CHAPTER 6

Gauge Symmetries:
Yang—Mills and Gravity

6.1 Global and Local Symmetries

In the first chapter we gave examples of Lagrangians involving fields of spin 0
and 1/2 but refrained from presenting any theory involving higher spin fields
in interaction. The reason for this omission stems from the fact that fields of
spin 1, 3/2 and 2 can be introduced in a very beautiful way just be requiring
that whatever symmetries present in the spin 1/2 — 0 system be generalized to
vary arbitrarily from point to point in spacetime. Spin 1 fields correspond to
generalizing internal (i.e., non-Lorentz) symmetries; a spin 2 field occurs when
spacetime symmetries (global Poincaré invariance) are made local in spacetime;
spin 3/2 and 2 fields appear when globally supersymmetric theories are general-
ized to be locally supersymmetric in spacetime. We will defer till later the local
generalization of spacetime symmetries, and start by building theories which are
locally invariant under internal symmetries, following Yang and Mills, Phys. Rev.
96, 191 (1954).

Maxwell’s electrodynamics provides the earliest example of a theory with
a local symmetry. It was E. Noether who first realized the generality of the
concept of “gauging” (i.e., “making local”) symmetries [in Nachr. Kgl. Ges.
Wiss., Gottingen 235 (1918)]. The gauging procedure in its modern form was
formulated by H. Weyl in the 1920’s.

Consider the simplest possible Lagrangian involving a spinor field

Lo = %Qp}a By, = ¥} 0",y + surface term (6.1.1)

which we know to be invariant under the phase transformation

Pr(z) = e*Yr(z) , (6.1.2)
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where a is a constant. The basic idea behind “gauging” this phase symmetry is
to make our Lagrangian invariant under phase transformations just like (6.1.2)
with o depending arbitrarily on z,, i.e.,

Yi(2) = Py (a) . (6.1.3)

The Lagrangian £y is no longer invariant under this local phase transformation
due to-the presence of the derivative operator 8,; indeed under (6.1.3) we have

i () = 0 Py (2) = ) (8, +iB,a(2)] Py (2) (6.1.4)

so that
Lo = Lo + i} o* P 8.a(z) . (6.1.5)

The trick behind building an invariant £ is the invention of a new operator

which generalizes 0, call it Dy, with the property that, under a local phase
transformation,

D,y - Dy, | (6.1.6)
or in operator language

D, - ei*(@ p, e~ia(@) (6.1.7)

This new derivative operator is called the covariant derivative. Then it trivially
follows that the new Lagrangian

L=yle* Dy, (6.1.8)

is invariant under (6.1.3). This is all fine but we have to build this covariant
derivative. We look for an expression of the form

D, =0, +iA,(z) , (6.1.9)
where A,(z) is a function of z. Then the covariance requirement

Dy, - D, =8, +iAl(z) = &) (8, +iA,(z)) e~ (6.1.10)

becomes a transformation property of A,
Ay(z) = A (z) = Ay(z) ~ 9ua(z) . (6.1.11)
The new Lagrangian
£ =y}o* (9, +idu(2) Y1 = Lo +ipfo P A,(z) (6.1.12)
is then invariant under the simultaneous local transformations
| Y (z) - Py
Au(z) = Au(z) ~ Gua(z) .

(6.1.13)
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The global symmetry of Lo is generalized to a local symmetry or gauged at the
price of introducing a new vector field A, (z) which interacts with the conserved
current. We can see that the new field A,(z) has the same dimensions as 9,;
it can therefore be identified with a canonical field in four dimensions [in other
number of dimensions, one has to understand A,(z) as being multiplied by a
dimensionful coupling before it can be thus identified]. Furthermore, A,(z) is
real since i9, is Hermitean.

It is therefore easy to write a kinetic term for the field A,(z) in such a way
that preserves the gauge invariance (6.1.13), by noting that the combination

F, =08,A, —8,4, (6.1.14)

is invariant. It has dimension —2 and therefore we can build out of it a new
Lagrangian )
L= _EEFF“’FW , (6.1.15)

where we have introduced a dimensionless constant g which can be absorbed by
letting A, = gA,, so that in terms of A} it appears in the coupling between
AL and the current 111},0"%, in (6.1.12). The factor of —1/4 corresponds to the
conventional definition of g. Of course, as you might have guessed (6.1.15) is the

Maxwell Lagrangian. We now have a fully interacting theory of spin 1 and spin
1/2 fields, described by

1 .
L=—gzFuF" + Yho* (8, +i4,(2)) ¥y, - (6.1.16)

Although pretty, this theory is not renormalizable (as we shall see later) because
of a tricky complication appropriately called the (Adler-Bell-Jackiw) anomaly,
which has to do with the left-handed nature of ¢1. It causes no problems if we
couple A, gauge invariantly to a Dirac four component field, leading to

1 = :
LqED = ~ iz w P + UyH (8, +iA,(z)) ¥ (6.1.17)

which describes QED when A,(z) is identified with the photon, ¥ with the elec-
tron and e with the electric charge. Lqgp is invariant under the local symmetry

¥(z) = @) §(z)
A,(2) -+ Ay(z) ~ Buoa)
and in the absence of a mass term for ¥ under the global chiral transformation
U(z) = P ¥(z) . (6.1.18)

[This chiral symmetry is not exact (the anomaly again) in quantum field theory
even-in the absence of the electron mass but it does not cause any problem since
no gauge field is coupled to it.] Gange invariance forbids any mass term for A4,.
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Before generalizing this construction to more complicated symmetries, let us
review the different types of global symmetries.
The Lagrangian for n real scalar fields ¢y, , ¢n

n
£= -;—Zaud).-a“qb.- = -;-au<1>Taﬂq> (6.1.19)

i=1

is invariant under global rotations in n dimension, O(n) under which the n-
dimensional column vector ¢ changes as

353 =R® , (6.1.20)

where R is a rotation matrix (proper and improper). Since $7® (the length of
®) is O(n) invariant, the matrix R obeys

RTR=RRT =1 . (6.1.21)

Proper rotation matrices can be written in the form

R =efv"%y | (6.1.22)
where wi = —w are the real 2= parameters of the rotation group, and

the X;; are the -'3%'—12 generators of the rotation group. By considering the
infinitesimal change in ¢ and by requiring that the group properties be satisfied

5% = %wiiz,-,«p , (6.1.23)
one can prove that the ¥;; satisfy a Lie algebra
[Z:, Zre] = 16 Tje + 1650 Tix — 16:¢Tjk — 166 Te (6.1.24)

In the above we have derived the Lie algebra for SO(n) by using the n x n
Yi; matrices which act on the n-dimensional vector &®. It is easy to see from
(6.1.21) and (6.1.22) that they are real and antisymmetric. However, one can
build many kinds of matrices which satisfy (6.1.24). This is because there are
many kinds of ways of representing SO(n). We have chosen to do it in the n-
dimensional representation but we could as well have described it in the adjoint
representation which has the same number of dimensions as there are parameters
in the group. In the case of SO(n) it can be represented by an antisymmetric
second rank tensor A;; = —Aj;. For the adjoint, it is convenient to treat the
A;;(x) as matrix elements of an antisymmetric matrix A(z). Then the rotations
take the form

A5 A'=RART ; AT=-A (6.1.25)
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where R is the nxn matrix given by (6.1.22). Then it is easy to build an invariant
Lagrangian with A as scalar fields

L= it& (6, ATo*A) . (6.1.26)
The symmetric “quadrupole” representation S;; = +Sj; can be handled in a
similar way when the trace of S is recognized to be SO(n) invariant. Starting

from the n representation of SO(n), one can construct more complicated rep-
resentations described by higher rank tensors. An arbitrarily high rank tensor
is in general a combination of tensors that transform irreducibly (among them-
selves) under the group. For instance, consider a third rank tensor Ty, and take
i, 4, k=1,---,10 for convenience. It is decomposed into irreducible representa-
tions as follows:

o the totally antisymmetric part Tj;j5; with 1228 = 120 components.

o the totally symmetric part Tyyz) has 18iL12 = 220 components, but it

contains, by contracting two indices, a vector T;;; with 10 dimensions. Hence
T\ijx) is decomposed as an irreducible 210 dimensional representation plus a
10 dimensional representation of SOo.

o tensors with mixed symmetry among the indices: antisymmetric under the
interchange of two indices with 320 components (= 45 x 10 — 10 — 120), and
symmetric in two indices only, with 320 + 10 components.

Thus in summary we have obtained the SO(10) decomposition of the third
rank reducible tensor with 1,000 components into its irreducible parts

1000 = 120 + 220 + 10 + 10 + 320 + 320 .

This type of construction is straightforward (if tedious); the only subtlety oc-
curs when n is even in which case one can use the Levi-Civita tensor €;;...; with
n entries to split the n/2-rank totally antisymmetric tensor in half. Further-
more, when n/2 is even, this results in splitting the n/2-rank anti-symmetrized
tensor into two real and inequivalent representations. When n/2 is odd the pro-
cedure results in two representations which are the conjugate of one another. For
instance, in SO(10), the fifth rank totally anti-symmetrized tensor has 252 com-
ponents, which split into the 126-dimensional representation and its conjugate,
the e-symbol acting as the conjugate.

The procedure of taking tensor products of vectors does not generate all rep-
resentations because SO(n) has in addition spinor representations (e.g., SO(3)
has half-integer spin representation). When n = 2m +1, m = 1, 2,---,50(n)
has only one real fundamental spinor representation of dimension 2™, e.g., SO(3)
has a two-dimensional real representation, SO(5) a real four-dimensional spinor
representation, etc., out of which all representation can be built. When n = 2m,
m =2, 4, 6, SO(n) has two real and inequivalent fundamental spinor represen-
tations each with 2™~! dimensions. Finally, for n = 2m, m = 3, 5, ---, SO(n)



188 GAUGE SYMMETRIES

has two fundamental complex spinor representations conjugate to one another.

For instance SO(6) has a 4 and a 4 conjugate to one another, etc. All represen-

tations can be constructed from these spinor representations, which means that

they are in this sense more fundamental than the vector representation.
Consider now the kinetic term for n two component spinor fields

1 e
Lr = 59 8. (6.1.27)

where a runs from 1 to n and sum over a is implied. For n = 1 we have seen that
(6.1.27) is invariant under a phase transformation. When n > 1, £ is invariant
under a much larger symmetry: consider the change (suppressing the a index)

Y > Uy, (6.1.28)

where U is an n X n matrix; and then
ot s plut | (6.1.29)
Clearly, if U is z-independent and unitary
vut=vutu=1. (6.1.30)

L is invariant under the transformation (6.1.28). The unitarity condition implies
that U can be expressed in terms of a Hermitean n X n matrix

U= ; H=H. (6.1.31)

This Hermitean matrix depends on n? real parameters. Note that by taking
H proportional to the identity matrix we recover the earlier phase invariance.
The extra new transformations are then generated by the traceless part of H,
expressed in terms of n? — 1 parameters by

n?-1
H=) wT4, TA4=T4 (6.1.32)
A=1

where the w4 are real parameters and the T4 are Hermitean traceless n x n
matrices. They generate SU(n), the unitary group in n dimensions, and satisfy
the appropriate Lie algebra

[T4,TB] = if4BCTC | (6.1.33)

where fABC are real totally antisymmetric coefficients called the structure con-
stants of the algebra [this relation is similar to (6.1.24), but has different f’s].
Some celebrated examples are

n=2: T4 =104, ¢*: Paulispin matrices A=1,2,3

n=3: TA=1A, M : Gell-Mann matrices A=1,.--,8.
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Both Pauli and Gell-Mann matrices satisfy the normalization condition
Tr (0#0B) = Tr (MAB) = 264F (6.1.34)

and the latter are given by

0 0 -t O 0 O
AA=1]1 A=)t 0 O Az = -1 0
0 0 0 O 0 0 O
0 1 0 0 —1 0 0
M=1]0 =100 0 X = 0 1 (6.1.35)
1 i 0 O 1 0
0 0 O 1 1 0 O
A7 = 0 0 -1 Ag = :/.—3 01 0
0 « O 0 0 -2

Under SU,, then, we have the following fundamental representations

¥ ~ n means that 6y = iwAT4Y (6.1.36)
x ~ i means that §y = —iwA T4y | (6.1.37)

where the last transformation property is obtained by requiring that x7+ be
invariant. The tensor structure of SU(n) is simpler than that of SO(n): associate
a lower (upper) index a to a quantity transforming as the n(ii) representation
of SU(n), i.e, o ~ n, ¥* ~ fi. Starting from these as building blocks we
can generate all the representations of SU(n) by taking tensor products. One
representation of interest is the adjoint representation M where M is traceless
Hermitean and contains n2—1 components; as its indices indicate it is constructed
out of the product of n and fi: n® fi = (n? — 1) ® 1. It is convenient to express
it as a matrix M which then transforms as

M - UMU' (6.1.38)

or
&M = iw?[T4,M] . (6.1.39)

Alternatively, we could have represented the adjoint representation by an n? — 1
dimensional real vector in which case the representation matrices T4 would have
been (n? —1) x (n? — 1) dimensional.

Other types of representations can be built as tensors with arbitrary numbers
of upper and lower indices. Upper and lower indices can be contracted to make
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singlets but not lower or upper indices among themselves. Thus for instance T,
can be broken down to its irreducible components just by the symmetry scheme
of the ab indices: symmetric and antisymmetric. For example, take SU (5):

T = T(ab) +T[ab]
S5®5=15¢10 .

Here (- - *) means total symmetry, |- - -] antisymmetry.

We have seen that by considering the kinetic terms of fermion and scalar
fields, we can generate Lagrangians invariant under unitary and orthogonal trans-
formations. It is also possible to generate symplectic group invariance by means

of a kinetic term. We note that for a Grassmann Majorana field the possible
candidate for a kinetic term

1

Z\i:mwﬂ‘éi,\m (6.1.40)

is identically zero when there is only one Majorana field. However, consider the
case of an even number of Majorana fields, ¥ps; 7 = 1 --2n, coupled by means

of an antisymmetric numerical matrix E;; = —Ej; with entries
+1 i>j
Eij=<0 =35 . (6.1.41)
~1 i<y

In this case we can form invariant expressions of the form (6.1.40) and obtain a
non-zero result provided we antisymmetrize in the running ¢ indices. In this way
we arrive at the non-vanishing kinetic term

[,= ‘i’M,'Eij’}'s’}'“g:,‘I’Mj . (6.1.42)

1
4
It is invariant under transformations that leave an antisymmetric quadratic ex-
pression invariant. These transformations form the symplectic group Sp(2n),
with the ¥z transforming as the real 2n dimensional defining representation.
As the presence of the antisymmetric tensor E;; indicates, the Sp(2n) singlet re-
sides in the antisymmetric product of two 2n representations. [As a consequence,
one cannot form a kinetic term for scalar fields transforming as the 2n of Sp(2n).]
In fact, for symplectic groups irreducible representations appear in the symmet-
ric tensor product, and reducible representations in the antisymmetrized product
[exactly the opposite of rotation groups]. In particular, the adjoint representation
is given by (2n ® 2n)sym. and therefore contains n(2n + 1) elements. A case of
interest arises when n = 1. Then the Lagrangian (6.1.42) is seen to be invariant
under SU(2) because the E-matrix can be identified with the Levi-Civita symbol
€i;- This is no accident: the Lie algebras of Sp(2), SU (2) and SO(3) are the same.
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In fact, we note that Sp(2n) has the same number of dimensions as SO(2n + 1).
By matching representations, we see that we have another identification

SO(5) ~ Sp(4)

since the 4 of Sp(4) has the same dimensions as the spinor of SO(5). However,
SO(7) is not the same as Sp(6) since SO(7) has no six-dimensional representa-
tion. [Moreover, even when the Lie algebras match, their global properties may

be different.]

In conclusion we note that by building different types of kinetic terms, we
have been able to generate Lagrangians invariant under O(n), U(n) and Sp(2n).
Other Lie groups called exceptional groups do not appear in our list because they
are not defined in terms of quadratic invariants only, such as kinetic and mass
terms; their specification appears at the level of higher order invariants. These
can appear in the interaction part of the Lagrangian. So exceptional symmetries
are interaction symmetries. Here we do not give examples of Lagrangians invari-
ant under exceptional groups but merely list them: (G2 with 14 generators, rank
2 and only real representations generated by the fundamental seven-dimensional
representation; Fy with 52 generators, rank 4, only real representations gener-
ated by the fundamental 26-dimensional representation; Eg with 78 generators,
rank 6, and real and complex representations generated by the fundamental 27
or 27 representation; E; with 133 generators, rank 7, only real representations
generated by the 56; and finally, Eg with 248 generators has the unique feature
of having the adjoint 248-dimensional representation as its fundamental.

PROBLEMS
A. Given a Lie algebra
[T4, T8 = if4BCT¢ A, B,C=1,- K

where the fABC are totally antisymmetric real coefficients. The fABC can
be regarded as K (K x K) matrices f4 = (f4)"°. Using the Jacobi identity

show that these K x K matrices obey the same Lie algebra as the T4 when
a proper factor of —1 is provided.

B. Given a complex third rank tensor T, a, b, c = 1, - -+ 5, decompose it into
its SU(5) irreducible components.

C. For SU(n), given n — 1 different fields ¢}, ¢2,--- ¢7~}, each transforming as
the n, show that it is always possible to build out of their product a field
transforming as the fi representation (i.e., with an upper index).

D. ¥or SU(3) express the product of two Gell-Mann matrices in terms of the
Gell-Mann matrices.
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E. Show that the Lie algebras of SU(2) and SO(3), SU(4) and SO(6) are
isomorphic.

F. Given £ = 16,278*® where @ is a column vector with n real scalar fields.
Find the Noether currents and charges. What conditions must be imposed
on the fields if the Noether charges are to satisfy the Lie algebra of SO(n)?

G. Show explicitly that the Lagrangian (6.1.42) is SU(2) invariant when n = 2.

6.2 Construction of Locally Symmetric Lagrangians

In the previous section we have shown how to build local phase invariance into
a Lagrangian. Now we show how to do the same for the more complicated non-
Abelian Lie symmetries we have just discussed.

In the following we will use the Lagrangian for N complex two component
spinor fields to illustrate the construction. However, the reader must be cautioned
that the “gauging” of unitary symmetries with left-handed fields results in a
nonrenormalizable theory because of the Adler-Bell-Jackiw anomaly. Since we
concern ourselves at this stage only with classical considerations, we temporarily
ignore this subtlety. The uneasy reader can carry out the same construction with
n Dirac four component spinors if he or she wishes.

As we just saw, the Lagrangian

L =P} ot 0y, (6.2.1)

where a is summed from 1 to n, is invariant under global U(n) transformations;
suppressing the SU(n) indices, they are given by

Y (z) > Uy (z) ; UlU=UU =1 (6.2.2)

with A

U =¢l*el : (6.2.3)

in which the T4 are the n2 — 1 traceless Hermitean matrices generating SU(n).
We now want to extend (6.2.1) to incorporate invariance under local transfor-
mations of the form (6.2.2), i.e.,

P, () = U(z)yy (2) (6.2.4)

where now . A
U = eiol2) gl ()T (6.2.5)

Note.that it is pretty much a matter of choice how much of the global symmetry
one wants to gauge. For instance, we could have limited ourselves only to gauging
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any subgroup of SU(n). Here we gauge the whole thing! When U depends on z,
the derivative term 8,%; no longer transforms as it should: indeed

Outyp(z) = 8, U(z)yy (2) = [0, U(2)) ¥ (2) + U(z)0u9p(z)  (6.2.6)
#Uo0,¢(2) . (6.2.7)

So we look for a generalization of the derivative which does not spoil the
invariance of £. We define accordingly the coverient derivative D, by demanding
that

D, (z) - U(z)D,dy (=) (6.2.8)

or in operator form
D, - DL = U(a:)DuUf(:z:) . (6.2.9)

We emphasize that D, is, in this case, an n x n matrix so if we wanted to show
all indices we would write (6.2.8) as

D, ()], = [U@)]% (Do) Yrelc) - (6.2.10)

Then if we can find such a D,,, the new Lagrangian

L= %w},amu% (6.2.11)
is locally invariant under U (n). Since D, is to generalize ,,, let us try the Ansatz
D, = 08,1 +iA,(x). (6.2.12)

A, (z) is an n x n Hermitean matrix with vector elements since id, is itself a
Hermitean vector:
A, (z) = Bu(z)1 + AS(z)TC , (6.2.13)

the TC being the n2 — 1 Hermitean generators of SU(n). The transformation
requirement (6.2.9) implies that

8,1 + A} (z) = U(z) [0,1 +iA,(z)) Ut(z)
(6.2.14)
= 8,1 + U(z) [0, U (2)] +iU(z)A,(z)U'(2)

or
Al (z) = —iU(z) [, U'(z)] + U(z)A,(z)U'(z) . (6.2.15)

It is easy to see that the fields B,(z) and Aff(:z:) transform separately. Indeed
taking the trace of (6.2.15), we find

Bl(z) = —;; Tr (U(z) [8,U1 ()]) + Bu(a) . (6.2.16)
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It can be shown (see problem) that

Tr (U(z) [6,U'(z)]) = —indua(z) , (6.2.17)

leading to
B, (z) = —9,0(z) + B,(z) (6.2.18)

which is the transformation previously obtained. Now by multiplying (6.2.15) by
TC and taking the trace, we obtain the change in the n? — 1 fields AS using the
trace properties

TrT4=0 Tr (T4T?) = %6‘43 , (6.2.19)

where we have used a conventional normalization. It is perhaps easier to consider
infinitesimal “gauge transformations” (6.2.15). Setting

Uz) = 1+iwATA+ ... (6.2.20)
we arrive at

§A,(z) = AL (z) = Au(z) = ~TP8,wP (z) + iw® (2) [T, Ay(2)] + O@W?) .
Multiply by TC and take the trace, using (6.2.19) and (6.2.13) we find (6221
A4S (z) = —0,wC(z) + 2iwP(z) Tr ([T, Au(2)] TC) + OW?) .  (6.2.22)
The T#'s obey the Lie algebra of SU(n)
[T4, T8] = ifABCTC | (6.2.23)
from which we finally obtain
8AC (z) = —8,u° (z) — wB(2)AD (z) FBPC + O(u?) . (6.2.24)

The remarkable thing about the gauge transformation (6.2.24) is that it is ex-
pressed in a way that does not depend on the representation of the fermion fields
we started with.

The variation (6.2.21) can be rewritten very elegantly in terms of the covari-
ant derivative: under an SU(n) transformation,

wiAT4 =w - UuwU' (6.2.25)
Hence the covariant derivative acting on w is given by (see problem)
D,w=0uw+i[A,w] . (6.2.26)
Comparison with (6.2.21) yields

§A,(z) = -Dw , (6.2.27)
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which shows that even if A, (z) does not transform under SU(n) because of the
U8, U term, its infinitesimal change does since it can be expressed in terms of
a covariant derivative.

So far we have enlarged our Lagrangian in order to have local U(n) symme-
try. The price has been the introduction of n? vector fields to build the covariant
derivative. In order to give these new fields an existence of their own, we should
include their kinetic terms in a way that hopefully does not break the original
local symmetry. For the B, (z) field corresponding to the overall phase trans-
formations, we just repeat the steps of the previous paragraph. So let us rather
concentrate on the n? — 1 fields which come with local SU(n) invariance. The
trick in constructing a kinetic term invariant under (6.2.15) is in building things
out of the covariant derivative D,,.

Consider the Hermitean quantity

F,, =—-i[D,D,] . (6.2.28)
It is assured to transform covariantly since D, does, that is
F,.(z) = U@)F,, (z)Ut(z) . (6.2.29)

Using the expression for D, in the fundamental representation (6.2.12) and omit-
ting the B, field, we obtain

F,, = —i[0,1+iA,,8,1+iA,)

(6.2.30)
=8,A, -0, A, +i[A,,A)] .
Since F,, (z) is a Hermitean n x n matrix, we can expand it
Fu (z) =F5TF | (6.2.31)
with
F}(z) = 0,A%(z) - 0,AB(z) — fBCLAC(2)AL(z) , (6.2.32)

where we have used (6.2.13) without B,,. These F,,’s are, of course, the Yang-
Mills generalization of the field strengths of electromagnetism. They are not all
independent for they obey the Bianchi identities

D,Fpo + D,Fyp + D, Fpp =0 (6.2.33)
where the D,,’s acting on the F,'s are to be understood in the sense of (6.2.26)
since the F,,'s transform as members of the adjoint of SU(n). These identities

are a direct consequence of the Jacobi identity for the covariant derivative

[Duv [DmDUH + [Dp’ [Dcn Du]] + [Dm [Du’DpH =0 . (6.2.34)
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These are just kinematic constraints which are trivially satisfied by the field
strengths.

It is now easy to build an invariant kinetic term. It is given by
1 v
LyMm = —EE Tr (F . F*") , (6.2.35)

with the normalization (6.2.19) for the T-matrices; it generalizes the Maxwell
Lagrangian, and can be seen to have the proper dimensions - g is a dimensionless
coupling,.

We remark that Ly does not depend on the representation of the fermions,
and therefore stands on its own as a highly nontrivial theory. Furthermore, by
taking the fABC structure functions to be those of the other Lie groups, we can
obtain the corresponding Yang-Mills theories for these other Lie groups.

The discerning reader may have wondered why we did not consider the other
invariant

I = ﬁe“upaF“prg (6.2»36)

as a candidate for the kinetic term. After all it is Lorentz and gauge invariant
and has the proper dimension. The answer is that it can be expressed as a pure
divergence. To see this we write

I=4¢"*" Tt ([0,A, +iA,A,) [0,Aq +iA,A,)) (6.2.37)
= 46"7° Tx [0,A,0p A0 + 2iA,A,8,A,] (6.2.38)

where we have eliminated the AAAA term using the cyclic property of the
trace. Now

€47 Ty (A, A, 8, Ap) = %a,,em" Tr (A, ALA,) (6.2.39)
so that o
I=40, {elwptr Tr [A,BMA,, + -:-;-AUA“A,,] } , (6.2.40)
using €#"?° 3,0, A, = 0. Thus we arrive at
€7 Tt (F,, F o) = 46,W° (6.2.41)
with o
WP = eP?#" Ty [A,@,,A,, + -g-A,A,,A,,J : (6.2.42)

It means that by taking I as the kinetic Lagrangian, we could not generate any
equation of motion for the vector potential since it would only affect the Action
at its end points. We can, however, add it to Lypy, resulting in a canonical
transformation on A,,.
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PROBLEMS

A. Given a Weyl field transforming as the 6 of SU(3), build the SU(3) covariant
derivative acting on it in terms of the Gell-Mann matrices.

B. Show that
Tr [U'(2)8,U(z)] = inbue(z) .

C. If w transforms as the adjoint representation of SU(n), show that its covari-
ant derivative is given by D,w = §,w+1[A,,w] and transforms in the same
way as w where A, is the matrix of gauge fields.

D. Show from the gauge transformation properties of A, that the field strength
Fu, = 8,A, —0,A, +i[A,,A,] does indeed transform as the adjoint of
SU(n).

E. Starting from £ = 18,%T6#®, where &(z) is an n column vector of real
scalar fields, generalize it to be locally invariant under SO(n), duplicating
the procedure in the text. How many vector fields must be introduced?
Show that their infinitesimal change under an SO(n) transformation can
also be expressed in terms of the covariant derivative acting on the gauge
parameters.

6.3 The Pure Yang-Mills Theory

In this section we study some of the classical properties of the Yang-Mills Action
given by

1 v
SYM . 3% / d*z Tr (F,F*) , (6.3.1)
where
Fuy = 8uAp - apAu + i [Au, Ay] y (6.3.2)
and
Ay(z) = AP (z)TP . (6.3.3)

The T® matrices generate any one of the Lie algebras
[TB,TC] = ifBCDPTD | (6.3.4)

with the indices B, C, D running from 1 to K, the dimension of the Lie alge-
bra, itself defined by the totally antisymmetric structure constants fBCD. As
a consequence of (6.3.4), the T matrices are traceless; they are normalized to
satisfy

Tr (TPTC) = %630 . (6.3.5)
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The possible Lie algebras have been classified in E. Cartan’s thesis; they are
the classical algebras SU(n), dimension n? ~ 1, n > 2; SO(n), dimension n(n —
1)}/2n > 2; Sp(2n), dimension n(2n+1), n > 1; and the exceptional Lie algebras

G2(14), Fy(52), Eg(78), E;(133) and E5(248) with their dimensions indicated in
parenthesis.

One can also write the Yang-Mills Action independently of the T2 matrices,

1
SYM:‘:;‘,E d*z (Fo, F*E) | (6.3.6)

where now

Fj =0,A0 -8,A8 — fBCDACAD (6.3.7)
It follows that

s = [dta [—%BuAfa“A"B + 50,50 45
, (6.3.8)
+g fBCD AS A,? S AYB — %_ fBOD fBEF AS A.? AHE Aup]

The first two terms are recognized to be of the same type as in Maxwell's La-
grangian (except for the summation). However, the next two show that the vector
fields have highly nontrivial cubic and quartic interactions among themselves.

The derivation of the equations of motion proceeds most easily in the matrix
form. We start by varying the Action

58 = _515 / o T (F,.6F") | (6.3.9)

where
OFFY = OHSAY + i0AFAY +iA*0AY — (uov) . (6.3.10)

Hence, using the antisymmetry of F,,,
08 = -—55 /d“:c'ﬁ [Fp. (0*6AY +i6A*A” +1AF6AY)] . (6.3.11)

Next we integrate the first term by parts, throwing away the surface term due
to the vanishing of the variation at the boundaries. Using the cyclic properties
of the trace, we arrive at

2 , i}
0= / diz'Tr [(8*F 0 + i [A*, F,.)) 6A”] (6.3.12)

from which we read off the equation of motion in matrix form

O“F,, +i[A* F,,] =0 . (6.3.13)
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Since F,, transforms according to the adjoint representation, this equation can
be expressed directly in terms of the covariant derivative

D*F,, =0 , (6.3.14)

which shows that it is itself covariant. In addition, the F,, fields satisfy the
kinematic (Bianchi) constraints (as do the F,, of electromagnetism)

D*F,, =0 , (6.3.15)
where 1
F,, = 5 €uvoeF*7 (6.3.16)

is the dual of F,,,. We emphasize that (6.3.15) is not an equation of motion since
it is trivially solved by expressing F, in terms of the potentials.

From the equation of motion (6.3.13) it is clear that one can define a current
J» which is conserved; indeed the expression

ju = _BuFuu =1 [Au, Fpu] (63.17)
does satisfy
0§y, =0 , (6.3.18)
leading to the conserved charges [here in matrix form QAT4]
Q= / d*zj, (6.3.19)
=— f d*z0Fio (6.3.20)
= - f d*0'Fio (6.3.21)

where the last integral is over the surface at spatial infinity. Now the current j,
has atrocious transformation properties under a change of gauge, but the charges
Q, as can be seen from (6.3.21), transform nicely under a very large class of gauge
transformations. From (6.3.21) we have

Qo Q =- jf 20 UF, Ut | (6.3.22)

where the U’s are on the bounding surface at infinity. Thus by requiring that
we limit ourselves to U’s which are constant in space at spatial infinity, we can
take them out of the surface integral and obtain a covariant transformation for
the conserved charges. We should add that this current is the Noether current
obtained by canonical methods.
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We can couple the Yang-Mills system by adding to S¥M a term of the form
2
: / Sz Tr (ARD,) (6.3.23)

where J,(z) is an external source written here in matrix form:

Ju(z) = JP(z)TB . (6.3.24)

Then the equations of motion read

D¥F,, =1J, . (6.3.25)

From this equation, we can require that J, transform covariantly in order to
preserve the covariance of the equation of motion:

J* » UI*Ut | (6.3.26)

Furthermore, it is not hard to see that J* must be covariantly conserved as a,
consequence of the equation of motion (see problem)

D*J, =0"3, +i[A*J,]=0 . (6.3.27)
We remark that the Noether current is not J,, but rather

Jju=~0Fpu +3J, . (6.3.28)

Now if we go back to the extra term (6.3.23) we see that it is not invariant

under a gauge transformation. Assuming that J¥ transforms covariantly, we find
that

5 / diaTr (A,J%) = / d'z Tr (348,w)
(6.3.20)
=_/d4zTr(wauJ,,) ,

which means that we can restore invariance if the external source J* is con-
served. In Maxwell’s theory this is no problem since J* does not transform
under a change of gauge. But in Yang-Mills the statement 3,J* = 0 is not co-
variant. This means that coupling to sources in this way breaks gauge invariance.
This should not be too surprising. After all, we have seen that by reversing our
earlier construction, the way to couple A, in a gauge invariant way is to add
a kinetic term for the fields which make up the source J¥. Having an external
nondynamical source will not do.

Nevertheless, one is free to examine the solutions of the classical equations
(6.3.25) together with the constraint (6.3.27), but remember that coupling Yang-
Mills to nondynamical external sources is a shady business.
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Let us now return to the sourceless equations of motion (6.3.14). There are
in Minkowski space many solutions of this equation. Just as in electrodynam-
ics, there are plane wave solutions to this equation (see problem). They have
infinite energy (but finite energy density). However, unlike in Maxwell’s theory,
they cannot be superimposed to produce finite energy solutions because of the
nonlinear nature of this theory, unless they move in the same direction.

There exist many other very interesting finite energy solutions to this equa-
tion but they involve some sort of singularities and therefore imply the existence
of singular sources (see problem).

In Euclidean space, the Yang-Mills equation of motion has an exceedingly
rich structure. Euclidean space can be regarded as Minkowski space with an
imaginary time, and in Quantum Mechanics, processes with imaginary time evo-
lution formally correspond to tunneling which happens instantly in real time.
Hence ‘t Hooft called the nonsingular solutions of the sourceless Yang-Mills equa-
tion in Euclidean space instantons. On the other hand, we have seen earlier that
the Feynman Path Integral may be better defined in Euclidean space. Hence, the
study of Euclidean space solutions is doubly interesting.

Let us concentrate on Euclidean space solutions which have finite action
following Belavin, Polyakov, Schwartz and Tyupkin, Phys. Lett. 59B, 85 (1975).
In Euclidean space we have

Tr [(F,, - i*u,,) (F,,,, - Fu)] >0 , (6.3.30)
since it is the sum of squares. It follows that
Tr (F,,,,F,,., + Fu,,F,,,,) > 2Tr (Fu,,i*,,,,) (6.3.31)
or, using
Tr (F,,,,F,,,,) = Tr (FuFu) , (6.3.32)
and that _
TrF,,F, > TtF,F,, , (6.3.33)

which establishes upon integration a lower bound for the value of the Yang-Mills
Euclidean Action. Clearly equality is achieved when

Fu=Fu , (6.3.34)

corresponding to self-dual solutions. Antiself-dual solutions also correspond to a
lower bound. It is easy to see that self-dual or antiself-dual solutions have zero
Euclidean energy momentum tensor (see problem). The integral of the right-hand

side of the inequality (6.3.33) can be rewritten as the integral of a divergence
(see Eq. (6.2.41))

/ 'z Tr (Fuf) =2 / &z, W, (6.3.35)
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where )
Wy = €uupo Tr [A,,apA, + %’-A,,ApA,] , (6.3.36)
so that
SEM = %5 f d*z TcF, F,, > % }é o, W, , (6.3.37)

where the last term is integrated over the bounding surface at Euclidean infinity.
Hence the minimum value of the action will depend on the properties of the
gauge fields at infinity.

Now in order for SEM to be finite, it must be that FB, decreases sufficiently
fast at Euclidean infinity

FE(@z) — 0, (6.3.38)

|z| =0

which means in general that A, tends to a configuration
A, =-iU3, Ut |, for 22 5 0 (6.3.39)

which is obtained from A, = 0 by a gauge transformation; it therefore gives
F,, =0.

Now recall that SYM is bounded from below by a quantity which depends en-
tirely on the behavior of the potentials at Euclidean infinity. In fact, substituting
(6.3.39) into (6.3.36) we see that on S

1
Wy = g€uvpo Tr [Us, UtUs,UtUS, U] (6.3.40)

where we have used the antisymmetry of p and ¢ and UUt = 1. Thus

SiM > 3-23 j[s d®oueu00 Tr (U8, UNUS,UNUG, U] | (6.3.41)
which depends entirely on the group element U(z)! We have the remarkable re-
sult that the (minimum) value of the Euclidean Action depends on the properties
of U(z) only and not on the details of the field configuration at finite z.

Let us specialize to the case of SU(2). There the group elements U(z) depend
on three parameters, call them ¢;, ¢2, ¢3, which are themselves z-dependent.
On the other hand, the surface of integration S is the surface of a sphere with
very large (~ infinite) radius. Thus, we can think of U as a mapping between
the three group parameters and the three coordinates which label the surface
of our sphere, that is of a three-sphere onto a three-sphere. Such mappings are
characterized by the homotopy class. It roughly corresponds to the number of
times one sphere is mapped onto the other. For instance, homotopy class 1 means
that the surface of the sphere S§° at Euclidean infinity is mapped only once on
the surface of the sphere S; of the group manifold labeled by the angles ¢;. In
general, homotopy class n means that n points of S§° are mapped into one point
of S3, etc.
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If we set 5
0¢, O
t:: 2 e t:: @ an O 2
8,U ;6:1:" 55-U 8,¢°8 (6.3.42)
we arrive at
SP 2 15 § 060008004 T (UAUTUAUIVATY) | (63.43)

or, using the antisymmetry of the € symbol,
SEM > iz f 0,640,000 810,028, ¢° Tr (U UTUS,UTUG,UY) . (6.3.44)
9° Js

In this form we see clearly the Jacobian of the transformation between variables
that label the surface S and the angle ¢,. But, as we have just discussed, this
map is characterized by its homotopy class n, when S$° is mapped n times onto
the group manifold of SU,. By parametrizing U in terms of, say, Euler angles,
it is straightforward to arrive at

8 2
SYM > ?7;—-71 , (6.3.45)
where n is an integer, given by
1 4 -
n= 1= / diz T (Fu,,F,,,,) ; (6.3.46)

it is called the Pontryagin index.

Thus Euclidean solutions with finite action are labeled by their homotopy
class which gives the lower bound for the (Euclidean) Action. The lower bound is
attained when the field configurations are either dual or antiself dual, i.e., when

F, =%F,, . (6.3.47)

As an example, consider the original instanton solution; there the Euclidean
SU(2) potential is given by

2

—ix
Au(m) = mUauU, (6348)
where 1
U=—-—=(290—1i%-7) , 6.3.49
] (%o ) ( )

where the & matrices act in the SU(2) space, and

?=224+%-% . (6.3.50)
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It satisfies the requirement (6.3.39) for finite action [A\? is a constant]. It can be
shown that it is self-dual and that the form of U implies Pontryagin index +1.

Finally, let us mention that in Yang-Mills theories, functions which transform
under gauge transformations cannot in general be taken to be constant because

they can become z-dependent through a gauge transformation. The closest one
can define is a covariant constant which satisfies

Dyé=(0,1+iA.)¢=0 , (6.3.51)

where we have suppressed all group indices. In solving for ¢, we are going to

unearth a very interesting object: the path ordered integral. To see it we note
that

$(z + dz) = ¢(z) + dzhO,p + - | (6.3.52)

where dz,, is an arbitrarily small displacement. Using (6.3.51), we obtain

¢(z + dz) = ¢(z) — idz* Aud(z) + - -

(6.3.53)
= e~ Aug(z) + O(dz)? .
Since under a gauge transformation
¢(z) - U(z)¢(z) (6.3.54)
it follows from (6.3.53) that
e~ 9" Au 5 Uz + dz) e~ " AU (g) | (6.3.55)

which is the fundamental relation we sought to obtain. Now, (6.3.51) can be
integrated by iterating on the displacement: ¢(y) can be obtained from ¢(z) by
taking small displacements along a curve that begins at z and ends at y, thus
obtaining

¢(y) = (Pe"'f: "“'A) é(z) , (6.3.56)

where the path ordered exponential is defined by

Pet A = T] (1 —idaf - A(a)) (6.3.57)
k

dz; being the displacement centered around zx on the curve C:
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From (6.3.55) it follows that

peif i=A L yp)pe it EAyt(r) | (6.3.58)

and in particular the path ordered exponential along a closed path transforms
like a local covariant quantity:

pe-ifiTA | y(g)pe-if AYL(y) | (6.3.59)

so that its trace is gauge invariant. It is a functional of the path. We emphasize
that, although we have motivated the construction of the covariant functional
starting from (6.3.51), which implies that the field strengths are zero, it should
be clear that the path ordered exponential can be built for any field configuration
A,

g There are many more aspects of the classical Yang-Mills theory we have not
touched on, such as monopole solutions, generalization of instanton solutions,
meron solutions with infinite Euclidean action (but finite Minkowski action and
singular sources), etc. Alas it is time to go on and start thinking about how to
define the quantum Yang-Mills theory.

PROBLEMS

A. Show that the field configuration [S. Coleman, Phys. Lett. 70B, 59 (1977)]
AB = A8 =0

AP = AP = £, FB(2° + 2°) + 2, F2 (a° + 2%)

is a solution of the Yang-Mills equations of motion, where F2, are arbi-
trary functions. Compare these solutions with the plane wave solutions of
Maxwell’s theory.

*B. Analyze the Wu-Yang Ansatz for SU(2) Yang-Mills
Ag::ycg%Z ; Aic':efjmji-gl ,

where C'is the SU(2) index C = 1, 2, 3, r is the length of the position vector
z. [Recall that for SU(2) fAPC = ¢ABC the Levi-Civita tensor.] Derive the
equations that f and g must satisfy. Show that they are satisfied by f =1,
g = constant. For this solution describe the potential and field configurations
and find the energy density and energy.

C. For an SU(2) gauge theory, show that the ‘t Hooft-Corrigan-Fairlie-Wilczek
Ansatz for the potentials in terms of one scalar field ¢

H [67 600 — €:C70;4]

45 = 25% ; 47 =3

¢
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implies that ¢ obeys the equation of motion for the A¢* theory where ) is
an arbitrary constant.

D. Show that the Noether energy momentum tensor for the Euclidean Yang-
Mills theory can be written in the form

b = 'Q%E (Ffp + l~;‘ﬁv) (Ffp - Ffp)

E. Find the change in W, under a gauge transformation, and verify that 8,W,
is gauge invariant.

F. Evaluate the trace of the path ordered exponential around a closed loop for
the instanton solution described in the text. Choose a simple path at your
convenience.

6.4 Gravity as a Gauge Theory

It is a fact that in the absence of gravity the laws of Physics are invariant under
global Lorentz transformations and translations; these give rise to the well- known
conservation laws of Special Relativity. In order to incorporate gravity into this
framework, Einstein seized on the Equivalence Principle as the centerpiece of his
conceptual leap from Special to General Relativity. This principle was known to
many previous generations of physicists, but its significance unappreciated. In
fact, according to Newton, any external force on a particle is to be equated to
its acceleration times the intrinsic mass of the particle, called the inertial mass.
However any external gravitational force is proportional to a parameter with the
dimensions of mass, called the gravitational mass of the particle. Although both
masses are in this framework logically different from one another, coming as they
are from different sides of Newton's equation, they have always been measured
to be numerically equal to the impressive accuracy of twelve significant figures.
To be specific consider Newton's equation for a particle in a constant gravi-
ional fiel
tati field P27

mI(-i_t? = mgg‘ (6.4.1)

where m; is the inertial mass of the particle, 7(t) its position vector, mg its
gravitational mass and g the acceleration due to the external constant gravita-
tional field. If the inertial and gravitational masses are one and the same, one
can rewrite this equation in the form (m = m; = mg)

ma‘%[r“(t) - %g’ 2] =0, (6.4.2)
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leading to the interpretation that the whole right hand-side, ¢.e. the external
gravitational field, can be generated by a change of frame of reference

() > F'(8) = () — %g‘ £ (6.4.3)

Physically this means that when viewed from a freely falling frame of reference
the particle experiences no gravity.

We were able to do this because the external gravitational field was constant,
but in general, gravitational fields are not constant. To account for this, Einstein
formulated the following principle: gravitational fields are of such a nature that,
at each point in space-time, they allow themselves to be transformed away by
choosing an appropriate set of coordinates. Of course this set of coordinate axes
will vary from space-time point to space-time point, but there will always be a
set of coordinates in' terms of which it looks like there is no gravitation! Thus
the recipe for including gravitation is very straightforward: 1) - take any local
quantity, such as a Lagrangian density, £, or an infinitesimal volume element,
written in a Lorentz invariant way so as to satisfy the laws of Special Relativity;
2) - identify the coordinates appearing in the local quantities with the “freely
falling” coordinates; when expressed in terms of arbitrary space-time variables,
the interaction with gravity will be magically generated.

This recipe clearly insures general coordinate invariance: given the preferred
coordinate system £™ at the space-time point P, we can re-express it in terms of
any arbitrary coordinate label of P, with the result that the Physics, having been
expressed in the {™ system, is independent of the labelling of P. This invariance
is called gauge invariance by General Relativists. From here on we use Latin
tensor indices m,n,p,q,--- in the freely falling frame, and Greek tensor indices
i, v, p,0,- - in arbitrary coordinates.

To illustrate the procedure, consider a self-interacting scalar field ¢(z). Its
behavior, in the absence of gravity, is described by the action

1
SI91 = [ a'el;0u8 06— Vi@ - (6.4.4)
Recall that z# = (t,z*) = (t,%) , i = 1,2, 3 are the coordinates, and
_ 0 0 =
are the derivative operators, and V(¢) is the potential density. Also we have
8 =
o =19, =(z,~Y) , (6.4.6)
where 7V is the inverse metric of Special Relativity: 7,, = —ni = L;n; =

O for i # j. In the above action, the local quantities are the Lagrangian

L= %aud’auqs ~V(g) , (6.4.7)
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and the volume element
d'z = dz%dz'dz?dz® . (6.4.8)

The equivalence principle tells us that in order to immerse this scalar field in a
gravitational field, we just have to reinterpret the variable z# and its derivative

as being the “free fall” coordinates (or else imagine that we are in the preferred
frame at that point). Thus we identify

{z*} > {€™} , m=0,1,2,3 (6.4.9)
as the “flat” coordinates. In this flat system, the line element is
ds? = fndEmdE™ (6.4.10)
where 7, is the metric of Special Relativity,
Mma"F =80, (6.4.11)
and &%, is the Kronecker delta function. The new Lagrangian is then
1
L= ™" 0nddnd—V(¢) | (6.4.12)
where
3}
Om = g (6.4.13)

are the derivative operators with respect to the flat coordinates, £™. Since we are
dealing with a scalar field we do not have to make any changes in its description;
all we are doing so far is to write £ in a very special coordinate system. The
volume element d*z becomes the volume in terms of the flat coordinates

dz — de0derde?de® (6.4.14)

The action, generalized to include the effects of gravitation, is now given by

Sl¢] = f d“E[%n’"" mndOnd — V(4)] . (6.4.15)

The reader should not be confused by the fact that this expression looks a
lot like (6.4.4). The difference lies in the integration: here one integrates over the
manifold which is labeled by some arbitrary coordinate system {z*}. The labels
{€™} vary from point to point, and should they coincide with the coordinate
labels, then gravity would be absent. The information about the gravitational
field is in fact contained in the change of the flat coordinates from point to point.
Thus we can express §™ as a local function of any non-inertial coordinates z* or
equivalently we can write

dfm = g—i;dzu ’ (6416)
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where the derivatives are evaluated at the point of interest. The transformation
matrix between the flat and arbitrary coordinates is called the vierbein

e7(z) = 65'" , (6.4.17)

and it depends on z* (or £™); it has a “ﬂat” index m and a “curvy” index p.
We can also define the inverse operation

et = _a-x—dgm = ek dgm (6.4.18)
. og™
where e (z) are the inverse vierbeins. They are so named because from
de¢™ = ejidat = ejfehd" (6.4.19)
we deduce
eyen =8, ; (6.4.20)
also
ebe =48 . (6.4.21)
We can also express the derivative operators by means of the vierbeins
0 oz* 0
367 = 5em Gar = OO (6.4.22)

in an arbitrary coordinate system. Our Lagrangian rewritten in the {z*} system
becomes

L= l n""eberd,68.¢ — V(¢) , (6.4.23)
L= 2 ‘"’(:1:)6 ¢ — V(9) , (6.4.24)
where we identify the inverse metric

g (z) =n""en(z)er () . (6.4.25)

The metric appears in the line element expressed in an arbitrary system of co-
ordinates

ds? = NndE™dE™ = Npnnell (z)el (z)dz" dz” (6.4.26)
= guv(z)dztdz” (6.4.27)

thus defining the metric tensor

9 (2) = Maey) (T)ep(2) (6.4.28)
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It is straightforward to verify that

9" gup =8 . (6.4.29)

The volume element must also be expressed in an arbitrary system. We have

d¢ = J(£,z)d'z (6.4.30)

where J(£, z) is the Jacobian of the transformation. It is easy to show that this
quantity reduces to (see problem)

d*¢ = \/—detg,, d'z , (6.4.31)

or alternatively

d*¢ = (dete})d*z (6.4.32)
= E diz,

where E is the determinant of the vierbein regarded as a 4 x 4 matrix. Hence
the action for a scalar field in a gravitational field is given by

S= [ day=Tetgm (30" 0,60,6- V@) , (6.4.33)

and in this case the effect of the gravitational fields resides fully in the metric
g () and its inverse. In the absence of gravity, the vierbein becomes trivial

e, — 4, (no gravity) , (6.4.34)

and the action reduces to the original one.

We note at this stage that the derivatives 8,, obey a non trivial algebra,
namely

[01s 8] = [Bmelt — Bpeti]ebd, (6.4.35)

where we have used the fact that 8, and 8, commute. This shows that the

notation &,, is slightly misleading: one would expect 8,, and 8, to commute.
Why don’t they?

We now proceed to apply the Equivalence Principle to generate the gravita-
tional interaction of a Dirac spinor. In the absence of gravity, a free Dirac spinor
is described by the Lagrangian

Lo=;¥p8y = SE70, T ~ Z(8, Ty (6.4.36)

where ¥ is a four component Dirac field. The difference between the previous
case of a scalar field and the present case is that the Dirac field transforms as a
spinor under a Lorentz transformation (suppressing spinor indices)
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¥ — exp {%e""’o,w} v (6.4.37)

where €#¥ = —e”* are the parameters of the transformation and o, are the six
matrices representing the generators of Lorentz transformations on a spinor; in
terms of the Dirac matrices

Opy = %[’)’p;’)’u] (64.38)

The flat space Dirac Lagrangian (6.4.36) is clearly invariant under these trans-
formations provided that the parameters of the transformation be space-time
independent; it was built that way.

The Equivalence Principle says that at each space-time point P, gravitational
fields are such that there is a favored coordinate system in which things look Spe-
cial Relativistic, i.e. the invariances of the Dirac equation of Special Relativity
are exactly reproduced in that coordinate system. These include of course the
coordinate transformations of the Poincaré group, :.e. translations and Lorentz
transformations on the coordinates, but also the transformation (6.4.37) of the
Dirac spinor field itself. This must be true at any space time point with the
favored coordinate system varying from point to point. Hence at P, with favored
coordinates £, the invariance group is

£ — €™ + €™ (translations) , (6.4.39)
Em = €™ + ™ €™ (Lorentz transformations) , (6.4.40)

v exp(%em"omn)\IJ = U(z)¥ (Lorentz transformations) , (6.4.41)

where the parameters €™, €™" must depend on the point P, and therefore on its
coordinate label z#. Thus, in order to generalize the Dirac equation in a grav-
itational field, we must preserve local invariance under Lorentz transformations
as well. This is the first subtlety in applying the Equivalence Principle.
Fortunately for us, a long acquaintance (of ten pages!) with Yang-Mills the-
ories enables us to quickly meet this challenge.
The invariance of Special Relativity

¥ UY,
0,% — A,*US, Y (6.4.42)

where U does not depend on z, can be easily generalized to include z-dependent
Lorentz transformations. We define a new derivative operator

D,, = ek (8, +iw,) , (6.4.43)

and require that under the local Lorentz transformations (6.4.39) and (6.4.40),
its action on the spinor field transform the same way as the old derivative did
in the absence of gravity
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DU = ApU(z) D, ¥ (6.4.44)

If we can find such an object (and we will), the construct

L = ¥y™D,, ¥ (6.4.45)
will serve as the desired extension of the Dirac Lagrangian to include gravity.
In operator form, (6.4.44) reads
Dy, = D! = Ap,"U(z) DUt (z) , (6.4.46)

with Dy, regarded as a matrix in the 4 x 4 space of the Dirac spinor. This trans-

formation requirement can be satisfied if the 4 x 4 matrix w,(z) itself undergoes
the transformation - .

wy = wy' = —iU(B,UY) 4+ Uw, U, (6.4.47)

and also

el = el = An"el . (6.4.48)

We can expand w,(z) in terms of the matrices that represent the Lorentz group
in the Dirac spinor space:

wu(z) = %wﬂm"(m)amn , (6.4.49)

where we have (again!) suppressed the spinor indices. Thus the fully covariant
derivative acting on a Dirac spinor is

1
D, = et (2)[8, + §wu"‘"(:z:)amn] : (6.4.50)
where the fields w,™"(x) are the exact analogues of the Yang-Mills fields, and
the matrices omn generate the action of SO(3,1) on Dirac spinors. The covariant
derivative acting on an arbitrary representation of SO(3,1) is given by

1
Dy, = eh(z)[0, + sw."" X - (6.4.51)

2

Here Xy are the generators of SO(3,1) in the representation of interest (whose
indices have been suppressed), depending on what D, acts on. These matrices
obey the SO(3,1) commutation rules

(Xmns Xpgl = =mpXng + inpXmg = ngXmp + imgXnp - (6.4.52)

The Dirac Lagrangian in a gravitational field is now
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?
2
The covariant derivatives now obey the more general algebra

1-
Lp = 5‘1”)’?6‘;(3“ + zw, ™o, ¥ +cc. . (6.4.53)

(6.4.54)

t
[.Dm, Dn] = Smn,p-Dp + ERmnqupq H

where S,,nP are called the torsion coefficients, and R,,,?? the curvature coeffi-
cients. They have honest transformation properties under Lorentz Transforma-
tions, i.e. they transform as indicated by their Latin index structure.

The expressions for Sy,,? and R,,,?? are a bit tricky to obtain since the
matrix X,,, will attack anything standing to its right that has a Latin or spinor
index on it. Specifically one finds (see problem)

(D, D,] = e (D,e2)D, +etetD, D, — (m ¢ n) , (6.4.55)
but
1
Duei"’z = auefl + §wupq(npne’q, - nqnez) (64.56)

where we have used the action of the generator on the Latin index n:

Xpg ® €5 = inyn€h — in, €0 . (6.4.57)
Also
1 mn 1 mn,  pq
D,D,= §6uwp X + T W XonnXpq (6.4.58)

Using the commutation relations we find that the torsion is given by

Smn® = eb(eh, D €5 —ehD ef) (6.4.59)
= [eh (0, eh + wunlef) — (m & n)ed (6.4.60)
= ef(e,0,ef, —ehd ef)) + ehwun? — ehw,n,” . (6.4.61)

The Riemann curvature tensor is itself given by

— T
Rmn™? = el ef[0,w,"7 — 0,w, ™ — w,Pwor? + w,Pwy,. 9 (6.4.62)

= (ehen —ehen)(0,wpP? — w,Pwp, ) . (6.4.63)

These two quantities, having only Latin indices, will transform covariantly.

It is instructive at this point to identify their various components. Let us
decompose them in terms of SO(3,1) irreducible tensors. This is easiest done in
the SU(2) ® SU(2) language where a Latin tensor index transforms as (2, 2).
Given the SU(2) product, 2®2 = 1,4® 35 where the subscripts S(A) denotes the
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symmetric (antisymmetric) parts, we see that an antisymmetric pair of indices
transforms as [mn}: [(2,2) ® (2,2)]a = (1,3) & (3,1) etc...

Thus the torsion, having one antisymmetric pair and another index, trans-
forms as [using the SU(2) Kronecker product 2@ 3 = 4 © 2]

(1,3 e (3,1)]®[(2,2)] =(2,4) ®©(2,2)® (4,2) & (2,2) , (6.4.64)

so it contains two vectors (2, 2) and another representation (2,4) @ (4,2). The

vectors can be easily built, one by using the totally antisymmetric Levi-Civita.
symbol

_ { +1 for even permutations of 0123 ,
€mnpg =

—1 for odd permutations of 0123, (6.4.65)
giving
V, = SmnPe™"pg (6.4.66)

where we have raised indices by means of the metric "%, while the other vector
is just

T, =Sp" . (6.4.67)

One can do exactly the same for the curvature tensor which is made up of

two pairs of antisymmetric indices. Thus it transforms like [(3,1) & (1,3)] ®

[(3,1) & (1, 3)]. Using the Kronecker products 3® 3 = (6& 1)s & 34 we find
that it contains

3,35, 1)(1,5)®(1,1)® (1,1) (6.4.68)

in the part that is symmetric under the interchange of the two pairs of indices,
and

3,3)@(3,1)®(1,3) (6.4.69)

in the antisymmetric part.
We can see that two invariants appear in the symmetric product. It is easy
to see that they correspond to

R* = ™R, 0. (6.4.70)

and to the scalar curvature

R=R,,,™ (6.4.71)

The tensor transforming as (3, 3) in the symmetric part is a symmetric second
rank traceless tensor; it is the traceless part of the Ricci tensor, Ry,n. The tensor
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transforming as (1,5) & (5,1) is a fourth rank tensor Cp,,P? satisfying all the
cross trace conditions

Crin™ = Cran ™™ =0 ; (6.4.72)

it is called the Weyl or conformal tensor.

The tensors appearing in the antisymmetric part are not nearly as famous
since they automatically vanish in Einstein’s theory.

The torsion and curvature tensors, being built by commuting two covariant
derivatives, obey additional structural identities, called the Bianchi identities
and they can all be derived from the Jacobi identities of the commutators, namely

[Din, [Dr, Dpl] + [Dn, [Dps Din]] + [Dp; [Dn, Di]] = 0. (6.4.73)

Thus in order to describe the interaction of matter with gravity, along the
lines of the Equivalence Principle, we have introduced 16 vierbeins e% (z), and
24 connections w,™"(z). In order to complete the picture we must indicate the
dynamics obeyed by these new degrees of freedom.

The action must have the invariance group implied by the equivalence prin-
ciple. Thus we have to build it out of the Lorentz invariants we have just con-
structed. Analogy with Yang-Mills theory would suggest an action of the form

/ d*¢R, PSR g - (6.4.74)

It satisfies all invariance criteria but does not lead to the right answer; it has
a naive dimension -4, just like Yang-Mills theories, and therefore introduces no
dimensionful parameters in the theory . However the theory of gravitation, unlike
Yang-Mills theories, has a fundamental dimensionful constant, Newton’s constant
G with cgs value

G = 6.6720 x 1078 em®/(g — sec?) .

Thus the desirable action should leave room for the introduction of G , and thus
must have the “wrong” dimensions. The simplest possibilities are then

/ di¢ €""PIR, npy 2nd / d¢ R, . (6.4.75)
The Einstein Action is the second one, given by
— 1 4 mn
Sg = e /d zE Ry , (6.4.76)

where E = det (e}}'). It is a functional of both the vierbeins e]]' and the connec-
tions w,™", and it corresponds to the first order formulation ( Palatini formalism)
of the equations of General Relativity.
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In order to get the equations of motion, we have to vary with respect to both
connections and vierbeins. We first vary with respect to the connections:

) SE—--iE-—C-;-/d‘i:BE(SR

= {6rC /d4:1: dw, "0, {E(eleh — elnen)} — E(ef el — ebef)wyn?
+ E(ejen — eheh)w,m] + surface terms (6.4.77)

giving the equations of motion (in the absence of matter)

D, [E(ehel — ehef,)] =0 (6.4.78)
This equation can be solved for the connections, with the result
w,™" = %eZ[Tqm" ~Tm", =T ™ (6.4.79)
where
Tnmn = (eheh — enen,)0,el . (6.4.80)

Thus we see that as a result of the equations of motion, the connections are just
auxiliary fields. One can even show that the equation of motion (6.4.78) implies
that the torsion coefficients given by (6.4.59) vanish identically. A little bit of
index shuffling (see problem) shows that (6.4.78) can be rewritten in the form

Multiplication by e} and contraction of m with r yield

Sng? =0 (6.4.82)
which, by comparing with (6.4.81) implies

Smn? =0 . (6.4.83)

This is still true when gravity is minimally coupled to a scalar field, but the
coupling to a spinor field yields a non-zero value for the torsion.

Furthermore, the curvature tensor suffers great simplifications as well; in
particular the part of R,unpe that is antisymmetric under the interchange of the
pairs (mn) and (pq) vanishes identically, as does R*.

The variation with respect to the vierbein is simplified by the absence of
derivatives. Thus we write

0Sg = -1_6—17;6 /d4m[6ERmnm" + E(0,w,™" - TMwee)d(ek ef — ehef )]
(6.4.84)
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Now the variation of the determinant of any matrix M is given by

ddet M = det(M + M) —detM
— ¢ It In(M+M) _ TrinM

~ e T MMy (M-16M) , (6.4.85)

so that
0E = E el de}} . (6.4.86)

Also, it is useful to note that
def, = —ehehde] . (6.4.87)

It is then straightforward, using (6.4.86) and (6.4.87), to obtain the equations of
motion

Rypn™ — %ag;R =0 . (6.4.88)

When the w,™" are expressed in terms of the vierbeins and their derivatives,
these are Einstein’s equations of motion for General Relativity, in the absence
of matter.

If we write the matter part of the Action Sy in the form

5Sm = f d'z BlZ8e] Ty + 6, Cr?] (6.4.89)
thereby defining the sources T#, and Cp,n#, we obtain the full Einstein equations
R — %63;112 =8rG 1%, ; (6.4.90)

of course, T% is the energy-momentum tensor of the matter. Similarly the
variation with respect to the connections gives

D, [E(epef — eher)] = 167G Crnn® . (6.4.91)

These equations can still be solved, expressing the connections as the sum of two
expressions, one involving the Cy,?, the other being given by (6.4.79).

It might be necessary at this point to try to make contact with the more
conventional treatments of General Relativity. We will see that the theory we
have just obtained is exactly Einstein’s theory, except for a technicality involving
fermions. We will proceed algebraically. Consider the expression

e, D,V,

prm

where V is any vector expressed in the favored frame. Explicitly
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e, D,V = ei[0,V,, —wpm"V,] (6.4.92)

But since V,,, = e};,V,,, we can write

e‘Tap(eZIV,) = eZ‘e;ﬁpV, + eZ‘(ape;)V, . (6.4.93)

leading to

ey DV, =08,V, + [e)70,em + wom™enlV,
=9,V +1°,V, (6.4.94)

where we have introduced the quantity

I, = €e7D,el, . (6.4.95)

It is to be identified with a connection (for the Greek indices), but it is not
manifestly symmetric under the interchange of y and p. However, we can still
define a new covariant derivative as

V,V, =8,V +I°,,V, . (6.4.96)

It acts exclusively on Greek indices. One can also define the generalization of
the operator V, acting on tensors with both Latin and Greek indices. Given any
tensor Ty, starting from

ep DTy = €5 [0, Tinp — wom Ty — wpp Tyl (6.4.97)
and using
Tmn = engcm ’ (6498)
we arrive at
0,1, + Wop Tpg + T ppT,, (6.4.99)

which we identify with V,T,,,. Now if we set T, = ,,el, we sce immediately,

from the definition of I'°, ,, that

— m o
Voeup = Opeup + Wopy + €5pe, ' Dylm
= Gpeup — Opeup — Wppu — Wopp
-0 . (6.4.100)

Similarly

Ve =0 . (6.4.101)
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The operator V, is to be identified with the usual covariant derivative of the
geometric formulation, except that the connection coefficients I'?,, are not sym-
metric under p ++ p; hence they cannot yet be identified with the Christoffel
symbols.

Thus it is inherent to our formulation that the metric we have constructed
satisfies the 40 equations

Vo9 =0 . (6.4.102)

This should not be too surprising. We are only considering spaces which can
be mapped at each point in space, by means of the vierbein, into the flat space of
special relativity, and vice-versa. There are therefore some implicit restrictions
made in our formalism, but they are motivated by the underlying physics of the
Equivalence Principle.

We can now form the commutator of the Greek covariant derivative acting
on quantities with only Greek indices; for instance

V0, VT, = 8,,°VoT, + Ry T (6.4.103)

where the new torsion coefficients are just expressible in terms of the old torsion
as

Sy’ =egepel Smn? (6.4.104)
as well as by
Suuu =%, —-TI%, , (6.4.105)

so that the torsion is seen to be proportional to the antisymmetric part of the
Greek connections. We also get from (6.4.103) the Greek curvature tensor

Ry, =0,1,, + T W T — (n e v) . (6.4.106)

So, it looks exactly like the usual formalism, except that the I''s are not symmet-
ric. (In order to be able to identify the operation V, with a derivative, certain
integrability conditions must be met; it is easy to see that they are the Jacobi
identities.)

In the absence of types of matter which can contribute to the torsion, the
antisymmetric part of the I'’s vanishes, allowing for their identification with the
Christoffel symbols. The theory we have described is then exactly the same as
Einstein’s. In the case of matter made up of scalar (or pseudoscalar) fields, there
is no torsion, because the minimal matter action (6.4.33) does not contain the
connections w,™"(z).

The same is true for the gauge invariant electromagnetic interaction, al-
though it may not appear to be, at first sight, torsionless. In this case the field
strength tensor is constructed by forming the commutator of two gauge-covariant
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derivatives, but the covariant derivatives must be simultaneously covariant under
both local internal gauge and Lorentz transformations, thus it reads

i

D, =en(9, + 2w,,"'"‘an +i4,) (6.4.107)
so that the field strengths F;,, are read off from
i .
[Dpny D) = Smn? D, + §Rmn”"X,,q +iF,, , (6.4.108)

giving in the Maxwell case,

Fpp = et ef (9,4, - 8,4,) (6.4.109)

as compared to the naive guess D,, A, — D, A, which is not correct. The reason
is that gauge invariance must be maintained, D, A, — D, A, is simply not gauge
invariant. Thus we must apply the Equivalence Principle to the gauge covariant

(invariant in the Maxwell case) field strengths. This is the second subtlety in
applying the Equivalence Principle.

Fermions on the other hand do give a non-zero contribution to the torsion.
In the case of the Dirac Lagrangian, we have

. ) .
Sp=3 / d'z BIPE(0, + 50u™ Omn)¥ (6.4.110)

leading to a non-vanishing torsion coefficient.
Conn = iE et BP0, U . (6.4.111)

A spin 3/2 fermion is described in the absence of gravity by the Rarita-
Schwinger Lagrangian

1.
Lajz = 5¥u75706 ¥y e, (6.4.112)

which involves a four compent Majorana vector-spinor ¥, (the spinor index has

been suppressed). The inclusion of a gravitational field, according to our recipe,
reads

1 -
L3z — §em"”q'1lm75'ynegezD“\Ilp +cc. (6.4.113)
where
DT, = (8, + 5, ™"0pma) ¥, - (6.4.114)

Note the subtlety: we have not blindly replaced the indices on the fields by Latin
indices. The reason (again) is gauge invariance. The flat space Rarita- Schwinger
Action is invariant under the gauge transformation
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U, ¥, +0,x , (6.4.115)

and it forces us to apply the equivalence principle vierbein construction to the
gauge invariant combination 8, %, — 9,¥,. As an aside, we note that the Action

1
167G

for a spin 3/2 field in interaction with gravity has an additional invariance - that
of supersymmetry! This is in fact the action of (N=1) supergravity. This Action
is invariant under the transformations

S = /d“a: ER + /d4a: E %em"”"‘ilm'ys'yne“e”D ¥ (6.4.116)

F 'l e

de} =ar™¥, (6.4.117)
0¥, =D,
= d,0 + %wum"(amna) , (6.4.118)
1
Sw, ™" = —2&757u(Dp‘IJ, ~ D, ¥, )eheqe™ P
+ %&757,\(6"””°DP\IJ,eZ — e""”"Dp\I',eZ‘ . (6.4.119)

Here a(z) is the infinitesimal parameter of a supersymmetry transformation; it
is a Majorana four-component spinor.

Let us conclude this long section by touching upon the treatment of symme-
tries of the gravitational field. Consider some space-time point P. Let {z*}and
{Z#} represent two ways to label P. If the locally flat system is written as {£™},
the two corresponding vierbeins are given by

m
ey (z) = %%‘- , Ep(T) = i (6.4.120)
so that they are easily related to one another through the chain rule.

Now suppose that the two ways of labeling P are equivalent for this particular
gravitational field in the sense that the vierbeins are the same in both systems,
i.e. that their functionel dependence is the same. This happens whenever there
is no physical difference between the two labeling schemes. Alternatively, we can
say that an observer who labels P with z will see the same physics as one who
labels P by Z. Whenever this is true there is a conserved symmetry operation
in going from z to Z. Mathematically, this form invariance means that for an
arbitrary label z,

ey (z) =€ (z) , (6.4.121)

whenever the difference between the two systems is a symmetry operation. In
order to examine the consequences, let us specialize to an infinitesimal transfor-
mation

g =zt + eC* (6.4.122)




222 GAUGE SYMMETRIES

where ¢ is infinitesimal and (#(z) is an arbitrary vector. The requirement of
symmetry means that

ey (z) = eg'(z + €C) (85 + €0u(®) . (6.4.123)
Use of the Taylor expansion yields to lowest order the Killing equation
(*Oae) (z) + €5 0u(* =0. (6.4.124)

This equation represents the necessary condition on the gravitational field for
the change ¢ to be a symmetry operation. The vector (* is called the Killing
vector. If such a vector can be found for a given gravitational field, there is a
corresponding symmetry operation. We leave it to the motivated reader to show
that this equation is indeed the usual Killing equation (see problem).

PROBLEMS

A. Verify Eqs (6.4.31) and (6.4.55)

B. Show that in the Palatini formalism, variation of the Einstein action with
respect to the connection implies vanishing torsion.

C. In four space-time dimensions, build all possible scalar invariants of dimen-
sion -4 which are built from the Riemann and torsion tensors only. Then
repeat the procedure, this time including scalar fields, Dirac fields, gauge
fields, and Rarita~-Schwinger fields. In the last two cases be sure to respect
the extra gauge invariances.

*D. Consider the following theory defined by the action
S = / d*2ERnP1Sp, €™y

in three space-time dimensions. R and S are the curvature and torsion ten-
sors respectively, and E is the vierbein determinant. Derive the equations of
motion and discuss their properties as far as you can.

**E. Consider a scalar field ¢(z), coupled to a gravitational field. The coupling is
minimal except for the extra term

!
2
where R is the scalar curvature. Derive the equations of motion and show
that there exist solutions where ¢ is constant.

When the potential density is given by

V =v(l - 8xGf¢?)?

show that there exist an infinite set of such solutions. Discuss their meaning.
Compute the one-loop radiative correction to this potential, keeping the
gravitational field at the classical level. Show that it removes the degeneracy.
Finally compute the vacuum value of the scalar field to O(#).

R#*,

Leztra =



