the representation of the fer-
mions, and therefore stands on its own as a highly nontrivial theory.
Furthermore, by taking the fABC structure functions to be those of the other
Lie groups, we can obtain the corresponding Yang-Mills theories for these
other Lie groups.

The discerning reader may have wondered why we did not consider the

other invariant
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wFoo (2.36)

as a candidate for the kinetic term. After all it is Lorentz and gauge
invariant and has the proper dimension. The answer is that it can be ex-
pressed as a pure divergence. To see this we write

I = 4¢"V00

Tr([BuAv+1AuAv][BDA0+1ADA0]) (2.37)
_, MVpO .
= 4e Tr[BuAVBDA0+ZlAuAVBDA0] R (2.38)
where we have eliminated the AAAA term using the cyclic property of the

trace. Now

Ve o, - 1 Uveo,
€ Tr(AuAvapAc) 3 aps Tr(AuAvAc) , (2.39)
so that
. Uvpeo, 2i
I hap{s Tr[AoauAv + 3 AoAuAv]} , (2.40)
using suvpca 9. A = 0. Thus we arrive at
ouwv
"PoTr(r T ) = 43 W (2.41)
uv po 0
with
o _ _poMV 21
W € Tr[AcauAv + 5 AOAUAV] . (2.42)

It means that by taking I as the kinetic Lagrangian, we could not generate
any equation of motion for Au since it would only affect the Action at its
end points. We can, however, add it to i&M’ resulting in a canonical trans-

formation on Au.
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Problems.

A.

Given a Weyl field transforming as the 6 of SU(3), build the SU(3)
covariant derivative acting on it in terms of the Gell-Mann matrices.
Show that

Tr[ut ()5 U(x)] = IN® a(x) ;
u u

If w transforms as the adjoint representation of SU(N), show that its
covariant derivative is given by iLw = auw + i[Au,w] and transforms in
the same way as w where Au is the matrix of gauge fields.

Show from the gauge transformation properties of Au that the field
strength Fuv = auAv - avAu + 1 [Au’Av] does indeed transform as the
adjoint of SU(N).

Starting from 2 = %-BUQTBUQ, where ¢(x) is an N column vector of real
scalar fields, generalize it to be locally invariant under SO(N),
duplicating the procedure in the text. How many vector fields must

be introduced? Show that their infinitesimal change under an SO(N)

transformation can also be expressed in terms of the covariant deriv-

ative acting on the gauge parameters.
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3. The Pure Yang-Mills Theory

In this section we study the classical properties of the Yang-Mills

Action given by

gt-Me _ _ ~1—2— fd*x Tr(F M) . (3.1
uv
2g
where
FW = auA\) - B\)Au + i[Au,A\)] ,  (3.2)
and
B B
A = A T . 3.3
u(x) u(x) (3.3)

B
The T  matrices generate one of the Lie algebras

(r®,1¢) = 1£5CPLP . (3.4)

with the indices B,C,D running from 1 to K, the dimension of the Lie algebra,

D. As

itself defined by the totally antisymmetric structure constants fBC
a consequence of (3.4), the TB matrices are traceless; they are normalized
to satisfy

BC

1r(r51%) = % 8 . (3.5

The possible Lie algebras have been classified in E. Cartan's thesis; they’
are the classical algebras SU(N), dimension N2 -1, N =z 2; SO(N), dimension
ﬁﬁ%;ll, N > 2; Sp(2N), dimension N(2N+1), N > 1; and the exceptional Lie
algebras Gz(lh), F4(52), E6(78), E7(l33) and E8(248) with their dimensions

indicated in parenthesis.

B
One can also write the Yang-Mills Action independently of the T ma-

trices,

Y.M. 1 4 B _uvB
S =-—[d x(FF0) , (3.6)

4g
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where now

FB = 9 AB - 9 AB - fBCDACAD . (3.7)
iny nv v wv

It follows that

ZSY.M. - fdax[— l_a ABauAvB " l_a ABavAuB
wv wv

8 2 2

2
+ gePPala05M - e S VS N I R )

The first two terms are recognized to be of the same type as in Maxwell's
Lagrangian (except for the summation). However, the next two show that
the vector fields have highly nontrivial cubic and quartic interactions
among themselves.

The derivation of the equations of motion proceeds most easily in the

matrix form. We start by varying the Action

§8 = —-ja fdhx Tr (F SFuv) , (3.9)
uv
g
where
SF'Y = a¥saY + 16aMAY + 1a¥sAY - (0 — V) . (3.10)

Hence, using the antisymmetry of Fuv’

6s = - % faix TrlF, (3%6a” + 1oa"a” + 1aMea")] . (3.11)
g
Next we integrate the first term by parts, throwing away the surface term

due to the vanishing of the variation at the boundaries. Using the cyclic

properties of the trace, we arrive at

N P H sraH v
®=3 [a¥= Tr[(a"F , + 1[A",F 1)6A%] (3.12)

from which we read off the equation of motion in matrix form
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F S

u _ -
] Fuv + ifA ’Fuv] 0 . (3.13)

Since Fuv transforms according to the adjoint representation, this equation

can be expressed directly in terms of the covariant derivative

fPFuv =0 ,  (3.14)

which shows that it is itself covariant. In addition the Fuv fields satisfy

the kinematic (Bianchi) constraints (as do the Fuv of electromagnetism)

Lt -
ﬁ-Fuv 0 s (3.15)
where
F o=Ll¢ gf° (3.16)
uv 2 Tuvpo *

is the dual of Fuv' We emphasize that (3.15) is not an equation of motion
since it is trivially solved by expressing Fuv in terms of the potentials.
From the equation of motion (3.13) it is clear that one can define

a current jv which is conserved; indeed the expression

. _ M _ iraM
i, = 3 FW i[A ,FW] (3.17)

does satisfy

3% =0 ,  (3.18)

Q = fa’xi, (3.19)
= - JaxalE (3.20)
- - ga’o'r, , (3.21)

where the last integral is over the space surface at infinity. Now the

current jv has atrocious transformation properties under a gauge transformation
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but the charges Q, as can be seen from (3.21), transform nicely under a

very large class of gauge transformations, From (3.21) we have
Q+Q' = —95dzciUFiOU+ . (3.22)

where the U's are on the bounding surface at infinity. Thus by requiring
that we limit ourselves to U's which are constant in space at spatial in-
finity, we can take them out of the surface integral and obtain a covariant
transformation for the conserved charges. We should add that this current
is the Noether current obtained by canonical methods.

We can couple the Yang-Mills system by adding to SY'M' a term of the

form

é—fdax Tr(a’y) , (3.23)

where Ju(x) is an external source written here in matrix form:

B B
J =J T . 3.24
u(X) u(x) ( )
Then the equations of motion read

FMr =1 . (3.25)

uv v
From this equation, we can require that Jv transform covariantly in order
to preserve the covariance of the equation of motion:

Mot . (3.26)

Furthermore it is not hard to see that J" must be covariantly conserved

as a consequence of the equation of motion (see problem)
u craH
_B’J = 3"J + A",J =0 . 3.27
u m 1[ 9u] ( )

We remark that the Noether current is not Ju but rather
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o3

i o=="F 41 . (3.28)

Now if we go back to the extra term (3.23) we see that it is not in-
variant under a gauge transformation. Assuming that J¥ transforms covari-

antly, we find that

s fa*x Tr(AuJu) ~fa*x Tr(JuBuw)

fa*x Tr(wauJu) ,  (3.29)

which means that we can restore invariance if the external source J¥ is
conserved. In Maxwell's theory this is no problem since J" does not trans—
form under a change of gauge. But in Yang-Mills the statement BuJu = 0 is
not covariant. This means that coupling to sources in this way breaks
gauge invariance. This should not be too surprising. After all, we have
seen that by reversing our earlier construction, the way to couple Au in
a gauge invariant way is to add a kinetic term for the fields which make
up the source Ju. Having an external nondynamical source will not do.
Nevertheless one is free to examine the solutions of the classical
equations (3.25) together with the constraint (3.27), but remember that
coupling Yang-Mills to nondynamical external sources is a shady business.
Let us now return to the sourceless equations of motion (3.14). There
are in Minkowski space many solutions of this equation. Just as in electro-
dynamics, there are plane wave solutions to this equation (see problem).
They have infinite energy (but finite energy density). However, unlike
in Maxwell's theory, they cannot be superimposed to produce finite energy
solutions because of the nonlinear nature of this theory, unless they move

in the same direction.
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There exist many other very interesting finite energy solutions to
this equation but they involve some sort of singularities and therefore
imply the existence of singular sources (see problem).

In Euclidean space, the Yang-Mills equation of motion has an exceed-
ingly rich structure. Euclidean space can be regarded as Minkowski space
with an imaginary time, and in Quantum Mechanics, processes with imaginary
time evolution formally correspond to tunneling which happens instantly
in real time. Hence 't Hooft called the nonsingular solutions of the source-
less Yang-Mills equation in Euclidean space instantons. On the other
hand, we have seen earlier that the Feynman Path Integral may be better
defined in Euclidean space. Hence the study of Euclidean space solutions
is doubly interesting.

Let us concentrate on Euclidean space solutions which have finite action
following Belavin, Polyakov, Schwartz and Tyupkin, Phys. Lett. 59B, 85

(1975). In Euclidean space we have
Tr[(Fuv_Fuv)(Fuv_Fuv)] =20 y (3.30)

since it is the sum of squares. It follows that

Tr(F vFuv+Fquuv) =2 Tr(Fquuv) (3.31)
or, using

Tr(F F ) = Tr(Fquuv) y (3.32)
that

Tr FF = Tr FWFW ,  (3.33)

which establishes upon integration a lower bound for the value of the Yang-
Mills Euclidean Action. Clearly equality is achieved when
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o= Fy ,  (3.36)

corresponding to self dual solutions. Antiself-dual solutions also corre-
spond to a lower bound. It is easy to see that self-dual or antiself-dual
solutions have zero Euclidean energy momentum tensor (see problem)., The

integral of the right-hand side of the inequality (3.33) can be rewritten

as the integral of a divergence (see eq. (2.41))

fdhx Tr(Fquuv) =4 fdax E)]JW]J , (3.35)
where

W, = suvpoTr[AvapAo + 335 AVADAO] > (3.36)
so that

S;'M' = iz— fd[‘x TrFWFW = ;27 %Sd%uwu ,  (3.37)

where the last term is integrated over the bounding surface at Euclidean
4

infinity., Hence the minimum value of the action will depend on the prop-
erties of the gauge fields at infinity.

Now in order for SY'M'

B
to be finite, it must be that Fuv decreases
sufficiently fast at Euclidean infinity

B

va(x) + 0 ,  (3.38)

|x]»e
which means in general that AU tends to a configuration
A = -iU3 U+, for x2 +> o (3.39)
u u
which is obtained from Au = 0 by a gauge transformation; it therefore gives

F = 0.
HV
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Now recall that SY'M' is bounded from below by a quantity which depends

entirely on the behavior of the potentials at Euclidean infinity. In fact,

substituting (3.39) into (3.36) we see that on S

_1 FoooE o E
W]J =3 suvpc Tr[UBvU UBDU UBOU ] » (3.40)

-1.
where we have used the antisymmetry of p and ¢ and UU = 1, Thus

o4
stMox 2o 64% ¢ Tr[US U US U U3 U ] . (3.41)
E 3g2 S U HVpO v o} o

which depends entirely on the group element U(x)! We have the remarkable
result that the (minimum) value of the Euclidean Action depends on the
properties of U(x) only and not on the details of the field configurations
at finite x,

Let us specialize to the case of SU(2). There the group elements U(x)
depend on three parameters, call them ¢l, ¢2, ¢3, which are themselves x-
dependent. On the other hand, the surface of integration S is the surface
of a sphere with very large (~ infinite) radius. Thus we can think of U
as a mapping between the three group parameters and the three coordinates
which label the surface of our sphere, that is of a three-sphere onto a
three-sphere. Such mappings are characterized by their homotopy class.

It roughly corresponds to the number of times one sphere is mapped onto

the other. For instance, homotopy class 1 means that the surface of the

oo

3
sphere S3 of the group manifold labeled by the angles ¢i. In general,

sphere S, at Euclidean infinity is mapped only once on the surface of the

oo

homotopy class n means that n points of S3 are mapped into one point of

S3, etc.
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3 3¢
R N L (3.42)
H a=1l 9x ¢a H
we arrive at
Y.M. 2 3 a, ,b c + + +
Sg z 3g2 26{ % E oyl 3,0 3¢ Tr(Us, UUB, U B U) , (3.43)
or, using the antisymmetry of the e symbol
Y.M. 4 .3 1, .2, .3 + + +
Sg = gz gd ousuvpcav¢ ap¢ 3¢ Tr(UalU U3,U Ud,U ) . (3.44)

In this form we see clearly the Jacobian of the transformation between
variables that label the surface S and the angle ¢a. But, as we have just
discussed, this map is characterized by its homotopy class n, when Sz is

mapped n times onto the group manifold of SUZ' By parametrizing U in terms

of, say, Euler angles, it is straightforward to arrive at
S z—%5 n s (3.45)

where n is an integer, given by

1 4 ~
n= fa*x Tr(F_F ) s (3.46)
16n° HY WY ’

it is called the Pontryargin index.

Thus Euclidean solutions with finite action are labeled by their homo-
topy class which gives the lower bound for the (Euclidean) Action. The
lower bound is attained when the field configurations are either dual or

antiself dual, i.e., when

F = +F . (3.47)
MY uv
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As an example, consider the original instanton solution; there the

Euclidean SU(2) potential is given by

-1 2

+
Ax) =2y gy ,  (3.48)
H x2+>\2 H
where
R x, - 1%:3) ,  (3.49)

%

where the o matrices act in the SU(2) space, and

x2 = xg i . (3.50)

It satisfies the requirement (3.39) for finite action [Az is a constant].
It can be shown that it is self-dual and that the form of U implies Pon-
tryargin index + 1.

Finally, let us mention that in Yang-Mills theories, functions which
transform under gauge transformations cannot in general be taken to be
constant because they can be given an x-dependence by a gauge transformation.
The closest one can define is a covariant constant which satisfies

iL¢ = (au+iAu)¢ =0 ,  (3.51)

where we have suppressed all group indices. In solving for ¢, we are going
to unearth a very interesting object: the path ordered integral. To see
it we note that

p(x+dx) = ¢(x) + dxu8u¢ + .. s (3.52)

where dXU is an arbitrarily small displacement. Using (3.51), we obtain

]

¢ (xHdx) = ¢(x) - idquu¢(x) N

—idxMa )
e Ho(x) + 0(dx) . (3.53)
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Since under a gauge transformation
$(x) » U(x)$(x) ,  (3.54)

it follows from (3.53) that

-1dx"a -idx"A (%) 4
e oo U(xHdx)e g (x) ,  (3.55)

which is the fundamental relation we sought to obtain. Now, (3.51) can
be integrated by iterating on the displacement: ¢(y) can be obtained from
¢(x) by taking small displacements along a curve that begins at x and ends

at y, thus obtaining

y
-ifdx-A
o) = (Pe ¥ ) (® . (3.56)
where the path ordered exponential is defined by
o Lo (i—idxﬁ-A(x )) ,  (3.57)
k k

dxk being the displacement centered around ¥, on the curve C:

X

From (3.55) it follows that

y y
-ifdx-A -ifdx-A

Pe X ~upre ¥ T . (3.58)

and in particular the path ordered exponential along a closed path trans-—

forms like a local covariant quantity:
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pe-ifdx-A -ifdx-a t

-+ U(x)Pe (x) , (3.59)
so that its trace is gauge invariant, It is a functional of the path.

There are many more aspects of the classical Yang-Mills theory we have
not touched on, such as monopole solutions, generalization of instanton
solutions, meron solutions with infinite Eucli#dean action (but finite Min-

kowski action and singular sources), etc. Alas it is time to go on and

start thinking about how to define the quantum Yang-Mills theory.
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Problems.

A.

*B.

Show that the field configuration [S. Coleman, Phys. Lett. 70B, 59

(1977)1]
B B
Al = A2 = 0
B_,B__ B, 0 3 B, 0,3
AO = A3 = xlFl(x +x7) + XZFZ(X +x7)

is a solution of the Yang-Mills equations of motion, where Fl,Z are
arbitrary functions. Compare these solutions with the plane wave
solutions of Maxwell's theory.

Analyze the Wu-Yang Ansatz for SU(2) Yang-Mills

C C g(r) : AC = C343 £(r) ,
0 rZ i i rz

where C is the SU(2) index C = 1,2,3, r is the length of the position
vector x. [Recall that for SUG(2) fABC = sABC the Levi-~Civit4 tensor.]
Derive the equations that f and g must satisfy. Show that they are
satisfied by f = 1, g = constant. For this solution describe the
potential and field configurations and find the energy density and
energy.

For an SU(2) gauge theory, show that the 't Hooft-Corrigan-Fairlie-

Wilczek Ansatz for the potentials in terms of one scalar field ¢

c__1.C,. C_1 Co,  Cj
Ag = =g 3% Ap = 5 185300, a0l

implies that ¢ obeys the equation of motion for the A¢4 theory where
A 1s an arbitrary constant.
Show that the Noether energy momentum tensor for the Euclidean Yang-

Mills theory can be written in the form
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b =1 PPy P )
Hv ng Ho  Hp” " vp vp

Find the change in Wu under a gauge transformation, and verify that
Buwu is gauge invariant.

Evaluate the trace of the path ordered exponential around a closed

loop for the instanton solution described in the text. Choose a simple

path at your convenience.
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VII. PATH INTEGRAL FORMULATION OF GAUGE THEORIES

Defining the Feynman Path Integral for gauge theories poses special
problems. As we have just seen, these theories have Actions which are
invariant under space-time dependent transformations

s(al = S[AL’;] .

Thus integrating blindly over all field configurations will lead to a tre-
mendous amount of redundant infinite integrations and thus make the Path
Integral more infinite than usual. We have treated in Appendix A the case
of an integral whose integrand did not depend on all the variables it dis-
played. 1In that case we saw that the integral could be defined by clever
alteration of the measure; the new measure limited itself to integrating
over only nonredundant variables while keeping a covariant look. The ap-
plication of this technique to the FPI for gauge theories leads to the
Faddeev-Popov formulation.

Alternatively, we can require that the FPI really make sense only at

the level of the Hamiltonian formalism, keeping in the spirit of the Quantum

Mechanical correspondence of Chapter II. As it turns out both methods lead

to the same answer. Still it is instructive to present them both.

1. Hamiltonian Formalism of Gauge Theories: Abelian Case

To start with, consider the case of an Abelian field (Maxwell's theory).

There the Lagrangian is [Fuv = auAv - avAu]

= - v 1.1

£ J F \)F (1.1)
1 0i l'j

= - [ZFO,F + F]F ] . (1.2)
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Define the canonical momenta

n o= ,  (1.3)

" "
B[BOA ]
and postulate the fundamental Poisson Bracket (PB) relations at equal times
> -+ &> >
{Au(x’t)’nv(y’t)}PB = —guvé(x~y) , (1.4)

all other PB's vanishing at equal times. The Hamiltonian density is given
by

-> _ u _
Wx,t) =7 BOAU £ , (1.5)

in terms of which the equations of motion are for any function f of the

canonical variables Au and nu
f = {f,H}PB , (1.6)
where H is the energy

= [d3x %@3,0) . @
The canonical procedure we have just outlined works well for many cases,
such as the scalar field theory. However, when we apply it to gauge the-
ories, it goes wrong right away. Indeed, for the Abelian theory, we find
using (1.2) in (1.3)

'nu = FO]J , (1.8)

which gives

Ty = 0 s (1.9)

using the antisymmetry of Fuv' This goes counter to the fundamental PB
relation for p = v = 0. It then becomes evident that if we wish to keep

the fundamental PB relation, we must treat (1.9) in a very special way.
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Still let us continue for the moment, and compute the naive Hamiltonian

which we call HO. After integrating by parts we obtain from (1.5) and (1.7)

_ 143,01 i3 1 _ i i
Hy = fd x([7 FijF 5 M A ] , (1.10)

and we see that the velocities have disappeared: the raison d'etre of the

. . . * 0 .
Hamiltonian formalism. However, the fact that 7 vanishes means that the

change of variables from velocities to momenta 3 Au > nu is singular: you

0

cannot map four things into three without paying a price. This means
that the definition of ¥ is not unique: we can add to it any arbitrary

function proportional to = So we write a new Hamiltonian

0

H=H + j’d3an

0 (1.11)

0 >

where F is arbitrary. In order to find the meaning of F, we apply the

equation of motion (1.6) to f = AO. We find
Ay = {A,Hlp (1.12)
=F ,  (1.13)

where we have used the fundamental PB (1.4). If F depends on canonical
variables, there will be extra contributions to (1.12) but they will be

multiplied by m, which is eventually set to zero. Hence we do not lose

0

any generality by considering F to be independent of the canonical variables,

It implies that if at a given time tO we start with a value A_, its value

O’
tO + 8t will be given by this totally arbitrary function. What does
0

it mean? The extra term fd3an has the effect of changing AO but leaves

at

A, alone, so that it has the same effect as a gauge transformation
i

A »A +3 2 ,  (1.14)
u u u
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where A(;,t ) = 0 but with i(%,to) # 0. Therefore the extra term in (1.11)
generates a special kind of gauge transformation.

R . . . 0
But this is not the whole story: consider in turn the change in =«

T

i,
0= {nO,H}PB = -3m (x,t) , (1.15)

using (1.4) and (1.10). But nO is zero ‘for all times by the canonical

procedure. Hence we obtain another constraint
i
Bin =0 (1.16)

which involves only the canonical momenta! Let us pause for a moment:
first we had nO = 0 coming from the canonical procedure. Dirac calls this
type of constraint a primarv constraint. Then by using the equations of
motion we find another constraint involving the n's. Dirac calls ‘this type
a secondary constaint [Dirac, Can. J. Math., Vol. 2, 129 (1950)].

Thus we have even more relations between the n's. It looks like we are
mapping four velocities into two independent n's. Thus we have to add yet

another term to H to reflect this extra arbitrariness

3 > i+
H era = fa %G (x,t)8, 7 (x,t) . @an

Using (1.6) we can see what type of change it generates

<SAO = {AO’Hextra}PB
=0 , (1.18)
and
6Aj = {Aj’Hextra}
= BjG » (1.19)

using (1.4). Therefore it generates a gauge transformation constant in
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time; G must not depend on t. So the alteration of the canonical formalism
has led us to a Hamiltonian that does gauge transformations as it takes

the system through time. By absorbing AO in G, we can rewrite our new and
final Hamiltonian as

_ a3, ij 1 1 i
o= fa x[4 FijF 5 WM tGo ] . (1.20)

Note that we have dropped the nO term from (1.20) because Hnew no longer
depends on AO in this form. Now we are ready to describe the resulting

physical system. Let f be any function of A, and ™ Its time variation

i
is given by

f=1{fH }

new » (1.21)

PB

and contains an arbitrary element due to the Bini term., This is not accept-
able for a truly physical quantity whose time variation is not arbitrary.
Hence we demand that

i
{fphys.’ain }=0

, (1.22)
which means that fphys must not depend on the variable that is conjugate
to Binl. In other words a physical quantity must be defined only on some
surface in the (Ai,ni) plane. We can always characterize such a surface

by the equation

g(a,,m) =0 ,  (1.23)

provided that the change of variables between g and z, the variable conju-

i . . .
gate to Bin , 1s not singular, i.e.,

ég i
2 {g,5 ni}

PB

det = det #0 ,  (1.24)
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where we have used the definition of the PB's. Note that z is defined by

803,15 ()
[ - 3 i [ <
5z(y) Jax G ad t 3ymy ) - (1.2

The physical meaning of (1.25) should be clear since ainl generates gauge
transformations, and g must be able to fix the gauge.
Assuming that the condition (1.24) is satisfied, we can perform a
canonical transformation
Ag,mg) > Bg,m) g

where we judiciously take

gla;,m) = Ay . (1.26)
Now since Xi and %; are conjugate variables, it follows that
i i
337w, ] §[o7m,1]
detlg,’n) =der{ &L & 1,
PB SA om, Sm, SA, PB
A| 3 3 3
§la'm,]
= det[ —=— ] (1.27)
6n3

just becomes the Jacobian for the transformation Bini > ?3. If it is not
singular we can solve aini = 0 in order to express ?3 in terms of the re-
maining variables. Note that the Hamiltonian does not change under this
transformation. Let us give several examples:

a) The Coulomb Gauge. It is defined by taking

g = oA . (1.28)

i
Then we form
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it

det{BiAi,Bjnj}PB - det[aiaiys(§-§)] . (1.29)
which is to be interpreted as the product of eigenvalues of the Laplace
operator aiai. It is well known not to have zero eigenvalues except for
a constant solution which we eliminate by setting appropriate boundary
conditions. Thus the Coulomb gauge satisfies our criterion to be a good
gauge., It means that we can use Bini = 0 to express the variable conjugate
to (1.28) in terms of the remaining canonical variables. Dropping the

twiddles we write

Moo= 4 o (1.30)
i i i
L
A, = A + A s (1.31)
i i i
where by construction the transverse modes are divergenceless:
slnt = 3%al < o . (1.32)
1 1
Then the Coulomb gauge reads
Al =0 (1.33)
1
and the constraint (1.16) now reads
alal = 315 4 = 0 . (1.38)
1 1

. L
when expressing w

i in terms of ¢. The invertibility of the Laplace operator

is precisely what enables us to set ¢ = 0, Then in this gauge we have the
. T . .
remaining canonical variables ni and Ai both divergenceless. The Hamilto-

nian is now in terms of these variables

1.3 TT
H = 5 fd X(BiBi+nini) , (1.35)
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where
= 1 T
Bi =3 EijkajAk . (1.36)

b) The Arnowitt-Fickler or Axial Gauge, characterized by

g=A,=0 . (1.37)
In this case, the determinant condition is

det 52— 8G-)1 # 0 . (1.38)
3

9 b .
which is satisfied since the operator ax. 1S invertible. It means that we
3

can solve for Ty by using (1.16). The result is

z
1,6,y,2,t) = =f a2’ (0l et ) (ry,2t e , (1.39)

—co

where we have (arbitrarily) set a boundary condition on w The system

3¢
is now described in terms of the canonical variables Al’ AZ’ T Ty and

the (nonlocal) Hamiltonian
1 3 2.2 2 2 2 2
H = 2 fd x[B3+Bl+Bz+nl+n2+n3(nl,nz)] (1.40)

where w, is given by (1.39) and

3
By = =338y, By = 834, By = (8,4,-3)4.) G
It is now easy to write the FPI. Let X; and ?L be the independent

variables. The Feynman Path Integral is now taken to be

~ o~ if[?;_l,'z_l_ - Z}C(X_L ,:r’_,_)]dax
JBA By e (1.42)

BT R R cIN R LS . @)

‘ ~ ~ L d
- where n3(nL) is the expression of Ty in terms of the transverse variables

e
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obtained by inverting (1.16). Now

6[n3—n3(nl)] = §[d ni]detl{a ni,A3}PBI s (1.44)

and i~
. ifAOa T,
slo'm,] = [y e * . (1.45)

These enable us to rewrite (1.43) in the form

J B Ba 8 Br Br 8 (A 1det | (077 K, ) Bl .
P

ijdl‘x[M'Kﬁ?yi3 - 3(m,B)HA 3 ]
e . (1.46)

~ ~
We have added (at no extra charge because of 6[A3]) the term n3A3 in the

exponential, and also

~

l ~ ~ ~ ~
K= (nymotmaw +B.B.) »  (L.47)

now contains all the components of B Let us perform the inverse canonical

1
transformation from the twiddled to the untwiddled variables. The only

effect (besides dropping the twiddles) will be to change A, lnto the gauge

3

function g. Then the FPI becomes

L, rqb R i
1fd x[niAi%H}AOB nl]

i
fﬁAuﬁnié[g]detl{a ni,g}PBIe .

(1.48)

Finally we integrate over the ni’s: noting that the exponent can be rewrit-
ten as (integrating by parts the Aoalni term)

NI

B,B . (1.49)

.
11

1
i (OpA -d4Ag) — g My -

By completing the squares we arrive at
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1 4 2
c . - = Jd x(m, ~3 A, +3,A )
iS[A] i 2 f 1 7071 170
f_zaAu e B slgldet| {37n ,g)yp]e
(1.50)

ere S[A] is the Maxwell action in terms of the potentials. Now we let

L -
T T 3 Ai + BiA (1.51)

i i 0 0 ?
d change variables. When g does not depend on 7, this change of variable
es not affect g or the Poisson bracket. Thus we can take these out of
e 7 integration, but keep the interpretation of the P.B. as the infini-

simal change of g under gauge transformations. The integration over n'

aves an infinite constant which we ignore. The end result is
fﬁAué[g]detI%%Iels[A] . (1.52)

ere S[A] is the Maxwell Action, g is the gauge function, and %% its change
der an infinitesimal gauge transformation. Let us apply this formula

the Coulomb gauge; we find
fi%ué[alAi]detlazlels ,  (1.53)

d we see that the determinant does not contain any dependence on A; it

n therefore be absorbed in the normalization. We note that the AO vari-
le which appears linearly in S gives upon integration a functional &~
nction. This shows that AO is not a dynamical variable although one finds
e condition AO = 0 often referred to as a gauge condition (it isn't!).
wever, if we insist on setting AO = 0 we lose the constraint Bini =0

auss' law) which then must be restored in the problem.

Finally let us mention that one can define a covariant gauge

A =0 ,  (1.54)

~-289-



which is truly a gauge condition since it involves the dynamical variable

A,.
i
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Problems.

A. Apply the canonical formalism to the Action
= [d*xrL H 1 H 2,442
s = [d'x[5 8,010 91 + 5 B 4,0 ¢ tmx (9 +07)]
and define the corresponding Path Integral, treating ¢l’ ¢2 and x as

canonical fields.

B. Consider the gauge condition

Discuss its validity as a gauge condition, and write the corresponding
Path Integral for Electrodynamics in this gauge.

Cc. Repeat the above for the gauge condition

i
(31A3)8 A3 =0 .

D. Consider the condition
-
X >
0= f dz-K(z,t) ,

where the line integral is taken along a curve C. Can it be taken

to be a gauge condition?
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2. Hamiltonian Formalism for Gauge Theories: Non-Abelian Case

Starting from the Yang-Mills Lagrangian we could duplicate the proce-
dure of the previous section with very similar results. However, let us
start from the first order formalism where Fuv and AU are taken to be in-
dependent variables and where S[F,A] is arranged so as to give Fuv in terms

of Au from an equation of motion. So we start from

I R s
S = 5 jd xTr[2 Fqu F (auAv avAu+l[AuAv])] . (2.1)

It is clear that its variation with respect to Fuv gives eq. (3.2) of Chap-
ter VI, but Fuv has no dynamical meaning since it has no time derivative:
it is just an auxiliary field. However, in this form it is easier to re-
write S in a way that has no terms quadratic in time derivatives. Let us

introduce the "electric" and "magnetic" fields

E, = Foy 2.2)

B, = & e, F (2.3)

i 2 “ijk 4k ’
or alternatively

Fij = eijkBk . (2.4)
Using the equation of motion

Fij = aiAj - ain + i[Ai,Aj] > (2.5)
we can rewrite S in the form

s = -5 fa*xrr(B B +EE 28 (2,8, A F1[A),A,1)] (2.6)

1 11 1 1

g

__ 1 .4 P .
= - gz fa xTr(B,B +E.E -2E A -24 (3 E +i[A,E D], (2.7)

where we have used the cyclic property of the trace and integration by parts.
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In this way S is rewritten in a way that translates easily to Hamiltonian

form. Taking the trace we obtain

1 4 B:B 1, A A _AA ,B B
S = gz fd x[EA; - S(EJE 4B B+A (BE )] ,  (2.8)
where Ef appears as the canonical momentum conjugate to Ai (dot means time
derivative); Ag plays the role of a Lagrange multiplier, and
B B BCD,C
(ﬁEEi) = aiEi + f AiEi . (2.9)

Here the dynamical variables are E? and AE for which we postulate the funda-

mental Poisson Bracket relation at equal times
B> C /> _ <BC >
{Ai(x’t)’Ej(y’t)}PB =6 éijé(x v) s (2.10)

all other PB's being zero at equal times. These variables are not all
independent since they must satisfy the constraint

B.EHD = 5 BB + £5PpCEP -
11 1

i &4 s (2.11)

obtained by varying with respect to Ag. The equations of motion are given
by
df

S o f gy + U, [aPmab ) (B ED PG, 0) )y . (2.12)

where

1 3 AA A A
Hy =5 fd x[E;E +B.B ] . (2.13)

Thus, as in the previous section the time variation contains an extra term

due to the Lagrange multiplier term. To see its meaning, let us calculate

the Poisson Bracket

L0 = PG, (0G0 0N G0k, . (216
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which is to be interpreted as the change in Ai under an infinitesimal trans~ :
formation generated by the extra term. Using the relation (2.10), we find
3

BCD,C >

¥

5A]i3(§,t) = -aiAg(i’,t) B (x,t)Ag(i’,t) , (2.15) .

i
which is a gauge transformation. Hence, as in the Abelian case, the extra

term in H generates gauge transformations, with gauge parameter Ag.

It is easy to see that the time derivative of the constraints (2.11)

is itself proportional to the constraints themselves (see problem). Hence

we can generate no further constraints.

B

1 to be physical if its change

As before we take a function of A? and E

under an infinitesimal time translation is not arbitrary, that is if

B B
{f,(5E) ), =0 when (BE) =0 . (2.16)
Now the PB can always be regarded as an integral operator
= L BENPG) . @an
Sz (x,t)
provided that the integrability condition
§ § § § 0 (2.18)

822, 0) 825F,0)  6:°G,0) 85,0
is satisfied. It is not hard to show using the Jacobi identity and the
PB between two ﬁEEi (at equal times) that this condition is indeed satisfied

(see problem). Thus our physical subspace can be defined by two conditions:
B B
(B.E) =0 and { ,(BED) =0 . (2.19)
ii i'i

B
These conditions restrict us from the functional space spanned by Ai and

~B ~B ~B
E? i =1,2,3 to a functional space spanned by A?, A? and E?, E2 in an

appropriately chosen basis.
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Alternatively we can describe this subspace in another way by replacing

e awkward PB condition by another set
S E, 0 G 0) = 0 (2.20)

ich we call the gauge conditions. This alternate definition must not
volve any singular change of variables between the zC functions and the
function, that is (functionally)

C

det |51 - aet|{e%, (0"} # 0 . .1
z

B
is is a necessary condition for g to be a desirable gauge choice. Other-
se it would not fix the gauge. Assuming that (2.21) is satisfied, let
be a bit cleverer and restrict ourselves to gauge choices which satisfy

t equal times, again)

B C
{g .8 }PB =0 . (2.22)

B . . .
en we can regard g as a canonical variable: consider the canonical

ansformation

B

B B B
(BB > (ALE,

) > (2.23)

ere the j indices are just used as labels and do not necessarily transform

vector indices under rotation, and where

~B B
A3 =8 (Ai’Ei) . (2.24)

e constraint (2.21) now reads

§(L.E,)
b l #0 . (2.25)

6E3

det
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since the twiddled variables are conjugate to one another. Now when we
~B

take gB = A3 = 0, we can no longer make sense of the PB relation (2.10)

involving Eg. This means that Eg must now be expressed in terms of the
remaining variables. But this is exactly what (2.25) enables us to do:

~]

solve the constraint (2.11) by expressing Eg

variables. Thus the Yang-Mills system is now defined in terms of the in-

in terms of the remaining

dependent variables KE = CK?,K?) and Ef = (E?,E?) with the Hamiltonian
density

1= 3 (EE + (&, K017 + B8 . (2.26)

where Eé(i;,ﬁ;) is the function that solves the constraint (2.11), and the
%? are given by (2.5) and (2.3). Needless to say, H is now very complicated
for it involves cubic and quartic interaction terms, besides being nonlocal.
Let us now give examples of popular gauge conditions:
a) the Coulomb gauge, defined as in the Abelian case
i B

37A, =0 . (2.27)
i

The requirement that (2.27) be a good gauge choice is easily seen to be

that the operator

sAB
P S ) (2.28)
Smc i i

have no nontrivial zero eigenvalues. Using (2.27) we rewrite it as

OBC = BiBiSBC + fBCDA?BI . (2.29)

It has been recently pointed out by Gribov (Nucl. Phys. B139, 1 (1978)) that

there exist nontrivial solutions to the equation
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&C¢C = 0 ., (2.30)
nd that therefore the Coulomb gauge is not a well-defined gauge for Yang-
ills theories, in the sense that it does not allow for an unambiguous

extraction of the independent canonical variables. However, there is some
order in this madness because the potentials A? satisfying the Coulomb
condition and for which the operator (2.28) has zero eigenvalues are not
easy to come by. As an example of this problem, consider the potential

(in matrix notation)

. + -
Ai = -iU BiU, 39 Ai =0 . (2.31)

If the condition (2.27) were sufficient to fix the gauge, then we should
e able to derive that the only solution to the equation (2.31) is that

1= 0. Let us specialize to SU(2) and write

U = cos % + 13-3 sin %' , (2.32)

here 3-3 = 1 and w depends only on ;. Then it is straightforward to see
that (a is the SU(2) index)

BiAi = (l+cosm)(Bim)Bina+(l—cosm)sabcnbBiainc+sinmaimsabcnbBinc

+ sinmaiainamaaiaim . (2.33)

This equation is clearly a mess, so we simplify it: following Gribov, we
specialize to spherically symmetric solutions for which

a
n? = 3% = 3%— . (2.34)

Then we find that w depends only on r and that w(r), as a result of the

Coulomb condition satisfies
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2
dow, do

w X _ P
tz Ty sin2w = 0 s (2.35)(2

o

where t = fn r. The nonsingular nature of U requires that

w(t=—o) = 0,27,47,... . (2.36) ~

This equation is that of a damped pendulum in a constant gravitational field.:

The boundary condition (2.36) requires that it start at w(t=—«) in a po-

.

sition of unstable equilibrium. Then, depending on the initial velocity
of the bob, three things can happen: 2
1) it stays at w = 0 for all times,

2) it starts falling clockwise and then ends up at t = 4+~ in its positi

i

of stable equilibrium w = -,
3) it starts falling counterclockwise and ends up the same way as
in the previous case. Y

In addition, the pendulum could swing many times round and then fall in

one of the three categories. The first solution corresponds to A, = 0,

i

what one would have expected, but the other two types of solution correspond

to nontrivial A,'s. Their existence leads to the Gribov ambiguity. If

i
we let
-> ;{) —).—)
-igw CE g TF
A, = -ie 3. e s (2.37)
i i
where & = 0, #1, +2, ..., the case 2 = 0 corresponds to case 1), while

£ = #1 correspond to the other two cases. As t - 4+, we have the following

boundary conditions
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1 for 2

[
o

U - . (2.38)

> >
trw C*X

+i for ¢

+1
T

Further, if one computes the Pontryargin index for the various Gribov so-
lutions, one finds that
L =0

+1 :

N A
=
it

1 3
n=~———~—fdxs (TraA L) =
240% ¥ it

1

Thus the nontrivial Gribov solutions have topological charge t—-(instantons

have #1). They certainly do not correspond to run-of-the-mill potential
configurations!
Therefore it seems plausible to expect that the operator (2.28) has

zero eigenvalue only for A,'s that have nontrivial topological structure

i
(I do not know of a proof of this), i.e., n # 0. Therefore if we limit
ourselves to perturbations about zero potentials which have n = 0, we can
ignore this problem. However, its resolution is still an open question
henever nonperturbative Yang-Mills phenomena are contemplated. All one
can say is that the Coulomb gauge does restrict phase space as required
but only modulo copies corresponding to %2 = *1, #2, .., . We will come
back to this problem after discussing the axial gauge.

b) the Arnowitt-Fickler or axial gauge characterized by

i B i
n Ai =0 nn, = 1 B

>
here n is a constant vector., There the operator
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=n [a §BC4£BCD D] (2.41)

[
>
Q- =

Sw

nla,é
1

(2.42)

reduces to the same form as in the Abelian case and it is apparently invert-
ible so that there does not seem to be any Gribov problem in this gauge
[more on this later]. Thus we can invert the constraint (2.11) and solve

A
for E3 with the result (ni = 613)

z

By (,y,2,t) = -f d2' (BE) ,y,2",0) . @)

-0

the only tricky thing being the boundary condition at z = -~ (the soft
underbelly of this gauge). Then the Hamiltonian is readily worked out -
it is a messy expression not worth expressing here.

Let us for a moment return to the Gribov problem. On the surface, the
axial gauge does not seem to be afflicted by the ambiguities we found in
the Coulomb gauge. However, they could hide in the boundary condition on
E3 necessary to invert niai. Thus one could speculate that 1) the problem
is not endemic to Yang-Mills and only reflects that the Coulomb gauge is
an unfortunate choice or 2) the problem is really there, in which case it
must show up in the axial gauge, and then the only place is at spatial
infinity. No one knows the answer, but I. Singer has shown that if one de-
fines the Path Integral on the surface of a sphere in Euclidean space, Sa, th

Gribov problem is endemic and its cause lies in the fact that it is not possi

ble to get away with the same gauge condition over all of space-time. Since
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we are mainly interested in the perturbative evaluation of the Yang-Mills
Path Integral we shall ignore the Gribov problem in the sequel.

The Feynman Path Integral for Yang-Mills theory can now be set up in
exactly the same way as in the Abelian case, with only a slight complication
due to the indices. Consequently we just state the result

. oYM A
f.BAE 1S TAlggh e 195 . (2.44)
Sw

where gA is the gauge condition and SYM[A] is the Yang-Mills action in terms

of potentials only.

~-301-



Problems.

A.

Evaluate the Poisson brackets

(OE G0 e (BE)AE0, GNPG0T

and show that the time change of (ﬁEEi)A vanishes when the constraints
are satisfied.

Show that the integrability conditions for the z functions defined.

by

[ A, >
—— = { LB EDT(x,t)}
s28E, ) i1

are satisfied, using some results from problem A.

Express the Hamiltonian for the Yang-Mills system in the Coulomb and
axial gauges, in terms of the relevant independent canonical variables.
Derive the equation of motion for a damped pendulum in a constant
gravitational field, and compare with Gribov's equation. For its non-
trivial solutions, compute the topological charge (2.39).

Show how, in the Coulomb gauge, the ability to use the constraint
(iEEi) = 0 to get rid of the longitudinal E, depends crucially on

the invertibility of the operator Blia.
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3. Direct Determination of the Yang-Mills FPI: the Faddeev-~Popov Proce-

dure

In the last two sections we saw how the classical Hamiltonian formalism
could be used to derive the Yang-Mills FPI. The end result was a compli-
cated expression coming from the constraints encountered in the Hamiltonian
formalism; these constraints are due to the gauge invariance of the initial
Action. There is another, more direct way to see this, by using a procedure
pioneered by Faddeev and Popov [Physics Lett. 25B, 29 (1967)].

The Yang-Mills Action is by construction gauge invariant, that is

s™Ma 1 = s™MaY) . (3.1)
u u
where
U + 10 (x) T
A= UAUUI - iUBuU+, U(x) = 10T . (3.2)

This means that the naive expression (in Euclidean space)

jf%u e_s

is not well defined if f%u means summation over all AU'?f even those related
by gauge transformations. In Appendix A, we have seen how to handle this
problem: we have to define a new measure which does not overcount, that
is, a measure that sums over a gauge family only once. Roughly speaking
it means that we must divide out the redundant integrations [a problem known

to mathematicians as the determination of the Haar measure].

Consider the quantity

-1 B U

A T[A] = [0 S[g (A , 3.3)

g[ u] / (g (u)] (
where AE is defined in (3.2). U stands for the sum over all group elements,
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B -
and the g are functions that vanish for some AH. Agl is invariant [we ne-
glect nontrivial homotopy classes and the Gribov problem]. Indeed, since

-1.,U0'. _ B, U'U
a1 = Jm slg @ D] . (3.8)

change the variables of integration from U to U' where
u" = U'v [N = 5O . (3.5)

The result is

]
=3
=

-1,,0' B, U"
a[A ] = [ s(sT[A° 1) s (3.6)
g u u

since U" is an integration variable. Thus by cleverly inserting 1 into

the naive sum over paths, we obtain

-S[A] _

[on e = [ 2 (8150 s[gP[al11eSIA]

3.7)
Perform in the integrand a gauge transformation from AH to Au, obtaining

[o o 181 [20 s1g%a 11e7STA) . (3.8)

where we have used (3.1) and (3.6) and the fact that f%u is the same as
f%U. But now nothing depends on U in the integrand and we can take out
S0 at the cost of a multiplicative infinity, which is the infinity we wanted
to take out in the first place. Hence we define the correct FPI for Yang-
Mills to be
~S[A ]

[ o [a T6[g(A )]e  * . (3.9

There remains to evaluate Ag[A]. The trick is to regard gA(AU) as a func-

tion of the group element U(x). Then we can change variables from U(x)

to gA. Writing symbolically

5 = B detl%g . (3.10)
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we arrive at

“lray = su
By [A] = [5g detléglé[g] (3.11)
or
8
A [A] = det|28 . (3.12)
g SsU =0

These manipulations can be performed if the change of variables from U to

g is well defined and not singular: to one group element U(x) corresponds
only one g and vice versa. As we have seen this is not true in the Coulomb
gauge [Gribov problem]. Furthermore, U(x) is labeled by the same number of
parameters as g, but U(x) may have nontrivial boundary conditions and belong
to a nonzero homotopy class. In the following we ignore such problems as
long as we deal with the perturbative evaluation of the quantum field theory
away from Au = 0.

If we parametrize U(x) by the functions mA(x), we write Ag in the form

8™ (x)
80 ()

(3.13)

A [A] = det
g[] e

Putting it all together we arrive at the final expression for the gauge
theory FPI (suppressing indices)

s ~-S[A ]
fﬁ%ué[g(A)]det|§%1e H . (3.14)

which is the same as that obtained by the Hamiltonian formalism. It is gauge

invariant [see Appendix A and problem].
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A.

*%C

Problems.

Show directly from the result
A
o [a] = dee|E]
8 Sw

that Ag is gauge invariant.
Show that the final expression
™

sy E
fi%ué[g]detlémle

does not depend on g the gauge choice [see Appendix A for hints].

When the Gribov problem is present, A;l does not exist.

Try to gener-

alize the Faddeev-Popov procedure, i.e., define a new A;l.
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VIII. PERTURBATIVE EVALUATION OF GAUGE THEORIES

1. Feynman Rules for Gauge Theories in Euclidean Space

Our starting point will be the path integral for gauge theories derived
in the previous chapter, to which we will add source terms in order to ex-
tract Green's functions. Thus consider in Eyclidean space

A A A e -s;M[A]+jd“xJAAA
W3] ~ [oa"s[g" 1det | 2B e B . (1.1
U U sw?
w

In order to derive Feynman rules, we must rewrite the extra factors in

the measure. First of all we note that the expression (1.1) does not depend

A
on the gauge functions g . Hence we can just consider a new gauge choice
gh =gt e . .2)

where cA(x) is some function independent of Aﬁ. In addition, we can inte-
grate functionally the expression (1.1) over cA with any weight; it would
just result in a change in the normalization of W[J]. Usually the gauge
function is linear in Au so if we want to introduce the gauge choice as a
quadratic expression in the exponential, we consider

1 f 4 A A 1 4 A A
- o— Jd'xc ¢ - ~—'fd Xg g
[oct e 2 sigh-chy = = . (1.3)

where o is an arbitrary coefficient. Then our starting point becomes

YM 1
E 2a.

N WY
W[l = [.BAudetI—g—gle WM

(1.4)
Sw N

The next step involves the rewriting of the determinant as a path in-
tegral. Since the determinant appears in the numerator it corresponds to

a path integral over Grassmann numbers,
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1fabxdy o ()—&—(l‘—)— »

s8 | [0 e ) . (L.5)

det
B
Sw (y)
These Grassmann fields are the famous Feynman and Faddeev-Popov ghosts, which

transform as members of the adjoint representation of the group. We have

now succeeded in writing the FPI in the form

eff
* -S
E
Jon Bn fﬁAu e ,  (1.6)
where
££ M
g = SE + fL’<8 g -1an ™ (x) —&—£§2~n (y )>+<JAAA> (1.7

6u® )
This enables us to read off the Feynman rules, which obviously depend on the

gauge choice. Let us remark that

c
52t (x) _ 2P 84 (%)

émB(y) BAﬁ(X) SwB(y)

=—&6(—X-)—(.D) 6 Gx-y) NEER)
oA (x)

leading to a local interaction for the n fields. The same expression works
in the Abelian case, the only difference being the absence of group indices.
In the following we will treat both Abelian and non-Abelian cases. We first
consider the covariant Lorentz gauge

gA = BuAﬁ =0 R )

Then it is easy to see that

A
§Bgi§l~= 5 (3 aAB+fABCAC)6(x ) (1.10)
n
Sw (y)
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for the non-Abelian case and j

8g(x)
Swly)

= auaua(x-y) (1.11)

for the Abelian case. Comparing with (1.7), we immediately note that in

this gauge the ghosts do not interact with the gauge fields in the Abelian

BT

case. Hence they can be integrated out of the path integral: ghosts are
not necessary in the covariant gauge (1.9) for QED.

However, in the non-Abelian case (1.10) indicates that we have a non-
trivial interaction term. In this case the ghost part of the Action becomes
after integration by parts and use of (1.9)

A *A A 1 _ABC, .C*A B 1 _ABC,C *A_ B
i fd x[aun (X)Bun x) - E—gf 3:A°n "n - E'gf Apn Bpn ]. :

(1.12)
This form suggests that the n fields be interpreted as scalar-like fields
in interaction with the gauge fields through their current. However, remem-
ber that they are Grassmann numbers, which means that their Feynman rules
are crucially different: a minus sign must be added to a closed loop made
up of n's (see Chapter V). The current coupling to the divergence of the
gauge field is antihermitean while the rest of the ghost Lagrangian is her-
mitean. However, the antihermitean part can be neglected since the deter—
minant is to be evaluated when 3+A = 0. As we shall see later, the conse-
quent alteration of the ghost Feynman rules gives results which only affect
the propagation of the longitudinal part of the gauge field, which can always
be reabsorbed by properly renormalizing the gauge parameter o. We can read

off the Feynman rules involving the ghosts:
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<

o -

ghost propagator:

A B 6AB
< > -1 — (1.13)
P P
ghos t-ghost~gauge vertex:
£, C
‘r
1 ABC ABC

—_— e — e zef (rip-q) =-gf g
A p—= =gB TRRATRRT! u

(1.14)
where the wavy line corresponds to the gauge field As. We have also rein-
stated the factor g for clarity, and p,q,r are the momenta coming into
the vertex. They, of course, satisfy the conservation equation

(p+q+r)u =0 . (1.15)

The quadratic part of the effective Action for the gauge fields is given

by

4 1 B, ,B B, B 1 B, ,B
fa [ (0 A3 A ) A AD + o 2 A A (1.16)

H PP

where we have redefined A + gA and o » gza; furthermore

fdax[l'a aBs aB L5 aBy aB 4 L 5 AR A%
2 Wwvuv 2 vuuv 20 pgupep
1 ;.4 B 1 B
== - +(1 - Do .
> Jd'x ATT-3,0 8 +(1 -3 3 1A , (.17

where each term has been integrated by parts. The propagator is the inverse
of the operator in square brackets. [Note that in the absence of the gauge
term the quantity in gquare brackets is a projection operator and has no
inverse; that is the whole point for adding the gauge term, which is what

Fermi did for QED.] Write it in momentum space in the form X(p)éuv+Y(p)pupv

without loss of generality; then by requiring
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2 1
‘Suo = [X(p)éwﬂ’(p)pupv][p va-(l - ;)Pvpp] ,  (1.18)

we obtain for the Feynman propagator, represented pictorially by a pigtail

(or spring)

A B AB PP
JSLLLLLE gm0t NG

2

s

‘We have up to this point kept the parameter o arbitrary. Let us mention

:that the simplest gauge to calculate in is the Feynman gauge where we take

o =1
: A B
221212
< > -!5 SABS (Feynman gauge) . (1.20)
A p — v P Hv

;When we take o = 0, the numerator of the propagator (1.19) becomes just
jthe projection operator needed to forbid one mode from propagating. This
;gauge is called the Landau gauge. Although it is not convenient for calcu-
?lating Feynman diagrams it is useful when checking the unitarity of the
;Minkowski space amplitudes.
Next the effective Action contains a term cubic in the gauge fields

- jd4foBCAﬁAﬁauAi . @.2D

jIn order to obtain the corresponding Feynman rule, we have to rewrite this

i

;term in momentum space in the form
1 ~A, (7B, <€ BC
3 BB @E @V (p,0,1) . a2

with -v being the Feynman rule, totally symmetric under the interchange of

-the A's. In particular we already know the index structure of V, it is just

:fABC. Thus we can write

PRI
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BC ABC
V‘:\)O(P,q,r) f pr(p,q,r) ,  (1.23)

where Vuvp(p,q,r) must be antisymmetric under the interchange of the pairs
(usp), (v,9), (p,r), since the fABC are themselves totally antisymmetric.
From (1.21) we see that VUVO must contain iruévp. This is enough to gen-

erate all the other terms by symmetry. The result is

Bawv
w9 c
ABC
> -igf [ru-—qu)évpﬂqp—pp)éw+(pv—rv)épu]
A pms =mr o p (1.24)

with, of course

(p+q+r)u =0

Similarly, the effective Action contains a quartic term

1,2 ABECDE,A,B,C,D .25
4 LV v

which we must rewrite in the form

L

ABCD
41 (P,Qar,s) y (1.26)

~A, B, ~C, ™D

Au (p)Av(q)Ap(r)Ac(s)prc
where V is totally symmetric under the interchange of the triples (A,u,p),
(B,v,q), (C,p,r), (D,0,s). From (1.25) it is evident it does not contain

any momenta, giving at least

;ng fABEfCDE

4 Hp VO

From this term we must build symmetry in both (A,u) - (B,v) and (C,p) - (D,v).
Since the f's are antisymmetric, this means we must antisymmetrize under

U+ vand p » o individually, i.e., let
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6upé\)o 2 ) ’

§ -8 &
HP VO VP U0
which takes care of both requirements. Next we must build in the remaining

two types of symmetries (A,u) + (C,p) and (A,u) + (D,o). This is done by

adding these terms and dividing by 3. The result gives the last Feynman rules

v B
A P
H c
D3Jo
_gZ[fABEfCDE(<S s - s )+fCBEfADE(<S _ 5 )
P VO Vp uo Up VO vy po
DBE _CAE
+ - . .
A S O N ) (1.27)

These last two Feynman rules are unaffected by our gauge, and are absent in
the Abelian case. These Euclidean space Feynman rules in the covariant gauge
are summarized in Appendix C.

Let us now change gauge and take the Arnowitt-Fickler gauge which we

write in a fancy way in Euclidean space:

n AB =0 nn =1 . (1.28)
Tt Tt

In this gauge we easily find that

A
§5§5§l~= n (3 *B4eABCACY 5 (x-y) (1.29)
Sw (y) H U H

_ AB _

=§ nuaué(x y) (1.30)

is independent of Au. Hence for both Abelian and non-Abelian theories, the
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ghosts do not couple to the gauge fields, thus obviating their use. It is
in this type of gauge that the structure of the Abelian and non-Abelian
theories are closest. Thus we only have to worry about the gauge field

propagator. The term quadratic in Au now reads

4 -1 1 B
d x[5 (3 A -3 A 3 A -9 A - A
Ja*i5 @ 2 %) - 55 m AT AT

or after integration by parts

1 ¢4 ,B 1 B
> % A [-2,8 8 -8 8 - Znn JA . (L.31)

The Feynman propagator is the inverse of the quantity in square brackets.

In momentum space it gives (see problem)

AB PP

§ ufv 2 2

= (8§ - (np+np) -——5 (ap”n")). (1.32)
-p 2

pZ HV n HVv v (n+p)

We see that this gauge brings a mixed blessing, giving no ghosts but a very
complicated propagator structure.

We remark in passing that there is some arbitrariness in the Feynman
rules we have just derived: the sign in front of the ghost propagator and of
the ghost-ghost-gauge interaction do not matter since we will always be
dealing with an even number of ghost lines.

Finally, let us mention the extra Feynman rules that come from coupling
gauge fields to fermions. Although one can couple gauge fields to left-
handed and right-handed fermion fields independently, let us concentrate
on the pure vector coupling where left- and right-handed fermions couple

in the same way. In that case the addition to the gauge Lagrangian is just

if = Pye ¥ + im¥Y ,  (1.33)
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where the ¥(x) are Dirac spinors of mass m and ﬁL is the relevant covariant
derivative. We have suppressed all indices. The additional Feynman rules
are then:

fermion line:

a b ~16%P

$ +m ?

(1.34)
where ¢ = pUYU’ and a,b are the indices of the fermion representation.

fermion-fermion-gauge vertex:

LA
—> -igy (Th?2 . (1.35)
u b

where (TA)E are the matrix elements of the group generators in the appropri-

ate fermion representation. As long as we deal with Dirac fermions, there

is no essential difference between their Euclidean and Minkowski space treat-

ments except for replacing ¥ by w+. In the following we keep the more rel-
evant Minkowski notation although we write the Feynman rules in Euclidean

space.
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Problems.
A. Derive the expression for the gauge field propagator in the gauge
nuAu = 03 nunu = 1 and nu fixed. ,
B. Derive the Feynman rules for a complex scalar field coupling to a Yang-
Mills Lagrangian. For definiteness, take SU(N) for the local invariance:
and assume the field transforms as the N-dimensional representation.
**C, For SU(N) gauge theories, consider the gauge condition :
BUAU + a{Au,Au} :
(here expressed in matrix form). a is an arbitrary coefficient. Derive,
the Feynman rules. Discuss the effect of the gauge conditions on the
vertices. Note that this weird gauge condition is only possible when

{AU’AU} has the same group properties as 93-A.
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2. QED: One-loop Structure

We now proceed to examine the perturbative treatment of the simplest
of gauge theories which describes the interaction of the photon with charged

particles. Its defining classical Lagrangian is
QED _ 1 - . =
== (0 A -3 A 3 A -3 A + ¥y 0 ¥ + im¥yy
i%l 4 ( v av u)( Hv v u) Yu u
= 1
+ deA ¥y ¥ + -— (3 A 3 A . 2.1
TR 20 ( u u)( P o) 2.1
Here ¥ is a four-component Dirac field and e is its electric charge. In
nature there are many charged fields; the leptons e“, u o, 1" with charge
~-e, the "up" quarks u, ¢, (and perhaps t) with charge %'e, the "down" quarks

1 . . . .
d, s, b with charge - + the intermediate vector beam of weak interaction

3
+

w;, and probably many others yet to be discovered. We restrict ourselves
to one spin 1/2 field.

Since we are going to calculate in 2w dimensions, we replace the dimen-
sionful coupling constant e with a dimensionless one
e e uz—m , (2.2)
where yu is the traditional mass parameter of dimensional regularization.
[Recall that in 2w dimensions, spin 1/2 fields have dimension -w + 1/2, spin
1 fields have dimension -w + 1.] Thus the Euclidean space Feynman rules

are (in the Feynman gauge o = 1)

-317-

S s 4 g

-

[EPR——

T s



éuv
LoV aVe Ve Ve Ve Wy BV
< > 3
P

< > -1

P p+m

2

< > ~iey myp , (2.3)

where we have suppressed all the spinor indices, and each fermion loop ac-

quires a minus sign.

With these rules, we are led to the following one loop diagrams

Vel MO\,W 2.4)

which correct the fundamental parameters and fields of the theory, and

(2.5)

which seem to produce new interactions. Let us first deal with the diagrams

of (2.5).

It is well known that the Dirac kinetic term is invariant under the

charge conjugation operation

y »vC = it

(2.6)
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T ¥

B

<

£

Under this discrete transformation the Dirac covariants ¥¥, WYSW and ?YSY Y
u

are even while the vector and tensor ones WYUW and gouvw are odd. Hence

it follows that the Lagrangian (2.1) is invariant under the combined dis~

crete transformations
L AR A —» -A . (2.7)
" "

Therefore iﬁED cannot generate interactions which are odd in the number of
photon lines (recall the analogous case of A¢4 theory which is symmetric
under ¢ » ~¢ and thus does not have Green's functions with odd number of
lines). This fact, known as Furry's theorem, disposes of the diagrams (2.5).

We have purposefully neglected the diagram

T

(2.8)

which describes scattering of light by light. By naive power counting, it
is logarithmically divergent (in four dimensions) since each fermion prop-
agator behaves as (¢)_l. On the other hand since it involves four photon
lines and comes from a gauge invariant theory, it must be proportional to
(Fuv)a, and thus have dimension eight (when w = 2). Thus it would seem that
we have found a diagram that is divergent and does not correspond to the
fundamental interactions appearing in . Does it follow that QED is not

renormalizable? On the surface it would seem impossible to stuff this di-

< vergence into the redefinition of the input parameters. Fortunately, con-

trary to the naive power counting, the box diagram (2.8) is UV convergent,
thus obviating the question. Hence lesson No. 1: in gauge theories, do
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not trust the naive power counting, for divergent diagrams may turn out to

be finite or at least not as badly divergent as naively believed.

After these words of wisdom, let us calculate the one-loop diagrams

2.4).

indices)

We start with the correction to the fermion line (suppressing spinor

9
&

Z(p) - (2.9)
? p—= p-4

2w §
o 2-w0 2 a2 (1) v
er™ ™) I(Z“)Zw Yy fotim Yy 2 . (2.10)

Using the Euclidean space property of the y-matrices

{YU’YV} = _ZSUV

. (2.11)
we rewrite the fermion propagator as
d_+1 =1i’12;—‘%l . (2.12)
m o+

Introducing Feynman parameter integration, we obtain

2w vy (p-L-m)y
2(p) = -i(en’ )2 fd e e (2.13)
0 (Zn) [27(1-=x)+{p-2) "xtm"x]

Define the new variable of integration

L' = L - px s (2.14)

in terms of which

w0 Yy, [¢(1-X)-m-l']v
L(p) = -ieZy*7%¢ fd A . (2.15)
0 (2m) [ 4m x+p x(l—x)]
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The term linear in &' in the numerator vanishes upon integration while the

other terms yield (using eq. B-16)

1
£(p) = -ie2 4720 fax v, [BA-x)-mly I—(2:%-[pzx(l—x)ﬂnzx]“’_z.
0

(4m)
(2.16)
Before expanding about w = 2, we have to perform the y-matrix algebra which

is dimension dependent. Indeed from (2.11), we find that

Yy, = 2 »  (2.17)

and

YoV T [2~2(2-w)]yp . (2.18)

Letting € = 2-w, these enable us to write

2 1 2, (lexytmln,
I() = -2 S5 T(e) [ax EFETEEE) [pl-w)+2mee (B(1-x)m) ).
16w 0 4y

(2.19)

After expanding about e = 0, we find

~-i e2 e2 1 L 2x(l—x)+m2x
E(p) = ThCotpriml+t Sk () (L42y) + ax [ (L) +2mn ATy 1y )
167 8w 0 4y

(2.20)

where y is the Euler-Mascheroni constant. We store this result for future
use.
Next we consider the correction to the photon line, also known as the

vacuum polarization diagram
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2w -
2-w,2 ¢ d°7g 1 1
= —(er* ™™ I(Z“)Zm Tr[yu Tigtm Yy T8 =1 . (2.22)

where the (-) sign is present because of the fermion loop, and the trace

¢4
7,
e
2
5

%

is over the spinor indices, i.e., over the y-matrices. This is rewritten

as

24 :

2-w.2 ¢ d2¥ 1
I (p) = —(ep” )
¢ @en? 1224?11 (pre) Z4n’]

Trly, (H-m)y (Im) 1. (2.23)

Introduce a Feynman parameter and the new loop momentum

;;r
g' = 2+ px . (2.28) -
in terms of which we obtain ;
902 L a2ey Tr[yu(l'+¢(l-X)-m)Yv (L' -px-m) ]
L,®) = -(en” ™) fax 5 R 5 . (2.25)
0 (27) [ 4m ™ 4p x(1x) ]

As usual terms odd in &' drop out from the loop integration. In 2w dimen-

sions, if we take the y-matrices to be 2% x 2% dimensional, we have the

following trace formulae i

w
Tr(Yqu) = -26

v s (2.26)
and
w

Tr(YquYvYO) 2 [6u06v0+6ucépv_6uvépol (2.27)

Hence we rewrite the trace appearing in the numerator of (2.25) as
2
LI — +
[lplo Pppcx(l X)]Tr(YquYvYo) T Yy, , (2.28)
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where we have used the fact that the trace of an odd number of matrices

vanishes. Using (2.26) and (2.27), we arrive at the expression for the trace

(2.28)

z“[ZQLz;-zx(1~x)[pupv-auvpz] ~6uv[l'2+m2+p2x(l—x)]] . (2.29)

where we have added and subtracted éuvpzx(l—x). Putting it all together,

we obtain
2 2% &

0 2 [ Pm?

1 w
2-w, 2 d
My ®) = —(en” D% 2% fax [-S—i b
6 2x(1-0) [p,p_-8, p°1
Pqu uvP

uv _
+p2x(l—x)] [12+m2+p2x(l—x)]2

- 3.
[12+m2

+p2x(l—x)]2

(2.30)

Integration over the loop momenta, using formulae B-16 and B-18 shows that

the first two terms cancel one against the other, leaving us with

1 (p) = Jéi.r(e)( _ 25 ) }dx X(l_x)[EEiEEESl:El]_E
HVY P an pupv P LA 2nu2

Expansion around e = 0 yields
2

e 2,1 1 1
Huv(p) = ;;E-(pupv—éuvp )[EE'— Y —édx x(1-x)onl o

where we have used

1 1
fax x(1-x) = 5
0
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Y

where F(l)

The last one loop diagram is the vertex correction

P

FJPA)= p+L q+ 4

p—’\"\«w—/q-’ 20

2w $§
. 2~
= -ifen®™)? £ to

1 1
(2“)2(.) Ye pHi4m Yp [ - Yo ‘;‘2— (2.35)

It is more complicated than the previous two. We introduce two Feynman

parameters and rewrite it as

I (p,q) = -21(en’™® [d f dy A
e 0 emn?
2, 2 2 2 -3
Yo(é+l—m)yp(l+¢—m)vo[l +m” (xty)+22 (pxtqy)+p xtq y] (2.36)
Introduce the new integration variable
L' = 2+ px + qy (2.37)
in terms of which (2.36) becomes
— 20, v _[4-dy+p{(l—=x)-mly [L-px+d(1-y)-m]y
r () = -2 ey’ fd f “ay -4 =3 . °

0 (2n)

(2.38)

Only the piece of the numerator quadratic in £ gives a divergent loop inte~

gration. If we write

Fp(p,q) = Fél)(p,q) + Féz)(p,q) ,  (2.39)

contains only the numerator part quadratic in the 2's, we find

using (B-18)
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2-w,3 1 1-x /2 vy Y v vy
T(l)(P,Q)= -1 SEE-Z%* r(2-w) fdx | dy 5 5 g 2 p't'o —,
P (4m) 0 0 [m” (eby)+p 1 (1-x)+q y (1~y) ~2p-qxy]" *
(2.40)
for the divergent part and using B-16
2-w,3 1 1=x v _[B(1-x)-dy-mly_[4(1-y)-px-m]y
r D, =-1 i§3-2%~ r@-e) [dx [ 4y — g 5 . g_w )
i (4m) 0 0 [m” (x+y)+p 2 (1-x)+q "y (1~y) 2P+ gxy]
(2.41)

In this last expression we can put w = 2 with impunity since it is convergent,
obtaining

- 2 1 1-x vy _[#(0-=x)-dy-mly_[d(1-y)-$x-m]y
FSZ)(p,q)= ~i(en” ™) 2 5 Jax [ dy —5 : -

2 2 2
167 0 0 [m” (x+y)+p 1 (1-x)+q "y (1-y)-2p-qxy]
(2.42)
We will return to this expression later. The useful identity
=2 - -
Yo a0 8o Yg¥oYy ~ 2€2 w)YaYpYB ,  (2.43)

together with (2.18) enables us to rewrite (2.40) in the form

(1) € ez 2 1 l—X
r(p,q)=-lepy + —5 I'(e)(1-¢) fax [ dy¢(
P P 0

87 0 4nu2

(2.44)

2 1 1-x 2 2 2
=‘ieU€Yp ~f—7{%'-Y-1-2 fdx f dy'&ﬂm (xty)+p x(l—x)+g v(1-y)~2p CESAN
167w

0 0 4y

(2.45)
We shall return to these expressions later for they contain a lot of
interesting physics. In order to properly analyze them, we will have to
continue to Minkowski space and evaluate them on the fermion mass shell.

We will notice that they are infrared divergent (all except Huv) and we will
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discuss how to circumvent this difficulty. For the moment, we concern our-
selves with the structure of the field theory. The computation of the one
loop diagrams enables us to build the counterterm structure necessary to
renormalize QED.

It can be shown that in QED the number of primitively divergent diagrams
is finite (see Chapter V). We have already noticed that a necessary condition
for renormalizability is the ultraviolet finiteness of the light by light
scattering diagram. Assume that it is indeed finite (see problem).

In the Feynman gauge, our starting Lagrangian was

£

1 2,1 2,= = 2w
= = - = +§ gY+imP¥+i VAY .
- h(auAv BvAu) + 3 (auAu) Y F¥4+im ey A (2.46)

We try for a counterterm Lagrangian of the form

K
= T 2=, = 1 o 2
= + + = - . .
Ly szzw+imeww iep KlwAw 4 K3Fquuv + (BUAU) 2.47)
Then the renormalized Lagrangian

ren

L = i%l + i%t (2.48)
can be rewritten in terms of the bare quantities
_ 1/2, . ,1/2

WO = (1+K2) ¥ = ZZ ¥ (2.49)
At = )2l = 2L/ 2 (2.50)

0 3 3

14K Z
eO = e]Jz_w *“”""“”"“_‘]_—T/z = euz w ""*—"]‘_]”_7’2' (2.51)
(1+K2)(1+K3) 2223
1+ Zm

m, = m Imo— (2.52)

0 1+K2 Z2

1 1+Ka Za
a = . (2.53)
0 1+K3 Zy
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as

ren - = = 1 2 1 2
= i = - + == (3
£ \yozw0+1m0\y0w0+e0wOAOWO + 3 (BUA\)O avAuO) 20‘0 ¢ AO) (2.54)
- e 5 2 1 2
= ZZ‘Y$‘¥+imZm‘{"{’+ezl‘M‘{’ + W (Fw) +3 za(a-A) s (2.55)

where we have introduced the Dyson Z-notation. 1In this form it is rather
suggestive that the gauge invariance of 1%1 will be preserved by i;en when

Z in order to preserve the nature of the covariant derivative which

17 %

ren
for £ is seen to be

T Zl
F =3 +ie--A . (2.56)
u u Z2 u

However, it does not yet follow that Z, = Z2 (it will!) because we have

1
broken gauge invariance in our Lagrangian by putting in the gauge fixing
term, so that the Z factors are gauge dependent.

The counterterms can be read off from the one loop calculations; firstly

the fermion line calculation

2
i(p) = i € 5 ($+4m) %—+ finite terms (2.57)

167

yields the counterterms

2
e 1 m
K, = - [=+ F, (e, )] (2.58)
2 l6n2 € 2 In
e2 1 m
Km T 41[2 [E+ Fm(e, E)] ’ (2.59)

where F2 and Fm are the arbitrary finite parts which are analytic as € + 0

and depend on %. Secondly the photon line, being corrected by
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_ 2, e 1 .
Huv(p) = (pupv-éuvp )[lznz - + finite part] , (2.60)
corresponds to the new propagator
[ § [
H v %, T av
M@'\/W == + 2 Hp0 5 + ... (2.61)
p—> P P P
2 P
-n- by e Ly e
P 12w p 127
so that
e2 1
K3 = - 5 [E+ F3] s (2.63)
12w

where F3 is an arbitrary dimensionless function. The longitudinal part of

the propagator gives

2

e 1
K = [+ F_] , (2.64)
o 12n2 € o

which, of course, amounts to a renormalization of a. Notice that in the
Landau gauge where o = 1, the correction to the gauge propagator contains
the same projection operator as in the bare propagator, so that o does not
get changed by corrections, but this is only true in the Landau gauge.

Lastly, the vertex correction

I (,q) = den®y [~ I + finite] (2.65)
P P 167
gives
e-_& 1
Kl = 3 [e + Fl] s (2.66)
167

when Fl is the finite part of the counterterm. Thus to summarize our results,

we have
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zZ = 1-—=25 C+F) +0eH (2.67)
€ 1
167
e2 1
z, =1~ E+F)+ ... (2.68)
2 2 ‘e 2
167w
e2 1
Zy=1l-—5 (C+F)+ ... (2.69)
127w
e2 1
Zm =1~ —ME-(E-+ Fm) + ... (2.70)
4w
e2 1
Za =1+ 7 (E-+ Fa) . (2.71)
127w
We remark that the suggestive relation Zl = Z2 is satisfied to this order

in perturbation theory, modulo the finite part of the counterterms. Thus,

using (2.51) we can express the bare charge as

e

e. = eue[l+ %—+ finite parts + O(e3)] . (2.72)

0 2

247w
Thus if we ignore the finite part of the counterterms by adopting a mass
independent prescription, we can read off the scale variation of the gauge

coupling constant, [Chapter III, eq. (6.13)]

Jde e3
e . (2.73)
B 19y2

which has the same sign as for the scalar theory. The solution of this

equation is

1 1 1 n
- e = = T (B (2.74)
ez(u) ez(uo) 6n2 Mo
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where Ko is an arbitrary scale, or in a perhaps more suggestive form

2
2 e (uo)
e (p) = 3 . (2.75)
e (uo)
1-———m
62 Yo
which has a singularity at
2 =2
u o= uoexp[6n e (1] ., (2.76)

the famous Landau singularity. However, well before we reach such a large
scale, the perturbative equation (2.74) has to be amended by higher order
effects which can no longer be neglected at large mass scales, because of
the sign of the right-hand side of (2.74). When there are many charged
fermions, each contributes according to its charge to (2.74) [see problem].
The fact that the electric charge grows weaker and weaker at large
distances (i.e., small scales) means that the identification of the free
Lagrangian (e = 0) in terms of physical photon and, say, electrons is per-—
fectly justified. However, the long range nature of the electromagnetic
field makes this identification a bit tricky, but the fact remains that
electrons and photons can be directly recognized in their free states in

the laboratory.
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Problems.

A. Show that the apparently logarithmically divergent box diagram for light

NPT

by light scattering

LT

is, in fact, convergent.

Show by direct calculation that the diagrams

vanish,
Find the lowest order change of e with u when 3nu quarks of charge 2/3,

3nd quarks of charge -1/3 and n, leptons of charge -1 are present.

2

Assume that

ez (]Jo) 1

e = i§7'at UO = 1 MeV s

and find the location of the Landau singularity when the known charged
fermions are included. How many species of fermions are needed for

the Landau point to occur at the Planck mass?
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*D.

*E.

Consider electrodynamics coupled to a (charged) scalar field. Derive
the Feynman rules and compute the vacuum polarization from a scalar
loop and compare it with that already obtained from the fermion loop.

Compute the counterterms Z ZZ’ Z3, Zm and Za for an arbitrary covari~

l’
ant gauge, i.e., leave o arbitrary in the computations. Show that

although the Z's are gauge (a) dependent, the B-function is not.
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3. QED: Ward Identities

Because of the local gauge invariance of QED, not all the Green's func-
tions generated by
-Z[J ,x,x] =8 -<J A HXUHIX>
e M = N [ Siby e eff ww , (3.1
are independent. Here we have

1

- (a4 i
S = fa x[4

2,1 2, = . =
o (Fuv) + Ea»(a-A) +¥ (F+iex) ¥+Him¥y ] (3.2)

and JU’ X, X are the sources, the last two being Grassmann sources. The

generating functional (3.1) is not invariant under the gauge transformations

1
<SAu = E'BUA(X)
§Y = ~1A(x)¥(x)
8% = 1M (x)¥(x) s (3.3)

where A(x) is an arbitrary function. This is caused by the gauge fixing
term in Seff and the sources. In this section we derive a set of functional
constraint equations on Z, from which we will extract relations between
Green's functions known as Ward identities.

The technique we are going to use will readily generalize to the more
complicated Yang-Mills theories; it is based on the work of Becchi, Rouet
and Stora, Phys. Lett. 52B, 344 (1974). The first step consists in restoring
some sort of invariance even in the presence of the gauge fixing term, ne~
glecting for the moment the sources. This is done by reinstating the ghost
Lagrangian which in this Abelian case amounts to no more than redefining

the (infinite) normalization constant N. Then the new effective Action is

given by

~333~

< s g

FERp

Cp oo g

DA a e bpesvese oo



RN FLIES S 2. . = 1 2 *
Sleg = fa x[; (Fuv) Y (FHiek)vHim¥y + - (3+A) +iaun Bun] (3.4)

*
where n and n are complex Grassmann fields. Then Séff is invariant under

the special gauge transformations

1 * *
SA =D +
LT e u(c ntgn ) (3.5)
* * - - %k *
8¥ = —-i(z ntgn )Y, 8¥ = i¥(g n+gn ) (3.6)
SN S o4yt
én = -~ (3-A)zg, &n = %o (3+A)g , (3.7

*
where g and ¢ are complex Grassmann variables which are independent of x.

Under the above we see that

1 .4 1 2, % * 1 2 % 92 %
651c¢ = ¢ Ja'x[y (2-)3° (@ nten ) - 1 (3-)3%cn - T aas’en 1,

, (3.8
after integrating by parts the variation of the last term in (3.4). In the

above we have used the rule that for two Grassmann numbers w and ¥ we have

* * %
(wx) = wx , (3.9

so that wyx is real if w and x are real. Now, let us start from the new

generating functional

- * - P * *
—Z[Ju,x.x,o,c 1 =S g pm<J-AHL¥xHix¥4n otno >

e =N fﬁ%u£W£W£m*jm e © . (3.10)
where ¢ and 0* are the complex Grassmann sources for the ghost fields. In
this expression, displace the fields by a BRS transformation (3.5) - (3.7):
since Séff is invariant under this transformation and since the Jacobian

of the BRS transformation is unity (see problem), it follows that only the

source terms get affected. Comparing both ways of writing the generating
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functional (3.10), we easily find that

— P * *
_z —S'ff+<J-A+...>—<J-6A+ix6w+16wx+6n ot+éno >
e =N f.BAu...Bn e € , (3.11)

where the variations are given by (3.5) - (3.7). We note that if we special-

ize to BRS transformations for which ¢ is real

*
T =z R (3.12)

we can easily expand the exponential since Cz = 0. The result leads to

=S . _A<IAt. . > * _ * _ %
0= jimy..lm e eff [<Juau Sﬂ%ng-— X (i )¥HY (ndn )
i i %
+ e (3+A)o - EE»B Ac >] . (3.13)

This is the desired statement, although it is stated in a somewhat awkward
form. However, if we introduce the generating functional of one particle

irreducible graphs

- * - * - - * *
F[Aucl’wcl’wcl’ncl’ncll E Z[JU,X,X,U,U 1=<JA Fixy, 1Y o xtn 0, 0 >,
(3.14)
where, Aucl’ etc., are the classical sources, we see that
3= -2, et . (3.15)
H pcl
Thus in terms of I', we can immediately rewrite (3.13) in the form
8T * T * = * 3y
<= = i + -i + +
e T2 du(egtmedt gy — (gtng WY mi¥ (g bn ) —
uct cl (34
cl
i 8T i ST _
+ oe 0 Acl &n " e 0 Acl « =0 . (3.16)
cl Sn

This is the most manageable form of the Ward identities of QED. We now apply
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*
this formula to the simplest cases. The dependence of T on U and n 2
c

is very simple since these fields do not interact:

4 4 % -1 =
= 1 - '
=t fatd yn g GOAT Geydng (DATTIA oY1 (31D
* -
where I'' does not depend on ncl and ncl’ and A 1 is the inverse of the free
massless propagator:
-1 2
A T {(x-y) = ~378(x~y) . (3.18)

The expression for I'' is more complicated and starts with
Voo faBeqborl -1, = -1,
ro= [d'xd (G A, (08 UGNA L DA ST Y (37)]

44 4 -
+ [d*xd"yd 28 A, T G,y,2)¥ ) ()+... . (3.19)

where A;i is the full inverse photon propagator, S_l the full inverse fermio
propagator and Fp the three point function. Of course, I'' contains many
more terms which correspond to induced interactions not present in the orig-
inal Lagrangian.

We start by applying (3.16) to (3.17) and (3.19), just keeping the term

*
containing Au and ntn . The result is seen to be (in momentum space)

-1 1. .2
k) + = - . .2
kqu( ) " kuk 0 (3.20)
If we write
Al - as 4 Bk . (3.21)
HV ny (TR}

the Ward identity (3.20) reduces to
A+ m +ie? -0 . (3.22)

For example in the Feynman gauge o = 1, it says that
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-1 2 2 2
Auv = —éuvk + (éuvk —kukv)F(k ) , (3.23)

where F(kz) is at least of order ez. We have already verified this result
to second order in e.
- *
Next, the terms that contain ¥, ¥, n (or any n ) give another identity,

1

2 rLGy.z) - 187 (xm2)8(z-y) + 18 Nx-2)8(x-y) .  (3.24)

3
Ty

Alternatively, we can write this equation in momentum space

1

(p~q);Fu(p,p—q,q) = S_l(p) - S " (q) . (3.25)

This is the original formulation of Ward identities. We can easily test

it in perturbation theory

T =1y + ... 2
I‘u Y, (3.26)

sLp) =i(h +m) + ... . (3.27)

Moreover, since S_l(p) is multiplicatively renormalized by ZZ’ and Fu by

V4 it follows from this Ward identity that

1’
1 2 »  (3.28)
as we promised earlier. It would be foolish to adopt a subtraction procedure
that violates (3.25). Hence the finite part of Zl and Z2 is always chosen

to be equal - we have already seen by explicit calculation that their pole
parts are equal. We note in passing that if we write

Fu(p.p—q,q) =Cv, * Czcuv(p~q)v ,  (3.29)

the magnetic moment C, term decouples from (3.25) by antisymmetry.

2
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We have remarked in several places that theories with massless particles
are beset by infrared divergences, and QED because of the masslessness of the
photon is no exception. One device for avoiding these divergences is the
introduction of a small mass for the photon. Let us remark that in the QED
case this does not spoil the Ward identities because we can still maintain
BRS invariance even in the presence of a photon mass term provided that the

ghost acquires the same mass. The reason is that the mass term varies as

AA
uu

it

* *
AAUBU(C ntzn ) (3.30)

[ l’A A
U

* *
2 -A3+A(g n+gn ) + surface term . (3.31)

it

In the Feynman gauge o = 1, this variation is seen to be equal to

* % *
=A(&n n#n 8n) = -A&(n n) . (3.32)
This means that the BRS invariance can be maintained at the cost of having
a massive ghost particle which decouples anyway! As we shall see this extra

bonus does not seem to be generalizable to non-Abelian theories.
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Problems.
A. Show that the Jacobian of the BRS transformation is equal to one.
B. Given the functional

2T L ppy oSI0] - <ae>

show that
Jop & STO) = <3 g o <5$r bee” ,
cl
where
Tlo,] = 2131 = <Jo > .
*C, Derive the Ward identities for scalar electrodynamics (complex scalar

field coupled to the photon) in the Feynman gauge.
*D. Derive the Ward identities for QED in the axial gauge.
**E, Derive the Ward identities for QED in the gauge

5A +aAA =0
U U
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4. QED: Applications

Before applying our results concerning QED we have to continue the

e

Green's functions into Minkowski space and choose a renormalization prescrip- !

tion.

In Euclidean space, the photon propagator is given by [to avoid confu-

sion, we reinstate bars over Euclidean momenta]

8 v e2 1 1 mziizx(l x) 1
- 1 - 1

A ) = 14+ E5 (- Fy- fax x(1-x)n - = F,)]

HV =2 2 6 2 6 3
P 27 0 27y
pp. 2 1 2,2

—-— I — + bt — —

BY 2oy fax x Qo TREA) L poh). @l
P 21 0 27y

The finite parts of the counterterms Z3 and Za are fixed by requiring that

Auv look like the original propagator as 52 + 0,

[
5y = - _HY
Auv(p) = ) ,  (4.2)
P i
p =0
so that
mZ
Fy=F, = -y ~in— )
27U
2
Similarly, to G(e”) we have
2 1 =2 2
- - + s
shpy = 11 + 45—-(l—l-+[dx(1—x)gn1135£l—§lf9—§ +1E5y]
2 2 2 2 2
8n 0 4u
2 1 =2 2
+in[l + S (142y+2 [dx g REETRMIX g g, ,  (4.4)
2 2 m
81 0 4ou

and it would seem that a good subtraction procedure would be to continue

to Minkowski space, i.e., B~ -p and 52 > —pz, and require that
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S (p) =ilm, - $) at p° o= m ,  (4.5)
which fixes
m2
F2="’Y+2*Q/fl (4-6)
4y
1 m2
F o=y -1l+50h—p %.7)
n 4y

However, this choice of subtraction procedure is ambiguous. The reason is
that our prescription assumes that the expansion of I(p) about p = m is well-
defined. A simple argument shows that it is not. The prescription (4.5)
states that

I(p) = 0O at P=n , (4.8)
so let us expand the original expression for I(p) about § = m. This is most
easily done by expanding the fermion propagator in (2.10) in powers of § + m

1 -1, _1
m- { [1 Z(M)‘i’] . (4.9)

We immediately notice that the terms appearing in this expansion are not
well defined. For instance, the term linear in p + m gives

2w
2-w,2
(en?™” (4L ;w —14 ,
@2r)"" 2

(4.10)
which, besides diverging at the upper end of integratlon when w = 2, also
diverges at the lower end. This type of divergence is called an infrared
divergence, and must be dealt with separately from the previously considered
ultraviolet divergences.

One way to deal with this problem is to give the photon a fictitious

mass A and keep it in the calculation. Then the infrared divergence is

avoided and all is well again. In QED this procedure is favored because
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it does not affect the gauge invariance of the calculation. Note that in-
frared divergences occur on the "mass-shell" of the external particles:
(4.10) is g%-at the Euclidean mass shell p + m = 0.

The fact that IR divergences in QED can be circumvented by adding a
mass to the photon, and arise on mass-shell of external particles indicates
that they are connected with the presence of long-range forces which make
ambiguous the definition of asymptotic states.

Another way of remedying IR divergences is to use dimensional regular-
ization. 1In this case the procedure consists of performing the parameter
integrations in 2w-dimensional space and then in expanding about w = 2.
Infrared (as well as ultraviolet) divergences will appear as poles in the
dimension plane. More on this later.

There remains to fix the vertex counterterm. Before doing so we must
rewrite FO(E,H) as calculated earlier in a recognizable form. We are going
to use a prescription for which the fermions are on their '"mass-shell".
This leads us to understand Fp(ﬁ,a) as being sandwiched between spinors on

which the (Euclidean) equations of motion are satisfied. Thus it is smart

to rewrite Fp in the form
rp(E,a) = FO(E,H) + (B+m)Ap + BO(Z+m) . (4.11)

where Fp is what we are after because the A and B terms will give no contri~-
bution due to the equations of motion. In this reduction process the Gordon

identities

= -q -2i0 q - + v (F+m 4,12)
Ypd a4, orde my Yp(d ) (

= - + 2ic
¢Yp P, otPr

- myp + (¥+‘m)yp (4.13)
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where
oy = ar [revy] (4.14)
uv 41 Tty

will prove useful. They are easily derived by expressing the product of

two y-matrices as the sum of half the commutator and half the anticommutator.

Thus equipped, we are ready for a nasty bit of Diracology.

Using the identities (valid only for Fp)

- 7 _ 2 _2 B . - . - - - _ -
de¢ =m Y, k Y, hlmoprkr, kr 4. - P, (4.15)
dy = -my +4ic g 4.1
dy, = -my  + 4ic q (4.16)
B =-my - 4ic_p . (4.17
Yp¢ my o P, ( )
(2)

and (2.42), the numerator of the integrand of T is reduced to

'’y [’ = 2% = 282 Q-0 Ay

+ Simcprar[x—y(y+x)] - SimopTET[y—x(x+y)] . (4.18)

(2)

This result enables us to split up the contributions of T into two parts,
one proportional to yp and the other proportional to cpT. At the moment,

we are interested in the Yp part. It is given by

2 1 1-x 2 2
- - - - +y) " ~2(1-x-y)-2k" (1-x) (1-
Fp(p,q) - Fél)(p,q) —ieueyp e . fax [ ay ;x y) _; X-Yy) = ( X)(__Y}
1610 0 m” (x+y)+p x(1~x)+q y (1-y)-2p-qxy
(4.19)
When we evaluate this expression on the mass-shells
=P -, #-o0 . (4.20)

the last integral reduces to
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1 1=x 2
fax [ dy [ (xty) —2(12-x-y)] . (4.21)
0 o0 (xty)

and it is painfully apparent that it diverges. This is our old friend, the
infrared divergence. As we mentioned above, we can get rid of it by giving
the photon a fictitious mass A, which amounts to replacing mz(x+y) by mz(x+y)

+ A(1-x-y) in the denominator. Then the integra. {4.21) is replaced by

1 1-=x 2
Jax [ ay (X+Y; ;Z(l—X-Y) . (4.22)
0 0 (xty) m"+r (1-x-y)
which nicely converges. This infrared divergence is not present in the ouv
terms in F(z) nor in F(l). Still it stands in the way of using an on-shell

renormalization prescription, here shown in Minkowski space
€ 2 2
Fp(p,q)=-eu Y, at pr=9q =n", (p-¢)" =0,
(4.23)
since if we did not control the divergence in (4.21) it would mean that Fl
is (infrared) divergent. Note that we can carry out this procedure in Eu-

clidean space except that Ez = 0 implies that E = a. From (4.22), we have

1 1-x 2. 2 2
P, = vt Jax [ ay[2 o™ Gcty) DQoxey) | Gey) 20xey) g g0
0 0 4o (x+y) “m" A (1-x-y)

The evaluation of these integrals is left to the reader.
As we have mentioned before, another way to regulate infrared divergences

is to do the parametric integrals before taking the limit w + 2. For instance,

(2)
N

let us start from the expression (2.40) for T The numerator is evaluated
in the same way except that there will be correction terms to (4.18) which

vanish like w - 2. Neglecting those, we find for all particles on shell
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2 2 - -
o €y3 1 1-x 2wy [(x+y)“-2(1-x-y) [48imo__(q-p)_[x-y(y+x) |4 (e)
1 @, =12 )w r(3-w)fdx/ dy . 2 AT
P (41) 00 [m™ (x+y) 7]

(4.25)
where we have used the symmetry of the integrand as x -+ y to rewrite the
cuv term. Since we are only interested in the infinite part as € » 0, we
concentrate on the integral

1 1-x

2(w-3 1 1
Jax [ dy (xty) -3 _ a5 (1 = 30z) >
0 0
> oL as e~>0 (4.26)
7o ‘ . .

Thus we explicitly see that the infrared divergence in Fp now appears as
a pole in the dimension plane, just like the UV divergence. Unlike it,
however, it only appears when the particles are on their mass shells, and
at least one particle is massless. It will turn out that this pole, present
after regularization, will be canceled for quantities of physical interest
by the contribution of other diagrams when integrated over 2w-dimensional
phase space. However, this trick provided us with a neat bookkeeping device
and does not affect the gauge properties of the theory.

While we are at it, let us evaluate the cuviv contribution to F(z).

Since it is both UV and IR convergent, there is no need to be fancy: set

w = 2, The contribution is

_ 3 _ 1 1-x _
r26,0 = S50 @w, fax [ ey EXEED 4.27)
2mm 0 0 Gx+y)
e3 - -
= Smﬁz gp_r(q—p)_E . (4.28)

The physical meaning of this induced interaction between the photon and the
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fermion is evident since it contributes to the effective action a term of

the form
2
e e - - - = = =
w7 W(p)cpT(q—P)TAp (P-0¥ (@ (4.29)
or in position space
te o [ o F (Y& (4.30)
o —8? X OpT 0T X X X . .

It gives a correction to the intrinsic magnetic moment g of the fermion

(in units of Bohr magnetons)

g =2(1+5) o= . (4.31)

Thus we see how the field theory induces a correction to the Dirac magnetic
moment of the fermion. Further we note that this correction is finite.
This is because the induced interaction term (4.30) is not present in the
input Lagrangian (it has dimension 5) and, since the theory is renormalizable,
all counterterms come only in the form of the fundamental vertices and not
with the induced new interactions. At this point let us remark that we have
not proved renormalizability of QED, but the suspicious reader should consult
one of the many excellent textbooks om the subject.

The rest of Fp also gives a correction to the electromagnetic force

between two charged fermions, contributing in the form
. o= - =2 - =
1(en ) F(@y FI(@-p) 1A, @-P)¥ (@) . (4.32)

Using our prescription, it is straightforward to find F(Ez) to O(ez). The

result is in Euclidean space (see problem)
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1_<20t m 2
;7-5; ln+ - g1 + 0™ k™ << m” ., (4.33)

W

F(k2) = 1 + %

We should emphasize that this correction depends on the way we have chosen
a, i.e., on the subtraction (4.23).
This particular subtraction procedure was chosen because it lends itself
to direct comparison with experiment, and therefore a numerical evaluation
of e. For instance, we can compare e defined by (4.23) with the nonrelativ-
istic limit of the electron Coulomb scattering cross section formula. This
is not exactly kosher because the exchanged photon is never really on its
mass shell, but because of the smallness of the electron mass it nearly is.
The correction to the vertex (4.33) breaks the degeneracy between the

28 and 2P /2 states of the (relativistic) hydrogen atom. Calculations

1/2 1

show that it depresses the 2P level with respect to the 251/2 level by

1/2
1010 Mc/sec compared to the experimental value of 1057.77 Mc/sec for the
Lamb shift. But, as in all correct theories, we are saved by including
additional corrections. First of all, the anomalous magnetic moment also
breaks the degeneracy and adds another 68 Mc/sec. Now we are too high, but
the modification to the photon propagator due to vacuum polarization subtracts
a healthy 27 Mc/sec, leaving us with 1052 Mc/sec, which to O(a) is suffi-
ciently accurate. In fact, O(az) calculations bring perfect agreement be-
tween theory and experiment!!

We have not treated all applications of QED, but it should be clear

that it is an unusually successful theory in spite of all the intermediate

steps needed to regularize it.
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A.

Problems.

Evaluate the yp part of Fp with a small mass for the photon and find
the expression for Fv when the on-shell prescription is used for the
vertex.

Using the result of the previous problem, calculate the vertex correc-
tion to the Lamb shift in first order perturbation theory, and then
compute the contribution from the vacuum polarization.

Compute the contribution of the anomalous magnetic moment to the Lamb

shift.
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5. Yang-Mills Theory: Preliminaries

We now start our long-awaited journey into the perturbative evaluation
of Yang-Mills theories. In particular, we study the Yang-Mills theory in
interaction with Dirac spinors in Euclidean space.

In the covariant gauge B-AB = 0, the effective Lagrangian is given by

Loge = %FE\)FE\) + o 2a%a" 4 1aun*BaunB -1 guz""fABcAﬁn*A%’unB
- % guz_waBcn*AnBB-Ac + Y (FHm)Y + iguz_wAE‘?yuT?‘{’ ., (5.1)
where
FEV = auAﬁ - BVAE - gpz_waCDAﬁA]\)) . (5.2)

We have suppressed the group indices of the fermions and have retained their
Minkowski space notation (using ¥ instead of W+) although we are in Euclidean
space; as discussed earlier this does not change the Green's functions as
long as we deal with Dirac spinors. The spinor field ¥ transforms according

to the d -dimensional irreducible representation of the group G. The N dfxdf

f
hermitean matrices T? obey the Lie algebra of G
[T?,Tg] - ifBCDT? B,C,D = 1,...N ,  (5.3)

where fBCD are the structure constants of G and N its dimension.

When G is taken to be the eight-dimensional unitary group SU(3), with
each Dirac fermion transforming as its three-dimensional representation,
this theory is believed to describe the interaction between the constituents
of nuclear matter: the quarks. The fermions are identified with the quarks

and the eight self-interacting vector particles, called gluons, generate

interquark forces. The SU(3) degrees of freedom of each quark are called
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colors ("red, white and blue"). In nature, there are five (perhaps six)
such varieties of quarks, called flavors; they are denoted by the symbols
u (up), d (down), s (strange), c¢ (charm), b (bottom) and possibly t (top,ﬂ
yet undiscovered, but expected). This theory of interquark interactions
is called Quantum Chromodynamics (QCD).

In the following we keep our treatment general. The Feynman rules for
the theory (5.1) have been derived in Section 1 of this chapter; they are
summarized in Appendix C. It might be appropriate at this point to mention
an ambiguity concerning the Feynman rules for the ghost part. The interac-

tion Lagrangian contains a term of the form

i 2-w _ABC *A B C
- %—gp Ye n n oA ’ (5.4)
which is proportional to the gauge function B-AC = 0. This term comes from

the Faddeev-Popov determinant which is the determinant of the change of the
gauge condition evaluated at the gauge condition, i.e., when B-AC = 0.

Hence the term (5.4) can be dropped from the effective Lagrangian without
affecting the physics since it involves the coupling of the spurious longi-
tudinal part of the gauge field. The formal advantage is that the remaining
ghost part of the Lagrangian is now real since the term (5.4) was pure imag-
inary. By not taking this term we alter the ghost-ghost-gauge vertex to

yield the new Feynman rule
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A 8 «»-% gpz_waBc(p~q) [Altered] (5.5)
p— - P

The alert reader may have noticed that the dimensionless coupling con-
stant g appears in many different places in the Lagrangian (5.1). In the
classical theory there was only one coupling constant because of the gauge
invariance of the Lagrangian. However, our effective Lagrangian contains
terms that break the gauge invariance, and it would seem we have no right
to take these various coupling constants to be the same, unless there is
a good reason which keeps the quantum corrections from messing up their
equivalence. We shall see later that there exists such a good reason in
the form of the BRS transformation which we analyzed in its simplest form
for the Abelian case in Section 3 of this chapter.

As a first application, let us compute the lowest order contribution
to the non-Abelian Compton amplitude, which will serve as a check on the

sign of the Feymman rules. We have the diagrams

AL B .o A_p Bgo Aaf B/"
N AN
%’k /é‘ﬁi: k N q k
+ + (5.6)
p— pl—> p—> p'—> p— p'—

The first two diagrams give
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2 4-20 AB - B A
s u Ty, gigrm Yo e e Yo 37 ogim d+m Yol

1
- —igz 4— Zw[ A B pHd-m Y, 4T TAY p' -d-m Y 1,(5.8)
f £Y P +q)2 2 f'f'o (p' )2+m2

5.7)

while the third diagram is represented by (in the Feynman gauge)

2 2 ABC C 1
-gu 4 “f Y, 5 1§

Tevy (o) (*q—Zk)p+6p0(k—Q)u+6up(2q+k)0} . (5.9)

o

The sum of these three diagrams must satisfy gauge invariance, which
means that the longitudinal part of the gauge particles must not contribute
since our gauge condition is B-AB = 0. Thus we contract with qp and see

what happens. The first two diagrams give

gty Py B bty ER gy (5.0)
(p+q) 24m” (p'~q) "4m
Using
dd = o . (5.11)
d(p-m) = -2q-p - (f+m)d ,  (5.12)
(B'-m)d = -2p'-q - 4(B"+m) ,  (5.13)

and the fermion Euclidean mass shell conditions which say that $+m on the
left and p'+m on the right of the amplitude give zero because of the external
fermion wave functions that sandwich (5.10), as well as

p2 = p'2 = —mz , (5.14)

we rewrite (5.10) in the form
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—igtytT2e ATB __H“R“%T Y0+TfTA _,E_;ﬂiﬂi. v,] (5.15)
2q-p+p -2p'-qtq

12,4729 TA Py,

- g2 4 szABcT(f:Yo ) (5.16)

In the Abelian case, these two diagrams would have sufficed and the contri-
bution of the longitudinal gauge particle would have given zero (since fABC= 0)
even for arbitrary values of q2 and kz. In Yang-Mills we have the third
diagram to contend with. Its contribution to the longitudinal part is

g2yt PEB0 L gy (g o2keq) e (K- H 20} (5.17)

(q+k)

_g2 =20 gABC c 5 v Z42k-q) Kk ] . (5.18)

£ qtk)
In the last equation we have used the fermion Dirac equations to eliminate
K+d4 and rewrite Akc as —ch. The end result is obtained by taking the sum
of (5.16) and (5.18); it is

2, =20 ABC c 1 2
QT = -gu Uf 7 v, K8,k k] . (5.19)

[¢] (¢]
p P (+k)
and it does not vanish unlike the equivalent result in QED! However, it is

proportional to the projection operator for the second gauge particle. Thus

the longitudinal Compton amplitude contracted into the polarization vector of
the second gauge field does vanish provided the gauge field satisfies the
equation of motion (unlike QED where no constraint is put on the second photon
line). The distinction arises because in Yang-Mills theories the gauge lines
carry charge (unlike QED) and therefore their sources will have charge (see
problem) and will interact with other gauge lines unless the gauge field is

on mass shell.
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Problems.

*A.

*B.

*C.

Compute the tree level Compton amplitude in the axial gauge nUAU =0
in Euclidean space. Contract one of its vector lines with nu. Inter-
pret the result.

Invent a new Feynman rule for an off-shell source such that the longi-
tudinal Compton amplitude of (5.19) when added to the additional rel-
evant diagram vanishes.

Repeat problem B in the axial gauge.
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6. Yang-Mills Theory: One-loop Structure

In this section we examine the one-loop structure of Yang-Mills theories
in abundant detail. Since the theory is very complicated, we need to intro-
duce an organizing principle behind our computations: we will assume that
the theory is renormalizable (thanks to 't Hooft we know this to be true).
This means that we can absorb all the ultraviolet divergences by adding to
the Lagrangian (5.1) a counterterm Lagrangian that looks exactly the same
except for unknown coefficients for each term which diverge as ¢ + 0; e =

2 - %: We write it as

B.—
v

B,2 e .ABC,B,C, A
3 -
vAu) thu f77ATATY A

1
et 5% K3(auA vty

ct

1 g_,2,2¢(ABC ADE,B,C,DE | 1 Kaa.ABa'AB

+ 4 5 v 2q

*B B i e .ABC,C *A§+ B i € ABC *A B C
+ 4K, 9 9 - =K f A - = f 3 A
6o oyn 7 K81 Jnoon 7 Kg8H nons Al

B

fr imK ¥ . (6.1)

= B-
+ K + iK_gu®
2W5W 184 AUWYUT
The renormalized Lagrangian

&, =Ly YL, 6.2)

Ten e
generates Green's functions which are ultraviolet finite when the limit
€ ~ 0 is taken. This is the essence of a renormalizable theory. The renor-~
malizable Lagrangian can then be written in terms of bare fields and param-

eters in the form
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B ABCB c A

i&en = —’(a AvO v uO) AuOAvOauAvO
1 .2 .ABC_ADE,B .,C ,D ,E l B
+ i gO f f A OA\)OA]JOA\)O N o 3 AOB AO
. *B B__;L_ tey ABCC *A<> B _i
+ A8 ng 8 ng - 58 £ Apng g T3

- . B -
+ ¥avg + igeh o¥v, wao + 1m0w0w0

The bare fields, coupling constants and masses are related to their

renormalized (finite) counterparts by the relations

_ /2. _ . 1/2
¥y = (1+K2) Y=z, Y
B 1/2 B 1/2,8
= (1 z 72/ %A
(1K) u 3 A
B 1/2 B 1/2 B
= +] =
ng = (1 K6) n Zg'
e
0 14K, z,
Slo M a%
0 14K, Zy
g = gue 1+K1 - gue Zl
0 1/2 ~ 1/2
2,2, Z,2,
. R, o 4
3 3
/ 1/2
gl = gu° i L gn’ s
0 Zy Zg
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Ty
g0 gu 172 gu 172 (6.12)
Z3 %4 Z3  Zg
14K Z
€ 8 _ € 8
g(|)||| = gu 1/—2 = gy _1/2 . (6.13)
Zy Zg Zy  Zg

This list of definitions has been lengthened by our introduction of
five independent bare coupling constants. They will turn out to be all equal
as a result of the Slavnov-Taylor identities which are the Ward identities
of Yang-Mills theories. Their equality then implies many relations between

the renormalization constants:
El_= A T B (6.14)
Z Z Z . )

We now would like to compute these renormalization constants to G(#)
in the scheme of dimensional regularization.
Let us first indicate diagrammatically the contributions to the funda-

mental interactions of the Yang-Mills theory up to one loop (G(#)):

oner = e + r11an::271v\-+ S oy + O

o (6.15)
f;i I
+ + rwfé?ww

T, (6.16)

= +
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These pictures should convince the reader of the complexity of Yang-
Mills theories and make him understand why high order calculations necessi-
tate the use of sophisticated computer programs. The two ghost interactions
with the gauge field have been represented only once by the diagrams (6.20).

We start by computing the one loop correction to the vacuum polarization.

As shown in (6.15) it consists of six parts. We first compute

H(l)AB

" ) =

(6.22)

In the Feynman gauge, we find, not forgetting the symmetry factor,

2w, N__(&,p)
fACDfBDC f d” 2 Y , (6.23)

e 2 (up)?

H(l)AB

2 2e
uv "

® =~ %‘g

where
= - - - +(p=~
Nuv(l,p) [(21+p)u600 (l+2p)06up+(p z)paw][(uw)vapo (2p+1)06pv (p z)pacv]

(6.24)

- - - - -9)2 2 .
= (8w 6)lulv+(4w 3)(lupv+lvpu)+(2w 6)pupv+[(p L) “+(2p+L) ]éuv ;

(6.25)

we have used SUU = 2w. This expression is both infrared and ultraviolet
divergent in four dimensions. Let us mention that the traditional remedy
for infrared divergences of adding a small mass to the gauge particle leads
to a lot of grief in this case because it does not respect gauge invariance.

Thus in the following we will try to stay away from p2 = Q where the IR
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divergence occurs. When it becomes impossible to do so we will revert to

the dimensional regularization method we outlined in Section 4 of this chap~

ter.

Introduce a Feynman parameter and change the loop variable to obtain

1 2w N (Z"PX,P)
1)AB 1 2 2e_ACD_BD d" g

nfm) () = ~ T gPu*APEC fax b s 5 (6.26)
0 (27) [274p " x(1-x)]

A little bit of algebra yields

Nuv(l~px,p) = (8w~6)lulv+[(8w~6)x(x~l)+2w~6]pupv
2, 2
+ [227+p (ZX(X_1)+5)]6uv . (6.27)

where we have neglected terms linear in £ which will integrate to zero.

Integration over the loop variable yields

SCRY PR A% acpspc 3 (6038 T (1)
p) = - £7F fdx{——z-——-————T
H 2(4m" 0 a1t

PR L €2.) B Y pz(5—2x(l—x))+pup\)(2w-—6-—(Sw—ﬁ)x(l—x))]}

[pZX(l-X)]Z"" HY
(6.28)

Let us leave this result as it stands and compute the contribution from

the ghost loop; it is given by

c
-
A 9';3"‘ B
\
{248y - i rz11al v (6.29)
HY — \\2 / v
o Nl
D

Remembering the minus sign for the ghost loop, the rules of Appendix C
give
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24p) 2L
(2)AB 2 2¢.DcAcoB , a2¥y WPA, (6.30)
i () =gv £ £ s Ty T g .

e @en“? 2% (p)

This expression is also infrared divergent. After introducing a Feynman

parameter it becomes

1 20, (2-px) (2+p(1-x))
d= g
H(Z)AB(p) =_g2u2€fACDfBCD fdx f L ; vz ; n (6.31)
uv 0 (2n) [L74p x(1-x) ]
1 - -x)T (2
et gACD¢BCD }dx{ 2 S0 Pypyed X)r(z-w)} . (6.32)
(4ﬂ)w 0 [pzx(l—x)]l_w [pzx(l—x)] -0

Had we used the altered rule (5.5) for the ghost vertex, we would have only

aitered the pupv term (see problem). The third diagram is

A B (6.33)
H(3)AB

v () =

pop— v

Fortunately this diagram vanishes in dimensional regularization along
with the other two tadpole graphs of (6.15). It has the structure of a tad-
pole diagram and since no momentum dependence occurs at the vertices, it
could only give a correction to a mass for the gauge particles. But we
know from gauge invariance that gauge particles have no mass terms. How-
ever, if we adopt any regularization procedure that violates gauge invariance,
this diagram will contribute a nonzero mass term. Since this would be an
artifact, it cannot possibly affect any physical answer. For instance, if
one adds a small mass to the gauge particles to regulate infrared divergences,

the diagram (6.33) would contribute to this fake mass. This is another
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example of the power of dimensional regularization which controls infinities

without violating gauge invariance.

o) @

We now proceed to extract the pole parts from II and T After

a little bit of algebra, we find

2
(1)AB _ g ACD_BCD, ,19 2 11 1
Huv @ = 32n2 £ £ {(6 éuvp ! pupv)e

19 1 2, .11 2
-Gt 2)<SWP +(3 Y - g)PuPV

1 2
+ Jax n®ELy (25 b (145%(1-x)) -p26, _(5-11x(1-x)) ()} -
TRV HV
0 4y
(6.34)
Note the appearance of &1p2 which indicates the presence of an infrared

divergence on mass-shell at p2 = 0 [in Minkowski space only, since p2 =0

in Euclidean space implies that pu itself is zero]. We also find that

2
(2)AB _ g ACD_BCD, 1 2 1 1 1 2 1
Huv @ = 32n2 £ G éuvp t3 pupv)e - 6(Y_l)6uvp -3 YP,P,
Lo p%x(-x) 2
- [ax on( 7 D [8  p x(1-x)+2p p x(1-x) ]40(e) } . (6.35)
Ny Hv
0 4y
The sum of H(l) and H(z) gives the total pure Yang-Mills contribution to the

vacuum polarization

2 2
B,y _ _8 .ACD_.BCD 2 10,1 ,62_10_ 10, p
T (p) 7 COET G ) U g -y - T g (6.30)

and we recover the magic projection operator structure. The finite part

2 2
shows a similar structure, and contains the gnp /4wy~ factor, already
noted to be infrared divergent. The elements of the matrices TA that rep-

resent the Lie algebra of G in the adjoint representation can be identified
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with the structure constants

A\BC _

a® ABC

-if . (6.37)

Now, for any representation R of G, with the representation matrices Tﬁ,

we can set
B, _ AB
Te(RTE) = s . (6.38)

where the trace is taken over the representation indices. The number CR

is called the Dynkin index of the representation R; it is equal to the qua-
dratic Casimir operator multiplied by the dimension of the representation

and divided by the dimension of the group. Its precise value depends on

the normalization of the T-matrices, which is fixed once and for all by
specifying the structure constants of the theory. The scale of the structure
constantsis in turn fixed by the definition of g since they always appear

in the combination ngBC. It is very convenient to rewrite all our expres-

sions in terms of the Dynkin index. Thus we rewrite

2 51
P _pUpV) 3ot . (6.39)

Let us remark that there is nothing sacred about the projection
operator structure since it could have been changed had we adopted the al-
tered rule (5.5) for the ghosts.

The fermion contribution to the vacuum polarization

B
A (6.40)

12 6) =
uv P p P v
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need not be recalculated since the structure is the same as in QED, save

for some group theoretical factors. Indeed we find

fAB, . _ B, QED
oot = Trrprp T (6) (6.41)
2
—c o8 8 2. 4.1
Cf6 7 (éuvp pupv) 7Tt s (6.42)

16w

where we have used (6.38) and (2.32). One can see by comparing (6.42) with
(6.39) that the residues of the poles have opposite signs (more on this later
The sum of (6.42) and (6.39) gives the total one-loop correction to the
vacuum polarization.

Next, the correction to the fermion line (ignoring tadpoles) is given by

1) = /5ﬂr31r>2% (6.43)

and it is a matrix both in spinor space and in the representation space of

the fermions. It is easy to see that
2@ = T ) . (6.44)

where zQED is given by (2.19). Furthermore the dfxdf matrix in front of

(6.44) is diagonal and given by

it - N ,  (6.45)

df f
where we have not shown the representation indices. Hence we have

2

e 3 N - 1

(p) = -1 3 C¢ 7 [p+4m] SRR . (6.46)
f 167
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The one loop correction to the fermion vertex consists, ignoring tadpoles,

of two diagrams. The first

P A
A
ry (p,q) = (6.47)
p p-——’;)_)_n_ﬂgé "

has the same character as in the Abelian case. Indeed we find

A _ .B_A_B_QED

@) = TfT?Tpr (p,q) . (6.48)
The dfxdf matrix can be rewritten as

B_ ..B.A B _ _ABB
T?T?Tf = [T, T T, + TTT, (6.49)

_ +¢BAC.CB N A
= if Tfo + R chf . (6.50)

Now, using the antisymmetry of C and B, we rewrite it as .

BAB 1 .BAC,DCBD , N A
T, fo =3 £ f T + E; T, (6.51)
=1 me N A
=7 Chale t N CeTe > (6.52)

where we have used (6.37), (6.38) and (6.45). Using the results of Section 2,

we obtain
2
A S S § Ny g” 1
Flp(p,q) igu T?yp(z Cad:i-Cf df) 16n2 . + ..., . (6.53)

We recognize that the residue of the second term is exactly the same as that
of (6.46) because these do not involve the non-Abelian character of the

theory, and therefore satisfy the old QED Ward identity. If the Taylor-Slavnov
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identities are to hold, the ratios Zl/Z2 and 28/26 must be equal. But the
latter receives no contribution from the fermions at the one loop level,
as we see from (6.17) and (6.20); hence the fermion wave function renormal-

ization contribution must be exactly canceled by a term in Z This is

1
exactly what happens.

The second contribution to the vertex is definitely non-Abelian in

character: p A
B C
A 6.54
r_(p,q) = ( )
2p p— {— q—
The rules give
M () =g I ABCBLC a%¥g , Ly [@4) S o+ (a-2p-0) S +(pHa-20)
247 £f 2 +m 2 2
2 @m?e v Bm -0 (2-9)
(6.55)
The group-theoretic factors are easily taken care of since
ABC_B, _C i _ABC_.BCD, D
T T = 5 £ F T, (6.56)
i
-3¢ T . (6.57)

using (6.37) and (6.38). Introduce Feynman parameters and appropriately

shift the loop variable to obtain

2w f N (1',P,Q)
d” e P

1 1-x
A 3 3e
™ o =-1g0%c 14 Jax [ ay [ ,
207 ad’f 57 9 m)2® [0 2407 (L-x-y)+q x+poy-(qx-py) *1°

(6.58)
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with

N =22'y gy + X )
pvvl Y, Np ,  (6.59)

i

4871 (1-e) + K (6.60)
P P

where ﬁp only contains terms linear in &' which will be integrated out and
terms that contain no &'. The latter will give a convergent loop integral.

We find then

2
gC 1-x 2 €
r? (p,q)= —igueT? ad fdx f dy{Y (1-e)r(e) ( ;nu 5 5 +
P 1672 0 m (1-x-y)+q x+p" y-(qx-py)
) -
+ Ez— P } . (6.61)

2 2 2 2
m (1-x-y)+q x+p”y-(qx-py)

This formula is very complicated but the pole part is easily extracted

g C
A ad %.+

(p,q)— —ign®y oTf > ,  (6.62)

so that the total pole contribution to the fermion vertex function is

2
A p,)=- 1gu%y 16 B (¢ 4, O Lo . (6.63)
p p f l6n ad ’f df €

Now that we have calculated the pole structure of the lowest order correc—
tions to the fermion and gauge fields and to the fermion vertex, we can read
off from (6.39), (6.42), (6.46) and (6.63) the corresponding renormalization
constants. They are

2

2, =1 - -8 (lc
16m°

N, 1

ad® e Tt (6.64)
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N
]
-
1
P
~
(3
|=
o |
+
&
-
+

. (6.65)
2
2 16“2 f df 2
gz 5 4 1
Zy =1+ IE;E ((GCq-3C) THF) + ... , (6.66)

1 FZ’ F3 are the arbitrary finite parts of the counterterms. These

expressions are all gauge dependent. [For instance, in the axial gauge, the

where F

effective Lagrangian has no ghosts and the same structure as in QED, result-

ing in the identity Z. = Z,, which is patently untrue in the Feynman gauge.]

1 2

Let us remark that the fermion contribution to the vector quartic self-

interaction must diverge if the Slavnov-Taylor identities (6.14) are to hold

1/2
3

tribution. Contrast this situation with the box diagram of QED which

because we explicitly see that the ratio Z Zl/Z2 contains a fermion con-

is finite. How can the same diagrams be finite in one case (QED) and diverge
in the other (YM)? The answer, of course, is that the diagrams are not the
same: in QED the box diagram's divergence vanishes only upon symmet-
rization of the external photon lines denoted only by their vector indices;
in the Yang-Mills case, the symmetrization of the external lines can be
performed in two ways, by symmetrizing on both vector and group indices,
which as in QED gives no divergence or by antisymmetrizing on both vector
and group indices. It is this new contribution which diverges (see problem).
The very same reasoning can be applied to the fermion contribution to the

triple gauge vertex (6.18).
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Problems.

A.

*C.

*%k),

Compute the ghost contribution to the vacuum polarization using the
altered Feynman rule (5.5). Show explicitly that it only affects the
pupv (longitudinal) part of Huv' Find Za and compare it with the Za
obtained by the conventional rules of Appendix C.

Perform the parametric integrals for Huv in 2w dimensions starting from
(6.28) and (6.32). Then expand about w = 2; discuss the significance

of the extra poles in €.

Compute in the Feynman gauge the ghost field renormalization constant Zg,
as well as the ghost-gauge vertex renormalization constant Z7 to one
loop, and verify that Z7/Z6 is indeed equal to Zl/ZZ'

Evaluate the most divergent parts of the diagrams

21111 LA 1A

S 1L '

in the Feynman gauge and verify the Slavnov-Taylor identities for the

fermion part.
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7. Yang-Millg Theory: Slavnov-Taylor Identities

We have seen that the effective Action which constitutes the starting
point of the quantum Yang-Mills theory is no longer gauge invariant because
of the gauge fixing term and the ghosts (in a covariant gauge). The terms

which break the gauge invariance are
2 = =66 - din B (9P > (7.1
B *B s A A
where n and n are the ghost fields and G the gauge conditions. It turns

. . A A
out to be more convenient to use real Grassmann fields w and p~ rather than

complex ones; they are related by

nA -1 (wA+ipA) (7.2)
v

n*A =L (wA—ipA) . (7.3)
v

A A |
Then the gauge noninvariant terms are rewritten in terms of w and p  in

the form
A
1 AA A &G BC C
Loxtra = 2a GG +u <SAB Cﬂﬁ) p . (7.4)
u

Consider now their behavior under a gauge transformation

saB = pBCrC , (7.5
u u

where AC is the gauge parameter. We have

A 6GA

A
oA S BC,C A 8G (ﬁuo)B tw e 808 p) ., (7.6)

B e P P L
H SAE

&

=1
extra o

assuming a gauge condition linear in Au. Then we notice that the first and
second terms could cancel one another provided we chose the gauge parameter
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cleverly. Indeed by taking

A% = ¢ , 3.1
and

the first two terms of the variation (7.6) cancel against one another,
C .
Furthermore, since p 1is a real Grassmann field, the parameter 7 must itself

C .
be a real Grassmann number so as to make A~ normal, i.e.,

o =0 . (7.9)

Then if it can be arranged that
B
S(ﬁup) =0 (7.10)

the invariance of the total effective Action will follow, since the trans-
formation on the Au field is in the form of a (field dependent) gauge trans-

formation. Explicitly

58,00 = 560" + £2%F (o 50) %00 + £PFas,C RRCREY
The terms involving one derivative give

180" + 3 a£2 BT ;(7.12)
thus if we set

épB - %’CfBCEpCpE , (7.13)
we are left with

écﬂﬁp)B - chCEfEFGAﬁprC + %’CfBEGASfEFCprC . (7.14)
The identification

£ABC - 4 (1)BC (7.15)
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enables us to rewrite (7.14) in the form

F, C,GB,G F C i _FCE GB GprC

B__ i E
S(ﬁup) = —z(T'T") Aupp + 5 of (T Au (7.16)

Now, using the antisymmetry under the interchange of F and C, and the Lie
algebra obeyed by the T matrices, we verify that this vanishes with the
choice (7.13). To summarize, the effective Lagrangian (5.1) is invariant

under the combined transformations

B_ 1 B
SA° = =

v g C(.Bup)
éwA = - 1 B-AAC

ag
B

5ot = % £ ¢ABC B C
¥ = —iCpAT?W . 7.

where we have explicitly shown the dependence on the coupling constant, set
GA = B-AA, and included the fermions. The effective Action is invariant
under these BRS (for Becchi, Rouet and Stora, op cit) transformations only
when the coupling constants are all the same. Since the BRS transformations
are unaffected by changing space-time dimensions, they will go through di-
mensional regularization unscathed with the result that both Loff and Lot
will be invariant. Hence as a first consequence all the bare couplings will

be the same, that is in (6.3) we now can say that

8o =8) =8 =8 =g’ (7.18)
with the consequence that (6.14) holds and that there are, besides Za and
Zm, only four independent renormalization constants, Zl’ ZZ’ Z3, Z6 say,

three of which we have already calculated.
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As in the Abelian case we can use the BRS invariance to derive identi-
ties between the Yang-Mills Green's functions. In order to avoid complicated
nonlinear terms, it is convenient to introduce sources that couple to the
changes in the fields under a BRS transformation, that is we augment the
usual set of sources JE, cB, EB, X, X that couple to the fundamental fields
as

B,B, B B, BB (7.19)

—<JuAu+w 0 Hp D E ALY U+ Ty >

by other sources Tﬁ, uA, A, X which couple to the nonlinear BRS changes as

1 A A 1l .ABCABC, = A = A
—<§T]J Cﬁﬁp) +3 f7 U p p +Ap T?W—W £ A> . (7.20)

Our starting point is the generating functional
B B,B_ - B B~
ACAPLAFLINY SYELNPL NP RS ,  (7.21)

given by

-z - “Seff
e =f.BAu.8‘1’.D‘Y.Bw.Dpe € ., (7.22)

where Sé is S of Section 5, augmented by the sources (7.19) and (7.20).

ff eff

We perform a BRS transformation on the integration variables of (7.22); on
the one hand such a change of integration variable should leave Z unaffected;
on the other, its effect on the integrand can be explicitly traced - any
deviation from (7.22) resulting from this change should vanish, yielding
the Yang-Mills version of the Ward identities.

First of all, one can show that the measure of integration is unaltered
by a BRS transformation (see problem). Secondly we have just shown that

Seff is BRS invariant, hence only the source terms will change. The terms

linear in the fields will give the extra terms in the exponent
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—<JE6AE+<SmBoB+<SpBgB+i)_(<S‘{’+i §Ty> . (7.23)
The terms in (7.20) give no extra contribution because the BRS trans-

formations are nilpotent: two BRS transformations give zero:

§(f

BCDoCoD) =0 (7.24)

S(QAT?‘{’) =0 (7.25)

and (7.10). This is not hard to prove (see problem). Thus the only effect
of our transformation is to add to the exponent of the integrand the terms
(7.23). They are all linear in the Grassmann variable r so that this extra
exponential is easily expanded - the term linear in f must therefore vanish
since it is the only change in the integrand, giving the identities

g

1 B B 1 BB ,1 .BCDCDB,-AA, = AA _ “eff _
f.@(...)<§Ju(ﬁup) S g PAT g £ 070 £ e Tv-To" Txoe =0.

(7.26)
This functional equation is highly nonlinear and therefore awkward to work

with. The reason for the extra sources now becomes clear - we can replace

these nonlinear terms by functional derivatives since by construction

AB - . ~§§ (7.27)
H 8J
H
B_ &
Lo =5 (7.28)
g u S
H
1 (ABCBC_ S (7.29)
2 A
Su
ohrdy = & . (7.30)
X
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—Qt
seff

all equations valid when acting on e Thus we now write the identities

in the form of a linear functional differential equation

PR §%>e_z -0 . (7.31)

__+OB_1_3_6_+€B_6_

<JB §
g8 LY s T oex
u u
It is more useful to write these identities on the effective quantum
Action TI', which generates the proper vertices of the theory. To this effect

we perform a functional Legendre transformation

B B
Ju > Aucl (7.32)
B B
o > Wy (7.33)
A A
R (7.34)
X wcl (7.35)
x> ¥ , (7.36)
cl
Z > T , (7.37)
where now AB wB pB v g are the new sources which play the role
pel’ Tcf’ Tel’ e’ el

of the fields in the classical approximation. Explicitly

B

_ B .- = B
I'=12 <J Acl+lchl+iwc

B B B
x+o wcl+g

Py (7.38)

2

We have not changed the nonlinear sources so that I' is also a functional

of Tﬁ, uA, A and X. Then we have

500
2
B sv_,

R etc... (7.39)

with the result that the Ward-Slavnov-Taylor identities now read
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> = 0, (7.40)

This is still a formidable looking formula, but it is (almost) the best one
can provide in this very complicated theory (see problem). The nonlinear
source terms are simple only in the classical approximation where we can set

sro_1 (ﬁﬁlpcl)3+0(ﬁ), ete..... . (7.41)

STB 8
u

In the Abelian case we encountered in the variation of ¥ a nonlinear term
(n—n*)W which we replaced in (3.16) by the classical sources (ncl—n:l)wcl;
we could do this only because in that case the ghost field did not interact
with the fermion field. This is no longer true in our case, leading to far
more complicated expressions for the Ward identities. However, in an axial
gauge where ghosts are absent, the Yang-Mills identities look the same as
in the QED case with the result that Zl = Zz.

These identities, cumbersome as they may be, are essential for proving
the renormalizability of the theory. They reduce the number of independent
ultraviolet divergences, thus allowing for their absorption by a redefinition
of the input parameters. However, in the spirit of our approach we do not
concern ourselves with such technicalities. Lastly let us mention that it
does not seem possible to generalize the BRS transformations when a ficti-
tious mass is present both for the gauge particle and the ghosts, as was
possible in QED. Thus it would seem that IR divergences in Yang-Mills should

also be handled by dimensional regularization along the lines sketched in

Section 4.
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Problems.

A,

*E.

Derive the Yang-Mills Ward identities in the axial gauge, including
fermions.

Show that the Yang~Mills functional measure is left invariant by a BRS
transformation.

Show that the BRS transformations are nilpotent.

Show that
5 8T - ST
H STA SwA
H cl

Examine in detail how the QED Ward identity which relates the longitu-
dinal part of the vertex to the inverse fermion propagator is altered

in the Yang-Mills case in the covariant gauge a-AB = 0.
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8. Yang-Mills Theory: Asymptotic Freedom

With the help of the BRS transformation we have shown that the Yang-
Mills theory contains only one coupling constant, g. We can therefore use
any of the formulae (6.9) - (6.13) to relate the bare coupling g0 to the

renormalized coupling g. Since it happens that we have calculated Z., Z

1 2
and Z3 in the Feynman gauge, we start from (6.9)
Z
€ 1
80 = gH T 177 . (8.1)
Zyts

Using (6.64), (6.65) and (6.66), this equation now reads [by expanding in

g at fixed e]

2
- o Erq _ 8 gcll PR R
gy =& [1 T2 LG Cua. 3 Ce 7 Fy PR, . 6.

If we take the mass independent renormalization prescription where we

set all the finite parts of the counterterms to zero, we find immediately

that
3g d _33'_ 11 2
Hon T (g 35 - (- l(mz)(—ﬁ— C4. ~3Cp (8.3)
or u %%'= B(g) (8.4)
3
Be) = - E5 e, -scy .85
167 :
Thus as long as
11 4
3 Cag. 3% 0 (8.6)

we see that the coupling constant decreases with u! This is the statement

of asymptotic freedom [discovered independently by H. D. Politzer, Phys.
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Rev. Letters 26, 1346 (1973) and D. Gross and F. Wilczek, Phys. Rev., Letters
26, 1343 (1973)]. This discovery is of enormous significance. On the one
hand it says that if at a given distance u_l the coupling constant is per-
turbative, it will decrease in value at shorter and shorter distances with
the result that one can use perturbation theory with confidence at these
scales. On the other hand, as the distance increases so does the coupling
constant, leaving the domain where perturbative calculations can be trusted.

The situation is shown below

NON-PERTURBATIVE

TN

PERTURBATIVE

Fo K

In the perturbative regime, we can integrate (8.4) with the result

2
2 2 g (i) 11 4 7L
g (W) =g upll + —Snz (5 Cq —3Com —“0] . (8.7

This formula can in turn by expanded as long as

gz(uo) 11 4 y
"T _3—Cad. —§Cf)ﬂ/n——<< 1 . (8.8)

87 Ho
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Then gz(u) can be understood to represent an effective coupling constant,
equal in lowest order to gz(uo) and corrected by O(gh(uo))
4
gz(u) ~ gz(uo) - E?;igz_(%%'cad. - %‘Cf)hzﬁi'+ eee . (8.9
T 0

This behavior can, of course, be duplicated by diagrams which correct the
fundamental vertex, but the full corrections to the vertex are more compli-
cated. Typically, the corrections coming from integrating renormalization
group equations give only the leading logarithms. Thus (8.7) will give to

the next order only the &3 ﬁi-term.

0

When u < Hoo i.e., at large distances, the perturbative calculations
are not to be trusted. This means that the states on which perturbative
calculations have been performed have a meaning only at short distances where
the theory becomes asymptotically free, but in the large distance regime
their coupling becomes strong with the result that one does not expect these
perturbative states to be able to leave the interaction region to become
asymptotic states [unless for some unknown reason the coupling becomes weak
again at yet a larger distance: since no computation has so far been carried
out in this regime we are free to speculate]. If so, the only way perturb-
ative states could escape and form asymptotic states, would be as composite
states which are neutral with respect to the long range gauge force. Such
neutral or singlet combinations would still suffer multipole interactions
but these are short range and do not alter the nature of the composite states.
Thus there arises the confinement hypothesis (infrared slavery) which states

that in an asymptotically free theory only singlets under the gauge force
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could serve as asymptotic state (otherwise they could not have escaped the
effect of the large coupling).

Let us discuss this hypothesis in the context of Quantum Chromodynamics
(QCD), the candidate theory for explaining Strong Interaction Physics. In
this case the gauge group is SU(3) and the perturbative states are Dirac
fermions, transforming according to the fundamental 3 representation of SU3,
identified with quarks (q), and eight vector particles called gluons. From

group theory it is easy to see that

Cad. = 3 for SU(3)
Cf = %—for each Dirac fermion ~ 3 .
Thus
3 2
8(g) = - &~ (11 - n,) ,  (8.10)
l6n2 3°7°f

where we have included nf flavors of quarks [experimentally n, = 5, but is
expected to be 6 on some theoretical grounds]: QCD is asymptotically free.
Thus according to our previous discussion, we expect the asymptotic states
of the theory to be not the quarks or the gluons, but rather composites made
up of quarks, antiquarks and gluons, to be identified with strongly inter-
acting particles found in the laboratory such as protons, neutrons, m-mesons,
eﬁp. We identify them by simply forming singlets under the color force!
There are integer spin composites made up of quark-antiquark pairs (qi),
with either spin 0 or 1 in their lowest states when the spins are aligned

or antialigned. Grouped theoretically, this corresponds to

30

3=1+8 .

~

Fermionic asymptotic states can be formed from
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3@, =1 ’
corresponding to the baryons (qqq) and antibaryons (qqq) with lowest spins
3/2 and 1/2 depending on quark spin alignments. Comparison of these compos-
ites, qq, qqq and qqq with observed states is entirely satisfactory. Not
so successful has been the detection of states made up of gluons. Since

Qg@;g)s =‘3 + ...
one should discover an asymptotic state made up of two gluons. No such state
has been found presumably because of the value of its mass and decay param-
eters. Also missing are singlet states like qq gluon, where (qq) form an
E. The eventual acceptance of QCD as the theory of strong interactions rests
on the ability to calculate strong binding processes in a gauge theory.
However, nature has provided us with a short scale probe: the off-shell
photons produced either in a time-like mode by e+e_ annihilation or in a
space~like mode coming from a projectile electron. Such probes have verified
that the proton looks to the space-like probe as if it were made up of three
quarks (parton model), as evidenced by the famous scaling properties encoun-
tered in electroproduction experiments. Although severe infrared divergence
problems usually complicate comparison between theory and experiment, space-
like probes connect directly to the deep Euclidean region where we have seen
that the structure of the field theory is at its simplest. On the negative
side, the lack of understanding of the theory in its strong coupling regime
makes it difficult to agree on a standard physical identification for the gauge
coupling constant, unlike in QED where e is almost directly measured. Here the
analog of an ideal identification would be to normalize with respect to,

say, the 7NN coupling constant, but alas we simply do not know how to relate
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it to the quark-quark coupling constant. Thus devious (and very clever)
means of comparison with experiment had to be devised, but we do not discuss
them here as they would be ample subject for another book!

Finally we note that there exists a parameter with dimensions which
should specify the theory since if one knew the value of gz at some scale
My, presumably from clever comparison with experiment, one would know at
which scale perturbation theory would cease to be valid. Traditionally one

introduces a scale parameter A defined such that

2
2
&) = NCRED
F Chq. ~ 3 Lol
Comparison with (8.7) yields
8n2
on A =Q/nu0 - . (8.12)

7 Al &
g (g5 C g, — 3 Cgl

2
To this order, knowledge of Ho and g (UO) gives the scale A, but this formula
does not yield A unambiguously since it is only approximated, coming from

integrating (8.5).
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Appendix A - Gaussian Integration

Functional Gaussian integrals will be understood to be the product of

many regular Gaussian integrals. The simplest is

40 2
G(a) = f ax e &% s (A-1)

which, using Poisson's trick of taking the square and of expressing the in-

tegrand in polar coordinates, is seen to be

G(a) = //g . (a-2)

We can generalize it to N degrees of freedom. Let

+o0
G(A) = [ dx dx

—co

~=X.,a X,
gedx e 1 33 . (A-3)

where A is the real symmetric N x N matrix with matrix elements aij' We write
x.,a, X, = XTAX with AT = A . (A-4)
ii3 ]

A can be diagonalized by means of a rotation

A = RUDR, R'R = RR” = 1 ,  (A-5)
with D a diagonal matrix with entries dl’dZ"'dN' Then
T_T
B -X"R DRX
G(A) = fdxl..de e (A-6)
T
_ -Y DY
= fdyl..dyN e . (A-7)

with y = RX. The Jacobian is ‘one (prove it). 1In the y variables, G(A) is

separable in the N-fold product of

GN(A) G(dl)G(dz)...G(dN) (A-8)
_ _N/2 -1/2 ~
=1 (dldz..dN) a-9)
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/2

™2 (get ay~L . (a-10)

provided that all the eigenvalues of A are positive. In a similar way we can

prove that if z, are N complex variables

i

N * _+ -
Jndz daz; e O = @m)N(det )7t . (A-11)

i

where C is an hermitian N x N matrix with positive eigenvalues. Formally,
one then defines Gaussian path integrals by taking the limit N » o,

These formulae are valid when the determinant does not vanish. If it
does, it means that some di is equal to zero, leading to an infinity from in-
tegrating over an infinite interval. But can we get a sensible answer even
if the determinant vanishes? Ideally we would like to divide out the culprit
infinite integral. Can this procedure be formalized? Suppose the symmetric
N x N matrix A has n zero eigénvalues. In the y variables define the restricted

Gaussian integral

T
Cooe@ = [dy ..y, ™™ (Nax(y) . (A-12)

where we integrate only over the variables corresponding to a nonzero eigen-
value of A. This representation of Grest(A) is awkward since it depends on

1"

the right system of coordinates "y'". To make up for this, invent new vari-

ables Yientl® N and rewrite (A-12) as

T
- -x (y)Ax(y)
Croge @) = [dy .odyy dy. o..dy 8(yg o )..8(y)e .

rest
(A-13)
Now change variables from y to x, using the Jacobi formula
dy...dy. = dx,..dxdet|2 (A-14)
1’ N 1 N 9x ’
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to obtain the final expression

N R N o Tax
(A)=fUMﬂ)®th%] 1 s(y)e™ . (A-15)
1 a=N-n+1

Grest
This integral is perfectly well defined. The y, are some arbitrary functions
of x, and the extra factors det]%%]ﬂé(y) in the measure effectively restrict
the integration from an N-dimensional space to an N-n dimensional one. As

the construction has shown, G (A) does not depend on the specific form

rest
of ya(x) a z N-n. It goes without saying that the ya(x) should be cleverly
chosen so as to do the job, i.e., restrict the integration region; if they
do not, the Jacobian det]%%i is seen to be singular, (This procedure of

altering the measure will be used for path integrals of gauge theories, It

will lead to the famous Faddeev-Popov ghosts in covariant gauges.)

Finally we prove one more expression. Consider now

N —XTAX + me
FlA,w] = fdei e . (a-16)

1

We rewrite the exponent by completing the squares

XTAX - me = (x - %—A_lw)TA(x - %—A_lw) - %—wTA_lw N (A-17)
provided that A_l exists. Letting
x' = x - %—A_lm (A-18)
so that dx! = dx,, we find
i i
- %—wTA’lw N —X'TAX'
FlA,0] = e fdei e (A~19)
i
- l-wTA_lw -1
=M b (det &) 2 . (a-20)

Again the path integral result is formally obtained in the limit N » «,
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Appendix B - Integration over Arbitrary Dimensions

5

Consider the integral
N
Iy = JaaF@) ,  (3-1)

where F(L) is an arbitrary integrand, depending only on the length of lu

(u=1, ..N); and N is an integer. Introduce polar coordinates in N dimen~

sions

(Rgseeely) > (L34507,0. 0,0y ) s
with

12 =g . (3-2)

uu

Then

N N-1 . . 2 , N-2

d2 =1 "dL d¢ Slneldel sin ezdez...sln eN—ZdeN—Z’ (B-3)
with the variables assuming values over the intervals

0<L <o 3 0<¢ < 2m H 0<ei<n i=1,..N-2.

(B-4)
It is easy to obtain
N-2 7 ©
Io=2r 1 | sinkekdek N la r) . (B-5)
k=1 0 0

The use of the well-known formula

/2 2%-1 2y~1 1 T()T(y)

f (sint) (cost) dt =& EL ) Ro g, Rey > 0,

0 2 T(xty)

(B-6)

with y = 1/2, yields
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n .2 réhra
f dt sin't = 2 f dt sin tdt = — 5 —p"

0 0 r 2y
2
+
r(k—zl)
= /T ——— . (3-7)
k+2
)
Putting it back in (B-5), we obtain
N/2 «
ul N-2
IN = m E’; dx x 7 F(x) s (B-8)
where x = Lz.
In general, F(x) will be of the form
F(x) = (xta?) ™ , A=2,3, .. (8-9)
leading to . . N-2 . Ne2
2, ~A+N/2 -A
[ax—20 = @OV [y y 2 ) . (3-10)
0 (x+a”) 0
Comparing with the expression for the beta function
rr - g) = -1 -A
B(N/2,A-N/2) = —5—rc—"-= [ dy y (I+y) s, (B-11)
r(a) 0
. N N .
which is valid for Re 7> 0 and Re(A -~ E) > 0, we obtain our final result
Ny N2reen2) 1 (3-12)
(12+a2)A r{a) (aZ)A~N/2

We have derived this expression for N integer and Re(A - g) > 0, Re §-> 0.

Now we take it to be true for noninteger N by means of (B-12), by analytic

continuation.

Now, by letting & = &' + p, and relabeling b2 = a2 + pz, we can write

(B~12) in the form
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N
) N/2 T(A-N/2) 1
- . (B-13)
(1 242p-14bD)A TA)Y (2 ,2)AN/Z

Next, by successive differentiation of (B-13) with respect to pu, it is easy

to obtain the formulae

2 (-p.)
/2 T(A-N/2) u
J (3-14)
(12+2p2+a2)A T(A) (az_pZ)A-N/Z
and
[ N/2
f le By = Ll X
(12+2p'1+a2)A T(A) (az—pz)A"N/2
x [T(a= Dpp, +5 6 TG -1 =D *pH] . (8-15)

These formulae are derived in Euclidean space and in each case the RHS is taken

to be the correct continuation of the LHS to noninteger values of N,
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Glossary of Dimensional Regularization Formulae

eSS

a4y 1 . T(A-w) 1 (B-16)
2w 2,2 A w 2 2. A~y
@m)°" (LM +22+p) (4m)"T(A) (M7-p)
2 2
4%y u L _T(A-w) Py (5-17)
(2m2 (12+M2+25L-p)A 4m)ra) (Mz—pz)A“"
dZml lul\) } 1 .
@2 a2 Gnira)
I (A-w) 1 I (A-1-w)
cIpp —2 =g (B-18)
2 2.A- 1=
v o’ -p )A W 2 Tuv (Mz_pZ)A 1-w
) T | (ppp —Llw
en?® @t wmPr@ H VP adph)h
1 T (A-1-w)
+ = (8 p+S pH+S p) - (B-19)
2 2 2.A-1-
PV vptH uvip o2 -p?) w
dzwl lpl\)lplc _ 1 [p.ppp T (A-w)
en® it Gntra) PV PO mlphh
1 T(A-1-w) ’
+ 2 [6pvpppo+6vopupp+6popppv+6uppvpo+6vppupo+6popppv](Mz_pZ)A—lA
1 T (A-2-w) _
+ 4 [éuvépo+6vpéuo+6upévo (Mz_pZ)A—Z-—m (8-20)
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APPENDIX C: EUCLIDEAN SPACE FEYNMAN RULES IN COVARIANT GAUGE,(in 2w dimensions}

e B [8e -1-) 222
A p— B pZ LCpo p2
AB
______ - .37_
A p— B p
T
v R aaad
— o2
° te P - £1EC [(r-q)ﬂsVP+(q-p)f7 Buv? (p“’)usp#]
BYA
[p+q +7 = O]

_g2F4~2w [fABE §CDE (SI‘-P 8,0 - Syp 8,‘_0) +

CBE _ADE DBE ,CAE
0,8, - 8,8, ¢ 00 € (5,8, 8,,8,,]

p~C
i A
_gF2~wf ch
A
T 7 B
Sp -
: e b —i 7o fermion line
pC
s 2-w c,e
—igp” " (Tl
[d b
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S. Schweber (1961) "An Introduction to Relativistic Quantum Field Theory”
(New York: Harper and Row). .

J. C. Taylor (1976) "Gauge Theory of Weak Interactions" (Cambridge: 4
Cambridge University Press). )

PRV

See also the extraordinary lectures by S. Coleman, delivered at the
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We present in the following additional references for each of the chapters
in the text:

Chapter I.

Sec. 1: An extensive treatment of the relation between invariances of the
Lagrangian and conservation laws can be found in E. L. Hill (1951) Rev. Mod.
Phys. 23, 253-260.
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Lorentz Groups and their Applications” (0Oxford: Pergamon Press), and I. M.
Gel'fand, M. I. Graev, N. Ya. Vilenkin (1966) "Generalized Functions" vol. 5
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S. Ferrara (1977) Phys. Reports 32C, 249-334.

Chapter II.
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N. Mukunda, E. C. G. Sudarshan (1974) "Classical Dynamics: A Modern Perspective"
(New-York: Wiley~Interscience).

Sec. 2, 3: Original papers on the Path Integrals are to be found in the
reprint volume "Selected Papers on Quantum Electrodynamics” (1958), J.
Schwinger ed. (New York: Dover). The uses of the Path Integral are detailed
in R. P. Feynman, A. R. Hibbs (1965) "Quantum Mechanics and Path Integrals”
(New York: McGraw-Hill).
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Chapter III.

Sec. 1, 2, 3, 4: The treatment follows closely that of E. Abers and B. Lee,
op. cit.; D. Lurie (1968) "Particles and Fields" (New York: Interscience)

Sec. 5, 6: For the g¢-function evaluation of determinants see D. B. Ray,

I. M. Singer (1971) Adv. Math. 7, 145; J. S. Dowker, R, Critchley (1976)
Phys. Rev. D13, 3224-3232; E. Corrigan, P. Goddard, H. Osborn, S. Templeton
(1979) Nucl. Phys. B159, 469-496.

Chapter 1IV.

Sec. 3: Standard references on dimensional regularization (besides the

one quoted in the text) are C. G. Bollini, J. J. Giambiagi (1972) Nuovo
Cimento 12B, 20-26; J. F. Ashmore (1972) Nuovo Cimento Lett. 4, 289-290; for
a review see G. Leibbrandt (1975) Rev. Mod. Phys. 47, 849-876.

Sec. 5: A lucid explanation of renormalization is to be found in Coleman's
Erice lectures op. cit. See also J. C. Collins (1974) Phys. Rev. D10,
1213-1218; for proofs of renormalizability see W. Zimmermann (1970) in
"Lectures on Elementary Particles and Quantum Field Theory" S. Deser,

M. Grisaru, H. Pendleton eds. (Cambridge, Massachusetts: MIT Press), and E.
Abers, B. Lee, op. cit. On the renormalization group: E. C. G. Stuckelberg,
A. Petermann (1953) Helv. Physica Acta 26, 499-~520; M. Gell-Mann, F. Low, Op.
cit.; C. C. Callan (1975) in "Methods in Field Theory" op. cit. For the
difference between different renormalization group equations, see S. Weinberg
(1973) Phys. Rev. D8, 3497-3509.

Sec. 8, 9: R. J. Eden, P. V. Landshoff, D. I. Olive, J. C. Polkinghorne
(1966) '"The Analytic S-Matrix" (Cambridge: Cambridge University Press), and
E. M. Lifshitz, L. P. Pitaerskii, op. cit.

Chapter V.
The fundamental reference for this chapter is F. A. Berezin (1966) "The
Method of Second Quantization" (New York: Academic Press), and inevitably
S. Coleman (1977) "The Uses of Instantons” op. cit.
Chapter VI.
Sec. 1, 2: 1In addition to the Yang-Mills paper op. cit. see R. Utiyama

(1956) 1597-1607; T. W. Kibble (1961) op. cit. and M. Gell~-Mann, S. L.
Glashow (1961) Ann. Phys. (N. Y.) 15, 437-460.
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Sec. 3: For instantons: S. Coleman "The Uses of Instantons” op. cit.;
J. C. Taylor (1976) op. cit. Path-ordered exponentials were first introduced
by S. Mandelstam (1962) Ann. Phys. (N.Y.) 19, 1-24.

Chapter VII

Sec. 1: A beautiful exposition of systems with constrained Hamiltonians

is to be found in P. A, M. Dirac (1964) "Lectures on Quantum Mechanics"

(New York: Yeshiva University) and (1965) "Lectures on Quantum Field Theory"
(New York: Yeshiva University).

Sec. 2: See the text by L. D. Faddeev, A. A. Slavnov (1980) op. cit.;
L. D. Faddeev (1975) in "Methods in Field Theory" op. cit.

Chapter VIII,

Sec. 1: The necessity for ghost fields in covariant gauges was first
recognized by R. P. Feynman (1963) Acta Physica Polonica 24, 697-722; B. S.
De Witt (1967) Phys. Rev. 162, 1195-1239.

Sec. 2, 4t Quantum Electrodynamics has been extensively discussed in many
textbooks. ,Some additional ones are A. I. Akhiezer, V. B. Berestetskii
(1965) "Quantum Electrodynamics" (New York: Wiley-Interscience); R. P.
Feynman (1961) "Quantum Electrodynamic" (New York: Benjamin); G. Killen
(1972) "Quantum Electrodynamics" (Berlin: Springer-Verlag); for dimensionally
regularized QED, see for instance J. C. Collins, A. J. McFarlane (1973)

Phys. Rev. D10, 1201-1212.

Sec. 3: J. C. Ward (1950) Phys. Rev. 78, 182-183; Y. Takahashi (1957)
Nuovo Cimento 6, 370-375.

Sec. 4: For use of dimensional regularization to tag infrared divergences,
see R. Gastmans, R. Mendermans (1973) Nucl. Phys. B63, 277-284; W. J. Marciano
(1975) Phys. Rev. D12, 3861~3871.

Sec. 5: Yang-~Mills theories were proved renormalizable by G. 't Hooft

(1971) Nucl. Phys. B33, 173-199; see also E. Abers, B. W. Lee, op. cit.

Sec. 7: A. A. Slavnov (1972) Theor. & Math. Phys. 10, 99-104; J. C. Taylor
(1971) Nucl. Phys. B33, 436-444

Sec. 8: The phenomenon of asymptotic freedom was noted earlier by G. 't

Hooft (1972) at the Conference on Lagrangian Field Theory, Marseille; for

more details and reference see H. D. Politzer (1974) "Asymptotic Freedom: An
Approach to Strong Interactions", Phys. Reports 14C, 129-180. For applications
of QCD: R. D. Field (1978) "Applications of Quantum Chromodynamics', lectures
given at the La Jolla Institute Summer Workshop.
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Action functional, 1, 33
Analytical continuation, 86, 179
Anomalous dimension, 189, 190
Anomalous magnetic moment, 346
Anomaly, 247, 258

Asymptotic freedom, 186, 378
Auxiliary fields, 59, 62

Axial gauge, 287, 313

Bare fields, 172, 356
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Callan~Symanzik equation, 177
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Canonical transformations, 36, 46, 66
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Cut diagrams, 211
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Euler-Mascheroni constant, 152

Exceptional groups, 255

Feynman diagrams, 86
Feynman gauge 311
Feynman parameters, 157, 161
Feynman rules for
scalar field, 126-136
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Pauli-Lubanski vector, 16
Poisson brackets, 66, 281, 293
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Proper vertices, 103
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Weyl representation, 27
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Renormalization prescription, 179

Renormalized Green's functions, 173
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355
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